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ASYMPTOTICS FOR THE RECIPROCAL AND SHIFTED QUOTIENT OF
THE PARTITION FUNCTION

KOUSTAV BANERJEE, PETER PAULE, CRISTIAN-SILVIU RADU, AND CARSTEN SCHNEIDER

ABSTRACT. Let p(n) denote the partition function. In this paper our main goal is to derive an
asymptotic expansion up to order N (for any fixed positive integer N) along with estimates for
error bounds for the shifted quotient of the partition function, namely p(n + k)/p(n) with k € N,
which generalizes a result of Gomez, Males, and Rolen. In order to do so, we derive asymptotic
expansions with error bounds for the shifted version p(n + k) and the multiplicative inverse 1/p(n),
which is of independent interest.

CONTENTS
[1. Introduction and summary of results| 1
2.Preliminaries| 3
3. Asymptotics of p(n + k)| 4
4.  Asymptotics of ﬁ 12
5.  Asymptotics of p(n + k)/p(n) (Proof of Theorem |1.1]) 22
6. Appendix| 28
6.1. Simplification of the sums S2(¢) and S3(¢) using Sigmal 28
6.2. Estimates for the sums (S;(¢))1<;<o| 33
Acknowledgements| 41
[References] 42

1. INTRODUCTION AND SUMMARY OF RESULTS

A partition A\ of a positive integer n is a weakly decreasing sequence of positive integers A =
(AM,..., ) such that 22:1 Aj = n. The total number of partitions of n is denoted by p(n) with
p(0) := 1. A rigorous study on p(n) from the analytic point of view began with the seminal work of
Hardy and Ramanujan [18]. In [I8], developing a widely celebrated tool known as Circle Method,
they established the asymptotic growth of p(n) which states that

m~ T
pn) ~

4nv/3
Later Rademacher [33] refined the Circle Method to give an exact formula for p(n). Lehmer [22] 23]
estimated the error term after truncating Rademacher’s convergent series for p(n). Among many
other applications, Rademacher’s formula along with Lehmer’s estimate have been used to prove

inequalities for p(n). The first such instance has been documented in Nicolas’ work [26] on the
log-concavity of p(n), where a sequence (of positive real numbers) (a,)n>0 is called log-concave if

as n — oQ.
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a% > ap—1any1 for all n > 1. We refer to [10, [38] for a more detailed study on log-concavity and
its higher order analogues known as higher order Turdn inequalities. After a standstill for more
than thirty years, DeSalvo and Pak’s work [12] on the log-concavity of p(n) and its associated
inequalities not only confirmed the conjectures of Chen [9] but also resurrected this particular
area of research on p(n). Since then an extensive amount of work on inequalities for p(n) and its
variations have been recorded. Among many others, we refer the readers to the work of Bringmann,
Kane, Rolen, and Tripp [§] on inequalities for the fractional partition function p,(n) arising from
the famous Nekrasov-Okounkov formula [25] and to Ono, Pujahari, and Rolen’s work [30] on Turan
inequalities for the plane partition function PL(n). For a detailed study on PL(n), see [24].

In the following we shall restrict ourselves to inequalities for p(n). The motivation for doing so is
as follows. We call a polynomial with real coefficients hyperbolic if all roots are real. The sequence
of so-called Jensen polynomials associated with p(n) is defined as

d
Jg’”(x) :zZ(j)p(n—i—j):ﬂ. (1.1)
§=0

From work of Nicolas [26] and DeSalvo and Pak [12] we already know that Jo"(z) is hyperbolic
for n > 26. The case for d = 3 has been settled by Chen, Jia, and Wang [II]. Soon after, in
their fundamental work on a problem entangled with variants of the Riemann hypothesis, Griffin,
Ono, Rolen, and Zagier [16] confirmed that for any d € Z>, Jg " (z) is eventually hyperbolic which
settled the conjecture of Chen, Jia, and Wang [11]. In [16, Theorem 3], Griffin, Ono, Rolen, and
Zagier developed a generic framework to decide the hyperbolicity of Jensen polynomials associated
with a family of sequences satisfying certain growth conditions. In particular, for p(n) they proved
the hyperbolicity of Jg " (z) for sufficiently large n by showing the following uniform convergence

property (6 . [ (n)z—1
5 (0 (o iy ) ) =40 "

with Hy(x) the d-th Hermite polynomial and where the sequences (6(n))n>0, (A(n))n>0 are deter-
mined by

log <p(71+])> = A(n)j —6(n)*%+o ((5(n)d) as n — oo.
p(n)

Larson and Wagner [2I, Theorem 1.3] derived an effective cutoff N(d) for n such that Jg’n(x) is
hyperbolic for all n > N(d). In order to arrive at their main result, one of the quintessential steps
was to get an asymptotic expansion of the quotient p(n + j)/p(n); see [21, Lemmas 2.2 and 2.3].
Recently, Gomez, Males, and Rolen [14, Theorem 1.1] obtained a more effective error bound for
the asymptotic expansion of the ratio p(n — j)/p(n) truncating after the first three terms of the
asymptotic series, which, in turn, has many applications including a shifted convexity property of
p(n) (see [4, 15, 17, 20, 29]) and new estimates of the k-rank partition function Ng(m,n) defined
by Garvan [13]. In this article we generalize the result [I4, Theorem 1.1] of Gomez, Males, and
Rolen as stated below in Theorem but with a slight variant; namely, for quotients with positive
shifts p(n + k)/p(n).

Throughout, we write f(z) = O<.(g(x)) if |f(x)| < cg(z) for a positive function ¢g and for a
domain of z which we will specify in each given context. With this convention we can state the
main result of this article. Moreover, we use N to denote the set of positive integers.

Theorem 1.1. Let (k,N) € N2. Then for all n > ny(k)

N

p(n+k) cx(m) N1
W_Z I;g + O<py (k) (” 2 )

2

m=0



where ¢ (0) = 1, the constants (cx(m))m>1, nn(k), and Ex(k) are determined effectively for any
fixed N.

Remark 1.2. The (cx(m))m>1, nn(k), and En(k) are stated explicitly in (5.3)), (5.1), and (5.28))

respectively.

Remark 1.3. (1) In their study on asymptotic r-log-concavity for p(n), Hou and Zhang [19, Theo-
rem 1.3] determined an asymptotic expansion of p(n+1)/p(n). Theorem[1.1]is a straightforward
generalization of their result. In particular, now we have estimated effectively the cutoff ny(k),
the error bound En(k), and also provided a concrete description of the coefficient sequence
(¢ (m))m=0-

(2) In light of the remark [14, Remark 1.3] made by Gomez, Males, and Rolen on positivity of
A%(p(n)), where A% is the r-fold application of the difference operator A; defined by (A;p) (n) =
p(n) — p(n — j), it seems that by making the shift n — n + j, one might use Theorem by
choosing the truncation point N(r)E| (depending on r € N) in the asymptotic expansion of
p(n+k)/p(n) appropriately so as to obtain the asymptotic growth of A%(p(n)). In addition to
that, we can estimate a cutoff ny(),(j) such that A%(p(n)) > 0 for all n > ny(y,(j). The
case r = 2 was settled in [14, Theorem 1.2].

We summarize in brief the main tools which will be used in proving Theorem First, we

will start with the infinite family of inequalities for p(n) given in [7, Theorem 4.4] that states: for
m € Z>9 and n > g(m) (see Theorem below),

et(n) -
p(n) = \;Z i 1 (1 - ,u(ln) +O<1 (,Lt(n)_m)) with u(n) = g\/24n —1.

This result has twofold applications in the present context: (i) by considering the shift n +— n + k,

after Taylor series expansion of the major term ‘Q/Efiz;tkl) (1 — M(nlJrk) , we extract the coefficient

sequence in the asymptotic expansion of p(n + k) and similarly, (ii) for exhibiting the coefficient
sequence in the asymptotic expansion of 1/p(n), we use Taylor series expansion for the inverse of

24n—1 1\t
the major term; i.e., % (1 — m) .

In addition, we shall use the symbolic summation package Sigma, developed by the third author
[35], to simplify the coefficients appearing in the asymptotic expansion for 1/p(n) so as to obtain
precise error bound estimates for the asymptotic expansion under consideration.

The rest of this paper is organized as follows: in Section [2] we will recall a list of preliminary
results from [0, [7] which will be helpful in carrying out estimates in the subsequent sections. In
Sections [3| and 4} we will provide asymptotic expansions for the shifted partition function p(n + k)
(see Theorem and the inverse 1/p(n) (see Theorem [4.18)), respectively. The proof of Theorem
is given in Section [p] Finally in Section [6], we lay out a detailed exposition on the usage of the
symbolic summation package Sigma.

2. PRELIMINARIES

The following results from [6] and [7] will be needed. Throughout, for n € N,
pu(n) = %\/2471 1.
Theorem 2.1. [7, Theorem 4.4] For m € Z>2, define

gm) = o (ff w(m)? + 1>,

IFor instance, one can choose N(r) =r+1, see [B, Chap. 6, Sec. 6.7.2].
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where

5mlogl
v(m) :=2log6 + (2log 2)m + 2mlog m + 2mloglogm + w.
ogm
Then for all m € Z>2 and n > g(m) such that (n,m) # (6,2), we have
V12er(M) 1
= 1— 0 My ). 2.1

p(n) = 5, —3 ) +O0<1 (u(n)™™) (2.1)

Lemma 2.2. [6 Lemma 4.1] Let x1,x2,...,z, and y1,...,Yyn be non-negative real numbers such

that x; <1 for 1 < j <mn. Then

(1—2)(1 = 2)--- (1 — z) - -
(R e e e D DL

From [34) egs. (1) and (2)], we obtain the following inequality for the central binomial coefficients.

Lemma 2.3. For n € N, we have

A w) <G <im

Lemma 2.4. [6, Lemma 4.6] Fort > 1 and k € {0,1,2,3}, with a = §, we have

© k. 2u 49k

u o Ch ) a2

< == th Cp, = —.

2 Qu)l = M TET R
u=t+1

We generalize Lemma only for the case k = 0 stated below.
Lemma 2.5. Fort>1 and 0 < ¢ < 2.2, we have

0 2u 4

> <
| — 27
el (2u)! — 18-¢
Proof. The statement is obtained by a routine calculation following the proof of Lemma (cf. [6,
Section 8, p. 38]). O

3. ASYMPTOTICS OF p(n + k)

In this section we shall prove the following theorem on the asymptotic expansion of p(n + k).

Theorem 3.1. Let (k, N) € N? and g(m) be as in Theorem . For n > n%,](k) we have

Vs (N n
pntk) =7 (; ’;5“+0<E%](k) (n : )) (3.1)
where
Nt _ . ¢
Lo=("g ) S st 6 () e

and where ng\lf](k:), ][\1,}(141) are determined effectively in (3.33)) and (3.36)) respectively.

In order to prove Theorem we need some preparatory estimates documented below. First,
applying Theorem with m — N 4+ 1, and taking the shift n — n + k, we have the following.

