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Abstract

The alternating direction method of multipliers (ADMM) has been widely used for various sep-
arable convex optimization problems in different applications. When considering some complicated
optimization problems arising in scientific computing areas, it is necessary to inexactly solve the
subproblem in the ADMM to reduce vast computations. In this work, we propose and analyze a new
inexact ADMM algorithm nested with some easily applicable inexactness criterion. Under the same
conditions ensuring the linear convergence of the exactly-solved ADMM, we prove that the proposed
inexactness criterion can guarantee the linear convergence of our inexact ADMM. Then we apply the
algorithm to two nonlinear inverse problems in elliptic equations and present the specific implemen-
tation details. Numerical results for identifying discontinuous coefficients in elliptic equations are
reported to demonstrate the feasibility and efficiency of the proposed inexact ADMM algorithm.
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1 Introduction

Many practical problems can be attributed to solving the following regularized optimization problem

{ r{LuZn J(u) + R(z)

st. A u+Bz=b,uel, z€ Z,

(1.1

where U and Z are two Hilbert spaces. The functional J : &/ — R is smooth and strongly convex,
R : Z — R is a convex functional (not necessarily smooth), A, B are two non-zero bounded linear
operators with A : U/ — H, B : Z — H, and H is also a Hilbert space. There are some special cases of
the optimization problem (1.1). For instance, if B = —1I and b = 0, then (1.1) reduces to the problem
min,, J(u) + R(Au); furthermore, if A = I, B = —I, b = 0 and R(-) = I¢(-) being an indicator
function on C C U, then (1.1) becomes min,ecc J(u).

The alternating direction method of multipliers (ADMM), originally proposed by Glowinski and
Marrocco [22], has gained prominence for its efficacy in solving complicated optimization problem
(1.1), which arise in various areas, including inverse problems, signal processing, image reconstruction,
control systems, statistics and so on. We refer to [5, 9, 13, 47, 51] for some applications, and [5, 16, 21]
for comprehensive overviews of recent works. In order to apply the ADMM to the problem (1.1), it first
introduces the augmented Lagrangian functional Lg of (1.1) as follows

Lp(u,2,\) = J(u) + R(2) — (\, Au + Bz — b) + §||Au + Bz — b))%,
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where ) is the Lagrange multiplier associated with the constraint Au + Bz = b, and 8 > 0 a penalty
parameter. (-,-) represents the inner product in the corresponding Hilbert spaces, and || - || is the norm
induced by the inner product. Then we can solve problem (1.1) by the ADMM algorithm:

w1 = arg min Lp(u, 27, 2F),
ueU

2P = argmin Lﬂ(ukﬂ, z, )\k), (1.2)
z€Z

)\k—l—l _ )\k: _ B(AukH +sz+1 o b)

The ADMM (1.2) was regarded in [19] as an application of the Douglas-Rachford splitting method
(DRSM) proposed in [12, 36] to the dual problem of (1.1), and was further explained in [15] as an appli-
cation of the proximal point algorithm (PPA) [38, 40] from the maximal monotone operator perspective.
Due to its extensive applications and subsequently a large amount of researches on the algorithm and its
variants, there has been an abundance of works on the theoretical analysis on the global convergence and
rate of convergence. The convergence of ADMM was well studied in earlier literature [19, 20] and the
worst-case O(1/K) convergence rate has been established in [32, 33, 39] as well, where K denotes the
iteration counter. Under the assumption that both objective functions are strongly convex (one of them
being quadratic), an accelerated ADMM (with a predictor-corrector-type acceleration step) was pro-
posed in [25] and shown having an O(1/K?) convergence rate in the sense of primal and dual residuals.
Whenever objective functions without strong convexity, [45] proposed a faster ADMM with a worst-case
O(1/K?) convergence rate in ergodic sense for solving the two-block optimization problems with the
constraint Au = z, where the Lagrangian penalty parameter was iteratively updated. More works on this
topic can be referred to the review works [5, 21, 16] and the references therein.

Compared with the plentiful works devoted to the applications of the ADMM, the research on its
linear convergence rate is relatively fewer. It is worth noting that the ADMM converges linearly at
global sense [14] for linear programming, and [4] established a local linear convergence rate for convex
quadratic programming under the condition that both the primal and dual optimization problems have
unique solutions. While for more general case, the work [35] proved the linear convergence rate of the
ADMM (more than two blocks) under a certain form that ensures each subproblem is strongly convex
and the dual step size is sufficiently small. Motivated by the fact that a large amount of applications trace
back to model (1.1) with at least one strongly convex function, [11] established the global and linear con-
vergence of the generalized ADMM under the assumptions of strongly convex and Lipschitz continuous
gradient on one of the two objective functions, and it summarized some linear convergence results for
different scenarios along with certain conditions on A and B. An inexact ADMM was proposed in [27]
for a separable convex optimization problem with multi-blocks in finite dimensional Euclidean spaces,
where each subproblem was solved approximately via an accelerated gradient method. The algorithm has
the ergodic convergence rate of O(1/K) for convex problems and O(1/K?) under additionally strong
convexity, and it is 2-step linearly convergent when an error-bound condition holds. Taking advantage
of a specific feature of the ADMM with part of the perturbation being automatically zero, [37] proposed
a partial error bound condition, which is weaker than those in the literatures (see e.g., [35, 49]), and
derived the linear convergence rate of the ADMM. More conclusions about linear convergence of the
ADMM can refer to [51].

1.1 Motivations and goals

The ADMM can be viewed as a splitting version of the classical augmented Lagrangian method (ALM)
proposed in [34, 44], the latter minimizes Lg(u, z, A) with respect to u, z and then updates A. Compared
with the ALM for (1.1), the ADMM can decouple the constraint of the two variables v and z, then
solve two unconstrained subproblems respectively, and it usually runs faster due to the relatively simple
subproblems. However, for the optimization problem (1.1) in large scale dimensions or with complicated
objective functions, at least one of the subproblems in the ADMM (1.2) is expensive and difficult to solve,
such as the Lasso model [5, 52], the optimal control and inverse problems of PDEs [23, 24, 45]. Then it



is necessary to consider an inexact version of the ADMM (1.2) by designing certain inexactness criterion
which is applicable and easy to implement.

There are some earlier works on inexact ADMM algorithms which require a summable sequence of
accuracy constants (see, e.g. [15, 16, 17, 31, 42, 50]). The summable requirement on the error sequences
in terms of either absolute or relative errors often makes these inexact methods difficult to implement in
practical applications, because manually choosing the parameters in the sequences is quite challenging,
and inappropriate choices may ruin the numerical performance of the whole method. Recently, an elegant
and easily implementable inexactness criterion ||e (u*T1)|| < o|le(u*)| with 0 < & < 1 was proposed
in [23, 52] as the stopping condition of some iterative algorithm for solving the first subproblem of (1.2),
in which ey, (u) := D, Lg(u, 2*, \¥). This inexact approach benefits from that the parameter o measuring
the relative error of ||ej,(u**1)]|| is fixed by a specific formula as a constant through all the iterations,
and makes the inexact ADMM fully automatic and practical for numerical implementations, which is
significantly different from those in earlier works. It also has the characteristics of less computation and
robustness to different settings, which are demonstrated in numerical experiments.

It should be mentioned that both the works [23, 52] were discussing the inexact ADMM for specific
problems, i.e, a parabolic optimal control problem in [23] and the Lasso problem in [52]. Both the
problems share the common feature that the objective function J(-) in (1.1) is in quadratic form, and the
corresponding method was only theoretically proved to be of first-order convergence rate, which does not
account for faster linear convergence rate observed in numerical results. These issues will be addressed
in this work.

The first aim of this work is to analyze the convergence and convergence rate of an inexact version
of the ADMM (1.2) with the criterion (2.3) for the generic problem (1.1). The second one is to design a
new inexactness criterion for the ADMM (1.2) achieving linear convergence rate, and then to analyze it
rigorously under the same assumptions on (1.1) that ensure the linear convergence of the exactly-solved
ADMM (1.2). Moreover, we apply our proposed inexact ADMM to two nonlinear inverse coefficient
problems of elliptic equations formulated in (4.1) and (4.2), to reduce the computational cost on the
premise of ensuring linear convergence.

