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AssTrRACT. Cone spherical metrics, defined on compact Riemann surfaces, are conformal metrics
with constant curvature one and finitely many cone singularities. Such a metric is termed reducible
if a developing map of the metric has monodromy in U(1), and irreducible otherwise. Utilizing the
polystable extensions of two line bundles on a compact Riemann surface X with genus gx > 0, we
establish the following three primary results concerning these metrics with cone angles in 272 :

(1) Given an effective divisor D with an odd degree surpassing 2gx on X, we find the existence
of an effective divisor D’ in the complete linear system |D| that can be represented by at least
two distinct irreducible cone spherical metrics on X.

(2) For a generic effective divisor D with an even degree and deg D > 6gx — 2 on X, we can
identify an arcwise connected Borel subset in |D| that demonstrates a Hausdorff dimension
of no less than (deg D — 4gx + 2). Within this subset, each divisor D’ can be distinctly
represented by a family of reducible metrics, defined by a single real parameter.

(3) For an effective divisor D with deg D = 2 on an elliptic curve, we can identify a Borel subset
in |D| that is arcwise connected and exhibits a Hausdorff dimension greater than one. Within
this subset, each divisor D’ can be distinctly represented by a family of reducible metrics,
defined by a single real parameter.

1. Introduction

We investigate the existence and uniqueness problem of cone spherical metrics representing
effective divisors on a compact Riemann surface X of genus gx > 0. This project builds upon
the work of [26], wherein the authors establish a correspondence between cone spherical metrics
representing effective divisors and polystable extensions of two line bundles on compact Riemann
surfaces of genus > 0. This section will involve a review of several concepts and research back-
grounds related to cone spherical metrics, along with an elucidation of the main results of this
article.

1.1. Background of cone spherical metrics. Let X be a compact Riemann surface of genus
gx,and D = Z?:l B; p;j an R-divisor on X such that —1 < ; # 0. We call ds? a cone spherical
metric representing D if

e ds? is a conformal metric of Gaussian curvature +1 on X \ suppD = X\ {p1,..., pu}-

e ds? has a cone singularity at each p ; € supp D with cone angle 27(1 + ;). That is, there
exists a complex coordinate chart (U, z) centered at p; such that ds? has form €%¢ |dz?
on U\{p,}, where the real valued function (¢—f; In |z|) extends to a continuous function
onU.
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By the Gauss-Bonnet formula, if ds” is a cone spherical metric representing D on X, then there
holds 2—2gx+deg D > 0, where deg D = Z';z] B;. The study of the existence and uniqueness of
cone spherical metrics has long been a pivotal, yet unresolved, question in classical mathematics,
attracting considerable scholarly attention. Troyanov [37, §3, Theorem 4] posited that such a
metric exists under the condition:

O<2—2gx+degD<min{2,2min,8j}.

Luo-Tian [30] demonstrated that the aforementioned condition is also necessary and that the
cone spherical metric is unique, provided that there are at least n > 3 cone angles, each falling
within (0,27) and positioned at any n distinct points on the Riemann sphere P'. Subsequently,
the synergistic interplay of Troyanov’s finding with that of Luo-Tian culminated in a landmark
theorem. It articulates the necessary and sufficient criteria for the existence and uniqueness of
spherical metrics on P' with n > 3 prescribed cone angles {27(1 + 8 j)};le c (0, 2m), which are
assigned to any n distinct cone singularities on P!, respectively. This criteria is also called the
stability condition with form

> Bj<p forall 1<i<n.

J=1

JFI
Notably, the criteria by Troyanov and Luo-Tian is not at all sensitive to the configuration of posi-
tions of cone singularities on the underlying Riemann surface. De Borbon-Panov [10] provided a
reproof of this theorem by utilizing the Kobayashi-Hitchin correspondence for rank two parabolic
stable bundles on the Riemann sphere. Independently, the authors of [26, Theorem 2.1.] observed
that a developing map of an irreducible spherical metric could be thought of as an embedded
line sub-bundle in some rank two stable vector bundle. Other relevant studies include those by
Bartolucci-De Marchis—Malchiodi [3], Chai-Lin-Wang [5], Chen-Lin [6], Chen-Lin-Wang [7],
Chen-Kuo-Lin [9], Eremenko [14-16], Eremenko-Gabrielov [17], Eremenko-Gabrielov-Tasarov
[18-20], Lin-Wang [27, 28], Mazzeo-Zhu [31, 32], Mondello—Panov [34, 35], Troyanov [36],
Umehara-Yamada [38], Xu-Zhu [39] and Zhu [40].