Lemma 3.2. Let (k,N) € N2 and g(m) be as in [2.1). For n > g(N + 1) we have

\/ﬁe“(”+k) 1

p(n+ k) = W (1 — m + O§1 (u(n—i— k)N1)> .
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e‘/r\/Qn/3
4n\/§
series expansion of the residual part, we get the following.

Next, extracting the factor from the major term Y12ertnth) (1 — m> and by Taylor

24(n+k)—1

Lemma 3.3. Let (w,[gl] (t))i>0 be as in (3.2). For k € N,

\/ﬁeu(n-‘rk) <1 B 1 ) _ 67”/2”/3 o w,[:](t)
24(n+ k) — 1 p(n + k) Anv3 = npz

Proof. Analogous to the proof of [28, Proposition 4.4]. O

(1]
Next, we truncate the Taylor series > ;2 “k—f) at N and estimate the absolute value of the
n2

remainder part by estimating ‘w,[j} (t)‘ independence of ¢ even or odd.
For k € N, we define

ar = (k) = %\/24k —1 (3.3)
and

3k (3[VE] + 1)2042[*@*4
2V (6[VA +4)

Lemma 3.4. Let ay, and C1(k) be as in (3.3)) and (3.4)), respectively. Then for all (k,t) € N?,

w2t + 1) < (2% _ 1>t (f’g) VET 1 |cos (ax)| (1 + 01(k‘>> |

Ci(k)

24 t
with )
ey g (cosh(ag) — 1) +4-Ci(k)
Ct(k) = ey (3.5)
Proof. By and ,
o 24k - 1\ ey (26420 w220 (1 ¢
K (2t+1)_< 16 ) §< ¢ )(2t+2-2£)!(_1)€(6> <24/<;—1>
(bostilot) g (24K — 1)t SX /2t (—1)¢ /201
= (=)™ (41/6)2t+1 ; (tifé) (t+1+0) (20)! <E) (24k —1)f
2t+2
(24K — 1)t 6 (242 L - (t+1—€> (t+1+¢) (—1)éa2£
C(4V6)2tH T ( 11 ) (t+ D=0 (; (2;:2) t+1) OUF
= s (U5 e nenistio) (3.6)

Now, we bound ]S,[j]|(t) as
50)] < Jeos (@)l + [5{(8) — cos ()
t+1 (t2t+_2 ) (t+1+74) (—1)¢ = (—1)t
= |cos (ag)| + Z EgtiQ) (t N 1) (20)! aiﬂ o Z (20)! a%ﬂ

£=0 41 =0
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242
1 ( )(t+1+€) 20 o 20
< t+1—¢ 1| % X
< leos (an)l + 2. (Y 201 " 22 (20
=0 £+l (=42
242
1 ( )(t+1+£) 20 o 20
t+1-¢ O ok
= 1 Tk
con o)l + 2 (Y et 2
=2 p1 (=42
(p110) 4140
as (2t+2>(t+1) =1 for ¢ € {0,1}
t+1
1 1
=t Jcos ()| + S (1) + Spa(0)- (3.7)
Analogous to the proof of [5, Lemma 6.2.7], one can derive that for ¢ > 1,
1 C1(k)
Siy(t) < - (3.8)
To obtain an upper bound of S,E;Hl (t), we first note that
2t+2
4 .
<t+17£)(t+1+€): t+2—-j
2t+2 | t+5
( t+1 ) (t+1) =2
which implies
2642 )
(t+1+20) o
(tH%e —1<0 as 42 ,]gl for all j > 1. (3.9)
2 t+
(07 ) e+ J
t+1
Moreover, by using Lemma
¢ . ¢ i— ¢ ‘.
Ht+2—j :Hl—Jf >1_Z]—2_Zl_1_£2_£
i3 t+ o2 1+4 = t j:2t
we have -
( ) (t + 1+ 6) 62 Y
t+1—/4
2642 —1=- 7 (3.10)
(o) e+
Combining (3.9) and (3.10), it follows that
<2t+2)(t+1+€) 2y
t+1—f _
L 1< ——. (3.11)
() D
Now, using (3.11)) and ¢ > 2, we bound S,[Cl}l (t) against
41 oo 20—2
21t a2 o a? (cosh (a) — 1)
Sl () < < Yk k = _k ) 3.12
’%1()—2 t (2£) At (2 - 2)! 4t (312)
Applying (3.8) and (| - ) to gives
h () —1) | Ci(k)
Sl ‘ < o? (cos
58] < leos (an)] + 1 2
2 (cosh —1)4+4-Ci(k
< |cos ()| + aj, (cosh () = 1) + (k) (ast>1)

4t
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a? (cosh (o) — . 4
= |cos (ay)| <1 + k (coshlar) = 1) +4 Cl(k)) = |cos ()| (1 + Clt(k)> . (3.13)

4|cos ()| - t
where the last equality is by (3.5). Summarizing,

‘w[ (2t + 1)‘ ifi)_?tlﬁl 6 (2::12) (t+1) ‘5}&1}@)‘ (by (.:6))
< s () 1) oston <1+ Cif’“ ) (v @61
< i\/é)%jl 4;:1 Vit 4 1|cos (ag)] < > (by Lemma [2.3))
— (24];4_1> ( ) Vit 4 1]cos (ag) ]( Ct(k)>
which concludes the proof of Lemma O

For k € N define )

9k (3[Vk] +1) oS IVElH

(6]VE] +1) (6[VA] +3)!

Lemma 3.5. Let ay, be as in and Co(k) be as in and . Then for all (k,t) € N2,

‘w,&”@@]g <24k1>t 2t |Sm(ak)’<1+02(k;)>

Ca(k) :==

(3.14)

24 Vo
with
a? -sinh (« .
C3(h) = 3 (”3 e \(sirﬁ)(;—k; CQ(k)) (3.15)
Proof. By and ,
(1] B 24k — 1 2t 2t+1 (Qt +1- E) T\ 22t 1 ‘
i, (26) = ( G ) M( ‘ )m(_ly (%) (24k:— 1)
X . (2t
(Zr—)ztff) MQ <2t+1) (t + 1)(_1)tz ( t—0 ) (t+1470) (—1)3 aieﬂ
(4v6)2t m\ ¢ e (2?1) (t+1) (20 +1)!
2+1
_Mg 2t 0t g (t—z)(t+1+€) (—1)¢ o2+
T (4/6) W(t)(2t+1)( 1) ZZ:; 2tt+1)(t+1) (204 1)k
24k - 1326 o tgl2
= Ve (o) DS, (3.16)

Now, we bound ]S,E ()] as
[SE@)| < Isin ()| + |SE (1) — sin ()

2t+1
L) e Gy L & G

= lein o) Z <2ft+1)t+1) 20+ 1)1 _gz:;(%ﬂ)! k

7



2t+1
t+14+7¢ 20+1 00 20+1
( ) ( +1+1) ap oy

< -1 —t
< |sin akH-Z <2t+1)(t+1) (2€+1)!+ 21(2£+1)!
= Jcos ()| + SPL(E) + S (t). (3.17)
Similar to (3.8)), following the proof of [5, Lemma 6.2.7], it follows that for ¢ > 1,
2 Ca(k)
Si() < o (3.18)
To obtain an upper bound of 51[62}1 (t), observe that
2t+1
(H)(tﬂw HHl_j
<2t+1> (t + B t+5
t
which implies
241
(t+1+420) b
(t;;)l 1<0as T < forallj> 1. (3.19)
() e+ t+J
Moreover, by using Lemma [2.2]
¢ A - 0. 9
HMZH%Zl_Zu_lel_Q
G ottd g 1+ ~or & /
we have -
(7)) e+1+0 e -
<2t+1)<t+1) -z (3.20)
t
Combining (3.19)) and (3.20), it follows that
(2:+£1> (t+1+0) P
= —1l<— (3.21)
(") e+
Now, using (3.21)) and ¢ > 1, we bound S,[CZ}1 (t) against
t 9 2€+1 2 0 20—1 2 -
2] / <% oy, _ %% sinh (o)
t) < —= . .22
S’f»l()—z (2£+ = 25—1 4t (3:22)
=1 3:1
Applying (3.18]) and - ) to gives
. a2 - sinh (« Co(k . a2 - sinh (ag) 4+ 4Cs(k
‘S,[f](t)‘ < |sin (og)| + & i ( k) ig ) < |sin (og)| + & (411) 2(k) (ast>1)
a? - sinh (o) + 4Ca(k)
= [si 14 -k : 2
|sin (ag)| < + i (op)| - 4 ) (3.23)
Summarizing,
1
i ‘ (4k—1)"2 6 ‘ 2] ‘
') < = e (V) e nlsfo] oy @)
(24k —1)'*2 6 a2 -sinh (ay,) + 4Cy (k)
i

(7)) sin ) (14 SO L)y )

8
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Uk — 126 4t , a2 - sinh (ag) + 4C(k
( (4\/6))215 ;\/H(Qt-l-l)\sm(ak)] (1—|— k |sin((ak))] I ( )) (by Lemma [2.3))

_ <24k:—1>t 2 Vi sin (o) <1+ ag-sinh(ak)+402(k)> <1+1>

24 Vrag sin (ag)| - 4t 2t
24k —1\" 2Vt C3 (k)
< i 1 t>1
< < 51 ) o |sin (ay)| ( + " > (ast>1),
which concludes the proof of Lemma O

Remark 3.6. In Lemmas|3.4 and[3.5 we have seen that the factors |cos(ay)| and |sin(oy)| appear
in the estimates of upper bounds. Following the definition of oy, in (3.3), it is a routine check to
verify that sin(ax) # 0 and cos(ax) # 0 for all k € N which, in turn, justifies that both C3 (k) and

) (cf. (3.5) and (3.15))) are well-defined.

