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Abstract

The Ramanujan polynomials arise in three intertwined contexts. As remarked
by Berndt-Evans-Wilson, no combinatorial perspective seems to be alluded to in
the original definition of Ramanujan. On a different stage, Dumont-Ramamonjisoa
uncovered a combinatorial structure underneath an equation also considered by Ra-
manujan. Around the same time, Shor came up with the same construction as a re-
finement of the classical formula of Cayley for trees. We present a labeling scheme for
rooted trees by employing an extra label marking improper edges. Harnessed by this
grammar, we develop a grammatical calculus for the Ramanujan polynomials heavily
relying on the constant properties. Moreover, we provide a grammatical formulation

of a correspondence that leads to the recurrence relation due to Berndt-Evans-Wilson

and Shor.

Key words: Ramanujan polynomials, grammatical calculus, rooted trees, improper
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1 Introduction

Speaking of the Ramanujan polynomials, which have emerged in various contexts, see
[, 2, 6-8, 1018, 20, 21], one should be reminded of the three intertwining scenes.
First, they refer to the polynomials y(r,x) defined by Ramanujan via the following

relation [I, 15]. Assume that r is a nonnegative integer and that

oo (x+k)r+ke—u(x+k)uk r+1 llfk(r,x)

=)y — 7 (1.1)
k=0 k! S (=)t
from which the following recurrence relation follows:
Yie(r+1,x) = (x = Dyi(rx— 1) + Y1 (r+ 1,x) = Y1 (r+ Lx— 1), (1.2)

where y(0,x) =1, yy(r,x) =0 and yi(r,x) =0 for k > r+ 1. The first few values of
Wi (r,x) are given in Table m

Table 1: yi(r,x) for 0<r<3and 1 <k<r+1.

r\k | 1 2 3 4 | Y,
0 |1 0 0 0 1
1 | x—1 1 0 0 X
2 | xX*—3x+2 3x—5 3 0 | x°
3 |8 —6x24+11x—6 6x% — 26x + 26 15x—35 15 | X3

From the defining relation (), Berndt-Evans-Wilson [1, 2] derived another re-

currence relation

V() = (x—r— k4 DY (r— Lx) + (r k= 2y i (r— 1x). (13)

For the background of yi(r,x), we refer the reader to Ramanujan [15] and Berndt-
Evans-Wilson [2]. Assume that a is real with |a| > e. Then the solution of the
equation

x=alogx (1.4)

2



admits the following expansion for any real number n,

=0 akk!
Ramanujan extended this sum to
> (n4k)**
Fy(n) = %,
= a'k!

and considered the question of how to determine the function y,(n) such that
X"y (n) = F.(n). (1.5)

When r is a nonnegative integer, by setting x = %, we see from () that a = " /u.
Under this substitution, y,.(n) is the left side of () Ramanujan showed that for

any nonnegative integer r,
r+1

Y wi(rnx) =x". (1.6)
k=1
As remarked by Berndt-Evans-Wilson [2], no combinatorial perspective seems to
be alluded to in Ramanujan’s original definition. Just on the contrary, the polyno-

mials Y (r,x) are destined to be under the umbrella of combinatorial analysis.

On a different stage, Dumont-Ramamonjisoa [L0], with the aid of a context-free
grammar, uncovered a combinatorial structure underneath an equation also consid-

ered by Ramanujan,
a—1

x=ye '+ (e —1). (1.7)

They obtained expansions of y and e’ as power series in x, where the coefficients
are determined by the distribution of improper edges in labeled rooted trees. An
associated insertion algorithm was also found. Around the same time, Shor [17]
independently developed the same insertion algorithm. Subsequently, Zeng [21] noted
that these polynomials in Shor [17] and Dumont-Ramamonjisoa [L0] are linked to the

Ramanujan polynomials y;(r,x), thereby providing a combinatorial interpretation.