In this manuscript, our primary emphasis is on exploring the existence and non-uniqueness
of cone spherical metrics representing specific effective divisors on compact Riemann surfaces.
We systematically divide these metrics into two distinct categories: reducible and irreducible,
each warranting a separate, detailed examination. In the following sections, we will revisit and
elucidate the pertinent concepts associated with these classifications.

Let ds? be a cone spherical metric representing D on X. This metric gives rise to a multivalued
locally univalent holomorphic map f: X \ supp D — P!, referred to as the developing map of ds>.
The map f satisfies the following properties ([8, Lemma 2.1 and Lemma 3.1]):

2 . . . .
(1) ds* = f*dsj, where ds? = (141‘?;"2)2 is the Fubini-Study metric on P';

(2) The monodromy of f lies in

az+b

PSU(2) := {z - lal> + |b]* = 1} c PSL(2, C);

-bz+a
(3) The principal singular term of the Schwarzian derivative {f, z} of f assumes the form

1-(148;)° . .
(z+2ﬁj) in some complex coordinate chart (U, z) centered at each p;.

Moreover, any two developing maps of ds? are interrelated via a Mobius transformation in PSU(2).
A cone spherical metric is called reducible if and only if some developing map of the metric has
monodromy in U(1) = {z+- ez | 1 € [0, 27)}. Otherwise, it is called irreducible. We call a
reducible metric (non)trivial if the monodromy of a developing map of the metric is (non)trivial.
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In [26], the authors established an algebraic framework for cone spherical metrics repre-
senting effective divisors. This approach, intricately connected to line sub-bundles of rank two
polystable vector bundles, is expounded in [26, Theorem 3.1.] and is fundamentally reliant on the
concept of developing maps of cone spherical metrics. Considering that the foundation of our
current study is this established framework, we will dedicate the remaining paragraphs of this
subsection to a comprehensive overview of its essential principles.

Let ds? be a cone spherical metric representing an effective divisor D. Consider a coordinate
covering {U,, z,} of X, where each U, is sufficiently small and contains at most one point in
Supp D. On each U,, there exists a holomorphic map f,: U, — P! such that ds?|y, = f;ds3.
On U, N Ug, there holds f, = fup o fz, where f,p € PSU(2). Consequently, {U,, f,} defines
a branched projective covering of X with ramification divisor D. The transition functions { f,z}
define an indigenous bundle P, while {f,} provide a holomorphic section s of P that is non-locally
flat, i.e., f, is non-constant on each U, ([26, Definition 3.1.]).

In contrast, given a projective unitary flat P! bundle P coupled with a non-locally flat section
s, denoted as the pair (P, s), it is possible to construct a cone spherical metric. A projective
unitary flat P! bundle is characterized by having a bundle atlas whose transition functions are
constants and elements of PSU(2). Suppose {U,, s, } represents the local expression of the section
s to such a bundle atlas. Then, on U, N Ug, there holds s, = fus - 53, where the transition
functions f,z € PSU(2). Let ds2 denote the singular metric defined by sf,(dsg) on U,. Since
the transition functions f,g are in PSU(2), this construction ensures the definition of a globally
consistent cone spherical metric, symbolized by ds?, which represents an effective divisor on X,
i.e., the ramification divisor of s concerning the unitary flat bundle P.

In summary, the authors [26, Theorem 3.1.] established the existence of a surjective map on
compact Riemann surfaces. This map originates from the set of projective unitary flat P! bundles,
denoted as P, each coupled with a non-locally flat section s, and leads to the set of cone spherical
metrics representing effective divisors. It is noteworthy that on compact Riemann surfaces, the

pair (P, s) corresponds to an embedding L <5 E of the line bundle L into the rank two polystable
vector bundle E, with P = P(E), where L is the pre-image of s. In this context, E signifies
a polystable extension of E/L by L. Let PE(X) denote the space of polystable extensions of
two line bundles on X. The space of cone spherical metrics representing effective divisors on X is
denoted by M(X, Z). Consequently, the aforementioned surjective map induces another surjective
map, as shown in the following equation:

o PEX) —» MX,Z). (1.1)

We will frequently utilize it throughout the proof of our main results.

