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Abstract. In this paper, we discuss an optimal control problem governed by the backward frac-5
tional Feynman-Kac equation, which depicts the probability density function of functionals of wide-6
spread diffusion phenomena in various multiscale fields. In the constrained equation, the time-space7
coupled nonlocal operator and its noncommutativity with Laplacian bring significant difficulties.8
The well-posedness, optimality conditions and solution’s regularity of the continuous optimal control9
problem are established. Then, we propose a temporal semidiscrete scheme for the optimal control10
problem by applying the backward Euler convolution quadrature (BECQ) formula to discretize the11
Riemann-Liouville fractional substantial derivative in the equation. In addition, the error estimate12
of the proposed semidiscrete scheme is rigorously established, and almost optimal convergence of13
O(τ | ln τ |) is obtained depending only on the regularity assumptions on the data and without ex-14
tra assumptions on the solution. Some numerical examples are illustrated to verify the theoretical15
results.16
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1. Introduction. Let Ω be a bounded convex polygonal domain with the bound-20

ary ∂Ω in Rd, d ≥ 1. We consider to design and analyze a temporal semidiscrete21

scheme for the optimal control problem:22

(1.1) min
q∈Uad

J(u, q) =
1

2
‖u− ud‖2L2(0,T ;L2(Ω)) +

γ

2
‖q‖2L2(0,T ;L2(Ω)),23

subject to the backward fractional Feynman-Kac equation [2, 34]24

(1.2)
∂tu(x, t)−D1−α,x

t ∆u(x, t) + ρU(x)u(x, t) = f(x, t) + q(x, t), (x, t) ∈ Ω× (0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ],

u(x, 0) = 0, x ∈ Ω,

25

where T > 0 is a fixed final time, ud : (0, T ) → L2(Ω) is a given target function,26

γ > 0 is a penalty constant, and q is the unknown control variable belonging to the27

admissible set Uad given by28

(1.3) Uad =
{
q ∈ L2(0, T ;L2(Ω)) : a ≤ q ≤ b a.e. in Ω× [0, T ]

}
,29

with a, b ∈ R and a ≤ b. In (1.2), D1−α,x
t with α ∈ (0, 1) represents the left-sided30

Riemann-Liouville fractional substantial derivative [2, 7, 18] as follows:31

(1.4) D1−α,x
t u(x, t) =

1

Γ(α)

[
∂t + ρU(x)

] ∫ t

0

(t− s)α−1e−(t−s)ρU(x)u(x, s)ds,32
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where Γ(s) =
∫∞

0
ts−1e−tdt is the Euler-gamma function, ρ ∈ C, ∆ denotes the33

Laplace operator, the function U(x) is given and bounded in Ω̄, and f : (0, T )→ L2(Ω)34

is a given function. It is noticed that D1−α,x
t ∆ 6= ∆D1−α,x

t if ρU(x) is not a constant35

function.36

The backward fractional Feynman-Kac equation (1.2) was derived by Carmi et37

al. in [2, 34] to depict the probability density function of a functional of non-38

Brownian motion with power-law waiting time, which is a widespread phenome-39

non in various multiscale fields, including physics, chemistry, biology, finance and40

others [9, 22, 23, 27, 28, 29, 36]. Specifically, (1.2) is the governing equation of41

u(x, ρ, t) :=
∫∞

0
u(x,A, t)e−ρAdA, where A =

∫ t
0
U(x(s))ds is the functional of anoma-42

lous diffusion in non-Brownian motion with U(x) being a prescribed nonnegative43

function associated with specific applications [2, 4], and u(x,A, t) denotes the prob-44

ability density function of finding the particle’s path functional on A at the time t45

with the initial position of the particle at x. A variant equation of (1.2) is obtained46

replacing ρ by −iρ [2] if the functional A is not definitely nonnegative induced by some47

non-positive function U(x), and it is the governing equation of the Fourier transform48

of u(x,A, t), i.e., u(x, ρ, t) :=
∫ +∞
−∞ u(x,A, t)eiρAdA with i being the imaginary unit.49

Another variant of (1.2), named the forward fractional Feynman-Kac equation, is as50

follows:51

(1.5) ∂tu(x, t)−∆D1−α,x
t u(x, t) + ρU(x)u(x, t) = f(x, t) + q(x, t)52

with the term D1−α,x
t ∆u in (1.2) being replaced by ∆D1−α,x

t u, it describes the joint53

probability density function of finding the particle on (x,A) at time t. It is essentially54

different from (1.2) due to the noncommutativity of the nonlocal operator D1−α,x
t55

defined by (1.4) and the Laplacian ∆ whenever ρU(x) is not a constant function.56

Equation (1.2) covers many important models. If α = 1, it leads to the classical57

Feynman-Kac equation describing the functional distribution of Brownian motion,58

which is a Schrödinger-like equation derived by Kac [16] in 1949 by using the Feyn-59

man’s path integral method. If ρU(x) ≡ 0 and α ∈ (0, 1), then (1.2) becomes the60

time-fractional diffusion equation ∂tu − D1−α
t ∆u = 0 as D1−α,x

t in (1.2) deduces to61

the Riemann-Liouville fractional derivative D1−α
t defined by (2.7), and it describes62

many anomalous diffusion phenomena in physics, chemistry, biology, finance and oth-63

ers [22, 23, 36].64

A number of efficient numerical algorithms have been designed for solving time-65

fractional partial differential equations, but the numerical investigations of the frac-66

tional Feynman-Kac equations are relatively limited. Due to the time-space coupled67

nonlocal operator D1−α,x
t in (1.4) and its noncommutativity with the Laplacian ∆68

in the equations, it encounters significant challenges on numerical discretizations and69

their error analyses. Chen and Deng [3] established high-order finite difference ap-70

proximations for fractional substantial derivatives based on the Lubich method [21],71

which were subsequently used to numerically solve the forward and backward frac-72

tional Feynman-Kac equations with smooth solutions [5]. Recently, Sun, Nie and73

Deng [30] concerned the first-order and second-order time-stepping schemes for the74

homogeneous backward fractional Feynman-Kac equation with nonsmooth initial data75

by using the convolution quadrature approximations of the fractional substantial de-76

rivative. Later, high-order fully discrete schemes with some correction terms were77

developed for the backward fractional Feynman-Kac equation by combining the back-78

ward difference formulas (BDF) convolution quadrature in time and the finite element79

method in space [31]. In [13], the authors proposed and analyzed a second-order time-80
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stepping numerical scheme for the inhomogeneous backward fractional Feynman-Kac81

equation with nonsmooth initial data by using the weighted and shifted Grünwald82

difference (WSGD) formula [33]. A first-order time-stepping method was provided83

in [6] to solve the forward fractional Feynman-Kac equation with error estimates in84

the measure norm depending only on the measure of the initial data. The work [25]85

considered the forward fractional Feynman-Kac equation, built the regularity of the86

solution, and developed the error estimates for a fully discrete scheme constructed by87

convolution quadrature and finite element methods.88

Substantial researches have emerged over the past decade discussing optimal con-89

trol problems of fractional partial differential equations, addressing both theoretical90

and numerical issues, one can consult the works [1, 12, 15, 20, 24, 35, 37, 38] and91

the references therein. Despite all this, the optimal control problem of the backward92

fractional Feynman-Kac equation has not yet been explored. In our recent work [14],93

an optimal control problem of the forward fractional Feynman-Kac equation (1.5) was94

discussed, which is essentially different from the problem (1.1)-(1.2) due to the differ-95

ence of their constrained state equations (1.5) and (1.2) as mentioned before, and thus96

the results do not apply to (1.1)-(1.2). To fill this gap, we endeavor to investigate the97

theoretic and numerical analysis of the optimal control problem (1.1)-(1.2), where the98

complex parameter ρ and the noncommutativity of the time-space coupled nonlocal99

operator D1−α,x
t and the Laplacian ∆ pose noteworthy challenges. We will first de-100

rive the first-order optimality conditions and analyze the solution’s regularity. Then101

we propose and rigorously analyze a temporal semidiscrete scheme for the optimal102

control problem, which is proved to exhibit an almost optimal convergence order of103