Let us recall the notion of an improper edge of a labeled rooted tree. Let n > 1
and write [n] = {1,2,...,n}. An edge of a rooted tree T on [n] is represented by a
pair (i, j) of vertices with j being a child of i. We say that (i, j) is improper if there
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exists a descendant of j that is smaller than i, bearing in mind that any vertex of
T is considered as a descendant of itself; otherwise, (i,j) is called a proper edge.
We use %, i to denote the set of rooted trees on [n] with k improper edges, and
let R(n,k) denote the number of rooted trees in %, . Meanwhile, we use 4  to
denote the set of rooted trees on [n+ 1] with root 1 and with k improper edges, and
let T'(n,k) denote the cardinality of 7,4 x. The numbers R(n,k) and T (n,k) are listed
as sequences A054589 and A217922 in OEIS.

The following polynomials are also referred to as the Ramanujan polynomials,

n—1

Ry(u) =Y R(n,k)ut,

k=0

n—1

T, (u) = Z T (n,k)u".

k=0

Their generating functions are defined by

Rt = ¥ Ralu)

n>1
t}'l
T(ut)=1+ Y Tn(u)ﬁ
n>1 :

As shown in [10], () gives rise to the following expansions,

=1+ Z (ni"l T(n,k)a”“‘) x_’: (1.9)
h n!

n>1 =0

Around the same time, Shor [17] considered polynomials Q, x(x) when x is treated
as a positive integer, which we also call the Ramanujan polynomials. Zeng [21] gave
an interpretation of Q, x(x), where x is regarded as an indeterminate. The Ramanujan

polynomials Q, x(x) are given by

Oni(x)= Y xdeer(D=1 (1.10)

T€Thi1k



or equivalently,

Oni(x)= Y (x+1)%er(®), (1.11)

Tet%n,k
where deg; (i) denotes the degree of i in T. The degree of a vertex i in a rooted tree

T is defined to be the number of children of i. Zeng [21] also observed that

Onk(X) = Y1 (n— 1, x+n). (1.12)

Consequently, Ramanujan’s identity () aligns with Shor’s identity [17]:
n—1 |
Y Oni(x) = (x+n)".
k=0

In this context, the work of Dumont-Ramamonjisoa [10] can be viewed as an in-
vestigation into the special values of Q,, «(x). In particular, they found that Q, (0) =
R(n,k), On k(1) =T (n,k), and O, x(—1) equals the number of rooted trees on [n] with
k improper edges for which the vertex 1 is a leaf. It is worth mentioning that Wang-
Zhou [20] showed that Q, x(—1) is related to refined orbifold Euler characteristics of

the moduli space of stable curves of genus 0 with n marked points.

This paper is organized as follows. In Section 2, we present a grammar for the
Ramanujan polynomials with an extra label marking improper edges. We call this
grammar literal because each label signifies exactly one of the cases in the recursive
construction of Shor and Dumont-Ramamonjisoa. Section 3 is devoted to a gram-
matical calculus for the generating functions for the polynomials R,(u), T,(u) and
On k(x), where constant properties play a central role. In Section 4, we provide a
grammatical formulation of a bijection in connection with the recurrence relation due

to Berndt-Evans-Wilson and Shor.

2 A literal labeling scheme for rooted trees
To provide a solution of the functional equation (), Dumont-Ramamonjisoa [10]
introduced the following grammar

A—A3S, S — AS?, (2.1)

b}



and gave it a combinatorial interpretation. Let D be the formal derivative associated

with this grammar. For n > 1, Dumont-Ramamonjisoa obtained
D" '(AS) = R,(A),

D"(S) = A"S"MIT,,(A).

In this section, we present a labeling scheme for rooted trees (or planted rooted
trees) based on the insertion algorithm due to Shor [17] and Dumont-Ramamonjisoa
[10]; see also [16]. We call this labeling scheme literal in the sense that each label
corresponds to exactly one of the cases in the recursive construction. In principle,
such an understanding of a labeling scheme may be instrumental in converting a
recursive construction into a grammar. Moreover, the grammar generated this way

might be more convenient for carrying out the grammatical calculus.

A rooted tree T on [n] can be regarded as a planted tree on {0, 1,...,n} for which
0 is the root and the root has exactly one child. Let T be a rooted tree on [n— 1]
with n > 1. We describe the labeling scheme along with the algorithm to insert the

element n into T. For n =0, there is only one planted tree with the root 0.