1.2. Main results. Our primary results are segmented into two parts. The first entails a
theorem on the existence of non-unique irreducible metrics representing effective divisors of odd
degrees. The theorem is stated as follows.

TueoreMm 1.1. If D is an effective divisor of odd degree greater than 2gx on a compact Rie-
mann surface X of genus gx > 0. Then there exists another effective divisor D' in |D| and two
distinct irreducible cone spherical metrics on X which represent D’.

For reducible metrics, depending on whether gx > 2 or gx = 1, we have two distinct results
concerning their existence as well as non-uniqueness:

THEOREM 1.2. Let X be a compact Riemann surface of genus gx > 2, and let D be an effective
divisor with even degree deg D > 6gx — 2 on X. Then, there exists an effective divisor D’ € |D|
that can be represented by a reducible metric. Furthermore, the following two alternatives hold:
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o If D' is represented by a nontrivial reducible metric, there exists an arcwise connected
Borel subset of Hausdor{f dimension > deg D—4gx+2 in |D| containing D’. This subset
includes divisors that can be represented by nontrivial reducible metrics. Moreover,
every divisor in this Borel set can be represented by a family of reducible metrics defined
by one real parameter.

o [f D’ is represented by a trivial reducible metric, there exists an arcwise connected Borel
subset of Hausdor{f dimension > deg D—4gyx in |D| containing D’. This subset includes
divisors that can be represented by trivial reducible metrics. Furthermore, every divisor
in this Borel set can be represented by a family of reducible metrics defined by three real
parameters.

A similar theorem regarding reducible metrics on elliptic curves is stated below.

TueoREM 1.3. Let X be an elliptic curve and D an effective divisor of even = deg D > 2 on
X. Then there exists an effective divisor D' € |D| which is represented by a family of reducible
metrics, defined by one or three real parameters. Moreover, if deg D > 4, then the following
alternatives hold:

o [f D' is represented by a nontrivial reducible metric, there exists an arcwise connected
Borel subset of Hausdorff dimension > deg D — 2 in |D| containing D’. This subset
includes divisors that can be represented by nontrivial reducible metrics. Moreover,
every divisor in this Borel set can be represented by a family of nontrivial reducible
metrics defined by one real parameter.

o [f D' is represented by a trivial reducible metric, there exists an arcwise connected Borel
subset of Hausdorff dimension > deg D — 4 in |D| containing D’. This subset includes
divisors that can be represented by trivial reducible metrics. Furthermore, every divisor
in this Borel set can be represented by a family of trivial reducible metrics defined by
three real parameters.

If deg D = 2, then D’ must be represented by a nontrivial reducible metric, and there exists an
arcwise connected Borel subset of Hausdor{f dimension > 1 in |D| containing D’. Moreover, every
divisor in this Borel set can be represented by a family of nontrivial reducible metrics defined by
one real parameter.

We present a corollary of the preceding two theorems, as stated below.

CoroLLARY 1.4. Let X be a compact Riemann surface of genus gx > 1, and consider D as
a generic effective divisor on X with an even degree, satisfying deg D > 6gx — 2. Under these
conditions, we can identify an arcwise connected Borel subset within the linear system |D|, which
exhibits a Hausdor(f dimension of at least deg D —4gx +2. Within this subset, each divisor D' can
be uniquely associated with a family of nontrivial reducible metrics, characterized by a single
real parameter.