O(τ | ln τ |) in time relying solely on regularity assumptions of the data without the104

regularity requirements on the exact solution.105

The rest of this paper is organized as follows. In Section 2, we derive the optimal-106

ity conditions and the solution representations, and establish the regularity results107

of the solution to the optimal control problem (1.1)-(1.2). In Section 3, a first order108

temporal semidiscrete scheme is proposed for solving (1.1)-(1.2) with the Riemann-109

Liouville fractional substantial derivative in time approximated by the backward Euler110

convolution quadrature (BECQ) formula. In Section 4, we rigorously analyze the111

temporal error estimates of the proposed semidiscrete scheme. The theoretical con-112

vergence result of our proposed numerical scheme is verified by numerical examples113

in Section 5. This paper ends with some conclusions in Section 6.114

2. The continuous optimal control problem. In this section, we discuss the115

well-posedness and the first-order optimality conditions of the continuous optimal116

control problem (1.1)-(1.2), derive the solution representations and estimate their117

regularity results.118

2.1. Optimality conditions and solution representations.119

Theorem 2.1. The optimal control problem (1.1)-(1.2) has a unique solution120

(u, q) in L2(0, T ;L2(Ω))×Uad. In addition, there exists an adjoint state z ∈ L2(0, T ;L2(Ω))121

such that (u, z, q) satisfies the optimality conditions122

(2.1)


∂tu−D1−α,x

t ∆u+ ρU(x)u = f + q, (x, t) ∈ Ω× (0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ],

u(x, 0) = 0, x ∈ Ω,

123
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124

(2.2)


− ∂tz −∆BD1−α,x

t z + ρU(x)z = u− ud, (x, t) ∈ Ω× (0, T ],

z(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ],

z(x, T ) = 0, x ∈ Ω,

125

and the variational inequality126

(2.3) J ′(q)(v − q) =

∫ T

0

∫
Ω

(γq + z)(v − q)dxdt ≥ 0 ∀ v ∈ Uad,127

where BD1−α,x
t is the adjoint operator of D1−α,x

t , and called the right-sided Riemann-128

Liouville fractional substantial derivative given by129

(2.4) BD1−α,x
t z(x, t) = etρU(x)BD1−α

t

(
e−tρU(x)z(x, t)

)
,130

with BD1−α
t being the right-sided Riemann-Liouville fractional derivative [26] defined

by

BD1−α
t z(x, t) = − 1

Γ(α)
∂t

∫ T

t

(s− t)α−1z(x, s)ds, α ∈ (0, 1).

Proof. Let q be a minimizer of J(q) := J(u(q), q), and δu(q) := limε→0[u(q+ε(v−131

q))− u(q)]/ε, it yields from (1.2) that δu(q) satisfies132

(2.5) ∂tδu(q)−D1−α,x
t ∆δu(q) + ρU(x)δu(q) = v − q133

with zero boundary and initial values. Then we easily have the first-order necessary
optimality condition of the optimal control problem (1.1)-(1.2) as follows:

J ′(q)(v − q) =

∫ T

0

∫
Ω

(u− ud)δu(q)dxdt+

∫ T

0

∫
Ω

γq(v − q)dxdt ≥ 0 ∀ v ∈ Uad.

The fractional substantial derivative (1.4) satisfies (see [18])134

(2.6) D1−α,x
t u(x, t) = e−tρU(x)D1−α

t

(
etρU(x)u(x, t)

)
,135

where D1−α
t refers to the left-sided Riemann-Liouville fractional derivative [26] given136

by137

(2.7) D1−α
t u(x, t) =

1

Γ(α)
∂t

∫ t

0

(t− s)α−1u(x, s)ds, α ∈ (0, 1).138

Subsequently, by the fractional integration by parts formula of the left- and right-sided
Riemann-Liouville fractional derivatives in [19, Lemma 2.3], it follows that∫ T

0

∫
Ω

δu(q) ·∆BD1−α,x
t zdxdt =

∫ T

0

∫
Ω

etρU(x)∆δu(q) · BD1−α
t

(
e−tρU(x)z

)
dxdt

=

∫ T

0

∫
Ω

e−tρU(x)D1−α
t

(
etρU(x)∆δu(q)

)
· zdxdt

=

∫ T

0

∫
Ω

D1−α,x
t ∆δu(q) · zdxdt.

4
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Together with the above property, (2.2) and (2.5) with zero boundary and initial
values, we derive∫ T

0

∫
Ω

(u− ud)δu(q)dxdt =

∫ T

0

∫
Ω

(
− ∂tz −∆BD1−α,x

t z + ρU(x)z
)
δu(q)dxdt

=

∫ T

0

∫
Ω

z
(
∂tδu(q)−D1−α,x

t ∆δu(q) + ρU(x)δu(q)
)
dxdt

=

∫ T

0

∫
Ω

z(v − q)dxdt,

which leads to the variational inequality (2.3).139

Furthermore, we can easily deduce from (2.3) that the objective functional J(·)140

in (1.1) is strongly convex with respect to the control variable q, and141

(2.8) J ′(p)(p− q)− J ′(q)(p− q) ≥ γ‖p− q‖2L2(0,T ;L2(Ω))142

for any p, q ∈ L2(0, T ;L2(Ω)), which indicates the uniqueness of the solution to the143

continuous optimal control problem (1.1)-(1.2).144

It follows from the variational inequality (2.3) that145

(2.9) q = PUad

(
− 1

γ
z
)
,146

where PUad(·) is the pointwise projection onto the admissible set Uad, given by147

(2.10) PUad
(
v(t)

)
= max

{
a,min{v(t), b}

}
,148

which has the following property [17, Corollary 2.4]:149

(2.11) ‖PUad(v)‖H1(0,T ;L2(Ω)) ≤ ‖v‖H1(0,T ;L2(Ω)) + C ∀ v ∈ H1(0, T ;L2(Ω)).150

Next, we derive the integral representations of the solutions to the state and151

adjoint equations (2.1) and (2.2). It yields from [18, Proposition 7] that the Laplace152

transform of the left-sided Riemann-Liouville fractional substantial derivative D1−α,x
t153

in (1.4) with α ∈ (0, 1) is154

(2.12) L(D1−α,x
t u)(ξ) = β(ξ)1−αû(ξ),155

for u(x, 0) = 0, where L and ˆ both stand for the Laplace transform and156

(2.13) β(ξ) := ξ + ρU(x).157

Then we take the Laplace transform of (2.1) and obtain158

(2.14) û(ξ) =
(
β(ξ)α −∆

)−1
β(ξ)α−1(f̂(ξ) + q̂(ξ)).159

By the rule of inverse Laplace transform L−1(f̂ ĝ)(t) =
∫ t

0
L−1(f̂)(t − s)L−1(ĝ)(s)ds160

and Cauchy’s integral formula and theorem, it obtains the solution to (2.1) as follows:161

(2.15) u(·, t) =

∫ t

0

F (t− s)
(
f(·, s) + q(·, s)

)
ds,162

5
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where the operator F (·) : L2(Ω)→ L2(Ω) is given by163

