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ANALYSIS OF AN OPTIMAL CONTROL PROBLEM OF THE
BACKWARD FRACTIONAL FEYNMAN-KAC EQUATION WITH
TEMPORAL APPROXIMATION*

LIYAO HAOT AND WENYI TIAN#

Abstract. In this paper, we discuss an optimal control problem governed by the backward frac-
tional Feynman-Kac equation, which depicts the probability density function of functionals of wide-
spread diffusion phenomena in various multiscale fields. In the constrained equation, the time-space
coupled nonlocal operator and its noncommutativity with Laplacian bring significant difficulties.
The well-posedness, optimality conditions and solution’s regularity of the continuous optimal control
problem are established. Then, we propose a temporal semidiscrete scheme for the optimal control
problem by applying the backward Euler convolution quadrature (BECQ) formula to discretize the
Riemann-Liouville fractional substantial derivative in the equation. In addition, the error estimate
of the proposed semidiscrete scheme is rigorously established, and almost optimal convergence of
O(7|InT]) is obtained depending only on the regularity assumptions on the data and without ex-
tra assumptions on the solution. Some numerical examples are illustrated to verify the theoretical
results.

Keywords. optimal control problem, backward fractional Feynman-Kac equation, fractional
substantial derivative, convolution quadrature, error estimate

AMS subject classifications. 49K20, 49M25, 35R11, 65M12

1. Introduction. Let £ be a bounded convex polygonal domain with the bound-
ary 0Q in R%, d > 1. We consider to design and analyze a temporal semidiscrete
scheme for the optimal control problem:

. 1 2 v
(1.1) Jnin J(u,q) = 3 lu = uallz20,7:12(0)) + §||q||%2(O,T;L2(Q))’

subject to the backward fractional Feynman-Kac equation [2, 34]

(1.2)
dyu(z,t) — D}~ Au(z, t) + pU(x)u(z, t) = f(2,t) + q(z,1), (x,t) € Qx (0,7,
u(z,t) =0, (x,t) € 02 x (0,7,
u(z,0) =0, x €,

where T > 0 is a fixed final time, ug : (0,T7) — L?(2) is a given target function,
v > 0 is a penalty constant, and ¢ is the unknown control variable belonging to the
admissible set U,q given by

(1.3) Usa = {q € L*(0,T;L*(Q)) :a < ¢ < b ae. in Qx [0,T]},

with a,b € R and @ < b. In (1.2), D;~*" with o € (0,1) represents the left-sided
Riemann-Liouville fractional substantial derivative [2, 7, 18] as follows:

1
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t
(1.4) D}~y (x, t) = [0 + pU ()] / (t — 5)2 Le =3PV @)y (g, 5)ds,
0
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where T'(s) = [;°t""'e~'dt is the Euler-gamma function, p € C, A denotes the
Laplace operator the function U () is given and bounded in 2, and f : (0,7) — L%*(Q)
is a given function. It is noticed that D} ~*"A # AD}~* if pU(z) is not a constant
function.

The backward fractional Feynman-Kac equation (1.2) was derived by Carmi et
al. in [2, 34] to depict the probability density function of a functional of non-
Brownian motion with power-law waiting time, which is a widespread phenome-
non in various multiscale fields, including physics, chemistry, biology, finance and
others [9 22, 23, 27, 28, 29, 36]. Speciﬁcally, (1 2) is the governing equation of

u(z, p,t) =[5 u(z, A, t)e P dA, where A = [T U(x(s))ds is the functional of anoma-
lous dlﬁ’uswn in non-Brownian motion with U(z ) being a prescribed nonnegative
function associated with specific applications [2, 4], and u(z, A, t) denotes the prob-
ability density function of finding the particle’s path functional on A at the time ¢
with the initial position of the particle at x. A variant equation of (1.2) is obtained
replacing p by —ip [2] if the functional A is not definitely nonnegative induced by some
non-positive function U(x), and it is the governing equation of the Fourier transform
of u(z,At), ie., u(z,p,t) := fj:; u(z, A, t)e??AdA with i being the imaginary unit.
Another variant of (1.2), named the forward fractional Feynman-Kac equation, is as
follows:

(1.5) dyu(z,t) — AD} ™ u(x, t) 4+ pU(z)u(z, t) = f(z,t) + q(z,t)

with the term D; ~**Aw in (1.2) being replaced by AD;}~*%u, it describes the joint
probability density function of finding the particle on (x, A) at time ¢. It is essentially
different from (1.2) due to the noncommutativity of the nonlocal operator D}~ **
defined by (1.4) and the Laplacian A whenever pU(z) is not a constant function.

Equation (1.2) covers many important models. If o = 1, it leads to the classical
Feynman-Kac equation describing the functional distribution of Brownian motion,
which is a Schrodinger-like equation derived by Kac [16] in 1949 by using the Feyn-
man’s path integral method. If pU(z) = 0 and « € (0,1), then (1.2) becomes the
time-fractional diffusion equation dyu — D} ~*Au = 0 as D;~*" in (1.2) deduces to
the Riemann-Liouville fractional derivative Di ~® defined by (2.7), and it describes
many anomalous diffusion phenomena in physics, chemistry, biology, finance and oth-
ers [22, 23, 36].