1. For any vertex i, n may be added as a child of i. See Figure m for an illustration.
A new edge is formed, and a new vertex is formed. If we use z to label a vertex,

and v to label a new edge. Then we get a rule:
z— z(vz).

The labels v and z in parentheses are meant to be the labels for the new vertex
and the new edge (which is proper). The operation in this case is called a

z-insertion.

2. For any edge (either proper or improper), when n is added, see Figure @, a new
edge is created, which is improper. So we should consider v as a label for every
edge. Moreover, we should use an additional label u to mark an improper edge.
In this case, only edges labeled by v are selected for the operation of inserting

n. Notice that a new vertex is created. We get the rule:

v — v(uvz).
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Z—>VZ

Figure 1: A z-insertion.

The operation in this case is called a v-insertion, which does not change the

degree of the existing vertices.

—~ s ST
—
2
—

V—uv-zg

Figure 2: A v-insertion.

3. Each improper edge can be used to add n in another way. See Figure E for an
illustration. In this case, an improper edge is created. Since a new vertex is

created, we should use the rule:
u— u(uvz).

The operation in this case is called a u-insertion and it does not change the
degree of the existing vertices except the vertex i. Figure 3 depicts the insertion,
where we adopt the notation B(j) for the minimum vertex among the vertices

in the subtree rooted at j.

It can be readily seen that the insertion algorithm is reversible. In accordance
with the above procedure, it is natural to introduce the following labeling scheme for

a planted tree T on {0,1,...,n} for any n > 1:
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u— utvz

Figure 3: A wu-insertion.

o each vertex i other than 0 is labeled by z;
o each edge is labeled by v;

» cach improper edge carries an additional label u.

In other words, a proper edge is labeled by v, whereas an improper edge is labeled by

uv.

It should be noted that this labeling scheme has a special feature that the labels
are in one-to-one correspondence with the insertions of the recursive construction. In
this setting, an extra label is at our disposal. This updated labeling scheme seems
to offer more flexibility in further exploring the Ramanujan polynomials subject to

certain constraints.

The rules are summarized into the following grammar:
G={z v v—w’z, u—u’vz}. (2.2)
Let D denote the formal derivative with respect to this grammar G.

Theorem 2.1. For n > 1, we have

D" (vz) =V'Z"R,(u).

Likewise, the polynomials T}, () can be generated by applying the operator D"~!

to z.



Theorem 2.2. For n > 1, we have
Dn—l (Z) — vn—IZnTYH1 (l/t),

where Tp(u) is defined to be 1.

For 0 <n <4, the values of D"(vz) and D"(z) are given below,

DO(VZ) =vzR(u) = vz,
D'(vz2) = v*22Ro(u) = v*22 (1 +u),
D*(v2) = V3R (u) = V32 2+ 4u+3u?),
D3(vz) = v Ry(u) = v 6+ 18u+25u% +154°),
D*(vz) = v’ Rs(u) =v°2° (24 + 96 u + 190> +210u> + 105u*)
and
D(z) = 2To(u) = z,
D'(z) = v2*Ty (u) = v22,

(2)
(2)
D*(2) = v Ty (u) = v (2 +u),
(2) =V’ T3(u) =V (6 4+ Tu+3u?),
(2)

D*(z) =Vv*2Tu(u) = v*22 (24 + 46 u + 401> + 154°%).

3 The grammatical calculus

In this section, we develop a grammatical calculus leading to functional equations for

the generating functions of R,(u), T,(u) and Q, x(x).

Recall that for a Laurent series f in the variables involved in the grammar G, the
associated generating function is defined by

(o)

Gen(/,1) = ¥ D"(/).

|
n=0 n.



For two Laurent series f and g, the Leibniz formula holds for n > 0,

D= ¥, () o0 Ko

k=0

which implies the multiplicative property

Gen(fg,t) = Gen(f,r)Gen(g,t).

In particular, we have
Gen(f,1)Gen(f',1)=1.

