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ABSTRACT. The note is devoted to refining a theorem by Diaconis, Evans, and
Graham concerning successions and fixed points of permutations. This refine-
ment specifically addresses non-adjacent successions, predecessors, excedances,
and drops of permutations.

1. Introduction. The main objective of this note is to give a refinement of a theo-
rem of Diaconis-Evans-Graham [4] on successions and fixed points of permutations.

Let &,, be the set of permutations on [n] = {1,2,...,n}. For a permutation
oc=01- 0, € 6y, an index 1 <i < n —1 is called a succession if o; + 1 = 7441,
whereas an index 1 < i < n is called a fixed point if o; = i. We write Suc(c) for
the set of successions of o, i.e.,

Suc(o)={1<i<n—-1:0;+1=041} (1)
We further define Fix(c) as the set of fixed points of o excluding the index n:
Fix(o)={1<i<n-—1: 0; =i} (2)

For a subset I C [n — 1], let Suc,(I) denote the set of permutations o of [n]
satisfying Suc(c) = I and let Fix,(I) denote the set of permutations o € &,
satisfying Fix(o) = I. Diaconis, Evans and Graham [4] discovered the following
beautiful result.

Theorem 1.1. (Diaconis-Evans-Graham) For all z'ntﬁers n > 2 and subsets I C
[n — 1], there exists a bijection between Suc,(I) and Fix, (I).

Note that Diaconis, Evans, and Graham [4] refer to a succession of 0 = 01 -+ 0,
as an unseparated pair (k, k+1) of o provided that o +1 = ox41. This terminology
and the motivation for studying this concept stem from regarding a permutation as
the outcome of shuffling a deck of n cards. The succession has also been extensively
studied in the literature, see, for example, [1, 3, 5, 6, 7, 8, 9], and the references
therein.
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Notable extensions and alternative proofs of Theorem 1.1 have appeared in the
literature. Chen [2] gave a bijective proof of the case I = () via the first funda-
mental transformation. Brenti and Marietti [1] generalized this theorem to colored
permutations in the complex reflection groups G(r,p,n). More recently, Chen and
Fu [3] established a left succession analogue of Theorem 1.1 via grammar-assisted
bijection. Separately, Ma, Qi, Yeh and Yeh [5] employed grammatical labeling
techniques to show that two triple set-valued statistics on permutations are equidis-
tributed over &,,. This implies that the number of permutations in &,, with a given
set I of fixed points (excluding 1) equals the number of permutations in &,, having
I as a set of ;11 such that 0, +1 =0;41 for 1 <i<n—1.

2. A Refinement and its Proof. Inspired by the work of Chen and Fu [3], we
discover a refinement of Theorem 1.1 that incorporates non-adjacent successions
and predecessors. To state our main result, we first formalize these two new sta-
tistics, along with restricted versions of classic excedance and drop statistics on
permutations.

Definition 2.1 (Non-adjacent succession). Given a permutation o = o1+ 0, €
Gy, anindex i (1 < ¢ < n—2) is called a non-adjacent succession of o if there exists
an integer j with ¢ +2 < j < n such that 0; = 0; + 1. The set of non-adjacent
successions of ¢ is denoted by najSuc(o), that is,

najSuc(o) ={1<i<n—-2: 0;+1=o0; for some i+2 < j <n}. (3)
Definition 2.2 (Predecessor). Given a permutation o = o1 --- 0, € &,, an index

i (2 <1i<n)is called a predecessor of o if there exists an integer j with 1 < j < i
such that o; = 0; + 1. The set of predecessors of o is denoted by Pred(c), that is,

Pred(oc) ={2<i<n: o0;+1=o0; for some 1 <j <i}. (4)
For the permutation 0 =4126753, a direct computation gives
Suc(c) = {2,4}, mnajSuc(c) ={1,3}, and Pred(c)={6,7}.

Recall that for a permutation o € G,,, an index 1 <14 < n is called an excedance
if 0; > ¢ and an index 1 <1 < n is called a drop if o; < i. We define their restricted
versions (excluding the index n) as follows:

Drop(o) ={0;: 1<i<n-—-1,0;<i} (5)
and
Exc(o)={oi: 1<i<n-—1,0; >i}. (6)

As with Fix(c), both Drop(¢) and Exc(o) exclude the index n in their definitions.
We now state the main result of this paper.