A number of efficient numerical algorithms have been designed for solving time-
fractional partial differential equations, but the numerical investigations of the frac-
tional Feynman-Kac equations are relatively limited. Due to the time-space coupled
nonlocal operator D}~ in (1.4) and its noncommutativity with the Laplacian A
in the equations, it encounters significant challenges on numerical discretizations and
their error analyses. Chen and Deng [3] established high-order finite difference ap-
proximations for fractional substantial derivatives based on the Lubich method [21],
which were subsequently used to numerically solve the forward and backward frac-
tional Feynman-Kac equations with smooth solutions [5]. Recently, Sun, Nie and
Deng [30] concerned the first-order and second-order time-stepping schemes for the
homogeneous backward fractional Feynman-Kac equation with nonsmooth initial data
by using the convolution quadrature approximations of the fractional substantial de-
rivative. Later, high-order fully discrete schemes with some correction terms were
developed for the backward fractional Feynman-Kac equation by combining the back-
ward difference formulas (BDF) convolution quadrature in time and the finite element
method in space [31]. In [13], the authors proposed and analyzed a second-order time-

2
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81 stepping numerical scheme for the inhomogeneous backward fractional Feynman-Kac
82 equation with nonsmooth initial data by using the weighted and shifted Griinwald
83 difference (WSGD) formula [33]. A first-order time-stepping method was provided
84 in [6] to solve the forward fractional Feynman-Kac equation with error estimates in
85 the measure norm depending only on the measure of the initial data. The work [25]
86 considered the forward fractional Feynman-Kac equation, built the regularity of the
87 solution, and developed the error estimates for a fully discrete scheme constructed by
88 convolution quadrature and finite element methods.

89 Substantial researches have emerged over the past decade discussing optimal con-
90 trol problems of fractional partial differential equations, addressing both theoretical
91 and numerical issues, one can consult the works [1, 12, 15, 20, 24, 35, 37, 38] and
92 the references therein. Despite all this, the optimal control problem of the backward
93 fractional Feynman-Kac equation has not yet been explored. In our recent work [14],
94 an optimal control problem of the forward fractional Feynman-Kac equation (1.5) was
95 discussed, which is essentially different from the problem (1.1)-(1.2) due to the differ-
96 ence of their constrained state equations (1.5) and (1.2) as mentioned before, and thus
97 the results do not apply to (1.1)-(1.2). To fill this gap, we endeavor to investigate the
98 theoretic and numerical analysis of the optimal control problem (1.1)-(1.2), where the
99 complex parameter p and the noncommutativity of the time-space coupled nonlocal
00 operator Dt1 ~*% and the Laplacian A pose noteworthy challenges. We will first de-
01 rive the first-order optimality conditions and analyze the solution’s regularity. Then
02 we propose and rigorously analyze a temporal semidiscrete scheme for the optimal
03 control problem, which is proved to exhibit an almost optimal convergence order of
04 O(7|ln7|) in time relying solely on regularity assumptions of the data without the
05 regularity requirements on the exact solution.

06 The rest of this paper is organized as follows. In Section 2, we derive the optimal-
07 ity conditions and the solution representations, and establish the regularity results
08 of the solution to the optimal control problem (1.1)-(1.2). In Section 3, a first order
09 temporal semidiscrete scheme is proposed for solving (1.1)-(1.2) with the Riemann-
110 Liouville fractional substantial derivative in time approximated by the backward Euler
111 convolution quadrature (BECQ) formula. In Section 4, we rigorously analyze the
112 temporal error estimates of the proposed semidiscrete scheme. The theoretical con-
113 vergence result of our proposed numerical scheme is verified by numerical examples
114 in Section 5. This paper ends with some conclusions in Section 6.

115 2. The continuous optimal control problem. In this section, we discuss the
116 well-posedness and the first-order optimality conditions of the continuous optimal
117 control problem (1.1)-(1.2), derive the solution representations and estimate their
118 regularity results.

119 2.1. Optimality conditions and solution representations.

120 THEOREM 2.1. The optimal control problem (1.1)-(1.2) has a unique solution
121 (u,q) in L*(0,T; L*(Q))xUqq. In addition, there exists an adjoint state z € L*(0,T; L*(£2))
122 such that (u, z,q) satisfies the optimality conditions

Opu— Dy~ Au+ pU(z)u = f+4q, (x,t) €Qx (0,7,

123 (2.1) u(z,t) =0, (x,t) € 092 x (0,71,
u(z,0) =0, x €,
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— Oz — APD} T2 4 pU ()2 = u—ug, (x,t) € Qx (0,7,
(2.2) 2(z,t) =0, (z,t) € 99 x (0,T],
z(z,T) =0, x €Q,

and the variational inequality

T
(2.3) J(Q)(v—q) = / /(vq +2)(v—q)dadt >0 Vv € Uy,
0o Jo
where BD} ™" is the adjoint operator of D}~ ", and called the right-sided Riemann-

Liouwille fractional substantial derivative given by
(2.4) B}~ 5 (x, ) = etPV (@) Bpl-« (e_tpU(”’)z(x, t)),

with BD} = being the right-sided Riemann-Liowville fractional derivative [26] defined
by
1
[(e)
Proof. Let g be a minimizer of J(q) := J(u(q), q), and du(q) := lim._o[u(qg+e(v—
q)) — u(q)]/e, it yields from (1.2) that du(q) satisfies

T
BDI = (2, t) = — at/ (s —1)* 2(x,s)ds, a€(0,1).
t

(2.5) 0,8u(q) — Dy~ Adu(q) + pU (z)dulg) = v — g

with zero boundary and initial values. Then we easily have the first-order necessary
optimality condition of the optimal control problem (1.1)-(1.2) as follows:

T T
J(q)(v—yq)= /0 /Q(u — ug)ou(g)dadt +/0 /Q'yq(v —q)dzdt >0 Vv €& Uyg.

The fractional substantial derivative (1.4) satisfies (see [18])
(2.6) Dy~ u(x, t) = e U@ Dime (U @z, 1)),

where D}~ refers to the left-sided Riemann-Liouville fractional derivative [26] given
by

(2.7) D} %u(x,t) = ﬁat/o (t — 5)* tu(x, s)ds, o€ (0,1).