Constants and eigenfunctions are basic ingredients of the grammatical calculus,
see, for example, [3-b, 9]. A function f is called a constant with respect to D if
D(f) =0, and a k-th order constant if D*(f) =0. An eigenfunction f is a function

satisfying D(f) = cf, where c is a constant.

First, we consider the functional equation satisfied by the generating function of

Ty (u).
Theorem 3.1. Given the grammar

G={z—v v—uwz u—u*vz},
the generating function Gen(z,t) satisfies

Gen(z, t) _ Ze(z’l—u’lz’l—i-bflvt)Gen(z,t)—HFl—1 ' (3.1)

From Theorem , we have for n > 0,
D"(2) |v=z=1= T (u).

Thus we obtain the following functional equations for T'(u,t) by setting v =1 and
z=1 in Theorem El!:

T(u l‘) _ e(l—u’l—i-u’lt)T(u,t)—i-u’l—l. (3'2)
For a labeled tree T on [n+ 1] rooted at 1, any edge incident to the root is proper.
After relabeling, such a rooted tree can be viewed as a forest F on {1,2,....,n}, and
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an edge of T is improper if and only if it is improper in a component of F. It follows
that

T(u,t) = R0,
Combining this identity with (@), we obtain

ol 1 R(ut) o~
eR(u,t):e(l u ' Hu't)e +u 1,

and hence
R(u,t) = (1 —u" +u"1)eRwD) 4y~ — 1. (3.3)

Equation (@) can be transformed into (@) of Ramanujan under the substitutions
u=a, t=ax and y = R(a,ax).

The following properties are needed in the proof of Theorem @ Since the formal

derivative D with respect to grammar G can be viewed as a differential operator

D= uzvzi +u’z— + vzzi,
du dv dz

and so these properties can be derived by solving the corresponding partial differential

equations.

Proposition 3.2. The following relations hold

These identities can be verified by direct computations. Especially, we note that

(@) follows from (@) and (@) since

S S (u—lv) ) ((u_ l)v_lz_l),

and similarly, (@) follows from (@) and (@), since

e (v =y = (ze”fl) ((u— 1)v_1z_1) .



We are now ready to give a grammatical derivation of Theorem @

Proof of Theorem @ In view of (@), we see that

Gen(ze" 1) =ze" '

Noting that
Gen(e”fl,t) = eGen(”fl’t),

by (@), we obtain
Gen(z7t)eGen(u_17t) _ Zeu‘l7

and thus

oCen(u™ 1) _ ze”_]Gen(Zflyt)
By (B.7) and (B.4), we find that

Gen(z_1 — u_lz_l,t) =z ' w7 e,

Therefore,

Gen(z !,t) —Gen(u ', 1)Gen(z 1) =z ' —u 77 u Mo,

Multiplying both sides by Gen(z,7), we get

Gen(u~!,t) = Gen(z,1)(Gen(z ',t) —z ' +u "tz —u!

Substituting () into (), we obtain

-1 —1_ 11— -1 _ -1
eGen(z 7l‘)zez Uz Hu vt(Zeu Gen(z IJ))Gen(z 1)

vt).

Y

which implies (@) This completes the proof.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

The functional equation for Gen(u,t) can be established by using (@) and ()

More precisely, we have
(1— Gen(u_l,t))eGen(“fl’z) = (1—u ' utvar).
As for Gen(v,t), by (@) we have
Gen(u'v,1) = Gen(u™',1)Gen(v,1) = u'v.

12
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Thus,
Gen(u ') =u"'wGen(v™1,1),

which, together with (), yields

(1- u_]vGen(v_l,t)) gt vGen(vLa) — gu! (1—u ' +uvar). (3.17)

We next turn to the grammatical derivation of the functional equation of the
generating function of Q, x(x). In doing so, we introduce two additional labels a and
x along with their corresponding substitution rules, on top of the grammar in Section
2:

G = {z = vz%, v = w’z, u — u*vz}.

Given a rooted tree T on [n] with root 1, label the root by a. The children of
the root are labeled by x and the rest of the vertices are labeled by z. The edges are

labeled by v, and the improper edges have an extra label u.