Theorem 2.3. Forn > 1, there exists a bijection ¢ between &,, and &, such that
foro € &, and T = ¢(0), we have

Fix(c) = Suc(r), Drop(c) =najSuc(r) and Exc(c) = Pred(r). (7)

Proof. Given a permutation ¢ = 0103---0, € &, we define 7 = ¢(0) via three
steps:

Step 1 (Reverse Complement). Define @ = 5165 - - - G, where for 1 <i < n,
oci=n+1—0p_it1.
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Step 2 (Cyclic Shift and Non-Canonical Cycle Form). Let & = 6169+ 6,
denote the cyclic right shift of 7, so 6; = 7;41, for 1 <i<n—1and 6, =7;.

We write & in cycle form as (a1, a2, ...,a.)(b1,ba,...,bs) - (c1,c2,...,¢t), sub-
ject to the following two rules:

e The first cycle contains the element n, with n placed as its final entry;
o All other cycles are written with their minimal element first, and the cycles
are ordered in decreasing order of their minimal elements.

Note that this cycle form differs slightly from the canonical cycle form, and we thus
refer to it as a non-canonical cycle form.

Define T to be the linearization of & (i.e., the permutation obtained by erasing
all parentheses from the non-canonical cycle form of ). This non-canonical cycle
form ensures ¢ is uniquely recoverable from 7: insert a left parenthesis before 7;
and a right parenthesis after n; insert a left parenthesis before every left-to-right
minimum of 7 that appears after n; finally, place a right parenthesis before each
inserted left parenthesis (except the first) and at the end of the linear string.

Step 3 (Inverse and Reverse Complement). Let 7! = Ffl 7.1 be the
inversion of 7. Define 7 = ¢(c) = 71 - - 7,, as the reverse complement of 771, that
is, for 1 <i<n, 7, =n+1-7_",,.

We proceed to demonstrate that o and 7 = ¢(o) satisfy the relations (7).

Let

k € Fix(o), o, € Drop(s), and o4 € Exc(o).

By definition, oy = k, 0, < r and o4 > s. Moreover, k,r,s # n.
Set K =n+1—-k R=n+1—7rand S=n+1—s. Since k,r, s # n, we see
that K, R, S # 1. From Step 1 (reverse complement),

ok =K, Gr=n+1—0.,>R, and gg=n+1—-0,<S.
Step 2 (cyclic shift) further gives
0k 1=0x =K, 6r_1=0r>R, and 65_1=0g5<3S. (8)

(a) k € Fix(c) = k € Suc(r). The equality 6x_1 = K implies the non-
canonical cycle form of & contains a cycle of the form (..., K —1, K, ...). Lineariza-
tion to T gives 7; = K — 1 and Tj;1 = K for some 1 < j < n — 1. Taking inverses,
?;(171 = j and ?I}l = j+ 1. By Step 3,

Tk :n—&—l—?;ikk =n—j and Tg41 :n—l—l—i—ik =n+1-j.
Thus 7411 = 7% + 1, so k € Suc(r).

For example, let 0 = 7264135 (from Remark 2.4 (a)), which has a fixed point
at k=2 (K =6). In7, we have T¢ =5 and 77 =6 (j = 6), so o = 1 and 13 = 2,
confirming k = 2 € Suc(7).

(b) o, € Drop(c) = o, € najSuc(r). From 6z_1 = g > R, the non-canonical
cycle form of 6 has a cycle (..., R—1,Gg,...). Linearization gives 7, = R — 1 and
Tit1 = 0r > R for some 1 < i <n—1. Taking inverses, ?El_l =4 and ?g; =i+ 1.
By Step 3,

1

Tr+1:n+1—?gilzn+1—i and Tnﬂ,gR:n—I—l—FgR:n—i.

Since n+1-o g = o, < r, we have 7,, +1 = 7,41 with 0. < r—1, 80 0, € najSuc(r).
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For the example presented in Remark 2.4 (a), 0 = 7264135 hasadropatr =5
(05=1,R=3). In7, 73 =2and 74 =7 (i = 3), so 76 = 5 and 71 = 4, confirming
o5 = 1 € najSuc(7).

(c) 05 € Exc(0) = o5 € Pred(r). From (8), 65—1 < S — 1. The non-canonical
cycle form of 6 has one of two forms for the cycle containing S — 1:

(a) Acycle(...,5—1,65-1,...);
(b) A cycle (6s-1,...,5 — 1) (including the 1-cycle (S — 1) as a special case).