1.2 Organization

The rest of this paper is organized as follows. In section 2, we extend the inexact version of the ADMM
(1.2) with the inexactness criterion (2.3) in [23, 52] to the generic problem (1.1), and obtain the global
convergence and the worst-case O(1/K) convergence rate measured by iteration complexity in both
ergodic and non-ergodic senses. In section 3, a new inexactness criterion is proposed for the ADMM
(1.2) guaranteeing the linear convergence rate under the assumption that .J(-) is strongly convex and has
a Lipschitz continuous gradient, then the global linear convergence rate of the new method is rigorously
established. In section 4, we illustrate the feasibility of applying our method to the regularized nonlinear
inverse coefficient problems (4.1) and (4.2) for elliptic equations, and specify some implementation
details. Numerical results are reported in section 5 to validate the efficiency of the proposed method.
Finally, some conclusions are drawn in section 6.

2 Inexact ADMM for the problem (1.1)

In this section, we consider the extension of the inexact ADMM algorithm, that is (1.2) with the inex-
actness criterion (2.3) proposed in [23, 52] for quadratic problems, to the general convex optimization
problem (1.1) with the conditions in Assumption 1, and present some results on its global convergence
and convergence rate.

Assumption 1. The functional J : U — R is a-strongly convex with continuous first-order derivative
DJ(), i.e, there exists a constant o > 0 such that

(DJ(ul) — DJ(u2),u; — uz) > alluy — upl|?, Yur,ug € U. 2.1



The considered inexact ADMM reads: obtain the iterate (u**1, 2F+1 \k+1) by

uF ! ~ arg mig{l La(u, 2*, )\k),
uec

ZF1 = arg min L[g(ukﬂ, z, \F), (2.2)
z€EZ

)\k+1 — )\k o 5(Auk+1 4 sz+1 o b),

such that u**! solved by some iterative algorithm (e.g., the conjugate gradient (CG) method) admits the
following inexactness criterion

ler(u* )| < ofler(u®)]l, (2.3)
where the constant o satisfies
V2
0 a (0, 1), (2.4)

<o < &
V2a + /Bl A*||

and the notation ey (u) denotes the derivative of Lg(u, 2*, \F) with respective to u, that is

er(u) = DyLg(u, 25, \¥) = DJ(u) — A*A% + BA*(Au + B2" — b). (2.5)

2.1 Convergence

To present the convergence analysis for the inexact ADMM algorithm, some notations are introduced as
follows

u DJ(u) — A\ .
w= |2z ,v:(z),F(w): —B*\ ,H=<BBB 10>a

=1
Au+ Bz —b 0 p

and
W=UXxZxH, V=Z2ZxH,

where D.J(u) stands for the first-order derivative of J(-) at u € U. We also define the norm

1
[olla = /(v, Hv) = \/mBz\P + BH/\H?, Voev.

It is easy to see that the problem (1.1) can be characterized by a variational inequality problem: find
w* = (u*, z*,\*)T € W such that

R(z) — R(z*) + (w — w*, F(w")) >0, Yw e W. (2.6)
We denote by W* the solution set of (2.6), as analyzed in [32], W* has the following reprentation.

Theorem 2.1. The solution set W* is convex and it can be characterized as

W= () {&€W:R(2) - R(2) + (w — b, F(w)) > 0}.
weW

It is easy to show that (u*, Bz*, A*\*) is unique by using the strong convexity of J(-) in (2.1) and
the KKT conditions of (1.1). If we further assume that operator B is injective, then we can conclude the
uniqueness of z*. The sequence {w**!} = {(uFT1, K1 \+1)T1 generated by the inexact ADMM
(2.2) satisfies the first-order optimality conditions as follows

DuLﬂ(uk+1,Zk,)\k) — ek(uk-l-l)’
R(z) — R(M1) — (2 — 251, B*(\F — k1 k1

z) = R(z") — (2 = 2" B* (A" — B(Au"" + Bz b)) >0, VzeV, (2.7)
AkJrl _ )\k _ ﬁ(A'U,k+1 + sz+l . b)



To simplify the notation, we introduce an auxiliary variable w" as

ﬂk uk—i—l
Ak N — B(AuFTT + BzF — b)

A useful result in Lemma 2.2 can be easily derived from (2.7) and the notation w k to characterize the
difference between the points w* and w € W, which is analogous to Lemma 3.1 in [23].

Lemma 2.2. Let {w*} = {(uF, 2F, \¥) T} satisfy (2.7). Then for any w € W, it holds that

1
> (u _ uk+1,ek(uk+1)) + 5(”1} _ ,l)kJrlH%I _ ”’U _ ’Uk”%_[ + ”’Uk _ Uk+1||12g).

We can derive an estimate of e (u**1) from (2.3) and (2.5) that

lex(u" )| < oller(@®)]| = oflex-1(u) + AN =A%) — BA*B(F = 2]

< oller—1 (M) + o A*[V/B - o* 7 =¥l (2.8)
k-1
FBIAT o' = o | + o leo(ul)]- (2.9)

Then the upper bound property of the term (u**! —u, e;,(u**+1)) is further obtained from (2.9) in Lemma
2.3 analogous to [23, Lemma 3.2], which will be used to prove the global convergence results eventually.

Lemma 2.3. Let {w*} = {(u*, 2%, \F)T} be the sequence generated by the inexact ADMM (2.2) with
the inexactness criterion (2.3). Then for any p > 0 and integer K > 0, we have

_n K K-1
(uk—H —u, e(u k+1 K Z
2
k=1

1 o
E+1 o2 . &
G =l > 1

k=1

10" = "5,

M=

k=1

1 o
2/-111_ (HO

* 2
)+ VBIAT - [0 =o' lm), VueU.

With the above preparations, now we can establish the global convergence property of the inexact
ADMM (2.2) with the inexactness criterion (2.3).

Theorem 2.4. Let w* = (u*, 2%, \*) T be a solution point of the variational inequality (2.6), and {w*} =
{(uk, 2k, )\k)T} the sequence generated by the inexact ADMM (2.2) with the inexactness criterion (2.3).
Then we have the following assertions:

(i) ||uF —u*|| — 0, | Bz¥ — Bz*|| = 0, ||[A*A* — A*X*|| = 0 (k — o0),
(ii) ||ex(uFt1)|| = 0, |Bz* — B2 = 0, ||AuF*tt + B2F1 —b|| — 0 (k — o0),

(iii) there exists a subsequence {\*i} C {\F}, such that \¥i weakly converges to \* in Hilbert space
H.

Proof. First, it yields from the definition of F'(-) and the strong convexity of J(-) in (2.1) that
(w— @, F(w) — F(@*)) = (u—a", DJ(u) — DJ(@")) > allu — "2, VweW. (2.10)

Then by using Lemmas 2.2 and 2.3, we obtain

K
<> {R(EM) - R(z") + (a* — w*, F(w")) } 211

k=1



K
<> {R(z") - R(z") + (@* — w*, F(@")) + (@* — w*, F(w*) — F(w"))}

K
1 1
< (It =" — R = o) = 5 3 ok - H

K
+ > @ =t e (b)) — (w — a¥, F(w*) — F(a*)) }
k=1
1 1 K K
S [ — oI — 5 Dol = oM —a )yt =
i Ko =
k+1 *(12 k+1 2
# G2 =l g 3 TR -
k=1 k=1
1 g * 1
+ﬂl_g(|€0 W+ VBIA - [° = ot |a)?
1 « %
< 5 (I =3 = 0" =) + (5= — o) Z e

Lo o BIIA*|P k_ k1 Lok K+1)2
L1 e —1)Z|| 13— Sl = %

1 o .
+@1 (Ilo W+ VBIA - [v° — ot a).