1.3. Outline. Section 2 provides a detailed explanation of the ramification divisor map, em-
ploying the framework of polystable rank two vector bundles and their line subbundles. This map
serves to describe the divisors associated with cone spherical metrics. Additionally, the funda-
mental lemma for reducible metrics in our story is proven, laying the foundation for the further
research. In Section 3, by applying Brouwer’s invariance of domain theorem to the ramification
divisor map, we prove Theorem 1.1. This demonstrates a kind of non-uniqueness of irreducible
metrics representing effective divisors of odd degree. Section 4 serves as a theoretical foundation
for the investigation of the existence and uniqueness of reducible metrics. In Section 5, we define
the restricted ramification divisor map in Proposition 5.2 and compute the complex differential
of this map. By using this map, we obtain Theorems 1.2, 1.3, and Corollary 1.4, which address
the existence and non-uniqueness results of reducible metrics. Finally, in Section 6, we outline
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several directions for future research. In Subsections 6.1 and 6.2, we present two open questions
that aim to strengthen our conclusions and stimulate further discussion. Subsection 6.3 discusses
the algebro-geometric framework for cone spherical metrics and its relationship to the Liouville
equation. In Subsection 6.4, we propose an extension of this framework to encompass general
cone spherical metrics with arbitrary positive real cone angles.

2. Ramification divisor map

In this section, we present a comprehensive exposition of the ramification divisor map within
the context of polystable rank two vector bundles and their line subbundles. This map plays a
crucial role in characterizing the divisors associated with cone spherical metrics. Furthermore,
we establish the fundamental lemma for reducible metrics, which serves as a cornerstone for
subsequent investigations in our study of reducible metrics.

2.1. Revisiting the definition of the ramification divisor map. In [26, Theorem 2.1], the
authors introduced the ramification divisor map to investigate irreducible metrics. Due to its deep
connection with cone spherical metrics, this subsection aims to provide a comprehensive descrip-
tion of the map (refer to Proposition 2.3) in a unified manner for both reducible and irreducible
metrics.

Let X be a compact Riemann surface endowed with a Kéhler form w. We consider the
following polystable extension:

E:0>LSES M0, 2.1

where E is a polystable rank 2 vector bundle on X. Subsequently, we can choose a Hermitian-
Einstein metric g on E. By utilizing E and hg, we can equip L with the induced metric, while
M is endowed with the quotient metric. Indeed, the Hermitian metric hg on E induces a C*
splitting p*: M — E such that p o p* = Idy,. The adjoint homomorphism ¢*: E — L serves as the
orthogonal projection of E onto L. We can define iy (:,-) := hg(t-,¢-) and hy(-, ) := hg(p*-, p*).
Considering the corresponding Chern connections Dg, Dy, Dy, and utilizing the C* isomorphism
U@®p: E— L® M, we can express Dg as ([12, p.273]):

D, -B
Dp=|_. , 2.2
(2 ) e
where 3" is called the second fundamental form of L in E. It is worth noting that h;(s,5f) =
hy(B*s,t) for any s € I'(L) and ¢t € I'(M). Since Dg is Hermitian-Einstein, we can observe the
following curvature equation:

_ _[(DroDL-=BAB" —(DroB+poDy)
Aw®ldg = Dg o Di _(ﬂ*oDL+DMoﬂ* ~B* AB + Dy 0 Dy
( OL-BAB" —DHom(M,L)(ﬁ))
Daomirmy(B) =B AB+Oy)’

where 1 = —27 V-1 % and u(E) = drekgEE is the slope ?f the bundle E.
Thus, we obtain Dyomz ) (8*) = 0, which implies dp,,,,,,(8") = 0 due to X being a Rie-
mann surface. Therefore, we conclude that 8* is holomorphic, i.e. §* € Hé’O(X, Hom(L, M)),

where H é’O(X, Hom(L, M)) denotes the space of holomorphic 1-forms valued in Hom(L, M). Al-
ternatively, 8* can be described as a holomorphic section of the line bundle Hom(L, M)® K, with
Kx representing the canonical line bundle on X.

Furthermore, using the expression (2.2), we derive that

B =(p®id)oDgor=(p®id)odg o, (2.3)
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where 0 denotes the (1, 0)-part of Dg. Specifically, if s is a local section of L, then ¢(s) is a local
section of E. Through the C* isomorphism ¢* ® p: E — L ® M, we deduce that ¢* o «(s) is a local
section of L, and p o «(s) is a a local section of M. Thus, we obtain:

o (Pr B[ eus)\ _ (DL —B\(s) _ (Pe(s)
peeao=(g 2] =5 a)lo)= ()
Thus (p ® id) o Dg o i1(s) = B*(s).