Now, applying the bounds from Lemmas and we now estimate an upper bound for the

o w[l] ()
absolute value of » "\ | =

n2

Lemma 3.7. Let (k,N) € N? and wL}( t) be as in (3.2). Let g(m) be as in Theorem . Then for
alln > krr]1Va>Xl{24k —1L,g(N+1)},

00 (1]
t
S e W) o Bl
t=N+1 T2

where E][\I,]l(k) is defined below in (3.31)).
Proof. We split the series depending on ¢ odd or even:

3 )0 - W (1) S G > o (2t) Zwl[cl}Qtj-l)

t i t t+ ’
{=N+1 n t=Ny1 N2 t=N+1  N? >N+l >y
t= 0 (mod 2) t=1 (mod 2) -2 -2
and so,
o 1 Wi (2t) 2t+1
wy (£) ‘ k
“k \"/
Y. A ) (3.24)
t=N+1 T2 >80 f27

Recalling (3.15)), we set
(24k — 1)(1 + C5(k))

Ce(k) == 2C5 (k) + :

First, we estimate
i 20)

t
n
N+41
275

2 |sin ()| 205 (k) 24k —1\'
< 2R t (by L 35
= Vmar \ N+l ;N:H 2n ) Vi (by Lemma B3
t>5=

2

V2 [sin (az)| 205 (k) [ 24k —1 N1 24k — 2t
=" %1 \/ +1 E 1
NG <+N—|—1)< 24 > " t>0( > TN

9



< V2 [sin (ag)| <1+ 2(};(k;)) <24k—1> ﬁn N1 Z <24k: > JiTT

ﬁak N+1 24 >0

2t
i for N>1, —— <t
<smce or N > NIl S )

< V2[sin ()] <1+ 2C§(k:)) <24k—1> G > (24k_1>t

Vo N+1 24 = 12n
(as V1t <2t fortZO)
\f 2 [sin ()| 202 24k — 24k — 1 N+1
VN+1(1 -
T rar < N+1)< > * <+ 6n >” ’
1 —
(smce for0 <z < 5 (1—2)"! <1+ 2z and choose z o N > 24k — 1)
V2 [sin (az)| 202 24k — 1 24k — 1 N+1
< — N+1(1 -
=T Jra < N+1 < > + <+ 6N >” i
(as for all N € N;n > g(N + 1) > N by definition of g(m) in Theorem
ﬂ |sin (Ozk)‘ 24k — 1 2 Ce(k:) N+1 [1] N+1
< vN+1 - = k)-n~ 2
— ﬁak < 24 > + < N > n 2 N,l,e( ) n 2 (3 6)
with
V2 [sin (ag)| [24k — 1\ 2 C. (k)
(1] — €
E k) := N+1|(1 . 2

Recalling (3.5]), we set
(24k — 1)(1 4+ 2C5 (k))
G .

(3.28)

Next, we have

1
z 2C; 24k — 1"
6>2|cos(ak)]<1+ Cl(k))n_é < kn >\/t+1 (by Lemma [3.4))

VN F o N1 Z <24k: ) 14 2t

>0 N+2

ST N2+12<24k )m

t>0

2t
i for N>1,—— <t
<smce or N > N2 S )

t
VT o Y (24’“ 1)

12n
t>0

(as Vi+t <2 fortZO)

10



S

- 20;(/@) (241;4—1)

e R
n

1 N
32 205 (k)\ 24k — 1\ 2 2k — 1\ _nu
< N
< <7T3> |cos (au)| <1+ N ) ( 51 ) \/N+2<1+ o >n 2
(as for all N € Nyn > g(N 4+ 1) > N by definition of g(m) in Theorem 2.)
1 N
3\2 24k — 1\ 2 C,o (k) _N+1 1 _ N41
: <7r3> jeos (o) < 24 ) Ve ( N > nTE = B (k) (329)
with
3\ 2 24k — 1\ 2 Co (k)
(1] — 0
EN,1,0<k> = (%) toostanl (250) T VA Tz (14 57, (3.30)
Recalling (3.27)) and (| -, set
EY) <k> E]%h JB) + BR, (), (3.31)

and then applying (3.26) and (3.29) to (3.24)), we finally get for n > H]lvaX {24k — 1,9(N + 1)},

= (1)

t=N+1 T
which finishes the proof of Lemma O

. 2 > _
Therefore, applying Lemma to Lemma we get for (k,N) € N* and n krr]1Va>x1{24k
Lg(N +1)},

M 1— 1 _ ey 2n/3 zN: Wz[gl](t) L0 (n,%) (3.32)
24(n+k) —1 p(n + k) V3 \ &= nb <BY, (k) ‘ '

Now we are ready to prove Theorem [3.1]

Proof of Theorem : Recalling the definition of g(m) in Theorem for (k, N) € N? we define

(k) =
ny (k) == o {G(N + 1), (24k — 1)*}. (3.33)

Applying (3.32) to Lemma we have for (k, N) € N? and for all n > n%,] (k),

o™/ 21/3 i\f: W/[cl] (t) o ( _%> V12ek(n+k)
iny3 <l \" 24(n + k) — 1

p(n+k) = O<1 (p(n+ k)N

(3.34)

t
n2

Finally, it remains to estimate the second factor on the right hand side of ([3.34)).

V/12e(+k)

~N-1
A 1)
emV2n/3 24k — 1\ N1
- NG, 1 -N-
Y exp (u(n +k)—m7 n/3) < + 51n > p(n + k)
m\/2n/3 24k — 1
< ¢ exp (M(n +k)— 7r\/2n/3> p(n 4+ k)~N-1 <as 1+ k > 1 for (k,n) € N2>
4n\/3 n
_ ™V 2n/3 N+1

iz O (WD) = 7v/203) (miﬂ) nF
11



(as p(n+k) =
™V /3 < on ( 241<; —1 )
= exp | my/ — 14+

V2dn + 24k —1 > \/24n for (k,n) € NQ)

N+1 N1
2

4n\/3 3 24n

\_/Cb\ﬂ

L evRs 2n 24k—1 ( >N N
———exp |7
~ 4nV3 P 3 ™2
. r . 24k —1 1
applying (1+z)" <14rzxfor0<r<1and z>—1 with (z,7) = 5’3
n
<

671—‘/271/3 - - 2 (24k 1) ( 6 >N+1 7%
— —1\/ - — n

2(24k — 1
applying e® <142z for 0 < z < 1 with z = M and 0 < 2 < 1 asn > (24k — 1)?
48v/3n
74/2n/3 3.7 .k 6 N+1 1
€ . N+1
< 1+ n~ 2 (asn>g(N+1 2N2>. 3.35
4nV/3 ( ) (m/24> < ( )25 (3.85)
Recalling (3.31]), we set
N+1
1] [1] 3.7-k‘> ( 6 >
Ey (k) :=EN (k) + 1+ . 3.36
Yo =elhw+ (14 25) (o5 (330
Finally, combining (3.34) and (3.35] concludes the proof of Theorem O

1
p(n)

This section is devoted to provide an asymptotic expansion for the inverse of the partition
function 1/p(n) along with computations for error bounds to obtain a result similar to Theorem
We shall state the main result later (cf. Theorem as it involves certain technical parameters
which we will define later.

Lemma 4.1. Let g(m) be as in Theorem [2.] and N € N. Then for alln > g(N + 1),

1 24n-—1 1 \! /573
= —p(n) _ —my/2n/3 |
p(n) V12 ¢ <1 ,u(n)) +anv3 e O<E[2] ( )

e () (%) .

Proof. Applying Theorem [2.1) with m = N +1 and N € N, for all n > g(N + 1) it follows that

24n—1 _,0, 1 \! _ 1 1
Vis ¢ ”(“mm) (“M”)Nl o) ) <)

< 24% Lot <1 _ M(1n)> o (1 — p(n)N1 <1 _ M(1n)> _1> . (4.2)

Next, for all N € N this gives

<1 + pu(n) N1 (1 — M(lm)_l) h >1—p(n) Nt (1 — /A(ITL))_I

12
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1\ L
(applying (1+2)"' >1—2xfor x>0 with z = pu(n) V! (1 — ()> >
p(n

N+1 N+l

= (m) T w) )

N+1
>1<6)2““(1 ( v)
2 2l N
(asforn §(N+1)2£\ﬁ>Nand 1_ )
2 48n 12N
N+1
>1_<m§ﬂ> <1+]2V>nN2“. (4.3)

Similarly, we obtain for n € Z>4 and N € N,

(1 N <1 - u(1n)> _1> N <1+ (Wjﬂ>N+l (1 + ;) n (4.4)

[2] 6 N+1 3
Jof e 1+ =, 4.5
G (m) (+x) 5
Applying (4.3) and (4.4) to (4.2)) gives

o = v (1 - u(lm)l (1 O, <”_N2+1>>

24n — 1 1 \' 24n—1 1 \! N1
V12 ‘ ( u(n)) * V12 ‘ ( u(n)) O<E1[\2r]1 (n ’ )

Define

N N i1 . —N4L
1 4nv/3e L= g Jew | —mv/2n/3((J1- 5 -1 Oy <n 2).

Consequently, using the fact that for all N € N, n > g(N + 1) > %N 2 we can bound the term

. . _N+1
involving the factor n~ 2 as

o (1 _ 2i> exp <_W\/m <m_ 1>> n et
() () ) (v (o))

13




<(=) (1+3)n =Bl

Thus we obtain

1 2n—1 0 1 \! /373 N1
= e 1—— +4nV3 e -O_po (n 2 ),

p(n) V12 1(n) <En
which finishes the proof of Lemma O
-1
Our next task is to derive the Taylor series expansion of the dominant term 24”7\/616_“(") (1 — ﬁ)

after extracting the factor 4ny/3e™™V 2n/3 o do so, we first observe that

24% L) (1 _ u(1n)> o Anv/3e ™23 exp (—u(n) + 77\/?) (1 - %1m> (1 - M(ln)) i

— 4n/3e V23 T (n) - Ty(n),

Ti(n) = exp (—u(n) + W\/?> and Th(n) :— (1 _ 2;) (1 _ ,1(171))_1 |

Throughout the rest, set

where

T
7 1.6
a=T, (4.)
and define
ala+1)---(a+k—-1), ifk>1
(a)k = , .
1, ifk=0
Define for all ¢ € Z>,
1, ift=0
Ei(t) = (1) Gy~ D" a0 oo (4.7)
_- w ft>1
(24) z ; truwlu-11" 0 T'=
and
m (_1)t (% - t)H-l : (_1)u(_t)u 2
t) ;= v, 4.
Ol() 12\/6 24t ;(t—i—u—&—l)!@u)!a ( 8)
Lemma 4.2. Let Ey(t) and O1(t) be as in ([4.7) and ([4.8)), respectively. Then we have
ZUBi(t) = Oi1(t)
Ti(n) = Z 5 T 2041 (4.9)
imo VN SV

14



Proof. From [6l, Lemma 3.4], we already know the coefficients from the Taylor series expansion of
T1(n)~! which take the following shape,

exp (u(n) - W\/?) => ]\E/l;fzt) - \%2(31'

t=0 t=0

Using the fact that for the coefficient functional [t"] ", axt® = an,

(28] () = [12%] (e7!) and [t2H1] (ef) = —[25 Y] (e7), k >0,
we conclude (4.9). O
For t € Z>¢, define
1, itt=0 bt .
ea(t) = ﬂ;f% ((1_5_2(12)>t7 > 1 and o0y(t) := W\?ﬂ <2i> mZ::O (_OfQ)m (*:_T;> .
(4.10)
Following , we set
1, ift=0
Ey(t) := 351;52’ i ift=1 , and Os(t) := () o9(t —1) ey
71'4(13—404*2) <(1+Qo;l—2)> ’ 1> 9 0a(t) — 5 ift > 1.
(4.11)

Lemma 4.3. Let Fs(t) and Oz(t) be as in (4.10). Then

To(n) =) 325(2 + \;);2(31' (4.12)
t—0 =0

Proof. Taylor series expansion gives

(i) = Z ) ()
S () O ()

>3 () (G ()
TG CE) T

m
2




:i 2+Oo Oa(é)