The above estimate further implies that

( g o )Znukﬂ “H2 (1_ o 5”A*||2)ZH k deH%ISC- 2.12)

It follows from (2.4) that

o
PP
then we can choose p1 € (B[ A*[|*1Z;, 2o+ 1= ") to ensure that
p o BllA*|®
- — >0 2.13
21—o0 1l—0c pu ( )
Thus, the inequality (2.12) implies that
u* T —w*|| = 0 and ||v* — "z — 0 (k = o0), (2.14)
which deduces
|B(zF — 2*H)| = 0 and |[AF — AL = 0 (k = o0), (2.15)
and 1
|Auftt 4 B2FHL — || = EH)\’“ — X S0 (k= 00). (2.16)

From (2.14) and (2.16), we have
|B(z*E — 29| = [|Au* T + B2F T —b— (Au* + Bz* —b) — A(uF ! —u*)|| = 0 (k = o0). (2.17)
The convergence of ek(uk“) can be easily obtained from (2.9) and (2.14) that

ler(u* ) = 0 (k = o0). (2.18)



Together with the continuity property of DJ(-) in Assumption 1, we have from (2.5), (2.14), (2.16),
(2.18) and the optimality condition D.J(u*) = A*\ that

AN — AN = DJ (WP — DJ(u*) + AT (AuMTY — AuF) + BA*(AuF + B2F —b)
— ek(uk'H) — 0 (k — o0). (2.19)
From Lemma 2.2, we have
0< R(Zk) — R(z") + (w’“ — w*,F(w*))
= R(Z") — R(z*) + (0" — w*, F(w")) — (@* — w*, F(0*) — F(w"))
* 1 * *
< (W =, e () = ([0 — o — o — o+ 0 — o)
_ ozHulHl _ U*||2

Then according to Lemma 2.3 and (2.12), it yields

[+ — o[ < lo* = ot + 2(u = e (W)

< 0T = 0+ 2 — e (0)) + 2(aFH — e ()

k
< Hv() - 1}*”%{ + 22 (ui-i-l o u*7ek(ui+1))
=0

<o —o*||3 + 2(u! — u*, e (uh)) (2.20)
K o | K-l .
D DE s L B D T
k=1 k=1

1 o

7= (o@Dl + VBIA] - l° = o' l)” < €,

which indicates that A\ is bounded in Hilbert space H, thus there exists a subsequence Ak} C {\F}
and A € H, such that \¥s weakly converges to A.

In addition, it follows from (2.7) that the subsequence {w"7} satisfies the following first-order opti-
mal conditions:

ep(uFitly £ AFNHL L BA* B(RiHL ki) = D(uki ), 2.21)
{R(z) — R(ZFH) — (N T Bz — 2K ) >0, Vze Z. (2.22)
Let z = 2% in (2.22), and z = 2%t in R(2) — R(z*) — (\*, B(z — 2*)) > 0, V z € Z, we have
=[N BN = 29| < RS = R(2%) < A TH| | BT =27,
From (2.17), and the boundness of \* 1, it can derive that
R(ZMY = R(2%) (j — 00). (2.23)

Hence, together with (2.15), (2.18), (2.19), (2.21), the continuity of D.J(-), (2.17), (2.23), the boundeness
of AF¥i+1 and the identity (\*s 1, BzFitl) = (\Fi+1 Bz*) + (A\Fi+l B2Fit! — B2*), we derive that

A*A = DJ(u*), B*A € dR(z*), Au* + Bz* =0,

which concludes that (u*, z*, )" is a KKT point of (1.1), with A = X\* and A¥/ — A\*. The proof is
completed. O

Remark 2.5. If we further assume that the operator B is injective, then we can easily derive that

2K 2 (k= 00).



2.2 Convergence rate

In this subsection, we establish a worst-case O(1/K) convergence rate in both ergodic and non-ergodic
senses for the inexact ADMM (2.2) with the inexactness criterion (2.3), where K denotes the iteration
counter.

We first introduce a criterion to measure the accuracy of the variational inequality (2.6). According
to the criterion in [41] and Theorem 2.1, we say that w € W is an approximate solution of problem (1.1)
with an accuracy of € > 0 if

R(2) — R(2) + (w —w, F(w)) <e, Yw e D(w),

where D(w) :={w € W : ||[v — 0|z < 1}.

Then, applying the inequality (2.11) and the similar technique in the proof of Theorem 4.2 in [23],
we can derive a worst-case O(1/K) convergence rate in the ergodic sense for the inexact algorithm in
the following theorem.

Theorem 2.6. Let {w"} = {(u*, 2%, \F)T} be the sequence generated by the inexact ADMM (2.2) with
the inexactness criterion (2.3). For any integer K > 1, we further define wyx = % > szl wk. Then there
exists C(v) > 0 such that

C(v)

R(2k) — R(2) + (ﬁ)K —w, F(w)) < %

, Yw e 'D(ﬁ)K),

where

1 o * 0 1 2
Cv) = 0" = vl + 512 (lleotw )l + VAN - [l = ')

We confirm that C'(v) is bounded when w € D(wg ). Indeed, for any integer £ > 0, it implies from
(2.20) and (2.15) that [|[v* Y|z < C, | B(z**! — 2F)|| < C, which implies |9 ||z < C and

[v° = vl < llv—oxlla + 07 = oxllg <1+ [0 + loxlln < O, ¥ w € D(ix).
The optimality gap and feasibility error for the problem (1.1) are estimated as follows.

Theorem 2.7. Let w* = (u*, 2*, \*) " be a solution point to the variational inequality (2.6), and Wy be
defined in Theorem 2.6. We have that

) . . . a 1 \NC") 20,
— _ < =, )
(i) + R(zx) — I () = R(=")| < (1+ > 0 n "g) R o (2.24)
and 20
i + Bz bl < 52 2 (2.25)

where C) is the upper bound of | \¥|| (the boundedness of || \*|| is confirmed in the proof of Theorem
2.4).

Proof. 1t easily deduces from (2.11) that

1 K Sk * —k * _k C( ) u o 1 *
K;{R(z)—R(z)Jr(w —w*, F(w"))} < 7 t 57 Zuu —u*|].  (2.26)

By the strong convexity of J(-), we obtain the estimate for the left hand side of (2.26) that

1

= > {RE) — R + (@F —w' F(a")) }

i\



{R(z") = R(z*) + (a* — u*, DJ(a")) — (@¥ — u*, A*NF) — (2F — 2, B*\F)

|
==
M=

e
Il
—

+ (\F = \*, Aa" + BZF —b)}

= =
M=

> {R(z*) — R(z*) + J(@¥) — J(u*) + %Hu’““ —u*|? = (N, Ad® + Bz —b) ).

i
I

Then it follows from (2.26), the convexity of J(-) and R(-) that
J(u R(z2kg) — J(u*) — R(z *)—()\* Aty + B2 —b)

K)+
;()+<21—0_> Z”“Hl w?

- +1
- K 2K

wrg.—l@
‘q
N————
Q q
—~
==
*
N—

= (1+

«
2 a—

where o — fﬁ > 0 1in (2.13) is applied for the second inequality, and the third inequality is obtained

from (2.12). Then (2.24) is obtained based on the fact that
J(u) + R(z) — J(u*) — R(z*) — (\*, Au+ Bz —b) >0, Vuel, zc Z.

The boundedness of \¥ (k = 1,2, ...) confirmed in the proof of Theorem 2.4 implies that

K K
. . 1 1
|Alx + Bz —b|| = HE z:(Aulerl + BKH — )| < ”67]{ Z()\k — AR
k=1 k=1
K+1 20,
< IO =Xy < 2
The proof is completed. O

It follows from (2.7) that the iterate (u*T1, 2P+ A\F+1)T satisfies

R(z) — R(z*) + (w— whtt F(wkH))
514* (Z _ Zk—i—l) _ ek(uk—l—l)
+ | w— wkH, 0 >0,
%()\k’-{-l o )\k)

for any w € W. Then we can easily derive that (u*+1, 281 \+1)T is a solution point of the algorithm
if and only if
[vF = "3 = 0 and [leg(u*1)|* = 0.