(2.16) F (t) :=
1

2πi

∫
Γθ,κ

eξt
(
β(ξ)α −∆

)−1
β(ξ)α−1dξ,164

with β(ξ) given by (2.13) and Γθ,κ defined as165

(2.17) Γθ,κ =
{
z ∈ C : |z| = κ, | arg z| ≤ θ

}
∪
{
z ∈ C : |z| ≥ κ, | arg z| = θ

}
.166

By the approach of the Laplace transform, we can also obtain the solution to (2.2)167

represented by168

(2.18) z(·, t) =

∫ T

t

E(s− t)
(
u(·, s)− ud(·, s)

)
ds,169

where the operator E(·) : L2(Ω)→ L2(Ω) is given by170

(2.19) E(t) :=
1

2πi

∫
Γθ,κ

eξtβ(ξ)α−1
(
β(ξ)α −∆

)−1
dξ.171

If ρU(x) is not a constant function, then it is clear that β(ξ)α−1 ·
(
β(ξ)α −∆

)−1 6=172 (
β(ξ)α − ∆

)−1 · β(ξ)α−1 due to (2.13), which indicates that the operators F (·) and173

E(·) are essentially different.174

2.2. Solutions regularity. In this subsection, we establish the regularity results175

of the solution to the optimality system (2.1)-(2.3). First, we introduce two essential176

lemmas for further analysis. Throughout, the notation ‖·‖ denotes the operator norm177

from L2(Ω) to L2(Ω).178

Lemma 2.2 ([10]). For ξ ∈ Σθ :=
{
ξ ∈ C\{0} : | arg ξ| ≤ θ

}
with θ ∈ (0, π), we179

have the resolvent estimates180

‖(ξ −∆)−1‖ ≤ C|ξ|−1,(2.20)181

‖∆1−γ(ξ −∆)−1‖ ≤ C|ξ|−γ , γ ∈ [0, 1].(2.21)182183

Lemma 2.3 ([6, 30]). Let β(ξ) be defined in (2.13) and U(x) bounded in Ω̄. By184

choosing θ ∈ (π2 , π) sufficiently close to π
2 and κ > 0 sufficiently large (depending on185

|ρ|‖U(x)‖L∞(Ω̄)), we have the following results.186

(1) For all x ∈ Ω and ξ ∈ Σθ,κ, it holds that β(ξ) ∈ Σ 3π
4 ,

κ
2

and

C1|ξ| ≤ |β(ξ)| ≤ C2|ξ|,

where C1, C2 are positive constants. Thus β(ξ)1−α and β(ξ)α−1 are both C(Ω̄)187

valued analytic function of ξ ∈ Σθ,κ :=
{
z ∈ C : |z| ≥ κ, | arg z| ≤ θ

}
.188

(2) The operator (β(ξ)α − ∆)−1 : L2(Ω) → L2(Ω) is well-defined, bounded, and
analytic for z ∈ Σθ,κ, satisfying

‖(β(ξ)α −∆)−1‖ ≤ C|ξ|−α ∀ ξ ∈ Σθ,κ,

‖∆(β(ξ)α −∆)−1‖ ≤ C ∀ ξ ∈ Σθ,κ.

The regularity results of the solutions to the optimality conditions (2.1)-(2.3) are189

provided in the following theorem.190
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Theorem 2.4. Let f, ud ∈ L2(0, T ;L2(Ω)), U(x) ∈ W 2,∞(Ω) and the real part191

Re(ρU(x)) ≥ 0. Then the solutions (u, z, q) to the system (2.1)-(2.3) satisfy192

‖u‖H1(0,T ;L2(Ω)) + ‖u‖L2(0,T ;Ḣ2(Ω)) ≤ C‖f + q‖L2(0,T ;L2(Ω)),(2.22)193

‖z‖H1(0,T ;L2(Ω)) + ‖z‖L2(0,T ;Ḣ2(Ω)) ≤ C ‖u− ud‖L2(0,T ;L2(Ω)) ,(2.23)194

‖q‖H1(0,T ;L2(Ω)) ≤ C ‖u− ud‖L2(0,T ;L2(Ω)) + C,(2.24)195
196

where Ḣ2(Ω) = H2(Ω) ∩H1
0 (Ω) equipped with the norm ‖v‖Ḣ2(Ω) = ‖∆v‖L2(Ω).197

Proof. For the operator F (t) in (2.16), it follows from Lemma 2.3 that198

(2.25) ‖F (t)‖ ≤ C and ‖∆F (t)‖ ≤ Ct−α.199

Then the representation of u in (2.15) directly implies that200

‖u(t)‖L2(Ω) ≤ C
∫ t

0

‖(f + q)(s)‖L2(Ω)ds,201

‖u(t)‖Ḣ2(Ω) ≤ C
∫ t

0

(t− s)−α‖(f + q)(s)‖L2(Ω)ds,202
203

which leads to the following estimates by Young’s inequality for convolution that204

(2.26) ‖u‖L2(0,T ;L2(Ω)) + ‖u‖L2(0,T ;Ḣ2(Ω)) ≤ C‖f + q‖L2(0,T ;L2(Ω)).205

By extending u to be zero for t < 0 and f , q to be zero for t ∈ R\[0, T ], it derives206

from (2.14) that207

(∂t + ρU(x))u = L−1
{
β(ξ)Lu(ξ)

}
(t)208

= F−1
{
β(iω)

(
β(iω)α −∆

)−1
β(iω)α−1F(f + q)(ω)

}
(t),209210

where it applies Fv(ω) = Lv(ξ) with ξ = iω and ω ∈ R, and F refers to the Fourier
transform. It also holds that β(iω) ∈ Σπ

2
due to Re(ρU(x)) ≥ 0. Then, by Lemma

2.2 and the Plancherel formula, we have that

‖(∂t + ρU(x))u‖L2(0,T ;L2(Ω)) ≤ ‖(∂t + ρU(x))u‖L2(R;L2(Ω))

= ‖F−1
{
β(iω)

(
β(iω)α −∆

)−1
β(iω)α−1F(f + q)

}
‖L2(R;L2(Ω))

= ‖β(iω)
(
β(iω)α −∆

)−1
β(iω)α−1F(f + q)‖L2(R;L2(Ω))

≤ C‖F(f + q)‖L2(R;L2(Ω)) = C‖f + q‖L2(R;L2(Ω))

= C‖f + q‖L2(0,T ;L2(Ω)),

which and U(x) ∈ L∞(Ω) imply211

(2.27) ‖∂tu‖L2(0,T ;L2(Ω)) ≤ C‖f + q‖L2(0,T ;L2(Ω)).212

Thus, (2.26) and (2.27) lead to the estimate (2.22).213

Next, we consider to obtain the estimate (2.23). With some calculations, we have214

∇β(ξ)α−1 = (α− 1)ρβ(ξ)α−2∇U(x),215

∆β(ξ)α−1 = (α− 1)ρ
(
ρ(α− 2)β(ξ)α−3∇U(x) · ∇U(x) + β(ξ)α−2∆U(x)

)
.216217
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Together with the condition U(x) ∈ W 2,∞(Ω), Lemma 2.3, the equivalence of the218

norms ‖ · ‖Ḣ2(Ω) and ‖ · ‖H2(Ω) in Ḣ2(Ω) (see [32, Lemma 3.1]), then it derives that219

‖∇β(ξ)α−1‖L∞(Ω) + ‖∆β(ξ)α−1‖L∞(Ω) ≤ C|ξ|α−1 for any ξ ∈ Γθ,κ, and220

‖β(ξ)α−1v‖Ḣ2(Ω) = ‖∆(β(ξ)α−1v)‖L2(Ω)221

≤ ‖(∆β(ξ)α−1)v‖L2(Ω) + 2‖∇β(ξ)α−1 · ∇v‖L2(Ω)222

+ ‖β(ξ)α−1∆v‖L2(Ω)223

≤ C|ξ|α−1‖v‖Ḣ2(Ω) ∀ ξ ∈ Γθ,κ,224
225

where |ξ| ≥ κ is applied. Then it further derives from (2.19) and Lemma 2.3 that226