LemmMa 2.1. If we choose another Hermitian-Einstein metric hy on E, we will still obtain the
same (1, 0)-form .

Proor. If E is a stable vector bundle, then iz = Ahg, where A is a positive constant. In this
case, the pair Og, ) yields the same Chern connection D as the pair (Og, hE).

Assuming that E is a polystable bundle but not stable, we can conclude that E has an even
degree. By tensoring with a line bundle, we can consider the following exact sequence:

0-LSES L 5o,

Since det E = det L® det L™' = Oy and deg E = 0, we have E = J @ J~!, where J € Pic’(X). Let
h be a Hermitian-Einstein metric on J. Then / gives rise to a C-antilinear isomorphism

o: J =T o)) = h(v,u)
as complex line bundles, and hence induces a metric A* on J -1 with the form

h*(e(w), o(v)) := h(v, w).

It can be verified that 4* is a Hermitian metric on J~!, and that it is also Hermitian-Einstein. Since
deg J = deg J~! = 0, the metric hz = h @ h* is Hermitian-Einstein on J & J~!.

If one opts for an alternative Hermitian-Einstein metric 1z on J & J~!, it can be expressed
as hg = ah ® bh*, where a and b are positive constants. It can be verified that the same Chern
connection arises from the pairs (0, hg) and (O, hg). Actually, given that E = J & J~!, we have
hg =h®h* and g = ; ® ;.. Notably, D; is the Chern connection for both (d;, k) and (9, ah),
and Dj- is the Chern connection for both (0;-, h*) and (8-, bh*), where a and b are positive
constants. Therefore, Dg = D; & D;- is the Chern connection for both (8, hg) and (O, hr) pairs.
Using the formula §* = (p ® id) o dg o ¢, where dg denotes the (1, 0)-part of Dg, we obtain the
same 3" in both cases. O

Suppose that there exists another short exact sequence 0 - L — F — M — 0 which is
equivalent to (2.1) in Ext;((M, L), i.e. there exists a commutative diagram of holomorphic bundle
maps as follows:

0 L E M 0
N
0 L F M 0

where f : E — F is an isomorphism ([12, (14.8), p.275]). This gives us the following short exact
sequence

oL o’l
0L F2 moo. 2.4)

Since f is holomorphic, we have dr = f o dg o f~'. We define hp(-,-) := he(f~'-, f~'-). Then
Dp = foDgo f’1 is the Chern connection with respect to dr and hp, and hp serves as the
Hermitian-Einstein metric on F.
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Lemma 2.2. According to the C* isomorphism (o fY® (po f~): F — L® M, the Chern
connection Dr can be expressed by
D = (DL B ),

B Du
coinciding with Dg in (2.2).

Proor. In line with the C* isomorphism (t* o f~)@®(po f~!): F — L@ M, we can represent
the Chern connection Dy as

Given that hy(-,+) = hg(e,1-) = hp(f o ¢, f o (), the metrics induced by both hr and hr on L
are identical, leading to Dy = D\L and Dy, = 5; Moreover, drawing from Theorem 14.3 d) in
[12, p.273], we deduce that éHom(M,E)p* = —tofand (79H(,m(M,p)(f op*)y=—(fou) OE Further, our
calculations show that

Ottomm.r)(f © P*) = fOromm. P + (Ortome. ;) f)P* = fo(—1tof) =—(for)op,
thereby concluding thatﬁ = . Additionally, according to Theorem 14.3 a) in [12, p.273], it is
affirmed that Opomz.E)t = p* © 8% and Ouomcr, 7y (f © 1) = (f o p*) o §*. Our calculation yields
Otom(L.F)(f © 1) = fOHomL.E) + (OHomEF)f) © t = [ © Opom(r.Et = (f 0 p*) 0 57,
leading us to the conclusion that E" = . O
According to [12, Proposition 14.9, p. 275], there exists a one-to-one correspondence be-
tween the space of isomorphism classes of extensions of L by M, denoted as Ext)l((M, L), and the

cohomology group H'(X, Hom(M, L)). Consider a short exact sequence E : 0 — L SELS M- 0,
where E is a rank 2 polystable vector bundle on X. We employ a Hermitian-Einstein metric on E
and define §* as the second fundamental form of L in E, with 8 being the adjoint of §*. Conse-
quently, we establish the following mapping