T2t
=0 Vn
62(]{? — 1) . .
In the last step we used the fact that Fo(k) = ea(k) — —or for all k& > 2. This finishes the
proof of Lemma O
Definition 4.4. Fort € Z>q, define
7 — 2887% + 10368 fio1
Gea(t) = 691272 ’ - TS (413)
a 14+a~2 .
S1(t) + (127r2 D81t -1+ 27r2(f+a2) <( +24 )> (1+52(t)), ift =2
with 1
Si(t) == 1Y G Z “u__ 2 (4.14)
24 2u — 1)1
and
(a3 o,
- s+1 2u
=2 ; Z ‘ u—l) ot (4.15)
Definition 4.5. Fort € Z>q, define
1 1 8
t) == Ss(t) — ——5<=S4(t Ss(t 4.16
g = 7 ( Tz (0~ [y 510 + 5500 (4.16)
with
22 N ) L G PRl S
Ss(t) := (—1)~ —— = u — ), 4.17
3( ) ( ) ;(2 S>S+1;(S+U+l)!(2u)!a ; <a2> (t—s—r—l) ( )
= (=1)*(5-9) 2-25-3\ om  (—1)%(—5)
. st (22 L2 11
Sa(t) ; 4t=s(2t — 25 — 3) ( t—s—1 ) 1;) (s +u+ 1)!(2u)!a ’ (4.18)
and
t—1
(3 (—)"(=t+1)y o
Ss(t) == (—1)"! < - t> at. (4.19)
2 t,,;) (t+ uw)!(2u)!
Definition 4.6. Let S1(t) be as in (4.14). Fort € Z>, define
V6 T
725—71447r2+10368 Z:i ; ?
Go (1) = 2306v/6 (’1 ) (2t-1)
062 o
% <Sl(t) + 1+a2 (56( )+ S?(t)) - (1+oﬁ22)-96t 2tl:1 - (1+i2)~24t SS(t>) 5 th > 2
(4.20)
with
t s
—1 _2s+1
Se(t) = (-1)'S <042> ( - ) , (4.21)
s=0
I FER S G DG PP o e A W
Se(t) = (1)t Y 2 Letl L 4.22
(1) = (=1 — s uz:l (s 4+ u)!(2u — 1)! ; a? (t—s—r) ’ (422)



and

S G- () & s

= . 4.2
Ss(t) ; s-475(2t — 25 — 1) ; (s—i—u)!(Qu—l)!a (423)
Definition 4.7. Let S5(t) be as in (4.19). Fort € Z>¢, define
. ift=0
Go2(t) = a-2)t B . (4.24)
i e () (Y So) + 582550 + Ss(t +1)) . =1
with o
N -1 \°(1 ~_ (D=8 o
So(t) := —_—r - — v 4.25
o(t) z% ((1 +a—2)> <2 S)SH;) (s +u+1)(2u)” (425)

Definition 4.8. For j € {1,2}, let g. j(t) and g, ;(t) be as in Definitions to[4.71 Fort € Zx,
define
9e(t) = gea(t) + ge2(t) and go(t) := go1(t) + go2(t)-

Lemma 4.9. Fort € Zxg, let go(t) and go(t) be as in Definition[4.8 Then

24n — 167u(n) (1 _ 1> - = 4nV3 e*”mi 9(®) (4.26)
V12 p(n) —0 n% ’
where
9(2t) = ge(t) and g(2t +1) = go(t). (4.27)
Proof. Applying the Cauchy product for the power series representations of 71(n) and T»(n) from
Lemmas [4.2] and we obtain the convoluted coefficients (g(2t))+>0 and (g(2t + 1))s>0. O

Next, we estimate an error bound for the absolute value of remainder terms ), .1 g(t) /n%
for N > 1. In order to do so, we need to estimate bounds for |g.(t)| and |g,(t)| for t > 2 and
therefore, following Definitions [4.4{ to we see that deriving estimates for the sums (S;(t))1<;<o
are prerequisites.

Lemma 4.10. For allt € Z>o,

-0 (2)
S (t) = (cosh (m - 1) - 1) (1 + O<s1 <1>> , (4.29)
G- sinh ({1:7— 1) 1 Z2a2>t <1 O (1)) , (4.30)
Si(t) — acos}i(ﬁa\)r;:s;nh(a)é (1 + Oy <1)> , (4.31)
Ss(t) = 20(\)/8;1('6:5% <1 + O<12 (1)) ; (4.32)
i (57 (0 2).
Sl Uihid) R (70 S P E) NP



Gu(t) — @5inh(@) + cosh() — 1 <1 O (1 >> | (435

4713
VI+aZsinh (VI+a? - 1) )
Sg(t) = 2 (1 + 037.7 <t>> . (4.36)
Proof. See Section [6.2 O

Now, we apply Lemma to derive bounds for g ;(t) and g, ;(t) with j € {1,2} and conse-
quently for (g(2t))i>0 and (g(2t + 1))>0 in accordance with Definition and (4.27)).

Lemma 4.11. Fort > 1,

Ger(t) 5 <1+a2>tlcosh (m— 1) <1+0§1,2 (1))

T 2m2(1+a?) \ 24a?
Proof. By (4.28) with ¢ — ¢ — 1, for all t > 3, we have

3
_ asinh(a) 24 1\ 2 1
U= e (1 t> <1+O<2'6 <t1>>
asinh(a) 24 1 1
= 1 - 1 -
27 o4t t3 < +OS3'7<75)) ( +OS5'2<'5>>

asinh(a) 24 1
2V 24t .42 < i §19<t>>’
which implies that

3(1 —a?) _ 1-co?asinh(a) 1 1
oz St —1) = a? 2T gt .43 L+00(3) ) (4.37)

We note the fact that for
flt)y=A;-g(t) (1 + O<g, (1)) and h(t) = Ay - g(t) (1 + O<E, (1))
with (A1, A2) € R?\ {(0,0)}, then

F(#) + h(t) = (A1 + As) - (1) (1 0 nryime) <1>> . (4.38)

A1+Ag

Combining (4.28]) and (4.37) and then applying (4.38]) with
(f(t)’ g(t)7 h(t)7 A17 A27 Ela E2)

1 3(1 —a?) asinh(a) (1 — a?)sinh(a)
— (Sl(t)724t.t37 o2 Sl(t 1), Qﬁ s Oé-2ﬁ ,2.6,19 s
we obtain
3(1 —a?) B sinh(a) 1
O D = g T Csaencan
= Sll’lh(Oé) 3 (1 + O§27.1 <1)> . (439)
a2/ 24t - t2 t

Next, noting the implication

s =ci (1405 (1)) = 1450 =040 (140,80 (1)),

=C1+1
18




and applying it with
(f(t),Ch, Ey) (Sg(t),cosh (\/1 Ya?— 1) 1, 54.9) ,
one obtains from (4.29) that

1
1+ Sg(t) = cosh (\/ 14+ a2 — 1) 1+ O< 54'9(C05h( /714»&271)71) ()

t
cosh(\/1+a2—1)

— cosh (m -1) (1 +O<os (1)) :

and hence,
3 1+a2\ ! Sl _3cosh(m—1> 1+a2\ ! o 1
271.2(1 + a2) 2402 ( 2( )) - 27r2(1 T+ a2) 2402 <0.5 ; .

(4.40)

Finally, applying (4.39) and (4.40) to (4.13)), it follows that for ¢ > 3,

Ge,1 (1)

= sinh(a) = (1 + O<27.1 <1>) + Seosh ( e 1) <1 * a2)t1 (1 + O<o5 <1>>
o224t - t2 = t 272(1 + a?) 2402 = t
3 cosh (\/1—1—7— 1) (1 +a2>t—1

272(1 + o?) 242

2

i—1

3 . 2 %ﬂ

1+ Ocos <1> 4 _7° sinh(a)(1 + a®) (1+ 3) (1 + Ocyrs <1)>
t 72c cosh (\/1 + a2 — 1) t2 t

— B cosh (\/1—1-7— 1> (1 +a2>t_1 <1 +O<122 <1>) )

272(1 + a?) 2402 t
We verify the remaining cases 1 < t < 2 by numerical checks with computer algebra which altogether
concludes the proof. O

Lemma 4.12. Fort € Z>1,
t_sinh(W—l) e\ (| o (1
Ge2(t) = 1+ a2)? 2402 =2\t) )"

Proof. Applying (4.30)-(4.32) to (4.16]), we obtain the result for ¢t > 2; we verify the case t = 1 by
numerical checks with computer algebra which altogether concludes the proof. We omit details of
the proof due to its similarity with that of Lemma [4.11 O

Lemma 4.13. Fort € Z>1, we have
142\ 3.5
2 — 1+ —
ot20) < o) (i) (1+%7).
where
3 (COSh (\/1 +a?— 1) + sinh (\/1 +a?— 1))

212(1 4 a?)
19
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Proof. Applying Lemmas and to Definitions and (4.27)), proves the statement. O
Lemma 4.14. Fort € Z>1,
6 1+a2\’ 1
Go,1(t) = V6 < ( 5 > cosh <\/ 14+ 02— 1) (1 + O<o7 ()) )
2r(1 4 a2)2 \ 24a t

Proof. Applying ([4.28)), ([4.33)-(4.35)) and using Lemma[2.3|to (4.20), we obtain the result for ¢ > 2
and we verify the case t = 1 by numerical checks with computer algebra which concludes the
proof. O

Lemma 4.15. Fort € Z>1,
1+a2\’ 1
9o2(t) = - < +012 > sinh( 1+a2—1) <1+O<13 <>>
12v/602(1 + a2): \ 24o ;

Proof. Applying (4.32) and (4.36)) to (4.24), we obtain the result for t > 2; we verify the case t = 1
by numerical checks with computer algebra which altogether concludes the proof. ([l

Lemma 4.16. Fort € Z>1, we have

1+a%\’ 0.5
o214 1) < ) (5 ) (1+%).

where
1 3<cosh<\/1—|—oz2—1>—i—sinh(\/l—i—oﬂ—l))
Co(a) :== =4/ = y . (4.42)
TV 2 (1+a2)2
Proof. Applying Lemmas and to Definitions [4.8/ and (4.27) gives (4.42). O

Now we are ready to present both the statement and the proof of the main theorem of this
section.