‖E(t)‖ ≤ C and227

‖∆E(t)‖ ≤ C
∫

Γθ,κ

|eξt|‖β(ξ)α−1‖Ḣ2(Ω)→Ḣ2(Ω)‖
(
β(ξ)α −∆

)−1‖L2(Ω)→Ḣ2(Ω)|dξ|228

≤ C
∫

Γθ,κ

|eξt| · |ξ|α−1|dξ| ≤ Ct−α,229

230

which implies from (2.18) that231

(2.28) ‖z‖L2(0,T ;L2(Ω)) + ‖z‖L2(0,T ;Ḣ2(Ω)) ≤ C‖u− ud‖L2(0,T ;L2(Ω)).232

To obtain the estimate ‖∂tz‖L2(0,T ;L2(Ω)), we let p(·, η) := z(·, T−η) with η = T−t233

given by234

(2.29) p(η) =

∫ η

0

E(η − r)(ū− ūd)(r)dr,235

which satisfies the following equation

∂ηp(η)−∆D1−α,x
η p(η) + ρU(x)p(η) = (ū− ūd)(η), η ∈ (0, T ], with p(0) = 0,

where ū(·, η) = u(·, T − η) and ūd(·, η) = ud(·, T − η). Then by the similar approach236

for (2.27), we can derive (2.23). Finally, (2.9) and (2.11) lead to the estimate (2.24).237

3. Discretization in time. In this section, a temporal semidiscrete scheme is238

designed for solving the optimal control problem (1.1)-(1.2) governed by the backward239

fractional Feymann-Kac equation, then the corresponding optimality conditions and240

the representations of the discrete solutions are established.241

3.1. A semidiscrete scheme. Let tn = nτ (n = 0, 1, . . . , N) be the isometric242

points in the time interval [0, T ] with the step size τ = T/N . We discretize the optimal243

control problem (1.1)-(1.2) in the time direction as follows:244

(3.1) min
Q∈Uτad

J(Q) =
τ

2

N∑
n=1

(
‖Un − und‖2L2(Ω) + γ‖Qn−1‖2L2(Ω)

)
245

subject to246

(3.2)


D̄1,x
τ Un − D̄1−α,x

τ ∆Un = fn +Qn−1, x ∈ Ω, n = 1, 2, . . . , N,

Un = 0, x ∈ ∂Ω, n = 0, 1, . . . , N,

U0 = 0, x ∈ Ω,

247
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where fn = 1
τ

∫ tn
tn−1

f(·, t)dt, und = 1
τ

∫ tn
tn−1

ud(·, t)dt, and248

Uτad =
{
Q =

(
Qn−1

)N
n=1

: a ≤ Qn−1 ≤ b, n = 1, 2, . . . , N
}
.249250

In (3.2), the difference operator D̄1−α,x
τ is given by251

(3.3) D̄1−α,x
τ Un :=

1

τ1−α

n∑
j=1

b
(1−α)
n−j e−tn−jρU(x)U j , n = 1, 2, . . . , N,252

to approximate the Riemann-Liouville fractional substantial derivative D1−α,x
t u(x, tn)253

in the state equation (1.2), see [3, 6, 30]. The coefficients {b(1−α)
j } in (3.3) satisfy the254

power series expansion255

(3.4)
(
δτ (ζ)

)1−α
=

1

τ1−α

∞∑
j=0

b
(1−α)
j ζj ∀ |ζ| < 1, with δτ (ζ) =

1− ζ
τ

,256

and can be evaluated by the recursive formula b
(1−α)
0 = 1, b

(1−α)
j = b

(1−α)
j−1 ·

α+j−2
j , j =257

1, 2, . . .. In addition, D̄1,x
τ Un refers to258

(3.5) D̄1,x
τ Un := e−tnρU(x)D̄τ (etnρU(x)Un) =

Un − e−τρU(x)Un−1

τ
,259

for discretizing the terms ∂tu + ρU(x)u due to the relationship ∂tu + ρU(x)u =260

e−tρU(x)∂t(e
tρU(x)u), and D̄τ represents the standard backward Euler difference op-261

erator D̄τU
n := Un−Un−1

τ .262

Moreover, we denote BD̄τZ
n−1 := Zn−1−Zn

τ , and introduce the adjoint difference263

operators of those in (3.3) and (3.5), as follows:264

BD̄1−α,x
τ Zn−1 :=

1

τ1−α

N∑
j=n

b
(1−α)
j−n e−tj−nρU(x)Zj−1,(3.6)265

BD̄1,x
τ Zn−1 := etn−1ρU(x)BD̄τ (e−tn−1ρU(x)Zn−1) =

Zn−1 − e−τρU(x)Zn

τ
,(3.7)266

267

which are the temporal difference approximations of BD1−α,x
t z(x, tn−1) and (−∂t +268

ρU(x))z(x, tn−1) in the adjoint equation (2.2), respectively. Then we have the follow-269

ing relationships:270

τ

N∑
n=1

(BD̄1−α,x
τ Zn−1, Un) = τ

N∑
n=1

(Zn−1, D̄1−α,x
τ Un),(3.8)271

τ

N∑
n=1

(BD̄1,x
τ Zn−1, Un) = τ

N∑
n=1

(Zn−1, D̄1,x
τ Un),(3.9)272

273

where U0 = 0 and ZN = 0.274

3.2. Optimality conditions and solution representations. As the func-275

tional J(·) in (3.1) is strongly convex, then the temporal semidiscrete problem (3.1)-276

(3.2) has a unique solution (U,Q). By (3.8), (3.9), and the similar approach as in the277
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proof of Theorem 2.1, we can obtain that there exists an adjoint state Z such that278

(U,Z,Q) satisfies the optimality system279

D̄1,x
τ Un − D̄1−α,x

τ ∆Un = fn +Qn−1, x ∈ Ω, Un = 0, x ∈ ∂Ω,(3.10)280

BD̄1,x
τ Zn−1 −∆BD̄1−α,x

τ Zn−1 = Un − und , x ∈ Ω, Zn−1 = 0, x ∈ ∂Ω,(3.11)281282

for n = 1, 2, . . . , N with U0 = 0, ZN = 0, and the variational inequality283

(3.12) (γQn−1 + Zn−1, v −Qn−1) ≥ 0 ∀ v ∈ L2(Ω), a ≤ v ≤ b,284

where285

(3.13) U = (Un)Nn=1, Z = (Zn−1)Nn=1, Q = (Qn−1)Nn=1.286

To derive the solution representations for the temporal semidiscrete schemes287

(3.10)-(3.11), we first introduce the functions as follows:288

fτ (·, t)|(tn−1,tn] = fn, Q(·, t)|[tn−1,tn) = Qn−1, n = 1, 2, . . . , N,(3.14)289

U(·, t)|(tn−1,tn] = Un, udτ (·, t)|(tn−1,tn] = und , n = 1, 2, . . . , N.(3.15)290291

Let Ũ(ζ) =
∑∞
n=1 U

nζn, it obtains from (3.3), (3.4) and (3.5) that292

∞∑
n=1

(D̄1−α,x
τ Un)ζn = δτ (e−τρU(x)ζ)1−αŨ(ζ),293

∞∑
n=1

(D̄1,x
τ Un)ζn = δτ (e−τρU(x)ζ)Ũ(ζ).294

295

Then we multiply (3.10) by ζn and take the summation for n from 1 to ∞ that296

(3.16) Ũ(ζ) =
(
δτ (e−τρU(x)ζ)α −∆

)−1
δτ (e−τρU(x)ζ)α−1

∞∑
n=1

(fn +Qn−1)ζn.297

By using the following equality due to (3.14)298

f̂τ (·, ξ) + Q̂(·, ξ) =

∞∑
n=1

∫ tn

tn−1

(
fτ (·, t) +Q(·, t)