Subsequently, by the fractional integration by parts formula of the left- and right-sided
Riemann-Liouville fractional derivatives in [19, Lemma 2.3], it follows that

T T
/ / du(q) - ABD} =" zdzdt = / / U@ Agu(q) - D}~ (e V@) 2) dadt
0o Ja 0o Ja
T
:/ /e_tpU('T)Dtl_o‘(etpU(I)A(Su(q)) - zdadt
o Jo

T
:/ /Dtlfa’IAéu(q) - zdzdt.
o Jo

4
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Together with the above property, (2.2) and (2.5) with zero boundary and initial
values, we derive

/OT /Q(u — uq)ou(q)dzdt = /OT/Q ( P ABDtlfa,;pZ n pU(x)Z)(5u(q)dxdt

T
= /0 /S)Z(atéu(q) — Dtl—a,xAdu(q) + PU(x)éu(q))dxdt

= /OT/Qz(v—q)dxdt,

which leads to the variational inequality (2.3).
Furthermore, we can easily deduce from (2.3) that the objective functional J(-)
in (1.1) is strongly convex with respect to the control variable ¢, and

(2.8) J(p)p—aq) =T (@)—a) =P —ali0r2@)

for any p,q € L2(0,T; L*(f2)), which indicates the uniqueness of the solution to the
continuous optimal control problem (1.1)-(1.2). d

It follows from the variational inequality (2.3) that
(2.9) 4= Pu.(- lz),
Y
where Py, (+) is the pointwise projection onto the admissible set U,q, given by
(2.10) Py, ,(v(t)) = max {a, min{v(t), b} },
which has the following property [17, Corollary 2.4]:

211 Pu. )l g o2y < N0l orray +C Vv e HHO0,T;L*(Q)).

Next, we derive the integral representations of the solutions to the state and
adjoint equations (2.1) and (2.2). It yields from [18, Proposition 7] that the Laplace

transform of the left-sided Riemann-Liouville fractional substantial derivative D; ~**

in (1.4) with a € (0,1) is

(2.12) L(D;~""u)(€) = B~ a(§),
for u(x,0) =0, where £ and ~ both stand for the Laplace transform and
(2.13) B(E) ==&+ pU(x).

Then we take the Laplace transform of (2.1) and obtain

(2.14) a(€) = (BE)* — A) 7 B> (f(&) + d(£)).

By the rule of inverse Laplace transform £1(f§)(t) = fot L)t — )L™ 1(g)(s)ds
and Cauchy’s integral formula and theorem, it obtains the solution to (2.1) as follows:

(2.15) u(e 1) = / F(t— )(f(-8) + g, 5))ds,

5
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190

where the operator F(-) : L%(2) — L2() is given by
1

2mi To

1

(2.16) F(t) (B —A)BE* e,

with 8(€) given by (2.13) and Ty, defined as
(2.17) Lyg={2€C:|z] =k, |argz| <O} U{z€C:|z]| >k, |argz| =0}.

By the approach of the Laplace transform, we can also obtain the solution to (2.2)
represented by

(2.18) z(+, 1) :/t E(s —t)(u(-, s) — ua(-,s))ds,

where the operator E(-) : L2(2) — L?(Q) is given by

1

(2.19) E(t) 1ﬁA ()2 (B(6)" — A) de.

" 2mi

If pU(z) is not a constant function, then it is clear that (£)*~* - (B(£)* — A)fl +

(B~ — A)_l - B(€)*~1 due to (2.13), which indicates that the operators F(-) and
E(-) are essentially different.

2.2. Solutions regularity. In this subsection, we establish the regularity results
of the solution to the optimality system (2.1)-(2.3). First, we introduce two essential
lemmas for further analysis. Throughout, the notation |- || denotes the operator norm
from L?(Q) to L2(9).

LEMMA 2.2 ([10]). For & € 3y := {£ € C\{0} : |arg¢| < 0} with 6 € (0,7), we
have the resolvent estimates

(2.20) 1€ =)~ < Clel,
(2.21) 1A (6 = 8)7H < CleI™7, v € [0,1].
LeEMMA 2.3 ([6, 30]). Let B(€) be defined in (2.13) and U(z) bounded in Q. By

choosing 0 € (5, m) sufficiently close to 5 and k > 0 sufficiently large (depending on
IpI|U ()| oo (02) ), we have the following results.
(1) For all x € ¥ and § € Yo, it holds that B(§) € Yax

and

-3
’2

Gl < [B(E)] < Cale],

where C1, Cy are positive constants. Thus B(£)*~% and B(£)*~1 are both C(Q)
valued analytic function of £ € B¢, :={z € C:|z| > K, |argz| < 6}.
(2) The operator (B(§)* — A)~! : L2(Q) — L3*(Q) is well-defined, bounded, and
analytic for z € ¥y ., satisfying
1(BE)* = A)TH < CleI™ V€ € Do,
IABE)* =A)T<C VEETyn

The regularity results of the solutions to the optimality conditions (2.1)-(2.3) are
provided in the following theorem.
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THEOREM 2.4. Let f,ug € L*(0,T;L*()), U(z) € W2°°(Q) and the real part
Re(pU(z)) > 0. Then the solutions (u, z,q) to the system (2.1)-(2.3) satisfy

(2.22) lull e o,;n20)) + 1ull 20,72 (0)) < CIF + dllrz0,7522(0)),
(2.23) 2l 2 0,7522(0)) + HZHL2(0,T;H2(Q)) <Clu— udHLZ(O,T;L2(Q)) J
(2.24) llall & o,m22(0)) < Cllu— Ud||L2(o,T;L2(Q)) +C,

where H?(Q) = H>(Q) N H(Q) equipped with the norm [0l g2 () = [[Av]|L2(0).-
Proof. For the operator F(t) in (2.16), it follows from Lemma 2.3 that

(2.25) IF@t)| < C and |AF(H)]| < Ct°.