Definition 4.17. Let E][V]2 be as in Lemma . Let C1(«) and Co(a) be as in Lemmas |4.13 and
14.10, respectively. Then for N € N, define

N-1
2 1+a?) 2 8

EY. = Ci(a )< 24a2> 1+~ (4.43)
EZ .= Oy() Lta?) 8 142 (4.44)
No = P2 a2 N '
EY =B +ER + B, (4.45)

Theorem 4.18. Let N € N. Let g(m) be as in Theorem@ (9(t))e=0 as in (4.26)), and E][\%] as in
(4.45). Then for n > g(N + 1), we have

LB eV <Z 9tt) | Oy ( Nz“)) . (4.46)

p(n) —
Proof. From Lemmas [4.1| and for all n > g(N + 1) we obtain

——Zln\/ge_7T 2n/3 Zg + Z gtt +O <n_%>

t
p(n) n2 >N+l ns
20



= 4nV/3 e~V 20/3 i 9

g9(2t) g(2t +1) _Ng1
2 > T Y I 0 (i)
=0 "°  ona SN N2 N2
=72 )
—:S.(n) So(n)

First, we bound S, (n),

2 1+a2\" 1 3.5
|Se(n)| < Z ’g(t)| Scl(a) < 2402 > 3 <1+t> (by Lemma
>N+1 N+l

n

=72 =72
7 1+a2\" 11 N+1
< 14— = >
Cl(o‘)< +N+1> N+1<240z2) nt \®"= T2
[
—1
7 1+a2\ 2 ~u 1+a?\’
— 1 - -
CI(O‘)< +N—|—1><24a2> noe Z(?4a2-n>
t>0
< () (14— La?\'T =Y L+a® ' > G(N +1) >
e N+1)\ 2402 " 2\ 1207 N? sn=g =
—1
< Ci(a) 1+ ! 1+a22—]¥“21+0‘2t( N >1)
= e N+1)\ 2402 " 2 \1202 - N as v =
—1
7 1+a2\ 2 _ ~nu 9
<C 1 il
1(0‘)< +N+1><24a2) " < +3N>
-1
8 14+a2\ 2 _~vn _ N+t
< Ci(w) 1+N)(24oz2> n _Eﬁ]e n~ 2 (by (4.43)).

3|
b4

iy
N

—_

+
o
SIS
N———
VN

N2

+1

=B, e (by @39).

A\
S
2

7 N\
—
+
2|
N—
7N
[
2|+
QMQ
(3]
N————
[
|
z
St

Applying (4.48]) and (4.49) to (4.47) the statement of the theorem is proven.
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5. ASYMPTOTICS OF p(n + k)/p(n) (PROOF OF THEOREM [L.1])
For all (k, N) € N2, define

ny(k) = (Nr,%?é(N? {G(N + 1), (24k — 1)*} (5.1)

N ] N N ] N
Wi () g(t) Wi (1) N+1 g(t) N1
= (@) .0
; n% ; n% +; n% <pl (n 2 )—l—; n% <E1[\1,](k) (n 2 )
_N+1 _N+41
O gy (m 7 ) +O g2 ()
N1 od oy N2 Nl
t=0 "2 s=0 t=0 M2 s=¢
N ] N
wy (t) N1 g(t) N1
+; n% O<EE\2]] (n 2 )—F; n% O<E[1](k) (n 2 )
_N+1 _N+1
+0 iy (n7F) - Ogp ()
o cult)
= 5" 4 5 N) + S s N) + 57 (N + S (s N, (5.2)
t=0 "2
where for t € Z>,
t
cr(t) =Y wy (s) - gt — s). (53)
s=0

Next, to determine the error bound, we estimate an upper bound for each of the sums S,[Cj ] (n;N),1 <
7 <4, individually.

To begin with, we first estimate 51[64} (n; N). To estimate the error bound we need to refine the
error bounds E][\lf](k:) and Ej[\z,}. From ({3.27) it follows that

N+1
[ _ V2sin(ay)| (24K — 1\ 2 (k)
EN,I,e(k) - ﬁak 24 \/m 14 N
2k —1) 2
S< 24 ) VN +1(1+Ce(k)) (as ax > 1 for k € Nand N > 1)
2k — 1) 2 .
= < 12 ) (14 Ce(k)) (as VN +1< 28 for N > 1) . (5.4)

Similarly from (3.30)), we obtain
1
1] NERE 24k — 1\ 2 Co(k)
Enio(k) = <7T3> |cos (ay)| < 51 N+2(1+ =5

N+1
24 24k — 1\ 2
< >
< 24k_1< 51 ) VN +2(1+C,(k)) (as N >1)

22
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N+l
< <24]12_1) S (L1411 Co(k) <as VN 12 <2V foerl). (5.5)
Applying (5.4) and (5.5) to (3.31]) we obtain
Uk —1\ 2
E][\l,],l(k)§< o > (2.1+ Co(k) + 1.1 Co(K)),
which by (3.36)) implies
N+1 N+1
1] 24k—1) 2 < 3.7-1{:)( 6 >
Bl < 214+ Cu(k) +1.1- Co(k)) + [ 1+
V< (M) 7 earaw (#) ) (2
2k —1) 3 3.7k 6 S
= — 21+ Co(k) +1.1-Co(k) + 1+ 2
( 12 ) ( " " ( N )(m/?(%k—l)) )
Uk —1\ 2 3.7k 6 \>
< — 1 1.1- 14 2 2
_( B ) <2 + Ce(k) + Co(k:)+< +— )(W@)) (as (k,N) € N?)
Uk —1\ 2 0.3k
< — . L 1-C, 7). .
—< D ) (22+C(k)+11 Co(k) + — ) (5.6)
Analogously, from (4.45)), it follows that
EY <41 (5.7)

Following (5.2)), we estimate the sum S ,[:1] (n;N) as

N+1
24k —1\ 2 0.3k
(s,[j](n;N)‘ g4.1< > <2.2+Ce(k)+1.1-00(k)+N) N1 (by (5.6) and (5.7))
21k —1\ 2 0.3k
— RE _ N+1
() (s o1 o+ 25 1o
< 4.1241";_ L 224 k) + 1.1 Colk) +0.3 - k)n— "5
<as for n > (24k —1)* and k > 1, 2k 1 < 1>
12n
1 _ N+1 9
< 4. : . 1-C, 3 =N > —
_4112ﬁ(22+0(k)+11 Co(k)+03-k)n~ "2 (asn > (24k — 1)°)
2 1
< 4.1\1€ (224 Ce(k) +1.1-Co(k) +0.3 - k) Nn_ =R

with

1
(as n>g(N+1)> 5N2 for all N > 1)

EN,l (k) =
23

L1405 Co(k) +0.6-Co(k) +0.2- &

N



Moving on, following (5.2)) we bound S,[:’} (n; N),

2239488 —4327 %476

N N-—1
2 =
_Npf1 o g2t)] 1 lg(2t +1)]
o e e e I RV P e
Vn n vn — n
(by Definitions and [4.7)

N N-1
1] _Ni1 0.1 &Klg2t) 1 & g2t + 1) . N?
<EV (k) -n "2 1+N+; m +\/ﬁt§nt asn > g(N +1) > —
1] _N+41 0.1 1 1
SEy(R)-nT 2 [ 14—+ =) 9@+ = > lg(2t+ 1),
N N t>1 N t>1
_Np 01  4.5-Cy(a) 1+a2\""  15-Cy(0) 1+a2\'
<BY®) - 14 = S L
S Ey(k)m= 2 (1454 —g 2\ 240 TN ; YRE
(by Lemmas and [4.16))
< Ena(k)-n~"%  (using (IAT) and (L42)) (5.10)
with
— gl 1
Ena(k) = Ey'(k) (14 + ) (5.11)
Again, following (/5.2]) we bound S,EZ] (n;N),
1
" ot c0)

(applying (3.2) for t = 1)

N N-1
1.9k W@ v2 & wlei+1) ~ N2
1+ Z oy +WZT (aanQ(N+l)22>
2

t=1 t=1

mek-n-12 ¥ Bl
e p— (1+m+iw+l : ”<2t+1>)

(5.12)
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Using Lemma it follows that

|w 2t 2|sm ()] 3 24k —1\' C5(k
Z Jran Z oan ) VI

N
12 L (24k — 1
< 1+ C3(k)) < ) Vit
W%\/@( (k) ; 24n
7 :
12 24k — 1
< 1+ Ci(k as V<2 fort > 1
< gomiramy () ( )
7 : £l ‘
12 24k — 1\" 1 12 (1+ C3(k)) 24k — 1
= 1+ C5(k < > — < 2
A )); 120 ) nz ~ x3y23 VP ; 12¢/n
N
2 Nt 2
- 12v2 (1+C3(k ))Z<24k 1> (asn>§(N+1)2N>
Trg\ﬁ N =\ 12yn 2
12v/2 (1 1Y’ 12v2 (14C3
- V2 (14 C3(k)) () (as 0 > 24k — 1)2) 3f (1+C5(k))
7r2\/> N >1 12 1172+/23 N
6-1072(1+ C3(k))
< . .
< N (5.13)
Similarly, using Lemma [3.4] we obtain
N-1
2 [1] —2 *
2t +1 .
— n N
Applying ((5.13)) and - ) to we obtain
\SE] (n; )| < Bxs(h) - n= "2, (5.15)
with ) )
1.9 -k -107~ (1 5 (k 1072 (1 “(k
EN,g(k:):Eﬁ](lJr 9-k+6-1077( +CQEV))+5 07 ( +Cl())>‘ (5.16)
We split the remaining sum S} 1] (n; N) from (5.2)) as follows,
N-1 N
S[l <Z Zw N—i—t—s))n 2
t=0 ns s=t
N-1 oy .
:<Zw[1]s+1 N —s +Z AZw[ (s+1)g N+t—s)>n_2
t=1 T2
—. sy, st N 517
: k@(na )+ k,Q(nv ) ( . )
Observe that for N =1,
S (n: N) =0, (5.18)
and so in this case, we get
1 | = |10 -1 01-k
‘Sk (n: 1)] - (wk (1)-g(1)] - nt < (5.19)



By plugging in t = 1 into Definitions |4.6 E and [4.7] . along with (3.2)) we estimate an upper bound for
‘S 1] n; N) ’ with ¢ > 1. First, using Lemmas and (| we obtaln for all t > 2,

W) < % (24’;4‘ 1> " VE(1+C*(k)) with C* (k) = max {C](k), C5(k)} (5.20)

In a similar way, for ¢ > 2 it follows that

1+a?\?2
For all N > 2 one obtains

‘S[l (n; N) )
N-1
>
s=0

‘wl[cl] “9 |+Z ‘ 8+1)"g(N_S)H‘)%L”(N)“g(l)‘) -t

N4+1

wof s+1>]\g<N—s>r> e

IN

IN

IN

(by Definitions and (4.7), and using (3.2)) for t = 1)
14 a?
42 k| ——=
( 2402 )
(o E20)

9 N—s
’ Wis 4 1) ’(HO‘) ’ +6-10—2‘w,§](1\7)‘> n=
2\ o * _ 2 %N72 _ 2
Y k<1+a> +(1+C(k4)5)§(24k: 1)(1+a> Z( 2(24k 1)> y

©[Z

<

2402
2402

2402 1+a2

(1 3 klg(N)l + Z ‘WL”(S+1)‘ g(N —5)| +6-1072 ‘w,[C”(N)D n—
s=1

s=1

|2

+3-1072 (24k_ 1>

24

W(HC*(@))n—W (by (:20)

. (4.2']{:(1—%042)1;+(1—|—C*(k‘4);(24k2—1) (1+a2)1§\/NN < (24k—1)>

242 2402 1+a2

s=1

N
— 1\ 2 1
+3-1o—2<24’;4 )2\/N(1+0*(1<;)))n—’vz+ (as s < N —2)

- (4‘2%(12?:@0;2)N+(1+C*(k4)5);(24k_1) (241;4_1>¥\/NNX;1 (O%y

s=

N

+3.1072 (24’;4_ 1) VN (14 C*(k)

(4,2 K (121032) LA+ C*(kzl)é)é(Mk — 1) (24;;4_ 1)

26

vz
~_
3|
‘Z
e

v|2
v[z
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L ()



N
2

+3-1072 (24k_ )

VN (14 C*(k )))m’vz“

N

B 1+a%\ 2 (14 C*(k))(24k — 9 2 N4l
_42k<24a2) +< 0 10~ R
%
. _ 4.2-k: Lio? N\
_ | 3.10-2 + (14 C*(k))(24k 1)+ a2(24k 1)) 24k 1 2 SN N
96
N
(1+C*(k))(24k —1) 0.9k 24k—1 > _ )

<(3-107%+ VN - k,N)€eN

_< 0~ 96 + N 51 o (as (k,N) € N?)