Starting with the root 1 with label a, D(a) gives a labeled tree on [2] with 2 being
a child of the root. This gives the rule:

a— axv.

Inspecting the insertions involving the children of the root and other vertices, we get
the rules

X —xvz, 7— vzz, v — uvzz, u— uzvz,

and so we have the grammar
G = {a— axv, x = xvz, 7 = vz>, v — uv’z, u — u*vz}. (3.18)

By a slight abuse of notation, we still denote the updated grammar by G. This

grammar has an extra label compared with the grammar in [[7].

Theorem 3.3. For n > 1, we have

—1
Dn(a> _ avnnz Z xdegT(l)andegT(l)ukj (319)
k=0 T€ 1k



or equivalently,

n—1
D'(a) = ax/"7"! Z O i (xz™ M. (3.20)
k=0

In the spirit of the grammatical calculus for the generating functions of R, (u) and
T, (u), we can carry out a grammatical calculus for the generating function of Q, x(x),

leading to the functional equation (@) of Ramanujan.

First, we find it more convenient to make a change of variables by setting b = xv
and ¢ = vz for the grammar G in () Let Dg denote the formal derivative with

respect to G. Since

D (xv) = x0v?z(1 4+ u) = be(1 +u), (3.21)

Dg(vz) =22 (1 +u) = (1 4u), (3.22)
the grammar G is transformed into
H={a—ab,b— bc(1+u),c— *(1+u),u— cu’}. (3.23)
Let Dy denote the formal derivative with respect to H. Evidently,

Dy (a) ’bzxv, c=vz— DG(a)- (3.24)

In the notation of the grammar H, the following properties hold.

Proposition 3.4. We have

Dy(uc e ) =0, (3.25)

Dy (bc™ 1):0, (3.26)
Dy(ae " "y =0, (3.27)
Dyu((u—1)c™ ) =1. (3.28)

The following theorem gives a functional equation satisfied by the generating

function Gen(a,1).
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Theorem 3.5. Let y € C[[t,u]] be the solution of the equation
(1—ut+y)ue™ =u—1+vz. (3.29)
Then

1

Gen(a,t) = ae™ 7. (3.30)

Proof. Let Geny denote the generating function with respect to grammar H in ()

It follows from (B.26) and () that

Geng (be™',t) = bc™ !, (3.31)
GenH(a,t)eGenH(bcfl’t)GenH(”A”) = e v, (3.32)

Substituting () into ()7 we get
Geny (a,t) = ae? (¢ ~Genu(u™'.1)), (3.33)

To compute Geng (u~!,1), using the constant property (), we find that

Geny (u,1)Geny (=", 1)eGem (Cu 1) — o=t pmut, (3.34)
and thus
Geny/(c™',1) = uc™'e™ ' Geng (u",1)efemnte 1), (3.35)
From (), we obtain
Geng (u—1,1)Geng (¢, 1) = (u—1)c ™ +1. (3.36)
Substituting () into () yields
ue_ufleGenH('fl”)(l —Geng(u',1)) =u—1+ct. (3.37)

Writing Geng (u~!,t) =u~! —y, we have
ue ™ e Y1 —u ' +y)=u—1+ct, (3.38)
which simplifies to

(1—u '+ yue™ =u—1+-ct. (3.39)
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Hence by (), we get

Geny(a,t) = ae” 7, (3.40)
where y is the solution of ()

Back to the grammar G, we conclude that

Gen(a,t) = ae™ ?, (3.41)

where y € C[[t,u]] is the solution of the equation
(1—u 4 y)ue™ =u—14vz. (3.42)

This completes the proof. |

In light of Theorem @, we see that

e _1y x (vat)"
Gen(a,t) = a+axz ZZQn’k(xz Ju mt (3.43)

n>1k=0

Note that Zeng [21] defined the generating function of ka(x) in the following form

= Z ' Qn il (3.44)

n>1k= 0 ( 1_”

and showed that

Xy 1
Y(ut) =", (3.45)
X

where y € C[[t,u]] is the solution of the equation

(1—u)t=ye " +u(e”—1). (3.46)

Notice that by setting a =v =z =1 and replacing u with 1/(1 —u), the functional
equation of Y (u,t) is equivalent to that of Gen(a,r).