Then the representation of u in (2.15) directly implies that
t
oy < € [ 106 +0)(5) s,

)l s < C / (t— )21 + ()l 22y ds,

which leads to the following estimates by Young’s inequality for convolution that
(2.26) lullL20,7;220)) + lull 20,12 0)) < CIF + allL20,7502(0))-

By extending u to be zero for t < 0 and f, ¢ to be zero for t € R\[0,T], it derives
from (2.14) that

(0 + pU(2))u = L=H{B(E) Lu(€) } (1)
= F H{B(iw) (Biw)* = A) " Bw) T F(f + a)(w) } (1),

where it applies Fv(w) = Lv(€) with £ = iw and w € R, and F refers to the Fourier
transform. It also holds that 3(iw) € Xz due to Re(pU(z)) > 0. Then, by Lemma
2.2 and the Plancherel formula, we have that

-1

1(0¢ + pU(@))ullL2(0,7;22(0)) < (0 + pU (2))ull L2 (m; £2(02))
= [FH{B(w) (B(iw)® — A) ' Biw)*  F(f + @) Yl r2mz2)

. . \a “1 /0 o
= ||B(iw) (B(iw)* — A)  B(iw) 1]:(f+Q)||L2(R;L2(Q))
SCNF(f + D2z = CNf + qllz2 @2 )
= C|f +dllzz0,7;02 ()

which and U(z) € L*>(£) imply
(2.27) 10l 20,72 (0)) < OIS + dllz20.1522(2))-

Thus, (2.26) and (2.27) lead to the estimate (2.22).
Next, we consider to obtain the estimate (2.23). With some calculations, we have

VBE)* ! = (a = 1)pBE)* VU (z),
ABE)* ! = (a = 1)p(pla - 2)B(E)* VU (z) - VU (z) + B(£)* AU (2)).
7
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Together with the condition U(z) € W*>(Q), Lemma 2.3, the equivalence of the
norms | - [| 2y and || - [[#2(0) in H2(Q) (see [32, Lemma 3.1]), then it derives that

[VBE)* o) + |ABE)* | oo () < Cl€|*~ for any & € Ty, and

18(E)* 0l g2 () = I1ABE)* V)| 220
< (ABE)* |l r2() + 2 VBE)* " - Vo 12(q)
+[18(6)* Av| 2
< ClE* Mol gz V€€ Lo,

where || > k is applied. Then it further derives from (2.19) and Lemma 2.3 that
IE@)|l < € and

o— (e} -1
AE(t)] SC/F 1 NBE)* M iz 0y 2y | (BEO)™ = A) ™l L2y 72 sy [ €]
0,k
<C €& - ¢t dg| < et
To,w

which implies from (2.18) that
(2.28) 2120, 7522(0)) + 121l 20,75 572(0)) < Cllt = wall20,1;02(0))-

To obtain the estimate ||0;z| 20,7522 (), We let p(-,n) := 2(-, T —n) withn = T—t
given by

n

(229) o) = [ By~ )@ - ()
0

which satisfies the following equation

Oyp(n) — AD,=*"p(n) + pU(x)p(n) = (@ — @a)(n), n € (0,T], with p(0) =0,

where @(-,n) = u(-,T —n) and @4(-,n) = uq(-,T — ). Then by the similar approach
for (2.27), we can derive (2.23). Finally, (2.9) and (2.11) lead to the estimate (2.24).0

3. Discretization in time. In this section, a temporal semidiscrete scheme is
designed for solving the optimal control problem (1.1)-(1.2) governed by the backward
fractional Feymann-Kac equation, then the corresponding optimality conditions and
the representations of the discrete solutions are established.

3.1. A semidiscrete scheme. Let ¢, = nT (n = 0,1,...,N) be the isometric
points in the time interval [0, T'] with the step size 7 = T'/N. We discretize the optimal
control problem (1.1)-(1.2) in the time direction as follows:

N
. T —
(3.1) Quin J(Q) =53 (10" = wjlZao) +71Q" i)
ad n=1

subject to

DLey™ — DI-es AU = f 4+ Q"7 2€Q, n=1,2,...,N,
(3.2) U'=0, z€dQ, n=0,1,...,N,

U=0, z€9,
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where f7 =1 ft t)dt, ut = L ft" ugq(-, t)dt, and

tn—1

={Q=(Q" MY a<@'<b n=1,2..., N}
In (3.2), the difference operator D1~%% is given by
1 n
(33)  DytUMi= o Yo b e U, =12, N,
rl-a
=1

to approximate the Riemann-Liouville fractional substantial derivative Dt1 Tz, ty)
in the state equation (1.2), see [3, 6, 30]. The coefficients {b§-17°‘)} in (3.3) satisfy the
power series expansion

B4 G0) = TG Vi<, with 50 =
7=0

and can be evaluated by the recursive formula b(()lfa) =1, b§17a) = b§»1:1a) : %72

1,2,.... In addition, D1*U™ refers to

] =

n —7pU(x n—1
(3.5) DLeyn = e—tnpU(w)DT(etnpU(:v)Un) _ Unr —e-PU@ Y 7
T

for discretizing the terms d;u + pU(z)u due to the relationship dyu + pU(z)u =
e~ trU () (e tpU(f”)u) and D, represents the standard backward Euler difference op-

n—1
erator D, U" := LOA Y ity

-
Moreover, we denote BD,Z"~1 := u7 and introduce the adjoint difference
operators of those in (3.3) and (3.5), as follows:

N
_ 1 o), .
(3.6) DIzt = e YT p etV g
i=n

zn—1 _ ef'er(x)Zn

(37) BDi,xanl .— etn_lpU(z)BDT(eftn_lpU(z)anl) — ;
T

which are the temporal difference approximations of BD1 T 2(z,tp—1) and (—0; +
pU(2))z(x, ty,—1) in the adjoint equation (2.2), rebpectlvely. Then we have the follow-
ing relationships:

N N
(38) TZ(BDifa,manl,Un): Z(Zn 1 Dl azUn)
= n=1
N N
(39) TZ(BD.}_7IZ"71,U”): Z(Z’n 1 Dl IU’n)
n=1 n=1

where U% =0 and ZN = 0.