= By, (k) -0 (5.22)
with N

L, (+C* k) 24k —1)  0.9-k\ [24k—1)\2
20 ) = (3.10-2 4 ¢ N. 2
va(k) <3 072 + oG Ty o VN (5.23)

Finally, we proceed to estimate S,E1]2 (n; N) for N > 2.

1
‘SL,Q(H;N)\

N-1 4 N-1 ver
<3 S el + )| IV + 1 - )T (by BTD)

nz

t=1 s=

~+

N N-1 t N1 s
. 24k —1 (1+ a2\ 2 1+a?\2 a?(24k — 1)\ 2

— 2402n p 14+«
byand-
N N—1 t N—1
24k —1 [1+a?) 2 1+a?)\?2 o?(24k — 1)
<1.6(1 * VN S Sl 4 <N-1
N N-1 L N—t—1 s
14 a2 24k — 1\ 2 14 a2)?2 14+ a2 2
=16/ —— (1 *(k VN S
0 242 (1407 ))( 24 > — <24a2n> ~ <a2(24k'—1)>
N N—-1 Lt N—t—1
24k — 1)\ 2 14+ a?)?2 s
< 1 * N - > 1
0.8 ( +C(k))( - ) \F;(Wn) > () (as k> 1)
N N—-1 i
24k — 1\ 2 14+ a?)\?2 1\°
< * —
08(1+C(k))< - ) VN <24a2n> (2>
t=1 s>0
N N—-1 i
24k — 1)\ 2 14+ a?)\?2
=1.6(1 *(k VN
24k — 1 %\ﬁ 1+a2\2 1+ a2
<1.6(1 * N
6( +C(k))< 24 ) <24042 n> ;(2404 n)
Uk —1\> 1 [(1+a2\? . 1+ a2\ 2 N?
— 2 + o + «
<1.6(1 *(k (N +1)> —
6( +C())< 24 ) ,/N<12a2> §<24a2n> (asn>g( = 2>



w2

< 1.6(1+ C*(k)) <24’“ - 1)

1 t
1 [(1+a%\2 1+a?)\?2 N2
e S >2for N>2
24 \/N<12042> ;<48a2> <asn> g =T =

N
24k —1\2 1
<0. * . .
_08(1+C’(k‘))< o ) Wi (5.24)
Combining ([5.18]) and (5.24), it follows that for N > 1,
[Sihns V)| < ERL () - n (5.25)
with N
14+ C*(k)) [(24k —1\ 2
fod = 0. ( . 2
Combining ((5.22)) and ([5.25)),
]5,&” (n; N)‘ < (E]%LL(;{) + Eﬁg(k)) n=5 = Eya(k)n= 5 (5.27)
Finally, setting
4
En(k):=Y_ Enm(k), (5.28)
m=1
and combining (5.8)), (5.10]), (5.15)), and (5.27)) concludes the proof of the theorem. O

6. APPENDIX

This section is divided into two Subsections [6.1] and [6.2] where we utilize Schneider’s Symbolic
Summation machinery, implemented in Mathematica in the form of the Sigma package, to simplify
the sums (S;(t))1<j<o defined in Lemma These simplifications are crucial to obtain the
fundamental estimates as specified in Lemma We observed that there are two classes: (i)
the sums S;(¢t) for j € {1,4,5,6,8} which are (or reduce to) single sums, and (ii) the sums S;(¢)
with j € {2,3,7,9} which can be simplified to combinations of certain double sums. We restrict to
show details of the summation machinery of Sigma by choosing the double sum representations of
Sa(t) and S3(t) from class (ii) mentioned before. To illustrate the full power of Sigma some further
aspects are given for the more involved triple sum S3(¢). The Sigma simplification of the remaining
sums works similarly.

6.1. Simplification of the sums S>(t) and S3(¢) using Sigma. Before we apply our summation
tools to Sa(t) we observe that the sum representation in (4.15|) can be rewritten in the form

21 (@) R (- () s w3 s ),
i) = Z (2u —( 1))' Z (s+u)(s+ 2u)‘2 B

u=1 s=0

recall that o = . In the following we will focus on the inner sum which reads as

t—u—2 - 2(s+u) (3611”2)5“‘(_8 _ u)u(% —s— u)

T(tw= ) (s + u)(s + 20)!

s=0

1+s+u

Using the summation package Sigma (or alternatively, any other package, like [31], that can deal
with the creative telescoping paradigm [39] for hypergeometric products) one obtains the linear
recurrence

T (tu) +2(72 + 7°) (L+ w)T(tu+ 1) + 72(2 + u)T(t, u + 2)
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(= 1)t m 22 (=3) (—2+) (= T+20) (—5+26) (-3+20) (1+w) (40 (3 1)

T (3 tt—w) (—2+Ht—u) (t+w) (=3 ttu) (— 2+t u) (— L +t+u) (36+m2) 2 (—dtt+u)! * (6'1)
Next, we are interested in d’Alembertian solutions of the found recurrence, i.e., in the set of all
solutions that can be given in terms of indefinite nested sums defined over hypergeometric products.
Using Sigma we find two linearly independent solutions

1(—72——w2+12v36+4ﬁ>u pq)u<—72—7¥-+12¢§5+7ﬂ>u
” 2

u u

and (6.2)

72 T
of the homogeneous version of the recurrence (6.1)). To this end, we apply a generalized ver-
sion [2] of Petkovsek’s Hyper algorithm [32]; we remark that the bases _72_”2112%36‘*'“2 and

—% V3641 o the powers in (6.2)) are the roots of the characteristic polynomial
q(z) = m*2® + 2 (72 + 7%) z + 7° (6.3)

that appears in the underlying algorithm [32].
In the next step, we can apply the algorithm given in [3] to find the particular solution

(364+72)2(—3-4) (—2-) (—T+20) (~54+2¢) (—3+20)(~1) w2t (~72-n2+12v36472) " (5 1)

—34t o
2umdt2u(364-m2)t

i1

qu: (—1)i(72+n2+12\/36+7r2_) Z (1) (=14j)m (4—1); _
= (-m2-m2t12v36+72)" = (=) (15— 0) (2~ 1) (B —) (—3+5+0) (—245+0) (72472 4+12V/B6F 72 ) (—dj+0)!

of the recurrence (/6.1)) in terms of an indefinite nested double sum over the powers given in .
Then a crucial step for further processing, i.e., for carrying out the estimates in Section [6.2] is
the simplification of the found particular solution. Here again the summation package Sigma can
assist; for a survey of the used telescoping algorithms we refer, e.g., to [37]. However, with the given
limitations of the computer algebra system Mathematica, the underlying implementation does not
work properly when dealing with algebraic elements such as /36 + w2. To overcome this situation,
we perform the substitution

V1—-102
WF+9—3—f (6.4)
for a new variable b; note that the inverse substitution is
6
b— —— (6.5)

V36 + 72
In this way, the technically challenging element /36 + 72 vanishes; it simplifies to

\/36+7r2:§.

b

We remark that such rewritings (also called rationalizing transformations) appear frequently when
dealing with nested integrals in the research area of elementary particle physics; for a survey and
applications we refer to [27].

After this preprocessing step we continue with the sum representation

=2 yu(l=b2\v
$@>:§;(éLE§&)T““)
where _— t—u—2 (b2 _ 1)5+“(—S - u)u(% — 85— u)1+s+u
=2, (5 + u)(s + 20) |
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By construction, if we apply the substitution (6.5) to So(t) one gets Sy(t) back. Repeating the
above calculations in this new representation we obtain the improved recurrence

(=14 b)(1 +b)uT(t,u) —2(1+b*) (1 +uw)T(t,u+1) + (=1 +b)(1 +b) (2 +w)T(t,u +2)

(1) T ) T (=3 (24 (- T+ 20 (-5 +20) (-3 +20) (14w (4-0)u (1),

- 2(—34+t—u)(—2+t—u) (t+u) (—3+t+u) (—2+t+u) (- 1+t+u) (—4+t+u)!

We remark that the correctness of the recurrence can be verified by the summand recurrence (not
printed here) that is provided by the creative telescoping method. Solving this recurrence we get
now the two linearly independent solutions

- (b—1)"

() = i (1+b)®

and  Hy(t,u) = ———F—
2(t ) u(b— 1)
of the homogeneous version; note that these solutions agree with (6.2) with the substitutions

in (6.5)), resp. (6.4). Most relevant, using Sigma the found particular solution can be simplified to
the form

~ _ t+u —3+t—u l_ _ —3+t—u ttu (1 _
2 u):( 1+b) (1+bt)! (5 t)tRl(t,u)—i-( 1+b) (ﬂl—l—b) (1 t)tR2(t’ )
(71+b>—1+t<1+(2;1)'“(%*t)tvt)u Ra(t,u) — <71+b>t-“(1;b>t+“(%ft)t (-1+ b)(it(l—l——i—')l;)_i(_t)i
’ 1)
i=1
_ (g, §5 (LD (0,
u — (t+1i)!

for some rational functions Rj(t,u), Ro(t,u) and R3(t,u) in the variables b, u,t. We remark that
correctness of the computed solutions can be verified easily by plugging them into the recurrence,
carrying out the shift operator on the indefinite nested sums and products, and by finally simplifi-
cation by performing simple rational function arithmetic.

In summary, using Sigma we found two linearly independent solutions of the homogeneous ver-
sion together with the a particular solution P(t,u) of the recurrence itself. Due to the linearly
independence of the homogeneous solutions, there exist unique constants c;(t) and ca(t) (free of u)
such that

T(t,u) = ¢ (t) Hy(t,u) + co(t) Ha(t,u) + P(t, u) (6.6)

holds for all nonnegative integers ¢ and u with t > 2 and 1 < u < t—2. To determine these ¢;(t), we
consider the two initial values T'(¢,1) and T'(¢,2) which can be simplified with the same technology
as above (where t has taken over the role of u) to the form

(—1+b) =1+t (14b) =1+ (5 —t) -1 + b) (1 +b)i (5 — 1),

T(t,1) = % o (—1+2t)t! ‘ + 1+b) Z —1 + 24)3! ’

. 34p2 (—14b) "1t (14b) 1+ (Lt) (1) (-1 b+ b) (5 — i),

T(t,2) = 4(—14b)(1+b) (—1420)t! "" 1+b (140)2 Z (=1 + 24)3! )
=1
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By setting u = 1,2 in and solving the underlying system we compute the c¢;(t) and ca(t)
(which we do not print here) and obtain the desired simplification

i (b)Y (=14 D)2+ (=1 +b)(1+ D)%)

T =
(tu) Tou(—1 1+ 0)“(1+ b)"

(L4 b)(=1+b)2" + (=1 +b)(L+ b)) (=1 +b) (1 +b) (5 — 1),

B 4but!
(= 140) (14+D) (—14+6) (—1+20) +2tut+ 202 ) (t—u) (—14+D) =+ (145) =+ (1 1) (~1)u

+ 3= 1+t) - 1+2t) ()l

(1) T+ (5 - ), Z —1+ b (—t); (6.7)

2u (i +t)!(1+ b)’

4bu —1 4 2i)3!