)
e−ξtdt =

eξτ − 1

ξ

∞∑
n=1

(fn +Qn−1)e−ξtn ,299
300

we derive from (3.16), Cauchy’s integral formula and theorem that the solution to301

(3.10) is represented by302

Un =

∫ tn

0

F τ (tn − s)
(
fτ (·, s) +Q(·, s)

)
ds,(3.17)303

304

where305

(3.18) F τ (t) =
1

2πi

∫
Γτθ,κ

eξt
ξτ

eξτ − 1

(
δτ (e−τβ(ξ))α −∆

)−1
δτ (e−τβ(ξ))α−1dξ,306

and Γτθ,κ is given by

Γτθ,κ =
{
z ∈ C : |z| = κ, | arg z| ≤ θ

}
∪
{
z ∈ C : κ ≤ |z| ≤ π

τ sin θ
, | arg z| = θ

}
.

10

This manuscript is for review purposes only.



Similarly, we can obtain the solution representation of (3.11) as follows:307

(3.19) Zn−1 =

∫ T

tn−1

Eτ (s− tn−1)
(
U(·, s)− udτ (·, s)

)
ds,308

where309

(3.20) Eτ (t) =
1

2πi

∫
Γτθ,κ

eξt
ξτ

eξτ − 1
δτ (e−τβ(ξ))α−1

(
δτ (e−τβ(ξ))α −∆

)−1
dξ.310

4. Stability and error estimates. In this section, the error estimates of the311

proposed temporal semidiscrete scheme (3.1)-(3.2) are rigorously established in Theo-312

rem 4.7 without the regularity requirement on the solutions of the optimality system.313

4.1. Stability. In this subsection, we discuss the stability of the temporal semidis-314

crete scheme (3.1)-(3.2), which is crucial for the error estimates. A preliminary lemma315

as follows is first introduced for further analysis.316

Lemma 4.1 ([6, 30]). Let β(ξ) be given by (2.13) and U(x) bounded in Ω̄. By317

choosing θ ∈ (π2 , π) sufficiently close to π
2 and κ > 0 sufficiently large (depending on318

|ρ|‖U(x)‖L∞(Ω̄)), there exists a positive constant τ∗ such that the following estimates319

hold for τ ≤ τ∗.320

(1) For all x ∈ Ω̄ and ξ ∈ Στθ,κ, we have δτ (e−τβ(ξ)) ∈ Σ 3π
4 ,C1κ and

C1|ξ| ≤ |δτ (e−τβ(ξ))| ≤ C2|ξ|.

(2) The operator (δτ (e−τβ(ξ))α−∆)−1 : L2(Ω)→ L2(Ω) is well-defined, bounded,
and analytic with respect to ξ ∈ Στθ,κ, satisfying

‖∆(δτ (e−τβ(ξ))α −∆)−1‖ ≤ C ∀ ξ ∈ Στθ,κ,

‖(δτ (e−τβ(ξ))α −∆)−1‖ ≤ C|ξ|−α ∀ ξ ∈ Στθ,κ,

where Στθ,κ =
{
ξ ∈ C : |ξ| ≥ κ, |arg ξ| ≤ θ, |Im(ξ)| ≤ π

τ , Re(ξ) ≤ κ+ 1
}

with321

Im(ξ) and Re(ξ) being the imaginary and real parts of ξ, respectively.322

(3) For all x ∈ Ω̄ and real number γ, it holds that

|δτ (e−τβ(ξ))γ − β(ξ)γ | ≤ Cτ |ξ|γ+1 ∀ ξ ∈ Γτθ,κ.

For further analysis, we utilize the discrete time-space inner product and norm
defined as follows.

[v,w] = τ

N∑
n=1

(vn, wn) ∀ v = (vn)Nn=1, w = (wn)Nn=1 ∈ L2(Ω)N ,

‖|v|‖ =
√

[v,v] =
(
τ

N∑
n=1

‖vn‖2L2(Ω)

) 1
2 ∀ v = (vn)Nn=1 ∈ L2(Ω)N .

In addition, two auxiliary problems are introduced as follows for the error analysis of323

the temporal semidiscrete problem (3.1)-(3.2):324

(4.1)


D̄1,x
τ U(v)n − D̄1−α,x

τ ∆U(v)n = fn + vn−1, x ∈ Ω, n = 1, 2, . . . , N,

U(v)n = 0, x ∈ ∂Ω, n = 0, 1, . . . , N,

U(v)0 = 0, x ∈ Ω,

325
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326

(4.2)


BD̄1,x

τ Z(w)n−1 −∆BD̄1−α,x
τ Z(w)n−1 = wn − und , x ∈ Ω, n = N, . . . , 1,

Z(w)n = 0, x ∈ ∂Ω, n = N, . . . , 1, 0,

Z(w)N = 0, x ∈ Ω,

327

where fn = 1
τ

∫ tn
tn−1

f(·, t)dt, and und = 1
τ

∫ tn
tn−1

ud(·, t)dt. Let U(v) = (U(v)n)Nn=1 and328

Z(w) = (Z(w)n−1)Nn=1, the stability results for the system (4.1)-(4.2) are established329

in the following.330

Lemma 4.2. Let U(v)n and Z(w)n−1 be the solutions to the system (4.1)-(4.2),331

respectively. Then we have332

‖|U(q)−U(v)|‖ ≤ C‖|q− v|‖,(4.3)333

‖|Z(u)− Z(w)|‖ ≤ C‖|u−w|‖,(4.4)334335

where u = (u(·, tn))Nn=1 and q = (q(·, tn−1))Nn=1.336

Proof. By the estimate [11, Lemma 3.4] as follows:337

(4.5) C0|ξ|τ ≤ |1− eξτ | ≤ C1|ξ|τ ∀ ξ ∈ Γτθ,κ,338

we derive from (3.18) and Lemma 4.1 that339

‖F τ (t)‖ ≤ C
∫

Γτθ,κ

|eξt| ·
∣∣∣ ξτ

eξτ − 1

∣∣∣ · ‖(δτ (e−τβ(ξ))α −∆)−1‖ · |δτ (e−τβ(ξ))α−1| · |dξ|340

≤ C
∫

Γτθ,κ

|eξt| · |ξ|−1|dξ| ≤ C.(4.6)341

342

Let qτ (·, t)|[tn−1,tn) = qn−1(·) and vτ (·, t)|[tn−1,tn) = vn−1(·), it yields from (3.17) that343

‖Un(q)− Un(v)‖L2(Ω) ≤ C
∫ tn

0

‖F τ (tn − s)‖ · ‖qτ (·, s)− vτ (·, s)‖L2(Ω)ds344

≤ C
∫ tn

0

‖qτ (·, s)− vτ (·, s)‖L2(Ω)ds,345
346

which directly derives that347

‖|U(q)−U(v)|‖2 ≤ Cτ
N∑
n=1

(∫ tn

0

‖qτ (·, s)− vτ (·, s)‖L2(Ω)ds
)2

348

≤ Cτ
N∑
n=1

n∑
j=1

∫ tj

tj−1

‖qτ (·, s)− vτ (·, s)‖2L2(Ω)ds349

= Cτ

N∑
n=1

n∑
j=1

∫ tj

tj−1

‖qj−1 − vj−1‖2L2(Ω)ds350

≤ C‖|q− v|‖2.351352

By (3.20), (4.5) and Lemma 4.1, it leads to ‖Eτ (t)‖ ≤ C. Then we can also353

obtain the estimate (4.4) from (3.19) by the similar technique for (4.3).354
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4.2. Error estimates. In this subsection, we dedicate to establish the error355

estimates for the temporal semidiscrete scheme (3.1)-(3.2), as shown in Theorem 4.7.356