3.2. Optimality conditions and solution representations. As the func-
tional J(-) in (3.1) is strongly convex, then the temporal semidiscrete problem (3.1)-
(3.2) has a unique solution (U, Q). By (3.8), (3.9), and the similar approach as in the

9
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proof of Theorem 2.1, we can obtain that there exists an adjoint state Z such that
(U, Z, Q) satisfies the optimality system

(3.10)  DY*U™ — DImTAU™ = fr 4 Q™Y reQ, U"=0, z € o,
(3.11)  BDlezn=t _ABDl-ewzn=l _pyn o zecQ, Z"'=0, z €09,

forn=1,2,...,N with U° =0, ZV = 0, and the variational inequality

(3.12) YQ" '+ Z" v —Q"H >0 YoueL*(Q), a<v<b,
where
(3.13) U=U",, Z=(2Z"", Q=@ "L,

To derive the solution representations for the temporal semidiscrete schemes
(3.10)-(3.11), we first introduce the functions as follows:

(3]‘4) fT('?t)‘(tn_l,tn] = fn7 Q('vt)htn_l,tn) = Qn_lv n= ]-7 27 R N7
(3.15) U(-t) (tn1,tn] = un, udT(.7t)|(tn717tn} =uy, n=12...,N.

Let U(C) = 3.°°, UC", it obtains from (3.3), (3.4) and (3.5) that

Z Dl awUn n_57_(e—'er(ac)C)l—acU(C)7
n=1

S (DU = 8,V T(Q).

n=1

Then we multiply (3.10) by ¢™ and take the summation for n from 1 to co that

~ -1

(3.16)  U(C) = (3:(e7 V@) — A) g, (e V)Y T (1 4 Q¢

By using the following equality due to (3.14)

79 Z / (o 0) + Q1)) et = &

oo

Z Qn 1 —§t

we derive from (3.16), Cauchy’s integral formula and theorem that the solution to
(3.10) is represented by

(3.17) U — /0 (b — $)(fr(8) + Q( ) ds

where

1 &t _ -1 _
T — &t TBE) Y _ A TB(§)ya—1
(3.18)  F7(t) 27ri/ e 7 (O (7 = A) o (e7THY) TG,

and I'y  is given by

gnz{ze(C:M:n, \argz|§0}U{ze(C Kk <lz| < . |argz|—9}.
’ T

10

This manuscript is for review purposes only.



311
312
313

314
315
316
317
318
319
320

321
322

Similarly, we can obtain the solution representation of (3.11) as follows:

(3.19) Zn-1 :/t E™(5 — tn_1) (U ) — war (- 5))ds,

n—1

where

(3.20) ET(t) = 1/ ot &7 5. (e BO)aL (5, (e TBO) _ A) e,

" onmi et — 177

4. Stability and error estimates. In this section, the error estimates of the
proposed temporal semidiscrete scheme (3.1)-(3.2) are rigorously established in Theo-
rem 4.7 without the regularity requirement on the solutions of the optimality system.

4.1. Stability. In this subsection, we discuss the stability of the temporal semidis-
crete scheme (3.1)-(3.2), which is crucial for the error estimates. A preliminary lemma
as follows is first introduced for further analysis.

LeEMMA 4.1 ([6, 30]). Let B(&) be given by (2.13) and U(z) bounded in Q. By

s

choosing 0 € (5, ) sufficiently close to 5 and x > 0 sufficiently large (depending on
IpI[|U ()| oo (02) ), there exists a positive constant T. such that the following estimates
hold for T < T,. -

(1) For allz € Q and § € ¥, we have 5. (e7 8Oy Ysr ¢, and

C1lé] < 16, (e7 PO < ol

(2) The operator (5, (e~ P& —A)=1: L2(Q) — L3(Q) is well-defined, bounded,
and analytic with respect to § € X ., satisfying
IA@G (™) —A) T < C VEeXy .
1(6-(e POy =AM < Cle)m VeEexy,,
where ), = {£ € C: |¢| > k, |arg £| <0, Im(&)] < I, Re(§) < k+1} with

Im(¢) and Re(§) being the imaginary and real parts of &, respectively.
(3) For all x € Q and real number ~, it holds that

|6, (e7TPO) — Be)| < Ol Y EeTy,.

For further analysis, we utilize the discrete time-space inner product and norm
defined as follows.

N
[V,W] = TZ(,Un’wn) Vv= (vn)ﬁf:h W= (wn)ﬁle € L2(Q)Na

N 1
IVl = Vv = (7 3 0 ey ¥ v = (0™ € LAY

n=1

In addition, two auxiliary problems are introduced as follows for the error analysis of
the temporal semidiscrete problem (3.1)-(3.2):

D}"IU(V)n - D;l—ia’zAU(v)n = fn + Unil’ x E Q7 n= 17 27 M)
(4.1) U(v) z€ed, n=0,1,...,N,
( x € Q,

N

)

"=0
0_,

-

v)
11
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326

340

341

342

343

348

349

BpLrz(w)r—t — APDI=* Z(w)" "t =" —u?, z€Q, n=N,...,1,
(4.2) Z(w)" =0, x €09, n=N,...,1,0,
(w)N =0, zeQ,

N

where f* =1 ftn LS t)dt, and uf = 1 ft - t)dt. Let U(v) = (U(v)™))_, and

n=1
Z(w) = (Z(w)"~ 1)n:1, the stability results for the system (4.1)-(4.2) are established
in the following.

LEMMA 4.2. Let U(v)"™ and Z(w)"~! be the solutions to the system (4.1)-(4.2),
respectively. Then we have

(4.3) I1U(a) = Ul < Cllla = v,
(4.4) I1Z(w) = Z(w)][| < Cll[a —wl],

where u = (u(-,tn))h"y and @ = (q(-,tn—1))n1 -
Proof. By the estimate [11, Lemma 3.4] as follows:

(4.5) Colélr <1 —€fT| < Cilélr V€ eTy,,

we derive from (3.18) and Lemma 4.1 that

I <C [ e [t [ IO ™) = 2) 7 6 (e0) ) g
;. -
@e) <[ g g < c
v
Let g7 (- )|,y t0) = q" (") and V(o) v ) = "7 1(), it yields from (3.17) that

tn
1U™(@) = U"(V)ll 2o < C/O IET (tn = )| - llgr (-, ) — vr(, 8) | L2(ds

tn
<0 [ ar9) = o9 lands,
0

which directly derives that

N

MU@—UWW%g%ZXA"mw@—mmﬂm@mf

n=1

<CTZZ Hq‘ra —0r (- 8) || 720 ds

n=1j=1"%ti-1

—CTZZ/ ¢ =0 ey ds

n=1 j=1
< Cllla—vlI*.
By (3.20), (4.5) and Lemma 4.1, it leads to ||E7(¢)|| < C. Then we can also
obtain the estimate (4.4) from (3.19) by the similar technique for (4.3). d
12
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355 4.2. Error estimates. In this subsection, we dedicate to establish the error
356 estimates for the temporal semidiscrete scheme (3.1)-(3.2), as shown in Theorem 4.7.