Hence, we can measure the accuracy of the iterate (u¥+1, 2FH1 A+ T by ||oF —F 1|2 and | ey, (uFT1)]|2.
The following theorem originates from the inequality (2.11) and the similar technique in the proof of
Theorem 4.3 in [23], and it shows that the inexact method has a worst-case O(1/K) convergence rate in
non-ergodic sense.



Theorem 2.8. Let {w*} = {(u*, 2*, \¥) T} be the sequence generated by the inexact ADMM (2.2) with
the inexactness criterion (2.3). Then, for any integer K > 0, there exist C1, Cy, C3 > 0, such that

C C C
: k_ ,k+12 71 . k41112 72 73
lggK{!!v v i}y < 57 and lggK{!!ek(u WP} < 7=+ 72
where 8114 ||2
1 1 o *
= —C((v"), == 1—77>,
= ,uoc(v ) Ho 2( -0 pu

Co =225 VBIA'N) - 20,
)" Qo)1+ VBIA] - 19— o']1)’.

Remark 2.9. It is still open to prove the linear convergence of the inexact ADMM (2.2) with the inexact-
ness criterion (2.3) as illustrated in numerical tests. Note that we only employ the third inequality (2.9)
instead of the first one (2.3) to estimate the convergence and convergence rate results in Theorems 2.4,
2.6 and 2.8. Hence, strictly speaking, our discussion revolves around the inexact algorithm utilizing the
inequality (2.9) as the inexactness criterion, which is looser than the original one (2.3). Such discrep-
ancies could potentially explain why it is challenging to establish the linear convergence for the inexact
ADMM (2.2) with the inexactness criterion (2.3).

03:2(1—0

3 A new inexact ADMM with global linear convergence rate

In this section, we design a new inexactness criterion that can ensure the linear convergence of the
corresponding inexact ADMM. Then the theoretical results are rigorously analyzed provided that J(-)
also has a Lipschitz continuous gradient.

3.1 A new inexactness criterion for the ADMM (2.2)

It is intuitive that the new inexactness criterion should be linearly convergent as the resulting algorithm
behaves. Then a linear convergence rate of {||e(u**1)||?} is achieved by changing the inexactness
criterion (2.3) into

lex (@D < ollex ()], k=0, Ko,
k
, . 3.1
lex(u" P < ea® Yy ot —'|lF, k= Ko+ 1,
=1

where Ky > 0, > 0,5 € (0, 1), and o satisfies (2.4). In the numerical experiments in section 5, we will
set K as arelatively small positive integer to make use of the robustness of inexactness criterion (2.3) to
obtain a good initial iteration, and then flexibly adjust ¢ when k > K to control the desired convergence
speed. Note that it only needs to calculate ||v'~! —v?||% once in each iteration and accumulates to obtain
the summation in (3.1).

For the new inexact ADMM (2.2) nested with the inexactness criterion (3.1), we derive the estimate
in Lemma 3.1 similar to (2.12), which directly deduces the convergence of the new algorithm.

Lemma 3.1. Let {w*} = {(u¥, 2%, \¥) T} be the sequence generated by the new inexact ADMM (2.2)
nested with the inexactness criterion (3.1), and w* = (u*, z*, \*)T be the solution point of the varia-
tional inequality (2.6). Then for any integer K > 0, there exists C' > 0, such that

K K-1
Dol =P Y ot = < (3.2)
k=1 k=1

10



Proof. We only need to consider the case k > K + 1. It derives from (3.1) that

K K
Z (uk+1 _ u*’ek(uk+1)) < Z Huk+1 _ u*H . Hek(uk+1)H
k=Kop+1 k=Kop+1
a & 1 S
k k
SO P Y e
k=Ko+1 k=Ko+1
o K c K k
< 5 Z Huk—‘rl _ u*||2 + % Z FF Z ”vz—l _ UZH%{
k=Ko+1 k=Ko+1 =1
K

IN

« g K O'k
3 Z lu* = u¥]* + % Z E”Uk_l — o*[[3
k=Ko+1 k=Ko+1
*Ko-i—l Ko

Then by Lemma 2.2 and (2.10), we can obtain that

K
0< > {R(")-R(z") + (0" — w*, F(w"))}
k=Ko+1
K
< > {R(E")-R(z") + (0" —w*, F(@")) + (0" — w*, F(w*) — F(w"))}
k=Kop+1
X 1
< D (W e (@) 4 S (R0 — ot - R = o)
k=Ko+1 2
1 K K
—5 2 =M = Y0 (-t F(wt) - F(ab))
k=Ko+1 k=Ko+1
K 1 1
S D e e (L e 1 R L 7%
k=Ko+1
K-1 R | FKo+1 Kotl
t 2 (ar=g ) T 2 I
k=Ko+1

Thus, the above estimate implies that

K K-1

a k12 L e GMIN kg2
D N e L R S O | Lt g el (3:3)
k=Ko+1 k=Ko+1
which can easily conclude the results (3.2) as a € (0, 1). O

From Lemma 3.1 and (3.1), it is easy to deduce that {||e;(u**1)||?} is linearly convergent, i.e., there
exists C' > 0, such that

ler(u®1))? < C5%, k> Ko+ 1. (3.4)

In addition, we have ||[u**! — u*||> — 0 (k — oc), then by the similar approach as in the proof of

Theorem 2.4, analogous convergence conclusions still hold for the new inexact ADMM.

11



3.2 Analysis of linear convergence rate

Through out this subsection, we additionally make the following assumption for the optimization prob-
lem (1.1).

Assumption 2. The functional J(-) in (1.1) has a Lipschitz continuous gradient around the solution
point u*, i.e., there exists a constant x > 0, such that

|DJ(u) — DJ(u*)|| < wlju—u*||, Vuel. (3.5)
Assumption 3. The operator A in (1.1) is surjective.

It is noticed that the conditions in Assumptions 1-3 is analogous to those for the linear convergence
of the exactly-solved ADMM (1.2) according to Table 1 in [11]. To obtain the linear convergence rate of
{||v*+t — v*||4}, we first establish a useful lemma.

Lemma 3.2. Let {w*} = {(u”*, 2, \¥) T} be the sequence generated by the new inexact ADMM (2.2)
nested with the inexactness criterion (3.1), and v* = (z*, )\*)T satisfy the variational inequality (2.6).
Then there exist Cy, Cy > 0, such that

ok — "3 — o5+ = o3 > Culloh ! = %3 — Collex(u" )| (3.6)
Proof. From Lemma 2.2 and (2.10), we can obtain that
0 < R(zF) — R(z") + (0" — w*, F(w"))
= R(z") — R(z*) + (0" — w*, F(a")) — (0" — w*, F(@*) — F(w"))
< (WM — e (uh)) - %(IIU’”1 =03 = " =+ [l = R
—aluttt — |, 3.7)
which directly implies
[ e s
> Jloh — 0P+ 20t — | - 2 (0 — e ()
> ([0 — oM+ (20— ) [l P - il!ek(ukH)HQ, (3.8)

where v € (0, 2a).
On one hand, it holds that

* 1 *
ot =P > A = )P
1 %
= HAHQHAukJrl +sz+1 —b— B(ZkJrl — 5 )H2
1 1 k k+1 k+1 *\ (12
= il (AT = ATT) = B(" = 27|
|A[[>7 5
1 — o k1 a2 L0 Lok k12
= B - - S [PUSSY 3.
G IBE = 2 - o ) I” (39)

12



where pg € (0,1). On the other hand, we deduce from (3.5) and (2.5) that
I
* 1 *
[ —w|? > ?HDJ(UI““) - DJ(uh)|]?
1
— ?HA*()\]C+1 . )\*) _ ,BA*B(Zk _ Zk+1) + ek(uk+1)\|2
(1 — p1)Amin (AA7) .
> [N+ — A2 (3.10)