(= 1+ b) (14 b)7u (5 — 1), Z (14 b)i(— )
2u —1+b)i(i+t)

Finally, we replace in

w_ (_ w)(_ t (L3
(@D = (LB (1) (L4 b) Z 1+b (1+b)'(5—1),

(—1) 1—2b2 uw
(—1-(1—§u)3 T(tw)

ML

So(t,u) =

u=1

the sum T'(t,u) by the right-hand side of and apply the substitution . This yields an
expression that agrees with Sy (¢) for all t > 2 from which one can read of the splittings (6.15])—(6.16])
of S5(t) which in Section are used to obtain the estimate in Lemma [4.10}

As indicated above, all calculations can be verified independently from the steps of their algorith-
mic derivations and thus lead to a rigorous proof for the correctness of the simplification. However,
all the steps are tedious to handle manually. To assist such calculations (that are similarly to
those that we frequently tackle in particle physics [I]), we provide besides Sigma the package
EvaluateMultiSums [36] which contains all the experience of the Sigma—developer to carry out
these calculations fully automatically. More precisely, after loading the packages into the computer
algebra system Mathematica

In[1]:= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-JKU ‘

In2]:= << EvaluateMultiSums.m
‘ EvaluateMultiSum by Carsten Schneider (© RISC-JKU ‘

we can insert the sum
tut? (b? — 1)s+u(—s —wu(3 —s—u

In[3]:= T = Z

s=0

)1+s+u .
(s +u)(s + 2u)! ’

and get with the command

In[4]:= EvaluateMultiSum|T, {}, {u, t}, {1, 2}, {t — 2, 00}]

Out[4]= ...

the output “...” that is equivalent to (6.7). Actually, one obtains a slight variant of it that one
can transform to the version using the command SigmaReduce; for a concrete application of

such a transformation we refer to In and In below.
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Using this technology, we focus now on the more involved triple sum S3(t) defined in (4.17]).
Similarly to Sa(t) we rewrite Ss(t) and work with the alternative sum representation

i-2 (—1) -5 — u) sou(—S — -1
Sg(t) - Z:: (215)(3 Z:% (1 +1;++2U Z <—1—7“is+t—u) '

When trying to apply the summation tools on these summatmns, it is reasonable to start with the
inner most sum, say U(t, s,u). One finds the representation

u 7|—)2u t—u—2 (%

t—u—s—1

2r 1
S -
t 5 u ZO ( ) (—l—r—s—i-t—u)
242542 o\ —1l—s—u (—1
_ _(_1)5+t+uﬂ_2+25_2t+2u(36 + 7T2)_1_8+t_u _ (_1)5+U7T +2s5+ u(36 + 7 ) ( t2>
—1+2¢
% 1 i (-1
+ (_1)s+t+uﬂ_2+2s—2t+2u (36 + 7_‘_2)—1—5+t—ui T Z( - 36+7r2) ( Z‘2>
— 142
. B 77—22'(—36—772)"( ~3 )
Z(_1)5tu 2+2s5+2u 36 2\ —l—=s—u —1—i+t
Ty (36+7°) g it
' LT (=s6—m) (L E )
+ *(*1)871'2—"_28(36 + 7T2)_ -8 Z : —1—it+t—u )
2 , —1+t—u
=1
In the next step, one may deal with the second summation
P2 (3 —s—u) (—s—u)
2 14+s+u u
T(t = Ul(t
=3 TR (t,u,5)

using the simplification of U(¢, u, s). Using Sigma one obtains the recurrence
72 (1 4 2u)T(t,u) + 2(72 + 7r2)(3 +2u)T(t,u+ 1) + 72(5 4+ 2u)T(t,u + 2) = R(t,u)

with a right-hand side R(t,u) represented in terms of indefinite nested sums too large for being
printed here. Solving the homogeneous version of the recurrence gives the two solutions

1 /=72 — 72+ 12V36 + 72\ q (1% /=72 — 7% +12V/36 + 72
2u+ 1 ( ) 2u+ 1 (- 2 )

which are closely related to the solutions when dealing with Sa(¢). Indeed, the algorithm [32]
(and the generalized version [2] implemented in Sigma) asks again for the roots of the same poly-
nomial that establishes the powers involving the algebraic element /36 + 72. Thus using the
same rationalizing transformation that we used above for the Sa(t) one obtains homogeneous
solutions that are free of any algebraic elements. This suggests to reconsider the sum Ss(t) by
applying first the substitution leading to

2

o O ) RN s wuG s ) RN e b
S0 <z(u>'? | 2 ey L L)

i.e., S3(t) equals to S3(t) after applying the inverse transformation (6.5). To this end, we insert the
double sum

s s s ) TS —3-r
=T =} (1+s+2u)! Y G0 (— );

1—r—s+4+t—u
s=0 r=0 +
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and apply our summation toolbox by executing

In[6]:= closedFormT = EvaluateMultiSum[’i‘, {}, {u,t}, {0, 2}, {t — 2, 00}, SplitSums — False]
(1=b+b*)(-14+b)* + (1+b+b*)(1+b)*) (=1 +b)' (1 4+b)'* "
2b2(1 + 2u)
(=3+2t)(—1+26%) ((—1+b)"F* — (1 4+ b)) (=1 +b) (1 +b) (5 —t) .,
4b2(1 + 2u)t!
b(—3 +2t)(—1+2t)(~1+b) L+ B)(F —t) Zu: (—14D) (1 +b) " (—t);

Out[6]=

2t(1 + 2u) o (—1+i+t)
3((_1+b)1+2u_(1+b)1+2u)(_1+b)—t—u(1+b)—t—u t (_1+b)i(1+b)i(g—i)71+i
4p2(1 + 2u) ; il
_ b(=3+2t)(—1 +2¢)(—1+1)"" (1 +b) (5 - t)—1+t i (=14+Db) (1 +b)*(=t)s

2t(1 + 2u) (—1+1i+t)

i=1
In order to represent the expression in terms of the products u!, (—t),, and t!, (t +u)!, (1/2 — ),
one may use the following commands:

In[7]:= closedFormT = SigmaReduce[closedFormT, u, Tower — {u!, (—t)u}]

In[s]:= closedFormT = SigmaReduce[closedFormT, t, Tower — {t!, (t + u)!, (1/2 — t):}]

(-1 +D)™ + (1 +b)™) (=1+D2)™ + (1 +D1)*) (=1 +Db)' (1 +b)" (5 — t),
Outlel= 2(1 + 2u)(—1 + b)sHe-i(1 £ pytu-t 2(1 + 2u)t!
(t—u) (26’6 —b* =2t +2u+2) (3 —t) (—th
t(2t — 1)(2u+ 1)(t +u)!
(—14D)™+ (1+D)® —=b(—1+b)* +b(1 + b)) <~ (—1+Db) (1 +b)* (3 — 1),

2(1 +2u)(—1 +b)*Fu(1 + b)t+u L (— 1—|—2i)'
(D) -, i (—1+b)'A+b)H(—t);  b(=1+D1)""(5 - —141b) " (1 +b)*(—t)s
(1+2u)(-1+b)* & (1+1t)! (1+2u)(1+b) 4 (1+4+1t)!
Denoting the result in Out[9] by 7”(t,u) we obtain
2 1-b?
Z ) ( ) 2 T T ). (6.8)

Finally, applying the substitution to the right-hand side of yields the simplification of
S3(t) that has been used to perform the estimate stated in Lemma for further details
we refer to Section [6.21

To our knowledge this is the first time that rationalizing transformations, usually applied to
simplify integrals, have been applied non-trivially to symbolic summation. As pointed out, in our
concrete calculations such transformations can be discovered automatically when one looks for
“nice” hypergeometric solutions and sum solutions over such products of a given linear recurrence.
It would be interesting to see where this extra feature could be also exploited in other applications.

6.2. Estimates for the sums (S5;(t))1<j<g. We restrict to give detailed proofs for the bound
estimates of Sy (t) and S3(t) in Lemma The derivations of the cases 3 < j < 9 work analogously.
Proof of Lemma |4.10: We start with the definition (4.14)),

1_ u
Si(t) = <_1>t (31, Z (—1)' (=0)u '0[271,

24 t = (t+uw)!(2u—1)!
_ () N ﬁl—jzl o
= - —
2t - 96" £~ i 1+ | (2u-1)



1 1 1 t U 1_];1 02U
"o 2 Oy ' by L 53
st (04 (1) ST ) ey O Lemma

t
1 1 1 1 a2u
=—— (1 - 1 2))—
2V 24t . 43 ( 0 <t>> 1< O <t>> (2u —1)!

=:S§” (t) =512 (t)

First we bound 5[2] (1),

t o 2 .
1 2u ¢ (3acosh(a) 4 (a? + 1) sinh(av))
sPw)| <5 4 . (610
‘1( tZ:: 2u—1 Z>:2u—1 t (6.10)
Now it remains to estimate Sgl] (t). Note that
S[l] 0 o2 0 o2 . o0 o2v
t = — — —_— = 1 — _—
(@) Z(2u—1)! 2. Gu_1) ~ @sinh(@) 2 (2u — 1)
u=1 u=t+1 u=t+1
By Lemma [2.4] with k = 1,
0 o2 0 2u 204 203
< < —
O<Z(2u_1 Z —9.¢2 — ¢t
u=t+1
which implies that
1
S(t) = asinh(a) + O—pgs (t> . (6.11)
Combining (6.10) and (6.11) gives

S1(t)
1 1 1 _ 1 )
- ﬁm <1 + OS% <t)> (a Slnh(a) T OSZ&S (t) + OS%(?;acosh(a)Jr(aQJrl) sinh(a)) <t>)

oz (roa (0) ( (7) Q)
= + O <1 1+0 o3 — | + O a(30comia)r(ai1) sinh(a —
2V 24t .42 =5\t Sasimn@ \ 1t < A ercoshlep i) sinh(@) \

asinh(a) 1 1
- 1 -
2T o4t ¢3 < +OS2'6<t>>’

which finishes the proof of (4.28)).
To estimate the sum S3(t) defined in (4.15) we list three basic facts which be used for the
estimates of Sa(t). For t > 2,
NG
()"

1
Vi -2t
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for t € Z207

(=1 (; - t)t = (%Ztt' (6.13)
and for |z| < 1,
1—m_22m_1<z>m. (6.14)