Lemma 4.3. Let F (·), F τ (·), E(·) and Eτ (·) be given by (2.16), (3.18), (2.19)357

and (3.20), respectively. Then we have358

‖F (t)− F τ (t)‖ ≤ Cτ1−εt−(1−ε) ∀ ε ∈ [0, 1], t ∈ (0, T ],(4.7)359

‖E(t)− Eτ (t)‖ ≤ Cτ1−εt−(1−ε) ∀ ε ∈ [0, 1], t ∈ (0, T ].(4.8)360361

Proof. From (2.16) and (3.18), it easily yields that362

(4.9) F (t)− F τ (t) =
1

2πi

∫
Γθ,κ\Γτθ,κ

eξtD̂1(ξ)dξ +
1

2πi

∫
Γτθ,κ

eξtD̂2(ξ)dξ,363

where

D̂1(ξ) =
(
β(ξ)α −∆

)−1
β(ξ)α−1,

D̂2(ξ) =
(
β(ξ)α −∆

)−1
β(ξ)α−1 − ξτ

eξτ − 1

(
δτ (e−τβ(ξ))α −∆

)−1
δτ (e−τβ(ξ))α−1.

It has from [11, Lemma 3.4] that364

(4.10)
∣∣∣1− ξτ

eξτ − 1

∣∣∣ = |δτ (e−ξτ )−1(δτ (e−ξτ )− ξ)| ≤ C|ξ|τ ∀ ξ ∈ Γτθ,κ,365

then we derive from (4.5), Lemmas 2.3 and 4.1 that366

(4.11) ‖D̂1(ξ)‖ ≤ C‖
(
β(ξ)α −∆

)−1‖ · |β(ξ)|α−1 ≤ C|β(ξ)|−1 ≤ C|ξ|−1 ∀ ξ ∈ Γθ,κ,367

and368

‖D̂2(ξ)‖ ≤ ‖
(
β(ξ)α −∆

)−1
β(ξ)α−1‖369

+
∥∥ ξτ

eξτ − 1

(
δτ (e−τβ(ξ))α −∆

)−1
δτ (e−τβ(ξ))α−1

∥∥370

≤ C(|β(ξ)|−1 + |δτ (e−τβ(ξ))|−1)371

≤ C|ξ|−1 ∀ ξ ∈ Γτθ,κ.(4.12)372373

Furthermore, by using Lemma 4.1 and the estimate (4.10), we have ‖D̂1(ξ)‖ ≤ Cτ374

for any ξ ∈ Γθ,κ\Γτθ,κ, and375

(4.13)

‖D̂2(ξ)‖ =
∥∥(β(ξ)α −∆

)−1(
β(ξ)α−1 − δτ (e−τβ(ξ))α−1

)∥∥
+
∥∥[(β(ξ)α −∆

)−1 −
(
δτ (e−τβ(ξ))α −∆

)−1]
δτ (e−τβ(ξ))α−1

∥∥
+
∥∥∥(1− ξτ

eξτ − 1

)(
δτ (e−τβ(ξ))α −∆

)−1
δτ (e−τβ(ξ))α−1

∥∥∥
≤ Cτ ∀ ξ ∈ Γτθ,κ,

376

where it applies the following estimate377

‖
(
β(ξ)α −∆

)−1 −
(
δτ (e−τβ(ξ))α −∆

)−1‖378

= ‖
(
β(ξ)α −∆

)−1
(β(ξ)α − δτ (e−τβ(ξ))α)

(
δτ (e−τβ(ξ))α −∆

)−1‖379
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≤ Cτ |ξ|1−α ∀ ξ ∈ Γτθ,κ.380381

Hence, it infers from (4.11), (4.12) and (4.13) that382

‖D̂1(ξ)‖ ≤ Cτ1−ε|ξ|−ε ∀ ξ ∈ Γθ,κ\Γτθ,κ, ε ∈ [0, 1],(4.14)383

‖D̂2(ξ)‖ ≤ Cτ1−ε|ξ|−ε ∀ ξ ∈ Γτθ,κ, ε ∈ [0, 1].(4.15)384385

Consequently, the result (4.7) is obtained from the above estimates and (4.9), and386

(4.8) can also be derived by the similar approach.387

Lemma 4.4. Let u be the solution to the state equation (2.1) and U(q)n be the
solution to the discrete equation (4.1) for vn−1 := qn−1 = q(·, tn−1). Then we have

‖|u−U(q)|‖ ≤ Clττ,

where U(q) = (U(q)n)Nn=1 and lτ = | ln τ |.388

Proof. From the solution representations in (2.15) and (3.17), it follows that

u(·, tn)− U(q)n =

∫ tn

0

(
F (tn − s)− F τ (tn − s)

)(
f(·, s) + q(·, s)

)
ds

+

∫ tn

0

F τ (tn − s)
(
f(·, s)− fτ (·, s)

)
ds

+

∫ tn

0

F τ (tn − s)
(
q(·, s)− qτ (·, s)

)
ds

:= An +Bn + Cn,

for n = 1, 2, . . . , N , where fτ (·, t)|(tn−1,tn] = fn as in (3.14) and qτ (·, t)|[tn−1,tn) =
qn−1 = q(·, tn−1). For the term An, we derive from (4.7), (2.25) and (4.6) that

‖An‖L2(Ω) ≤ Cτ
1−ε

∫ tn−1

0

(tn + τ − s)1−ε

(tn−1 + τ − s)1−ε (tn + τ − s)−(1−ε)‖f(·, s) + q(·, s)‖L2(Ω)ds

+ Cτ1−ε
∫ tn

tn−1

(tn + τ − s)−(1−ε)‖f(·, s) + q(·, s)‖L2(Ω)ds

≤ Cτ1−ε
∫ T

0

1{tn>s}(tn + τ − s)−(1−ε)‖f(·, s) + q(·, s)‖L2(Ω)ds, ε ∈ (0, 1),

which implies that389

‖|(An)Nn=1|‖ =
(
τ

N∑
n=1

‖An‖2L2(Ω)

) 1
2

390

≤ C
(
τ

N∑
n=1

τ2−2ε
[ ∫ T

0

1{tn>s}(tn + τ − s)−(1−ε)‖f(·, s) + q(·, s)‖L2(Ω)ds
]2) 1

2

391

≤ Cτ1−ε
(
τ

N∑
n=1

∫ T

0

1{tn>s}(tn + τ − s)−(1−ε)ds392

·
∫ T

0

1{tn>s}(tn + τ − s)−(1−ε)‖f(·, s) + q(·, s)‖2L2(Ω)ds
) 1

2

393

≤ Cτ1−ε
(
ε−1τ

N∑
n=1

∫ T

0

1{tn>s}(tn + τ − s)−(1−ε)‖f(·, s) + q(·, s)‖2L2(Ω)ds
) 1

2

394
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≤ Cτ1−ε
(
ε−2

∫ T

0

‖f(·, s) + q(·, s)‖2L2(Ω)ds
) 1

2

395

≤ Cτ1−εε−1‖f + q‖L2(0,T ;L2(Ω))396

≤ Cτ1−εε−1 = Clττ,397398

where ε = l−1
τ is taken with lτ = | ln τ |, and it applies two inequalities [12] as follows:399

(4.16) sup
1≤n≤N

∫ T

0

1{tn>s} (tn + τ − s)−(1−ε)
ds ≤ Cε−1 (tn + τ)