357 LEMMA 4.3. Let F(-), F7(-), E(-) and E7(") be given by (2.16), (3.18), (2.19)
358 and (3.20), respectively. Then we have

359 (4.7) |F(t) — FT(t)|| < =179 Vv ee0,1], t € (0,7,
30 (4.8) |E({t) — E™(t)|| < Cri=t= (=9 v ee0,1], t e (0,T).
362 Proof. From (2.16) and (3.18), it easily yields that
363 (4.9) F(t)— F7(t) = 2% /F . S Dy (€)dE + Qim /F . e Dy (€)d¢,
where
D) = (B — A) B,
Da(€) = (A& — &) 8O = 2T (8, (eTFO) — A) o (PO,

efm —1
364 It has from [11, Lemma 3.4] that

£t ‘
efT —1

565 (4.10) ‘1 - = 0(e ) (e ) — )| < Clelr VEETy,,

366 then we derive from (4.5), Lemmas 2.3 and 4.1 that

567 (411) [D1(©)ll < CI(BE)™ = A) |- 1BEOT < CIBEIT < O™t Y EE Ty,
368  and

369 D26 < 1(B(E)™ — A) ™ BE)* Y|

| (0o (e O) = A) o (T

371 <C(BE +16-(e7 @)

372 (4.12) <O~ VEeTy,.

374 Furthermore, by using Lemma 4.1 and the estimate (4.10), we have ||Dy(€)|| < Cr
575 for any § € I'g x\I'p ., and

1Do(&)] = [|(B&)* = A) T (B()*" = b, (e TF@) 1|
HI[(BE)™ = A) 7" = (3-(e7 ) — A) o (e7THO) |

+ H (1 - 6557_ 1) (6, (e TP — A)fléT(eng(g))aﬂH

<Cr VéeTy,,

376 (4.13)

377 where it applies the following estimate

a8 1(86)" - &)
379 = [I(3©)* - A)

B O RV

THBE = 8- (7O (8, (e7TFEO) — A)
13
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388

389

390

391

392

394

<CTlgl'™ veerg,
Hence, it infers from (4.11), (4.12) and (4.13) that

(4.14) ID1(€)|| < Cr'cl¢|™¢ V€ €Ty \IG,., €€ [0,1],
(4.15) |D2(€)|| < Crimcl¢|™e Y EeTy,, ec0,1].

Consequently, the result (4.7) is obtained from the above estimates and (4.9), and
(4.8) can also be derived by the similar approach. d

LEMMA 4.4. Let u be the solution to the state equation (2.1) and U(q)™ be the
solution to the discrete equation (4.1) for v~ ! :=q¢q" ! = q(-,t,_1). Then we have

lla = U()lll < Clrr,

where U(q) = (U(q)")Y_; and I, = |InT|.
Proof. From the solution representations in (2.15) and (3.17), it follows that

u(ertn) — U(q)" = / " (F(tn = 8) = FT(t — ) (£(-5) + (- ))ds
+ CET(t = $)(f(8) — fo(5))ds
+/0 F(t, — s)(q(,s) - qT(~,s))ds
= A" 4 B" 4 C",

for n = 1,2,..., N, where fr(-t)|[,_,+,) = f* as in (3.14) and q; (-, )|fr,_, 4,) =
q" "t =q(-,tp—1). For the term A™, we derive from (4.7), (2.25) and (4.6) that

tn—1 _ 1—e
”AnHL2(Q) S CTlfe/ ((tn +7 8)
0

m(tn +7—8) " F(y8) + a8 2y ds
e

t"l
+orte / (tn+7 =) "N f(8) + (- 8) [ L2(@ds
tp—1

T
S CTl_e / 1{tn>s}(tn + 7= 5)_(1_6) Hf(7 S) + Q('v s)||L2(Q)d57 €€ (07 1),
0

which implies that

N 1
A = (- > 1A 320y )

< ( ~ 26[/T1{t e (b7 = )OO F(5) + (- 5) L acayds] )

Nl

N T
Orl—e (7’ Z / 1, 5a(tn +7 — s)_(l_e)ds
n=1 0

(NI

T
[ Lt 7= )OI + 48 Fayds)

2 o
N

< Crie (6717'
n

T
| et #7708 + a9 )
1

14
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395
396
39¢

399

400

401

403

414

415

416

418
419

. 1

< 071_6(6_2/ [PACE) +Q('vs)||i2(9)ds) 2
0

< CT N f +allez o,z )

<Ottt = Cl, T,

where € = [-! is taken with [, = |In 7|, and it applies two inequalities [12] as follows:

T
(4.16) sup / 14,56 (tn +7 — 8)7(175) ds < Ce? (tn + T)E < Ce—l7
1<n<N Jo
(4.17)
N T
sup T Z 1,56 (bn +7— s)_(l_e) < sup / (t+7—5)"179dt < Ce L.
s€(0,7) ., s€(0,7) Js—1

From (3.14) with fm =1 [I

T thn—1

f(-,t)dt, we have that

t; t; 1 ¢

/ F(tn = tj-1)f2(:,s)ds = / F7(ty — tj—l)*/ f(-,w)dwds
tj—1 tj 1 T tj 1

tj
— [ Pt -t fCsas,

tj71

and it also holds that

[ET(tn = 8) = 7 (tn — tj-1)|

30/
I

<O [ et 1 e tmD] g g

-
T

eftn=s) — esten=tin)]. | &7
e — 1

.
6,k

) H((;T(effﬁ(é))a _ A)‘ln 8, (e TBOY g

<C S R [Tt Y
TG

<Cr e, — )71 s € (o, t).