1— 1 2 A* 2

. ( Ml)( +M22)5 H || HB(Zk _ Zk+1)||2
H1k

1-— 1+

_ ( Ml)( . M2>”€k(uk+l)”2,
Hip2k

where 11 € (0,1) and g > 0. Then, choosing u3 € (0, 1), it yields from (3.8), (3.9) and (3.10) that

>

lo* = o7 — [lo"* = v

1
> BIB(* — )P + BIW“ = M2 (20— y)ps|u T —

1
+ (200 = ) (1 — pa) [ — P — ;Hek(uk“)H2

> [B ~ (20— ’Y)Ms(l —p1)(1+ M2)52HA*||2} IB(F — A1)

p k>
1 (L= p0) 17k yke1p2
+ 5= o= =) S I -

+ (20— 2)(1 = ) SR BEH -2

1-— 1% Amin AA* *
+ (20— yyy P il AL i

1 (1 — 1) (1 + p2)
— | =+ Q2a—7y)us 5 e (w2,
Y H1p2k

We choose 141 and pg satisfying

(20 — )+ p)usBl A
(200 = ) (L + p) Bl A*||* + K2~

to insure that

(2a —v)(1 — pu3)
(o — )1 — ) + BIAJE = H0 <1

<1 and

1— 1+ p9) 52| A 1 1-— 1
/8_(204_7)/1/3( :ul)( Mll;“';) || H >0 and B_(2a_,y)(1_u3)(uo||A:u”02)ﬁ2 >

Then it follows from (3.8) that

[ e

1 _
z@a—wu—u@(mﬁ”wwml—fwz (3.11)
1- )\min AA* *
+ (2a i 7)///3( /1’1)”2 ( )”)\kJrl Y H2

(1 — p1)(1 + p2) 1y (2
i igr? e (u™ )%

- [,ly + (200 = )3

Let

— — min AA*
Ci = (2a—7) min{(l — M3)(;HA‘|L’2)7 ,ug(l MI)A,# ( )5} >0,

(1 — pr) (1 + p2)
[ pi2k?

)

1
Ca =~ + (20 =)

13



then we can conclude that
[o% —v* [ = [0 =[5 = ol — 0¥ — Collex (w12,
The proof is completed. O

Remark 3.3. Inspired by [48], for the problem (1.1) in finite dimensional Euclidean spaces, the condition
in Assumption 3 can be reduced to Im(B) C Im(A) for deriving the estimates (3.10) and (3.6), where
Im(-) refers to the image of a matrix. In fact, taking \° + Bb € Im(A), we can deduce \*+1 =
P Zfill B(Au® + Bz — b) € Im(A). Since Im(A) is closed, then it obtains \* € Im(A) and
N+l \* € I'm(A). By the standard SVD A = ULV T of A, there holds \F*' — \* = Un and
JATOM = A9)1? = VU U

S

> A (AAT) |lnlf?

= AL (AAT) N X
where A\ (AAT) is the strictly positive minimum eigenvalue of AAT (if rank(A) = r, then only the first
r components of 1) are nonzero).

Note that (3.6) reduces to the standard contraction property of the sequence {v*} in [33] if the iterate
uF*1 is computed exactly (i.e., ||ex(u**1)|| = 0). Now we are prepared to establish the global linear
convergence rate of {|[v**! —v*||%}.

Theorem 3.4. Let {w*} = {(u¥, 2¥, \¥) T} be the sequence generated by the new inexact ADMM (2.2)
nested with the inexactness criterion (3.1), and v* = (z*, )\*)T satisfy the variational inequality (2.6).
Then there exists C' > 0, such that

[0 —o*||3, < C6*TY 6 € (0,1), k> Ko+ 1. (3.12)
Proof. Letoy :=1/(1+ C1). By using (3.4) and (3.6), we obtain that

”Uk-i-l k+1)H2

— |3 < oullo” — v¥|f3 + Caonler(u
< o1 (O’leki1 - U*“%{ + CO’lﬁkil) + 0016’“

= o} ||t — ¥4 + Colat T + Coy 5"

k
<op Mot vt + O Y of e
i=Ko+1
k 5
= o} Ot —u | ottt Y ()
i—Ko41 1
then it implies
Cottl, o< o,
[0 —w*)3 < { CF g > oy, (3.13)
C(k— Ko+ 1", 6=o0,.
Therefore, the result (3.12) holds with some ¢ € [max{a,01},1). O

Remark 3.5. It follows from (3.8) that

* * 1
(2 =)l =P < o — v+ ;Hek(ukﬂ)!l?’
then we can easily obtain from (3.4) and (3.12) that {||u**t1 — u*||?} has a global linear convergence

rate. The estimate (3.12) can guarantee the linear convergence of | BzF — Bz*||%. If we further assume
that B is injective, then the linear convergence of ||2* — z*||? can be obtained.
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4 An implementable inexact ADMM framework for identifying coeffi-
cients in elliptic equations

In this section, we consider to apply the inexact ADMM for solving two nonlinear inverse coefficient
problems with L2-TV regularization for elliptic equations. In the following, (,-) and || - || represent the
L?-inner product and the L?-norm, respectively.

Inverse diffusion coefficient problem. The diffusion coefficient u in an elliptic equation is identified
by the following L2-TV regularized optimization problem

1 o'
min / u|Vy — Vys|*de + —||ul|® + 7|ju| v,

st. = V- (uVy) = f, (u,y) € K x H}(Q),

.1

where € is a bounded convex polyhedral domain in R? (d < 2), Vys € (L?(92))? is the observation
data, and
K:={ueL®NBV(Q):0<ay <u<ay, ae. in},

is the admissible set. BV ({2) endowed with the norm [|u|| gy := [|u||z1(q) + |lul7v is a Banach space,
and ||u||7y is the total variation (TV) norm defined in [2] as

ullry = sup{/ wdiv o dz : o € CLHGRY), [l@]loo < 1},
Q

where C!(Q; R?) is the set of once continuously differentiable functions with compact support in €2, and
lolloo = supb,,/,EQ(Z?:1 ls(x)|?)'/2. In addition, 7 > 0 is a penalty parameter of the TV term.

Inverse potential coefficient problem. The potential coefficient v in an elliptic equation is recovered
by the L2-TV regularized optimization problem as follows

2
st. —Ay4uy=f, (u,y) € K x Hol(Q)>

1 1 «
min — \Y% —V52d:c+/u — 52dx+—u2—|—7‘u v,
1 2/QI y — Vys| A Yy — ys| 5 lull” + Tllullr 42

where y5 € (L?(2))? is the observation data.

The two inverse coefficient problems of elliptic equations with only TV regularization have been dis-
cussed in [10, 28, 29, 54], and the TV regularization is popular for identifying discontinuous or oscillated
coefficients (see, e.g. [1, 6, 7, 10, 26]). As we know that BV (Q) < L?(Q2) when d = 1, 2 (see [2]), then
L?*(Q) N BV (Q) and BV (Q) are equivalent Banach spaces [8]. Then adding the L? regularization term
is reasonable in (4.1) and (4.2), which also makes the functionals strongly convex and keeps favorable
characters of the TV regularization. In the rest of this section, we mainly focus on the application of the
new inexact ADMM in section 3 to the two optimization problems (4.1) and (4.2).

4.1 Conceptual application of the ADMM

We first discretize the problems (4.1) and (4.2) in the piecewise linear finite element space V}, and obtain
the following discrete problem:
min J(up) + 7 Vun| £y @) (4.3)

upEKp

where K, =V, N K, J(-) = J1(+) or J2(-) depends on the context, and

(0]
Ty (up) = /Quh]Vyh(uh) — Vsl +  Junl, (4.4)
1 2 1 2 a 2
Jo(up) == 2/, IVyn(un) — Vys|“dx + 5 Quh\yh(uh) — ys|"dx + 5”%” , 4.5)
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where yp, (up,) in J1(+) and Ja(-) are respectively the solutions of the following variational forms

/Q unVyn(un) - Véndz = (f,ér) 4.6)

and

/ Vyn(un) - V¢hd$+/Uhyh(Uh)¢hd$ = (f, on) 4.7
Q Q

for any ¢, € Vi, N HE(Q).
We next show that the two regularized inverse problems (4.1) and (4.2) satisfy the assumptions in the
previous sections.