Subcase (a). A cycle (...,S —1,65_1,...) implies 75 = 651 < S — 2, s0 05 =
n+1—3og > s+ 2. Linearization gives 7, = S — 1 and Ty = 6g-1 < S — 2 for
some 1 <t <n — 1. Taking inverses, ?gil =t and ngl =t+ 1. By Step 3,

Tet1 =n+1—7§i1 =n+1—-t and Thyi1-7, :n—l—l—?;sl =n—t.
Since n +1—-06g = 05 > s+ 2, we have 7,, + 1 = 7541 with o5 > s+ 2, so
os € Pred(7).

For the example in Remark 2.4 (a), 0 = 7264135 has an excedance at s = 3
(03=6,5S=5). In7, 7o =4 and 75 = 2 (¢t = 2), so 74 = 6 and 76 = 5, confirming
o3 = 6 € Pred(7).

Subcase (b). A cycle (65-1,...,5 — 1) (not containing n, by non-canonical cycle
form rules) appears after the first cycle in the linearization 7. Let 7441 = 6s-1 =0s
for some 1 < ¢t < n—1; the non-canonical cycle ordering implies7, =T > 7441 = 7.
Taking inverses, F}l =t and ?;Sl =t+ 1. By Step 3,

1

=n+1-—t and T,H_l_gszn—l—l—?;l:n—t.

Tntl-T =N+ 1—-7Tp s

Since os=n+1-5g>n+1—T, we have 7,, + 1 = 7,117, S0 05 € Pred(r).
For the example in Remark 2.4 (a), 0 = 7264135 has an excedance at s = 1
(o1=7,5=7). In7T, Ty =Tand 75 =1 (t =4, T =7),s0 11 =4 and 77 = 3,
confirming o7 = 7 € Pred(7).
All three steps of the construction are reversible, and the reverse construction
preserves the relations in (7). Thus ¢ is a bijection, and the proof is complete. [

Remark 2.4. (a) We illustrate the bijection ¢ with the permutation c = 7264135
(used by Diaconis, Evans, and Graham in [4, Remark 4.2]):

e Step 1. Reverse complement: ¢ =3574261;

e Step 2. Cyclic shift: 6 =574261 3, non-canonical cycle form: (3427)(156),
linearization: 7 =3427156;

e Step 3. Inverse of 7: 7! = 5312674, reverse complement: 7 = ¢(c) =
4126753.

This permutation differs from the image p(c) = 7125643 obtained via the Diaco-
nis-Evans-Graham bijection [4]. Direct computation confirms

Fix(o) = Suc(r) = {2,4}, Drop(c) = najSuc(r) = {1,3}, Exc(c) = Pred(7) = {6, 7}.

(b) Table 1 illustrates Theorem 2.3 for the case n = 4.

Acknowledgments. We thank the referees for their insightful comments and sug-
gestions.
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TABLE 1. Corresponding statistics for permutations in &4 via bi-
jection ¢ in Theorem 2.3

o Fix(o) | Drop(o) | Exc(o) | 7= ¢(o) | Suc(r) | najSuc(r) | Pred(r)

1234 ]{1,2,3} 0 0 1234 | {1,2,3} 0 0

1243 | {1,2} 0 {4} 2341 {1,2} 0 {4}
1324 {1} {2} {3} 2314 {1} {2} {3}
1342 | {1} 0 {3,4} 3421 {1} 0 {3,4}

1423 | {1} {2} {4} 1243 {1} {2} {4}
1432 | {1,3} 0 {4} 3412 {1,3} 0 {4}

2134 {3} {1} {2} 2134 (3] {1} 2}

2143 [ {1} {2,4} 3241 0 {1} {2,4}
2314 0 {1} {2,3} 3214 0 {1} {2,3}
2341 0 0 {2,3,4} | 4321 0 0 {2,3,4}
2413 0 {1} {2,4} 2143 0 {1} {2,4}
2431 {3} 0 {2,4} 4312 {3} 0 {2,4}
3124 0 {1,2} {3} 1324 0 {1,2} {3}
3142 0 {1} {3,4} 2431 0 {1} {3,4}
3214 {2} {1} {3} 3124 {2} {1} {3}
3241 | {2} 0 {3,4} 4231 {2} 0 {3,4}
3412 0 {1} {3,4} 1432 0 {1} {3,4}
3421 [ {2} {3,4} 4213 0 {2} {3,4}
4123 0 {1,2} {4} 3142 0 {1,2} {4}
4132 {3} {1} {4} 1423 {3} {1} {4}
4213 {2} {1y {4} 1342 {2} {1} {4y
4231 {2,3} 0 {4} 4123 {2,3} 0 {4}
4312 0 {1} {3,4} 2413 0 {1} {3,4}
4321 0 {2} {3,4} 4132 0 {2} {3,4}
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