ε ≤ Cε−1,400

401
(4.17)

sup
s∈(0,T )

τ

N∑
n=1

1{tn>s} (tn + τ − s)−(1−ε) ≤ sup
s∈(0,T )

∫ T

s−τ
(t+ τ − s)−(1−ε)dt ≤ Cε−1.402

From (3.14) with fn = 1
τ

∫ tn
tn−1

f(·, t)dt, we have that403 ∫ tj

tj−1

F τ (tn − tj−1)fτ (·, s)ds =

∫ tj

tj−1

F τ (tn − tj−1)
1

τ

∫ tj

tj−1

f(·, w)dwds404

=

∫ tj

tj−1

F τ (tn − tj−1)f(·, s)ds,405

406

and it also holds that407

‖F τ (tn − s)− F τ (tn − tj−1)‖408

≤ C
∫

Γτθ,κ

∣∣eξ(tn−s) − eξ(tn−tj−1)
∣∣ · ∣∣∣ ξτ

eξτ − 1

∣∣∣409

·
∥∥(δτ (e−τβ(ξ))α −∆

)−1∥∥ · |δτ (e−τβ(ξ))α−1| · |dξ|410

≤ C
∫

Γτθ,κ

|eξ(tn−s)| · |1− eξ(s−tj−1)| · |ξ|−1 · |dξ|411

≤ C
∫

Γτθ,κ

|eξ(tn−s)| · τ1−ε|ξ|−ε · |dξ|412

≤ Cτ1−ε(tn − s)−(1−ε), s ∈ (tj−1, tj).413414

Then we derive from the above estimates and (4.6) that415

‖Bn‖L2(Ω) ≤
n∑
j=1

∫ tj

tj−1

‖F τ (tn − s)− F τ (tn − tj−1)‖ · ‖f(·, s)− fτ (·, s)‖L2(Ω)ds416

≤ Cτ1−ε
∫ tn−1

0

(tn − s)−(1−ε)‖f(·, s)− fτ (·, s)‖L2(Ω)ds417

+

∫ tn

tn−1

‖f(·, s)− fτ (·, s)‖L2(Ω)ds.418

419

By the similar approach in the estimate of ‖|(An)Nn=1|‖, it obtains

‖|(Bn)Nn=1|‖ ≤ Cτ1−εε−1‖f − fτ‖L2(0,T ;L2(Ω)) ≤ Cτ1−εε−1 ≤ Clττ.
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As for Cn, we have from (4.6) that420

‖|(Cn)Nn=1|‖ ≤ C
(
τ

N∑
n=1

(∫ tn

0

‖q(·, s)− qτ (·, s)‖L2(Ω)ds
)2) 1

2

421

= C
(
τ

N∑
n=1

( n∑
j=1

∫ tj

tj−1

‖q(·, s)− q(·, tj−1)‖L2(Ω)ds
)2) 1

2

422

≤ C
(
τ

N∑
n=1

τ2
(∫ tn

0

‖∂sq(·, s)‖L2(Ω)ds
)2) 1

2

423

≤ C
(
τ2

∫ T

0

‖∂sq(·, s)‖2L2(Ω)ds
) 1

2

424

≤ Cτ‖q‖H1(0,T ;L2(Ω)) ≤ Cτ.425426

Therefore, the result is derived by the above estimates.427

Let Z(u)n−1 be the solution to the discrete equation (4.2) for wn := un = u(·, tn)428

and und = 1
τ

∫ tn
tn−1

ud(·, t)dt. With (2.18) and (3.19), it follows that429

z(·, tn−1)− Z(u)n−1 =

∫ T

tn−1

(
E(s− tn−1)− Eτ (s− tn−1)

)(
u(·, s)− ud(·, s)

)
ds430

+

∫ T

tn−1

Eτ (s− tn−1)
(
u(·, s)− uτ (·, s)

)
ds431

−
∫ T

tn−1

Eτ (s− tn−1)
(
ud(·, s)− udτ (·, s)

)
ds,432

433

where uτ (·, t)|(tn−1,tn] = un = u(·, tn) and udτ (·, t)|(tn−1,tn] = und for n = 1, 2, . . . , N .434

By the similar techniques to estimate An, Bn and Cn as above, we can also obtain435

the estimate as follows.436

Lemma 4.5. Let z be the solution to the adjoint equation (2.2), and Z(u) =
(Z(u)n−1)Nn=1 with Z(u)n−1 being the solution to the discrete equation (4.2) for

wn := un = u(·, tn) and und = 1
τ

∫ tn
tn−1

ud(·, t)dt. Then we have

‖|z− Z(u)|‖ ≤ Clττ,

where z = (z(·, tn−1))Nn=1 and lτ = | ln τ |.437

By using the above results, the error analysis of ‖|q − Q|‖ is derived in the438

following lemma.439

Lemma 4.6. Let q and Qn−1 be solutions to (2.3) and (3.12), respectively. Then440

there exists a constant C proportional to 1/γ such that441

(4.18) ‖|q−Q|‖ ≤ Clττ.442

Proof. By (3.8) and (3.9), we have443

[Z− Z(U(q)),q−Q] = [Z− Z(U(q)), (D̄1,x
τ −∆D̄1−α,x

τ )(U(q)−U)]444

= [(BD̄1,x
τ − BD̄1−α,x

τ ∆)(Z− Z(U(q))),U(q)−U]445

= −‖|U(q)−U|‖2 ≤ 0.446
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447

It follows from (2.3) and (2.9) that448

(4.19)
(
γq(·, tn−1) + z(·, tn−1), v − q(·, tn−1)

)
≥ 0 ∀ v ∈ L2(Ω), a ≤ v ≤ b.449

Then we have from (4.19) and (3.12) that

[γq,q−Q] = −[z,q−Q]− [γq + z,Q− q] ≤ −[z,q−Q],

− [γQ,q−Q] = [Z,q−Q]− [γQ + Z,q−Q] ≤ [Z,q−Q],

which further leads to450

γ‖|q−Q|‖2 = γ[q,q−Q]− γ[Q,q−Q]451

≤ −[z,q−Q] + [Z,q−Q]452

= [Z− Z(U(q)),q−Q] + [Z(U(q))− z,q−Q]453

≤ [Z(U(q))− z,q−Q].454455

Therefore, it derives from the estimates in Lemmas 4.2, 4.4 and 4.5 that456

‖|q−Q|‖ ≤ C‖|Z(U(q))− z|‖457

≤ C‖|Z(U(q))− Z(u)|‖+ C‖|Z(u)− z|‖458

≤ C‖|U(q)− u|‖+ C‖|Z(u)− z|‖459

≤ Clττ.460461

With the above discussions, we present the error estimate of the semidiscrete462

scheme (3.10)-(3.11), which is stated in the following theorem.463

Theorem 4.7. Assume that f, ud ∈ L2(0, T ;L2(Ω)), Re(ρU(x)) ≥ 0 and U(x) ∈
L∞(Ω). Let (u, z, q) and (Un, Zn−1, Qn−1) be the solutions of the problems (2.1)-(2.3)
and (3.10)-(3.12), respectively, then we have