Theorem 4.1 ([30]). The functionals J1(-) and Ja(-) are a-strongly convex on the convex set Kj, and
both the problems (4.1) and (4.2) exist unique solutions.

The next two theorems indicate that the two regularized inverse problems (4.1) and (4.2) satisfy
Assumption 2.

Theorem 4.2. The functional Ji(-) has a Lipschitz continuous gradient around the solution point uj, €
K, i.e., there exists k > 0 such that

||DJ1(uh) — DJl(uZ)H < /1||uh — UZH, Vuh S Vh. (4.8)

Proof. For any uj, € K}, we have from [28] that the gradient of the functional J; (+) satisfies

1
(DJi(up),vp) = —3 /Q (IVyn(un)® = |Vys|*) vnde + Oé/QUhUhdiv, Vo, €Vyo  (49)

Then it obtains that
(DJl (uh) — DJl(’U,Z), up — u;)

1

=-3 /Q(Uh =) (IVyn(un)|” = [Vyn(up)*)da + aflup — uj||?

1 . . .
< Sllun = upllp=(o) - IVyn )l + [ Vyrup)ll) - [1Vyn(un) = Vyn(up)|
+ alup, — ul 2. (4.10)

From the variational form (4.6), it follows that

0 = (unVyn(un), Voén) — (up,Vyn(up), Vén)
= (up, Vyn(un) — upVyn(up), Von) + (unVyn(un), Von) — (up, Vyn(un), Von),

holds for any ¢, € Vj, N H (), then

/Quz (Vyh(uh) — Vyh(uZ)) Vo dor = — /Q(uh —uy )Vyp(up) - Vop, dz.

Taking ¢, = yn(un) — yn(uj,), we have
/QUZ(Vyh(Uh) — Vuyn(uy)) - (Vyn(un) — Vyn(up)) do
=~ Cun = i)V un) - (Ttan) = T i
which implies that
aol|Vyn(un) — Vyn(ui)I* < llun — upll L) - IVyn )|l - 1Vyn(un) = Vyn(ui)ll,
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and then 1
IVyn(un) — Vyn(up)|| < CTOHVyh(w)H Nun — up || e @) (4.11)

Now by using (4.10), (4.11), and the equivalence property of norms in finite dimensional space V7,
there exists C' > 0, that

(DI (un) = DJi(up), up — i)

IN

1 * * *
;0(||vyh(uh)|| + IV (up)ll) - [Vynun)ll - llun = ujl7 ) + allun —up | (4.12)
(C + ) [lup — uj >

IN

Therefore, the estimate (4.8) is obtained from (4.12) and [3, Corollary 18.14]. ]

The gradient of functional J5(-) is as follows [29]

1
(DJy(up),vn) = —2/Q (lyn (un)* = lys|*) vnda + Oé/ﬂuhvhdx, Y up, vy € Vi, (4.13)

which obtains that
(Djz(uh) — _DJQ(’U}L), Up — ’Uh)
1 1 1 1
— [ (= SlomCn) + 1ol + SlanCen)® = 3lool?)(un — en)d + aun v
Q
Similar to the derivation of (4.10)-(4.12), we can also deduce that the functional J(-) also has a
property similar to Jy ().

Theorem 4.3. The functional J5(-) has a Lipschitz continuous gradient around the solution point uj, €
K, i.e, there exists & > 0 such that

|DJ2(up) — DJo(uy,)|| < &llup, —ull, ¥ up € Vi.

To apply the ADMM algorithm for solving the problems (4.1) and (4.2), we reformulate (4.3) into
an equivalent form

min J(up) + 7|Varl 1
i (un) + 7[[Vanll L1 @1
S.t. Up = Zp-

The problem (4.14) is in the form of (1.1) with A = I, B = —1 and b = 0, and it satisfies Assumptions
1-3, which are verified in Theorems 4.1-4.3. The corresponding ADMM for solving problem (4.3) is as
follows

k1 . J _ () e, B Uk 2}
uf ™~ arg min {7 — (O un = ) + 5 o — 211},

. B 4.15
ZZH — arg z,?élz% {THVZhHLl(Q) — (/\’,“L,u]ffl —2p) + 5”“@“ - zth}, (+-15)

k1 _ \k k1 ket
=M = Bluyt = 2.

4.2 A nonlinear CG method for the u;,-subproblem

We reformulate the first subproblem of (4.15) in Euclidean space for the convenience of calculation, that
is

min Lg(u) = J(u) — (A, u — 2%)y + éllu - 23,
ucRN 2

where M denotes the mass matrix as M; ; = ( {l, ¢t), and u = (u1,u2,--- ,uy) ' is the coefficients
of up, = Zfi L wi¢t, where {¢¢}Y | are the finite element basis functions in V},. The same setting is
also applied to z;, and ), with the coefficients z, A € R", respectively.
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Conceptually, we can utilize nonlinear CG algorithms (such as FR-PR type, see e.g. [43]) to solve
the minimum of Ly (w) with the new inexactness criterion (3.1) in the form of

| g*I3, k < Ko,

lghm+3 < (4.16)

k

o i i 1 i— i

ot 3 [BIMET = I+ SIMAT = NIE], k2 Ko+ 1,
i=1

where k,,, be the counter of the internal iteration, g¥ := DLy (u*), and gFm+1 := DL (ufm+1). We set
wb Tl = ukm+1 if (4.16) is satisfied.

However, two crucial steps should be further addressed, including the computations of the gradient
D.J(u) and the step sizes, which are discussed in the next subsections.

4.2.1 Computation of D.J(u)

The gradient of .J(u), denoted as .J'(u*m) at u*m, is in the form of
(J'(u"™)), = (DJ(wm), ¢},), i=1,--- ,N.

* Case J(up) = Ji(up) in (4.4). We first compute y*= from (4.6) via solving
Abmabm — £ with (AF™); 5 = (ufm Vel V), 4.17)
where f; = (f, ¢ ). Then we substitute yy, (uf™) = Z;V: 1 y;"" ¢‘ZL into (4.9) and compute J; (ufm)

by
1 1 :
(i), = (= 51 Vunfm) 2+ 51Vysl? + auf™, 6} ).

s Case J(uy) = Jo(up) in (4.5). Similarly, we can evaluate J5(u*™) from (4.13) by

A 1 1 .
(), = (= 5l (b + S lysl? + auf, ).

where yh(uﬁm) satisfies the variational form (4.7), and its coefficients y*™ is computed by solving
Abmgbm — ¢ with (Akm), 5 = (Vel Veh) + (ubm ¢l o). (4.18)

4.2.2 Computation of the step size p*™

The other crucial step in the nonlinear CG method is to obtain the step size p* satisfying
Ly (ufm — pFmapkm) < L (uFm — pwh™), ¥ p e R, (4.19)

where w*™ refers to the conjugate direction. As mentioned in [46], it is computationally demanding to
implement the line search which requires multiple computations of the objective function values and/or
the corresponding gradients. To reduce the computational cost, instead of applying some known line
search strategies (see e.g., [43]), we choose an approximate approach similar as in [24]. It first approxi-
mates the scale function Hy,  (p) defined as

Hy,, (p) = Ly(u"" — pwh™),
by linear expansion of the solution mappings determined by (4.6) and (4.7), then obtains an approximate
step size by an explicit formula. However, it seems that the approach by linear expansion in [24] is not
suitable for our problems. To address this issue, we need to first reformulate the functionals in (4.4) and
(4.5), then approximate the solution mappings by quadratic expansions.
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(1) Case J(up) = J1(up) in (4.4). We have from (4.6) the identity (see e.g. [46]) as follows