Exty(M, L) > Exty,(M, L)* — H'(X, Hom(M, L))
{E} — {B},

where Ext)l((M, L)P* represents the set of isomorphism classes of all polystable extensions in
Ext)'((M, L). By utilizing Lemmas 2.1 and 2.2, we establish a well-defined map as follows:

®: ExtL (M, L) — H[,I)’O(X, Hom(L, M))
B B
Furthermore, for each A € C*, ® maps the extension
B 0oL EL Moo,

to (p®id) o g o (¢/A) = % As a result, ® induces a map as follows, modulo the C*-action on
both its domain and target:

R B(Exty (M, LP) - B(HY°(X, Hom(L, M)))
(Bl = [87]
In this context, P(Ext}((M, L)PS) and P(Hg‘O(X, Hom(L, M))) represents the projectivizations of

Exty (M, L)* and H é’O(X, Hom(L, M)), respectively. Furthermore, [3] denotes the projectivization
of {8}. In summary, this yields the following proposition:
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Prorosition 2.3. Consider the short exact sequence 0 - L — E — M — 0, where E is
a polystable vector bundle on X. Let’s choose a Hermitian-Einstein metric on E to define the
second fundamental form B* of L in E, and let B be the adjoint of B*. We can then define the
ramification divisor map R,y as follows:

ReLmy: P(EXt;lg(M, L)ps) - P(H{;’O(X, Hom(L, M)))

(Bl = [87]
This map is well-defined.

2.2. Fundamental lemma for reducible metrics. In this subsection, we introduce the fun-
damental lemma (referenced as Lemma 2.5) concerning reducible metrics. This lemma is crucial
for establishing a connection between reducible metrics and the previously mentioned ramifica-
tion divisor map.

DeriniTioN 2.4. Consider X as a compact Riemann surface with genus gx > 0, and let L be a
line bundle where deg L < 0. A short exact sequence

0>L-oJaJ 'L 50, JePic®X),

is termed strictly polystable if the section f: X — P := P(J ® J~!) induced by the embedding
L — J & J! in this sequence is not locally flat. In other words, f is non-constant on all open
charts of X corresponding to the projective unitary flat trivializations of P ([26, Definition 3.1.]).
An extension in Ext' (L', L) is strictly-polystable if it is represented by a strictly polystable short
exact sequence.

For any strictly polystable short exact sequence of the form:

E:0-L5Jes ' 51750, JePicX),

we can select a Hermitian-Einstein metric 4 on J @ J~!. Consequently, we derive 8* = (p ® id) o
0)gs1 © i, where ;5,1 denotes the (1,0)-part of the Hermitian-Einstein connection on J & J~!.
In our subsequent analysis, we will demonstrate that 5* acts as a holomorphic section of the line
bundle L2 ® Ky, and its associated divisor aligns with the effective divisor represented by the
reducible metric defined by the aforementioned polystable extension.

LemMma 2.5 (Fundamental Lemma). For a strictly polystable short exact sequence 0 — L 5
Jos' Lt o 0, employing a Hermitian-Einstein metric on J®&J ' yields 8* € H(X, L>®Ky)
as the second fundamental form of L. If D denotes the effective divisor corresponding to the

reducible metric for the embedding L S JeJ, then Div(B"), the associated divisor of B*, is
identical to D.