Then we derive from the above estimates and (4.6) that
nmm@sz[ [F7(tn = ) = 7 (tn = 1)l - (o 8) = o ()l naonds
j=17t

tn—1
SO#*A (tn — )" F(r8) = £ () zqayds

tn
+/ 1£C28) = £ (o)l ds

tn—1
By the similar approach in the estimate of |||(A™))_, |||, it obtains

BN < CT eI f = Frlli2omira)y < CT' %€t < Cler.
15
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120 As for C™, we have from (4.6) that

N tn 2 %
12 e e(=3 ( / las) = @, 8)llp2eyds) )

n=1

noort 2\ 3

2 —c(r (X [ lato) — attilzaords))

n=1 j=1"ti-1

tn 2 %
123 <c(r>o ([ 1ot s)lmmds) )
- 0
T 3
424 < 0(72/ 19sq(-, s)H%z(Q)ds)
0

438 < O7llgllaro,1m:22(0)) < CT.
427  Therefore, the result is derived by the above estimates. ]
428 Let Z(u)"~! be the solution to the discrete equation (4.2) for w™ := u™ = u(-, t,)

120 and ufj =L [ ug(- t)dt. With (2.18) and (3.19), it follows that

T

T

130 z(-,tn_l)—Z(u)"flz/t (E(s —tn—1) — E7(s —tn_1)) (ul-, ) — uq(-, s))ds
T

431 —|—/t E7(s —tn—1)(u(:, s) —ur(-,s))ds
T

432 — E™(s—t,_1)(uq(-,s) —ug- (-, s))ds,

i | ) (st ) v, 9)

434 where ur (-, t)| ¢, ¢, = " = u(-, tn) and uar (-, )|, 4, = ug forn =1,2,...,N.
435 By the similar techniques to estimate A™, B™ and C" as above, we can also obtain
136 the estimate as follows.

LEMMA 4.5. Let z be the solution to the adjoint equation (2.2), and Z(u) =
(Z()" " YHN_, with Z(u)"~' being the solution to the discrete equation (4.2) for

n=1
ni=u = ul,t,) and ult = X ft:,l ug(-,t)dt. Then we have

T

w

llz = Z(u)[l| < Cly,

137 where z = (2(-,tp_1))"_1 and I, = |In7|.
438 By using the above results, the error analysis of |||q — Q|| is derived in the
139 following lemma.
440 LEMMA 4.6. Let ¢ and Q™! be solutions to (2.3) and (3.12), respectively. Then
441 there exists a constant C' proportional to 1/~ such that
442 (4.18) lla — Q|| < Ci.r.
443 Proof. By (3.8) and (3.9), we have
144 [Z - Z(U(q)),a - Q] = [Z ~ Z(U(q)), (D;* — AD;=**)(U(q) — U)]
445 =[("Dy* = PD;7*"A)(Z — Z(U(q))), U(q) - U]
446 = —[|U(a) - U||* < 0.
16
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448

449

464
465
466
167
468
148

471

It follows from (2.3) and (2.9) that

(4.19) (va(-s tn—1) + 2(- tn-1),v — q(-, ty—1)) =0 Vo€ L*(Q), a<v <b.

Then we have from (4.19) and (3.12) that

[v9,9a—Q]=—[z,9- Q] - [va+2Q—q] < —[z,q9-Q],
-1Qa-Ql=[Z,q9-Q-1"Q+Z,q-Q]<[Z,q-Q],

which further leads to

Yla— Q> =vla.a— Q] —+[Q.q — Q]
<—[z,a-Q]+[Z,q- Q]
=[Z-7Z(U(q)),qa - Q]+ [Z(U(a)) — 2,9 - Q]
<[Z(U(q)) —z,9 - Q].

Therefore, it derives from the estimates in Lemmas 4.2, 4.4 and 4.5 that

lla—Qlll < Cll1Z(U(a)) — =||
< CIZ(U(a)) — Z(u)[|| + C[[|Z(u) — 2|
< Cl[U(a) — ull| + C|||Z(u) — 2|
< Cl;.

|

With the above discussions, we present the error estimate of the semidiscrete

scheme (3.10)-(3.11), which is stated in the following theorem.

THEOREM 4.7. Assume that f,uq € L*(0,T; L*(Q)), Re(pU(x)) > 0 and U(x) €
L>(Q). Let (u,2,q) and (U™, Z"~1, Q") be the solutions of the problems (2.1)-(2.3)

and (3.10)-(3.12), respectively, then we have

lfa = Ul + ll|lz = Z[|| + [lla = QlIl < Cl-,

where u = (u(-, t,))V_1, 2 = (2(, 1)1, a = (¢(,tn_1))N_1, I, = |In7|, and the

constant C' depending on 1/v is independent of T.
Proof. 1t follows from the estimates in Lemmas 4.2, 4.4 and 4.6 that

[la = Ul[| < [[la=U(q)[[| + [[[U(q) — U]
< e =Tl + Cllla — Q]
<Cl,T.

By using the triangle inequality, Lemmas 4.2 and 4.5, we obtain

llz = Z| < |l|lz = Z(w)l[| + [[|Z(u) — Z[|
< lllz = Z(w)l[| + Cl|[a — U]
< Cl,T.

Then the result is obtained together with Lemma 4.6.
17
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5. Numerical examples. In this section, we present two numerical examples
to illustrate the efficiency of the semidiscrete scheme (3.10)-(3.11) for solving the
optimal control problem (1.1)-(1.2) governed by the backward fractional Feynman-
Kac equation, and verify the theoretical error estimate in Section 4.