To conclude this section, we notice that equation () is equivalent to Ramanu-
jan’s equation () by replacing (1 —u)f with x and u with (a—1)/a. In fact, from the
expansion of y given by Dumont-Ramamonjisoa (), resorting to the exponential
formula for labeled structures, see Stanley [[19], we are led to the following expansion

¥ =1+x) (Z O i ”*k) x—’: (3.47)
n>1 n:

where Q, «(x) are endowed with the combinatorial interpretation as in ([L.10).
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4 The grammatical calculus behind a bijection

This section is concerned with a grammatical formulation of a recurrence relation of
the Ramanujan polynomials. Recall that Berndt-Evans-Wilson [2] derived the recur-
rence relation () for yi(r,x). On the other hand, Shor [17] asked for a combinatorial

proof of a recurrence relation for Q, ((x), that is,

Onik(X) =(x—k+1)0y_1 x4+ 1)+ (n+k—=2)0p_1 s—1(x+1). (4.1)

It turns out that these two recurrences are equivalent. Chen-Guo [6] presented a
rather involved bijection for this recurrence, and later Guo [11] found a simpler con-
struction. Based on the grammar mentioned in Section 3, Chen-Yang [[7] gave a
grammatical proof using generating functions. Albeit these efforts, a better combi-
natorial understanding is still in demand. Perhaps an alternative insertion algorithm

is needed for this purpose.

Chen-Guo [§] showed that the recurrence (@) can be deduced from the following

correspondence.

Theorem 4.1. For n > 2, there is a bijection
I k[degr (2) > 0,degr (1) = r] «— Ty ir1ldegr (n) > 0,degy (1) = 1],

where the conditions in brackets specify degree constraints.

Let’s translate the above correspondence into a grammatical statement, where the

grammar G is given in (), that is,
_ 2 2 2
G={a—axv, x = xvz, z—=>VvZ", v—=>uvz, u = uvz}.

The insertion process of generating rooted trees on [n] with root 1 yields

n—2
anl(a) — ! Z Z xdegT(l)andegT( )fluk
k=0 TcF, i

Start with the edge (1,2), where the vertex 1 is labeled by a, the vertex 2 is labeled

by x and the edge is labeled by v. Observe that once a vertex becomes an internal
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vertex, it remains an internal vertex. The condition deg(2) > 0 indicates that the
vertex 2 is not allowed to be a leaf. Concerning the trees on [n] with deg(2) =0, since
the vertex 2 never gets involved in an x-insertion, the generating polynomial of such

trees is xD"~2(av).

On the other hand, the condition deg(n) =0 says that the vertex n is a leaf.
Assume that T is obtained from T’ with n— 1 vertices by the insertion of a leaf n.
There are three cases. If n is a child of the root 1, that is, an a-insertion gets involved,
the generating polynomial will be xvD"~2(a). For an x-insertion or a z-insertion, the

generating polynomials of both cases shall be (n—2)vzD"%(a).

To give a grammatical restatement of the bijection in Theorem El] the number of
improper edges should be taken into consideration. This is reflected by a factor u on

the left side in the following identity,
u(D""Y(a) —xD"%(av)) = D" (a) — xvD"2(a) — (n —2)vzD" ?(a).

So the grammatical identity we wish to establish can be formulated as follows, which

is not hard to justify by induction.

Theorem 4.2. For n > 2, we have

D" (av) = ”xLuan—l (@) + 5 (1 +(n—2)

<
X

) D"2(a). (4.2)

Proof. We proceed by induction on n. First, we observe the following constant
o) -0 ()
u X
—1
()2
xu xu

Applying the operator D to both sides of (@)7 by the Leibniz rule we find that

properties

and

D" av)=D (%Dn_l(C’)) +D (5 (1 + (n—z)f—) D"—Z(a)>
= :—iD”_l(a) + u;tlD”(a) +£ (1 + (n—2)§> D" (a).

18



Thus,

—1
D" Nav) = M—D”(a) +2

S (1 0-02) )

and so the proof is complete by induction. |
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