‖|u−U|‖+ ‖|z− Z|‖+ ‖|q−Q|‖ ≤ Clττ,

where u = (u(·, tn))Nn=1, z = (z(·, tn−1))Nn=1, q = (q(·, tn−1))Nn=1, lτ = | ln τ |, and the464

constant C depending on 1/γ is independent of τ .465

Proof. It follows from the estimates in Lemmas 4.2, 4.4 and 4.6 that466

‖|u−U|‖ ≤ ‖|u−U(q)|‖+ ‖|U(q)−U|‖467

≤ ‖|u−U(q)|‖+ C‖|q−Q|‖468

≤ Clττ.469470

By using the triangle inequality, Lemmas 4.2 and 4.5, we obtain471

‖|z− Z|‖ ≤ ‖|z− Z(u)|‖+ ‖|Z(u)− Z|‖472

≤ ‖|z− Z(u)|‖+ C‖|u−U|‖473

≤ Clττ.474475

Then the result is obtained together with Lemma 4.6.476
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5. Numerical examples. In this section, we present two numerical examples477

to illustrate the efficiency of the semidiscrete scheme (3.10)-(3.11) for solving the478

optimal control problem (1.1)-(1.2) governed by the backward fractional Feynman-479

Kac equation, and verify the theoretical error estimate in Section 4.480

Example 1. Let Ω = (0, 1), T = 1, γ = 0.1, U(x) = x, ρ = 1, a = −5.0 and481

b = 0.0. The exact solutions (u, z, q) to the optimal control problem (1.1)-(1.2) in one482

dimension are chosen as483

u = e−tρxt sin(πx), z = etρx(1− t) sin(πx),484

q = max{a,min{−z/γ, b}},485486

the functions f and ud are computed by (2.1), (2.2) and the exact solutions.487

The discrete optimal control problem (3.1)-(3.2) is solved by the inexact alternat-488

ing direction method of multipliers (ADMM) algorithm [8] with the piecewise linear489

finite element discretization in space, where the Lagrange penalty parameter is taken490

the same as the penalty parameter γ, and the stopping criterion is measured by491

the maximal of the primal and dual residuals as in [8, Section 6] with a prescribed492

tolerance being 1.0 × 10−5. The mesh size h = 1/64 is chosen for the spatial fi-493

nite element discretization. In Table 1, it reports the errors ‖|u − U|‖, ‖|z − Z|‖,494

‖|q −Q|‖ and the temporal convergence orders for Example 1 with α = 0.2, 0.5, 0.8495

and τ = 1/4, 1/8, 1/16, 1/32, 1/64. First order convergence in time is observed for496

different values of α, which confirms the theoretical result in Theorem 4.7 and the497

efficiency of our numerical scheme.498

Table 1
The errors ‖|u−U|‖, ‖|z− Z|‖, ‖|q−Q|‖ and the convergence orders for Example 1.

α Error τ =1/4 τ =1/8 τ =1/16 τ =1/32 τ =1/64 Order

0.2
‖|u−U|‖ 2.27e-02 1.11e-02 5.18e-03 2.47e-03 1.18e-03 ≈ 1.07 (1.0)
‖|z− Z|‖ 2.19e-02 1.13e-02 5.62e-03 2.76e-03 1.35e-03 ≈ 1.01 (1.0)
‖|q−Q|‖ 1.70e-01 9.09e-02 4.56e-02 2.22e-02 1.07e-02 ≈ 1.00 (1.0)

0.5
‖|u−U|‖ 3.42e-02 1.71e-02 8.34e-03 4.08e-03 2.00e-03 ≈ 1.02 (1.0)
‖|z− Z|‖ 3.15e-02 1.62e-02 8.11e-03 4.04e-03 2.02e-03 ≈ 0.99 (1.0)
‖|q−Q|‖ 2.72e-01 1.45e-01 7.36e-02 3.70e-02 1.85e-02 ≈ 0.97 (1.0)

0.8
‖|u−U|‖ 4.77e-02 2.37e-02 1.18e-02 5.81e-03 2.87e-03 ≈ 1.01 (1.0)
‖|z− Z|‖ 5.49e-02 2.81e-02 1.43e-02 7.22e-03 3.65e-03 ≈ 0.98 (1.0)
‖|q−Q|‖ 4.17e-01 2.27e-01 1.16e-01 5.94e-02 3.01e-02 ≈ 0.95 (1.0)

Example 2. Let Ω = (0, 1)2, T = 1, γ = 1, U(x, y) = x + y, ρ = 1, a = −0.2499

and b = 0.0. We choose the exact solutions (u, z, q) to the optimal control problem500

(1.1)-(1.2) in two dimensions as501

u = e−tρ(x+y)t sin(πx) sin(πy),502

z = etρ(x+y)−1(1− t) sin(πx) sin(πy),503

q = max{a,min{−z/γ, b}},504505

and calculate f and ud by (2.1), (2.2) and the exact solutions.506

We fix the uniform triangular mesh with the mesh size h = 1/32 over the domain507

Ω = (0, 1)2 in Example 2, and solve the discrete problem (3.1)-(3.2) by the inexact508

18

This manuscript is for review purposes only.



ADMM algorithm [8] with the same settings as in Example 1. For α = 0.2, 0.5, 0.8509

and τ = 1/4, 1/8, 1/16, 1/32, 1/64, the errors ‖|u − U|‖, ‖|z − Z|‖, ‖|q − Q|‖ and510

the temporal convergence orders are presented in Table 2, from which a first order511

convergence order is observed in the time direction. This is also consistent with the512

theoretical analysis in Theorem 4.7, and illustrates the effectiveness of the proposed513

scheme as well.514

Table 2
The errors ‖|u−U|‖, ‖|z− Z|‖, ‖|q−Q|‖ and the convergence orders for Example 2.

α Error τ =1/4 τ =1/8 τ =1/16 τ =1/32 τ =1/64 Order

0.2
‖|u−U|‖ 9.86e-03 5.06e-03 2.53e-03 1.23e-03 5.83e-04 ≈ 1.02 (1.0)
‖|z− Z|‖ 5.14e-02 2.50e-02 1.20e-02 5.76e-03 2.80e-03 ≈ 1.05 (1.0)
‖|q−Q|‖ 4.85e-02 2.38e-02 1.14e-02 5.50e-03 2.67e-03 ≈ 1.05 (1.0)

0.5
‖|u−U|‖ 1.08e-02 5.71e-03 2.88e-03 1.43e-03 7.11e-04 ≈ 0.98 (1.0)
‖|z− Z|‖ 4.90e-02 2.34e-02 1.11e-02 5.33e-03 2.62e-03 ≈ 1.06 (1.0)
‖|q−Q|‖ 4.64e-02 2.22e-02 1.05e-02 5.05e-03 2.47e-03 ≈ 1.06 (1.0)

0.8
‖|u−U|‖ 1.70e-02 9.03e-03 4.64e-03 2.36e-03 1.20e-03 ≈ 0.96 (1.0)
‖|z− Z|‖ 4.85e-02 2.37e-02 1.16e-02 5.79e-03 2.95e-03 ≈ 1.01 (1.0)
‖|q−Q|‖ 4.47e-02 2.19e-02 1.07e-02 5.32e-03 2.69e-03 ≈ 1.01 (1.0)

6. Conclusion. This work investigates the theoretical and numerical issues for515

an optimal control problem governed by the backward fractional Feynman-Kac equa-516

tion, which governs the probability density function of functionals in anomalous and517

multiscale diffusion. Due to time-space coupled nonlocal fractional substantial de-518

rivative in the equation and its noncommutativity with the Laplacian, it confronts519

significant difficulties. The well-posedness, optimality conditions and solution reg-520

ularity of the optimal control problem are established. Subsequently, a temporal521

semidiscrete scheme is proposed for the optimal control problem, where the Riemann-522

Liouville fractional substantial derivative in time is discretized by the BECQ formula.523

We rigorously conduct the temporal error estimate based on the regularity results of524

the solution, demonstrating a first-order convergence order, which is supported by the525

numerical results. It is noticed that the spatial error analysis of the finite element526

method for the optimal control problem still encounters numerous challenges, which527

remains to be addressed in future work.528
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