EXAMPLE 1. Let Q = (0,1), T =1, v=0.1, U(z) =z, p =
b= 0.0. The exact solutions (u, z,q) to the optimal control problem
dimension are chosen as

1, a = —5.0 and
(1.1)-(1.2) in one

u=e "Ptsin(rz), z=e"P"(1 —t)sin(nx),

¢ = max{a, min{—z/v,b}},

the functions f and ug are computed by (2.1), (2.2) and the exzact solutions.

The discrete optimal control problem (3.1)-(3.2) is solved by the inexact alternat-
ing direction method of multipliers (ADMM) algorithm [8] with the piecewise linear
finite element discretization in space, where the Lagrange penalty parameter is taken
the same as the penalty parameter 7, and the stopping criterion is measured by
the maximal of the primal and dual residuals as in [8, Section 6] with a prescribed
tolerance being 1.0 x 1075, The mesh size h = 1/64 is chosen for the spatial fi-
nite element discretization. In Table 1, it reports the errors ||ju — Ul||, |||z — Z|||,
[la — Q]| and the temporal convergence orders for Example 1 with o = 0.2,0.5,0.8
and 7 = 1/4,1/8,1/16,1/32,1/64. First order convergence in time is observed for
different values of «, which confirms the theoretical result in Theorem 4.7 and the
efficiency of our numerical scheme.

TABLE 1

The errors ||lu — Ul||, |||z — Zl||, ||la — Q||| and the convergence orders for Example 1.

a Error T=1/4 7t=1/8 7t=1/16 7=1/32 7=1/64 Order
llu —UJ| | 2.27e-02 1.11e-02 5.18e-03 2.47e-03 1.18e-03 | = 1.07 (1.0)
02| |llz—Z||| | 2.19¢-02 1.13e-02 5.62e-03 2.76e-03 1.35e-03 | ~ 1.01 (1.0)
lla — Q|| | .70e-01 9.09¢-02 4.56e-02 2.22¢-02 1.07-02 | ~ 1.00 (1.0)
llu —UJ|| | 3.42e-02 1.71e-02 8.34e-03 4.08e-03 2.00e-03 | = 1.02 (1.0)
05| |llz—Z||| | 3.15e-02 1.62e-02 8.11e-03 4.04e-03 2.02e-03 | ~ 0.99 (1.0)
llla— QJ|| | 2.72e-01 1.45e-01 7.36e-02 3.70e-02 1.85e-02 | ~ 0.97 (1.0)
[lu —Ul|| | 4.77e-02 2.37e-02 1.18e-02 5.81e-03 2.87e-03 | ~ 1.01 (1.0)
0.8 |llz—Z||| | 5.49¢-02 2.81e-02 1.43e-02 7.22e-03 3.65e-03 | ~ 0.98 (1.0)
lla— QJ|| | 4.17e-01 2.27e-01 1.16e-01 5.94e-02 3.01e-02 | ~ 0.95 (1.0)

EXAMPLE 2. Let Q = (0,1)2, T=1, v=1, Ulx,y) =x+y, p=1,a = —0.2
and b = 0.0. We choose the exact solutions (u,z,q) to the optimal control problem

(1.1)-(1.2) in two dimensions as

u = e~ P sin(nx) sin(my),
z = eP@H1(1 — ) sin () sin(my),

q = max{a, min{—z/v,b}},

and calculate f and ug by (2.1), (2.2) and the exact solutions.

We fix the uniform triangular mesh with the mesh size h = 1/32 over the domain
Q = (0,1)% in Example 2, and solve the discrete problem (3.1)-(3.2) by the inexact

18
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ADMM algorithm [8] with the same settings as in Example 1. For @ = 0.2,0.5,0.8
and 7 = 1/4,1/8,1/16,1/32,1/64, the errors |||lu — U||, |||z — Z|||, ||lq — Ql|| and
the temporal convergence orders are presented in Table 2, from which a first order
convergence order is observed in the time direction. This is also consistent with the
theoretical analysis in Theorem 4.7, and illustrates the effectiveness of the proposed
scheme as well.

TABLE 2

The errors ||lu — Ul||, |||z — Zl||, ||la — Q||| and the convergence orders for Example 2.
a Error T=1/4 7t=1/8 7t=1/16 7=1/32 7=1/64 Order
llu — UJ|| | 9.86e-03 5.06e-03 2.53e-03 1.23e-03 5.83e-04
02| |llz—Z||| | 5.14e-02 2.50e-02 1.20e-02 5.76e-03 2.80e-03
lla — Q|| | 4.85e-02 2.38¢-02 1.14e-02 5.50e-03 2.67¢-03
[lu — UJ|| | 1.08e-02 5.71e-03 2.88e-03 1.43e-03 7.11e-04
0.5 |llz—Z||| | 4.90e-02 2.34e-02 1.11e-02 5.33e-03 2.62e-03
lla— QJ|| | 4.64e-02 2.22e-02 1.05e-02 5.05e-03 2.47e-03
[[u—U|[[1.706:02 9.036-03 4.64c-03 2.36e-03 1.20e-03
0.8| |l|z— Z]||| | 4.85e-02 2.37e-02 1.16e-02 5.79e-03 2.95e-03
lla— QJ|| | 4.47e-02 2.19e-02 1.07e-02 5.32e-03 2.69e-03

QR XA

6. Conclusion. This work investigates the theoretical and numerical issues for
an optimal control problem governed by the backward fractional Feynman-Kac equa-
tion, which governs the probability density function of functionals in anomalous and
multiscale diffusion. Due to time-space coupled nonlocal fractional substantial de-
rivative in the equation and its noncommutativity with the Laplacian, it confronts
significant difficulties. The well-posedness, optimality conditions and solution reg-
ularity of the optimal control problem are established. Subsequently, a temporal
semidiscrete scheme is proposed for the optimal control problem, where the Riemann-
Liouville fractional substantial derivative in time is discretized by the BECQ formula.
We rigorously conduct the temporal error estimate based on the regularity results of
the solution, demonstrating a first-order convergence order, which is supported by the
numerical results. It is noticed that the spatial error analysis of the finite element
method for the optimal control problem still encounters numerous challenges, which
remains to be addressed in future work.
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