Next, using Sigma (with the summand representation (6.7))), we split the sum Ss(t) as

5
Sa(t) = sY(w),

with -
o2 \PUEZ 20 qyur . — Wy u —u o2
o= (5-1) v (12a) > o Grar (2t )
(6.15)
) L2 (\/m— 1>2u (\/er 1>2u
sy 22 (Vita2+1) o - (Vi+az-1) o , (6.16)
- G ()
=2 (Vitar+1) (VidaZ-1)" - (Vitaz—1) (VigaZ+1)"
8 (2u)!
2u)! ’
vt (6.17)
o2 \1i2
S5 (t) = G —’f)t(‘l)m <1+a2> uz_:l (22)!
u 042_
((V1+O‘2+1) ; i(sl' <\/11a +1>
) ()
a Vi+taZ+1 . 1+a?— " ¢ 7—5 —1) a y
st W;( ) '< ) SZ:; 25_1311) (1:@2) '
(6.19)

We treat the Sgd( t) successively. First for S. [1]( t), after simplifying the right hand side of (6.15)),
we obtain

B0l
Z(Oﬂu (—1)%(—t), (_2(t—u)u(t+u) t—u o )‘

6 () [ o \'7!
4t 142 —~ (t—1)t(2t — 1) t 1+a?2




> (by Lemma [2.3])

o2 t—1 ‘o
(1+a2) = o [({Ht+1— 2(t—u)u(t—|—u) t—u a?
' (t—1)t(2t —1) t 1+a2

1—9 t —
as LTI oy g oy, ETWHERY) Y T <u <2
P (— D2t —1) ;

: (2+ = ) m;)t_lz(a% = (2+ o >(Cosh(a)—1)(1ﬁ“2>t_l
1

1+ a2 vt = (2u)! 1+ a? Vit

6%2 54 o? (cosh() —1) 1 _ 0.
1+ a?
which implies that

1
Sy(t) = 0o <t> : (6.20)
According to we write S£2] (t) as the difference of two sums
1
) = 5 (B ) - s (6.21)
with

2u

tz(m—l) tz(m+)

(\/1+a2+1) 2] and Sﬂ(t) = ( 1+a2—1>
= u=1
Next, observe that 1
o (Vizar-1)" o m— |
- (i) [$ (57 g (o)
2u
= (\/1—1—7042—1—1) cosh(\/ﬂ—l) _1_ui_1 ( 1—1_(20227 1)

By Lemmawith c=+vV1+a?—1andt+t— 1, we obtain for ¢ > 2,

o (vizaz-1)" (vizar-1)" (Viter-1)" 4 0-
0<Z< (2u)! ) §<18-(t1)2) §< 9-t )§417505’

u=t—1

which in turn implies that

= (Vita2+1) <h (ViFaa—1) ~1+0cp0 @)
— (ViFa?+1) (cosh (ViTa?—1) 1) <1+0<m_5 <1>>

~cosh(V1+aZ-1)-1 t
= (\/1—#7042—1— 1) (cosh (\/ 14+ a2 — 1) - 1) <1 + Oc<5.10-3 <1>> . (6.22)
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Similarly,

S = (Vitaz-1) [ 2o -y

u=1 u=t—1

oo(\/1+foz2+1> % (erl) )

= (Vite?=1) ot (ViaZ 4 1) —1- 3

u=t—1

%0 (er 1)2u)

By Lemmaw1th c=+vV1+a?2+1andt+—t—1, weobtain for t > 2,

erl Vitaz+1) (vVizezs+1)'
0< Z ( ) §(18-(t—1)2) S( 9.1 ) N

2.3
u=t—1 t

which implies that

s = (Vita?-1) <h (VT 1) 140 (1))

t

= (Vi+a2=1) (cosh (Vita2+1) 1) (1 HO0g e (1>>
_ <m - 1) (cosh (\/WJF 1) - 1) (1 +0<0s (1)) : (6.23)

Consequently, setting

F(£) = SEL(®)
g(t) =1,
h(t) = S5 (),
Al = (\/1+a2+1>(cosh(\/1+a2—1)—1>,

Ay = — (\/1+a2— ) (Cosh(\/1+a2+1) —1),
(B1,Er) = (5-107%,0.8),
in and applying (6.22) and (6.23) to (6.21)), it follows that

S[Q] ((\/1—}—042—1—1)cosh<\/1+a2—1>—<\/1+a2—1>cosh(\/1+a2+1)—2>

X <1+o§0,9 <1>> (6.24)

Recalling (6.17)), we obtain

|58

e (2 [ o2 N2 (VITaran) (Vitar 1) - (Vita? 1) (VitaZ+1)”
h 2-4t<1+a2> 2 20!

— by (\/m—i—l) (W 1) "_(m_1> (m—i—l)h

(2u)!
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. <1+a2> <\/1+a2+1) (\/1+a2—1)2u

1+a
<
T 2ymVEt (2u)! T o2ymV/t et (2u)!
V) () (e -
_ +a? 5 310
= NG N (cosh( l1+a 1) 1) < PR
and therefore,
1
S5 (t) = Ozza0-s (t) : (6.25)

Starting with (6.18]), we obtain

|58

©13) (%) (1+a2)

V”O‘Q“) ( (-1 (m_1>s

— ~ (+1s \Vi+a2+1
—2u
+Z Vi+a?+1
Vita?-1
a? t _ / s—2u
<1+a2) §< 1+of +1> —~ (Vi+a2-1 +i V1i4da? 41
Vet = 2u)! A\ VitaZ+1 “H\Vit+at-1
t)s(—1)° rt+1l—7j
byLemmaandby( )s( ):H + _jglast—l—l—jgt—i—jfoerl
(t+Ds 15 t+]

/~
—
+‘Q
o

|
—
~
<~4~
w

(V1+a2+1) o (Vitar-1) E (Vitaz-1)
(2u)! <Z<m+1> t2 (mH))

(\/WH) (Z (JWM)JrZ(\/m)) (as s > u > 1)

ﬁ
.
L

¢ o=
I

M

ﬁ
.
I

g
Il

(2u)! V1taZ+1 V1ita? 41

: VIta?-
) 5 (1)) (= <)
9 (g’_@) =2 (erl) 9 (HQQ) (\/1+a +1)
VNV )l SBvr Vi < (2u)!

t
Ot2
2 (i) €3 0.
= e (cosh (\/1+a2+1) —1> < %,

t

which implies that

S () = O<o2 G) : (6.26)
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Finally we rewrite S£5] (t) as

2u 2u
) € mzt: (Vita?+1)" - (Vita?-1) i (20) (
Z (2u)! 2 (25— 1) \ 4(
= YL () — s o
with
Vita?+1 t (Vizar—1)"
Ss(t) = > ( 2o )  S5a(t) = D ( e ) ,
e () o\’
Sy(t) = ; (2s —1) <4(1 + a2)>
Observe that
- o0 <m+1>zu o (er 1>2u
S21(t) = 22:1 (2u)! T2
= (Vitaz+1)"
:cosh( 1+a2+1>—1—u§1 2wl

Hence by Lemma [2.5| with ¢ = V1 4+ a2 + 1, we get

(Vitar+1)" (Viter+1) i,

< < —
(2u)! - 18 - 2 -t

0< ).
u=t+1

which implies that

SEL() = cosh (VI+a2 +1) —1+0<12< )

o (i) ) (v ()
_ (cosh( 1+a2+1> —1> (1+O§0.4 (1))
5]

Similarly, for S£’2(t) we obtain

|
u=1 u=t+1 (2U)
2u
o0 (\/1 R 1)

:cosh(\/l—i—a?—l) —1- Z
u=t+1
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and by Lemma with ¢ = V1 + a2 — 1, we obtain

2 4
%0 (\/1—}—@2—1) b (\/1+a2—1> 5.10-5
<

0< < ,
) I A
u=t+1

which implies that

Sg(t) = cosh (\/1+foz2 - 1) — 1+ O<9.40-5 <1>
- (cosh <\/1 fa?— 1) _ 1) <1 +O0_ s <1>>

- Cosh(\/ 1+a271)71

_ (cosh (\/1 Ya?— 1) - 1) <1 +Ocg10-9 (1)) . (6.29)
Applying with

h(t) — SE3(0),
A = (cosh (\/1+7+ 1) — 1) ,
Agz—((:osh(m—l) —1),
(B, E>) = (0.4,3-107%),
from and we obtain
SP1(t) - SEh(t)

_ (Cosh (m + 1) — cosh (m - 1)) (1 +O0<0s <1)> : (6.30)

Finally, for Sy4(¢) it follows that

B~ (%) o® VS (%) o VS (%) a?
52?3('5)_2(28—1) (4(1+a2)> _2(25—1) <4(1+0z2)) B Z (25 — 1) <4(1+a2)>

s=1 s=1 s=t+1
2 o0 (25) 2 s 2
a a a
=1—4/1— —— = b -6.14 ith x —
V' 1z S:Zt;l (25 — 1) <4(1—|—a2)> ( y (€:.14) with @ 1+a2>

(6.31)

Concerning the last series, for t > 2,

i (28) a? s 1 i a? s
o« 5 it (a'fe) 55 5 (o)
S (25— 1) 4 +a?) 2y - t1 Ly \ AL+ a?)
(by Lemma [2.3and 2s — 1 > 2t for s >t + 1)
2

1 Z<4<1ia2>>s (pe i 2 2)

< 3
2y 12 53
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1 1\° _ 6-107°
<——=) <> < . (6.32)
2/ t2 3 18 t

Applying (6.32)) to (6.31]), we obtain

VitaZ-1 1\ VitaZ-1 1
S£52]3(t) = A + O<6-10*5 e A 1+ O<6-10*4 - . (633)
’ V1+ a? = t V1+a? = t
Applying (6.30) and (6.33) to (6.27)), it follows that
5
$y(1)

(\/l—i—fw2 - 1) <cosh (\/l—i—fw2 + 1) — cosh (\/1—1—7 - 1))

(o)) romn ()

i (Vi+aZ=1) (cosh (VIt+aZ+1)~cosh (VI+aZ-1)) (1 + O<o6 <1>> (6.34)

N 2
Applying

F(t) = 8P ),

h(t) = S5 (8),

g(t) =1,

Alzé((\/1+a2+1>cosh(\/1—|—a2—1)—<\/1+a2—1>cosh(\/1+a2+1)—2),
A2:1(<\/1+a2—1) (cosh(\/1+a2+1) —cosh<\/1+a2—1)>>,

2
(E1, E) = (0.9,0.6) .
in , from and we obtain
SP@) + sP) = (cosh <\/1 ta?— 1) - 1) <1 + O<6r (1)) . (6.35)

From (6.20)), (6.25), (6.26]), and it follows that
S(t) = (cosh (m - 1) = 1) (1 +O<6.7 <1>> +0<0.4 (1)
_ (cosh (\/H—cﬁ _ 1) - 1) <1 + O<sa9 (1)) :

which concludes the proof of (4.29).
To prove the remaining sums (5;(t))3<;j<9 one applies arguments very similar to those presented
above. ]
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