1

2/ up|Vyp (up) — Vyg\Qda:
Q

= ;/Q (un|Vys|® — 2fys)dx — é /Q (un|Vyn(un)|? = 2fyn(un))dz,

then the functional .J; (uy) in (4.4) can be rewritten as

1 1 o
D) =5 [ (0 Fl? = 2fu5)da+ 5 [ funtende + 5l @20

Let yp (up) = S1(w) with S1(+) being the solution mapping defined by (4.6), the quadratic approximation
of p — Sy (uFm — pwkm) at p = 0 is

2
Si(uhm) = pSi (whmywh + 257 (b ) (w2 @21)

We define
p;im — Si (uk7n)wkm and qﬁ’m = Si’(uknL)(wknL)Q’

then pim and g,™ satisfy
(up™ V™, Von) = —(wp Ny, Vén), ¥ én € Vi N Hy (), (4.22)
(ufm Vg™, V) = —2(wymVpim, V), ¥ én € Vi, N H(Q). (4.23)
Replacing yh(uflm) in (4.20) by (4.21), we thus obtain an approximation of Hy,_(p) by Qk,. (p) as follows
1
Qualp) = | b 1VusPde =5 [ b (VusPda = [ fusda g [ ok
0 [ avtrde + 5 [ gafrae s Gt - gty
s
— O b — g — 2 b — gt — 2
Let Q) (pkm) =0, we get

km\T Hkm
phm = (w™) g . (4.24)

kT’L
(a + B)H'wkm H?\/j + % fQ fqh dx

Together with (4.6), (4.22) and (4.23), fQ f q}]ff" dx in (4.24) can be calculated directly from p’fLm without
solving qlffm in (4.23), and

/Q fayde = (up" Yy, Vapr) = =2(wym Vpp, Vypr) = 20w Vo, Vpp™),

where pr’" sloves (4.22).
(2) Case J(up,) = J2(up,) in (4.5). We have from (4.7) that Ja(up,) can be reformulated as

1
Jo(un) = /(\V95|2 +unlysl® — 2fys)dz + / Fyn(up)dz + *HuhHQ (4.25)

We also define the solution mapping of (4.7) as yh(uﬁm) = S3(u”m), and substitute the quadratic
expansion of p — So(uF™ — pw”n) at p = 0 in the form of

2
Sa(uhm) = pSh(ubm)whn + £ 55 (whn) (whe)?

19



into (4.25), which leads to an approximate function Qy,, (p) of Hy,, (p) as follows

1
Q) =5 [ i Vusldo =5 [ oo~ [ pusdoot 5 [ ok

/|Vy5]2dx—/fp da:+4/qu’zmdw+2Hukm_pwkm”2

B
— (AF, b — pwhm — 2K) )+ §||ukm — pwhm — 2¥|3,,
where

km _ Sl( km)wkm and qhm — Sé’(uh”)(wkm)?,
with pﬁm and g,™ satisfying
(Vo Von) + (upp, on) = —(wi™yy™ én), ¥ én € Vi N Hg (9), (4.26)
(V™ V) + (uy™ ™, én) = =2(wy" 0" 6n), ¥ én € Vi N H (). 4.27)
Then the root of @}, ( pFm) = 0 is given by
(wh) gt
(o + B)|[whn |3, + 5 fo faymda’

phm =

where fQ f q,l:m dx can be evaluated without solving qﬁm in (4.27) by
/Q oy de = 2(Vppm, Vpim) + 2(up" p o),
which is reformulated by using (4.7), (4.26) and (4.27).

4.3 Aninexact ADMM numerical approach for (4.1) and (4.2)

The zp-subproblem in (4.15) can be solved in V}, firstly by an deep convolutional neural network (CNN)
solver in [46, Subroutine 4] which originates from [53], and then project it onto Kj,.

With all of the discussions in previous subsections, we are ready to present an inexact ADMM nu-
merical approach for solving the regularized inverse problems (4.1) and (4.2). The proposed algorithm
is summarized in Algorithm 1.

Algorithm 1 An Inexact ADMM numerical approach for (4.1) and (4.2).

Input (u’, 2%, AY), 8 > 0, & > 0, o satisfies (2.4), & € (0,1), and Ky > 0.

while £ > 0 do
(uk’ zk7 )\k) _ (uk—l-l? zk—&-l’ )\k—i—l) via:
Compute u**! by the nonlinear CG method with the inexactness criterion (4.16) in subsection 4.2;
Compute 2**! by the CNN solver (Subroutine 4 in [46]), and obtain 2**1 = Py, (2kF1) =
max {ag, min{z""1, a1} };
Update the Lagrange multiplier by A¥*1 = AF — g(uh+1 — 2k+1),

end while

5 Numerical results

In this section, we report some numerical results to verify the efficiency of our new inexact ADMM
numerical approach applied to the regularized inverse problems (4.1) and (4.2) for recovering the dis-
continuous diffusion and potential coefficients, respectively. The following numerical experiments are
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performed on a laptop equipped with Windows 11 operation system, Intel(R) Core(TM) i7-8750H CPU
(2.20GHz), and 16 GB of memory.

For the zj-subproblem, we use the same network architecture and training dataset as [53] (see
https://github.com/cszn/DnCNN) to train our networks (total 25 CNN networks C¢ with ( =
1,2,--.,25), and the settings of the deep CNN solver are the same as in [46]. We also follow the ap-
proach in [46] to adjust the parameters (i.e. 5 ~ §) satisfying the Morozov’s discrepancy principle (see,
e.g. [18]).

Example 5.1. Let ag = 0.1, a1 = 5, and the exact diffusion coefficient u'(x1, z2) over Q = (0,1)? as

1, 23 €[0,0.5],

T =
ul(21, 22) {2, ry € (0.5,1], (5'1)

with which the noisy observation data Vys in (4.1) is constructed as Vys(x) = Vyp, + || Vyp|rand(x)
for the regularized inverse problem (4.1) for recovering the diffusion coefficient, where yy, is the finite
element solution to (4.6) with f = 10, rand(zx) is a uniformly distributed vector-valued function in
[—1,1], and § > 0 is the noise level.

Table 1: Parameters for Example 5.1.

o B ¢ (BC)/0 o
0.01 0.1 9 90 1074
0.05 0.5 9 90 104
0.1 0.6 15 90 1074

The parameters 6, 3, a and ¢ are chosen as in Table 1 for performing the numerical computations.
The initial values for Algorithm 1 are set as u’ = 2" = 1, and A = 0. The inexactness criterion (4.16)
in Algorithm 1 is denoted as criterion;,.,,, which is the specific form of (3.1) for the regularized inverse
problem (4.14), and the inexactness criterion in (2.3) for the problem (4.14) is named as criterion,;q. In
(3.1), we set ¢ = 0.999v2a/(v/2a + /B), and Ky = 5. In Table 2, the relative L? errors, inner CG
iteration numbers and total computational times of the first 20 iterations by Algorithm 1 are reported for
the comparison with the inexact ADMM under the original inexactness criterion (2.3). In Figure 1, we
plot the curves of L? errors ||uf — @y|| with h = 278 and § = 0.01 by the inexact ADMM with two
inexactness criteria, which verifies the theoretical linear convergence result derived in section 3. The
reference solution 4y, is approximated by the 40-th outer iterate of exactly-solved ADMM (the internal
stop condition is |lex(u*T1)|| < 10710), which helps to eliminate the influence of the finite element
and regularization errors. In addition, the numerical solution u%o and the error u%o — u,T1 after 20 outer
iterations with h = 278 are displayed in Figure 2.

Example 5.2. Let Q = (0,1)?, f = 10, ap = 0.1, and a1 = 5. The noisy observation data ys in
the regularized inverse problem (4.2) for recovering the potential coefficient is set as ys(x) = yp, +
O||lyn||rand(x), where rand(x) is a uniformly distributed vector-valued function in [—1,1], § > 0 is the
noise level, and vy, is the finite element solution of (4.7) with the precise coefficient u (z1,22) as

ul(z1,29) = 1+ Iy, Q1 = {(z1,22) | (#1 — 0.5)2 + (z2 — 0.5)% < 1/8}, (5.2)
where 1o, denotes the characteristic function over ().

The parameters 6, 3, a and ( are set in Table 3 for Example 5.2, and the initial values of the inexact
ADMM is chosen as u? = 20 = 1, and A = 0. In (3.1), o and K|, are chosen the same ones as in
the previous example. The relative L? errors, inner CG iteration numbers and total computational times
of the first 20 iterations by Algorithm 1 as well as the algorithm with the inexactness criterion (2.3) are
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Table 2: Numerical comparison of algorithms for Example 5.1.

Mesh(h) &  Criterion  ul® —uf|l/u}| CGNos Time(s) /e
0.01 criterion, ;g 8.7383 x 1073 349 3.86 ~
: criterion,,e,,  8.6635 x 1073 171 2.08  0.59/1072
55 0.05 criterion ;g 1.5085 x 1072 213 2.54 ~
: criterion,,e,,  1.5086 x 1072 180 2.08  0.52/1072
01 criteriony,y  4.4639 x 1072 205 2.39 ~
o criterion,e, — 4.4636 x 1072 167 1.97  0.52/1072
0.01 criterion g 6.5952 x 1073 386 12.47 ~
: criterion,e,  6.5952 x 1073 260 8.67 0.62/102
56 0.05 criterion ;g 1.0930 x 1072 216 7.47 ~
: criterion,e,  1.0932 x 1072 208 7.15  0.52/1072
01 criterion,;g 4.0888 x 1072 209 7.34 ~
" criterion,,e, — 4.0881 x 1072 190 6.78  0.52/1072
0.01 criterion, ;g 5.3821 x 1073 412 52.17 ~
T criterion,e,  5.3821 x 1073 316 40.52  0.59/1077
o7 0.05 criterion ;g 1.6478 x 1072 202 26.55 ~
: criterion,,e,,  1.6469 x 1072 183 2442  0.59/102
01 criterion,;g ~ 4.0566 x 1072 192 25.85 ~
" criterion,e, — 4.0565 x 1072 164 2232 0.59/1072
0.01 criterion g 5.1069 x 1073 383 219.31 ~
: criterion,e,,  5.1021 x 1073 387 222.13  0.54/10°2
58 05 _Cfiterionyy  3.0223 x 1072 199 118.90 ~
: criterion,e,  3.0204 x 1072 188 114.67 0.57/1072
01 criterion,;g 4.5675 x 1072 185 112.17 ~
" criterion,e, — 4.5679 x 1072 177 107.93 0.57/10~2
10° ‘ 10° :
—o—||uf — dn| —o—|Juy — dy|
107! 107"
S g
& =
1072 102}
D D
1078 ' . 10°° : : '
0 10 15 20 0 5 10 15 20

Figure 1: L? errors by the inexact ADMM equipped with criterion,,.,, (left) and criterion,; (right) with

Outer iteration k

Outer iteration k

respect to outer ADMM iterations for Example 5.1 with 6 = 0.01 and h = 278,

reported in Table 4. In Figure 3, the plots of L? errors |[uf — || by the inexact ADMM with two
different inexactness criteria are shown for the case h = 278 and 6 = 0.001. Similar to the previous
example, we also use the 40-th outer iterate of exactly-solved ADMM as the reference solution 1y, for
comparison. In Figure 4, it presents the graphs of the numerical solutions u, and the error uy, — u;rL after

20 outer iterations with h = 275,

From the numerical results of these examples, we can observe that the convergence speed and com-
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Figure 2: Numerical solutions u;, and errors wp — UL after 20 iterations for Example 5.1 with h = 275,
Columns 1-3 are the recovered results for § = 0.01, 0.05, and 0.1, respectively.

Table 3: Parameters for Example 5.2.

5 5 ¢ (BC)/6 a

0.001 0.001 9 9 1076
0.01 0.0075 12 9 10=6
0.1 0.05 18 9 1076

putational cost of our method in Algorithm 1 are basically similar as those of the inexact ADMM with
the inexactness criterion (2.3) proposed in [23]. Our method in Algorithm 1 has the theoretical guarantee
of linear convergence established in section 3, while the theoretical linear convergence of the inexact
ADMM with (2.3) is still an open problem.

k -~ % ~
—o—||uy, — | —o— [|up — |
107 F 107
i =
5] 5]
= =
— —
= =
D D
10—2 L L L 1072 . . )
0 5 10 15 20 0 5 10 15 20
Outer iteration k Outer iteration k

Figure 3: L? errors by the inexact ADMM equipped with criterion,,.,, (left) and criterion ;4 (right) with
respect to outer ADMM iterations for Example 5.2 with § = 0.001 and h = 275.

6 Conclusions

In this paper, we discuss inexact ADMM algorithms for a general two block convex optimization problem
arising from inverse problems, where the first functional is strongly convex with continuous gradient. We
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Table 4: Numerical comparison of algorithms for Example 5.2.

Mesh(h) & Criterion  [[u?® — uf||/|ju}]| CGNos Time(s) Gle

0.001 criterion,g ~ 5.3451 x 1072 141 2.34 ~
) criterion,e,,  5.3396 x 1072 110 1.56  0.60/10~%

9-5 0.01 criterion, ;g 1.1834 x 101 100 1.44 ~
: criterion,,e,,  1.1780 x 1071 73 1.13  0.70/10~%

01 criterion,;4 1.8683 x 10~1 83 1.32 ~
: criterion,,e,,  1.8586 x 101 55 1.02  0.70/107%

0.001 criterion,g  6.2381 x 10—‘2 132 5.40 ~
’ criterion;,cy 6.2372 x 1072 109 4.92 0.60/10~%

96 0.01 cnjiter.ionold 9.9454 x 10—f 79 3.86 ~
) criterion,,cq, 9.9405 x 102 62 3.22 0.70/10~%

01 criterion, ;g 1.7438 x 1071 74 3.72 ~
’ criterion;, ¢y 1.7327 x 101 51 2.90 0.70/10~%

0.001 criterion g 6.1630 x 102 102 16.64 ~
: criterion,,e,,  6.1667 x 1072 100 16.52 0.57/10~%

9T 0.01 criterion, ;g 1.0708 x 10~1 76 13.36 ~
: criterion,,e,,  1.0682 x 1071 58 10.90 0.70/10~%

01 criterion, ;g 1.6494 x 10~1 62 11.82 ~
: criterion,,e,,  1.6472 x 1071 49 970  0.70/10~%

0.001 criterion,;g  6.0424 x 10_? 87 69.31 ~
’ criterion;, ¢y 6.0475 x 10~2 86 68.14  0.57/10~%

- 0.01 criterion, ;4 9.9142 x 10—‘2 73 58.34 ~
) criterion;,cy 9.9084 x 10~2 57 48.58 0.70/10~4

01 criterion,;q 1.4906 x 10~ 1 61 53.21 ~
) criterion;, ¢y 1.4877 x 10~1 48 43.00 0.70/10~%

6 = 0.001 §=0.01 §=0.1
6 =0.001 §=0.01 d=0.1

0z
0s
015
02. 1 e T
04 o 05 | o 05
0 008 0 0
0
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S 1 Mos . "
05 _— 057 T o6 0s
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Figure 4: Numerical solutions u;, and errors up — uz after 20 iterations for Example 5.2 with h = 278,
Columns 1-3 are the recovered results for 6 = 0.001, 0.01, and 0.1, respectively.

first prove some strongly convergence properties for the inexact ADMM with the inexactness criterion
(2.3) proposed in [23, 52], and also obtain a worst-case O(1/K) convergence rate of the algorithm in
both ergodic and non-ergodic senses. However, it seems difficult to prove the linear convergence of
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the inexact ADMM with (2.3). To address this issue, we propose a new inexactness criterion such that
{llex (uFT1)||?} converges linearly to 0. Then we further prove that the resulting inexact ADMM has a
linear convergence rate. After the theoretical part, we consider the application of the proposed inexact
ADMM to two nonlinear inverse problems of elliptic equations and present the detailed implementations.
Numerical results illustrate the efficiency and theoretical results of our algorithm.
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