Proor. It is important to note that the embedding L 5 J® J7! can be equivalently repre-
sented by a pair of sections (i1, i), where each belongs to H’(Hom(L, J)) and H°(Hom(L, J~"))
respectively, and notably, these sections do not share any common zero. The combined polysta-
bility and flatness of the bundle J & J~! facilitate the construction of an open cover {U,} of X.
This cover is characterized by constant transition functions on the intersections Uos = U, N Up,

o 0
specifically defined as g.,g = (aoﬁ a‘l)’ where a.s € U(1). Furthermore, the open covers can

]

be chosen to be sufficiently small so that for each index «, the corresponding set U, contains
at most one zero of the sections i; and i,. Considering a holomorphic flat frame (e,, €},) for the
restricted bundle (J @ J~1)| v, in accordance with the transition functions {Ug, 845}, we can select

a local holomorphic frame [, for L over U, with the associated transition functions £,z satisfying

lg = Lopl,. For the embedding L < JoJ !, we express i(ly) as §1q€q + $2,0€5, Where 51 and s34
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are devoid of common zeros. Consequently, on the overlap U, N Ug, the following relationships
are derived:

Sta€a + $20€5 =illy) = i(Cyhls) = € 3i(lp)
= ;ﬁl.(slﬁeﬁ + szﬁe;) = é’;ﬁ]slﬁaaﬁea + f;lé szﬁa(;;gef;

From these expressions, it follows that s, = é’;ﬁ],aaﬁ -sigand s = {’;ﬁla(;;g - 58. Therefore,
jl—”} constitutes a global holomorphic section of P(J & J~!),
denoted by w : X — P(J@J™"), satisfying w, = az g wg. Given that aqs € U(1), and dsj, is defined
as the cone spherical metric constructed by w(*,(dsg) on U,, where ds% represents the Fubini-
Study metric on the Riemann sphere, a globally defined cone spherical metric, denoted by ds,
is obtained. Furthermore, the construction of ds? clearly indicates that the divisor D, represented
by ds?, aligns with the ramification divisor Byy, ., of the branched projective covering {U,, wq}
of X. Given that each U, contains at most one zero point for the sections i; and i,, the analysis
bifurcates into two cases:

1. If U, does not contain any zeros of i, then s,, has no zeros. In such a scenario, we
define ZAQ = Alz—"y, which also forms a holomorphic frame of L on U,. With this definition, we have

the assembled collection {Ua, Wo: =

i(l}) = weeq + €, leading to the expression:

B () =(p®@id) 0 8s6, 0 i(la) = (p ®id) 0 ey (Waea + €})
=(p®id)(dw, ® e,) = dw, ® pleq),

where p(e,) serves as a holomorphic frame of L' on U,.
2. If U, contains no zeros of ij, then s , has no zeros. In this case, we define [, = SZIL, also

a holomorphic frame of L on U,. Consequently, we have i(l,) = ey + Wie;, and hence:

- - 1
B'() =(p ®id) 0 80y 0 i(ly) = (p®id) o am(ea + W—e:;)

=(p® id)(d(i) ® eZ) =d (L) ® p(e),
Wq W

where p(e,)* represents a holomorphic frame of L~! on U,,.
In both cases, the associated divisor Div(8*) of 8 is shown to be identical to the ramification
divisor By, ., }- ]

3. Proof of Theorem 1.1

Building on the foundational work of Bartolucci, De Marchis, and Malchiodi ([3]), as well
as Troyanov ([37]), it is established that for any effective divisor D with an odd degree exceeding
2gx — 2, there invariably exists an irreducible metric that represents D. In this section, we aim to
prove Theorem 1.1 by employing Brouwer’s invariance of domain theorem on the surjective map
o referenced in (1.1). This method substantiates the hypothesis that irreducible metrics, which
represent effective divisors of an odd degree greater than 2gx, are not unique.

Lemma 3.1. Let L and M be two line bundles on a compact Riemann surface X with deg L <
deg M, such that there exists a stable extension of M by L. The restriction of the map o defined
in (1.1) to the projectivization P (Ext)l((M, L)X) of the space Ext)l((M, L)*, comprising stable exten-
sions of M by L, is an injective map into the space MI(X,Z) of irreducible metrics representing
effective divisors on X.
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Proor. According to [26, Theorem 2.2], the space Extg((M, L)* is Zariski open in Extg((M, L),
and so is P (Ext)l((M, L)S) inP (Ext}l((M, L)). Suppose that there exist two stable extensions

E):0L—>E ->M—->0 and (E):0->L—>E,—>M—>0

which define the same irreducible cone spherical metric. Utilizing [26, Theorem 3.1], we obtain
P(E|) = P(E,), denoted by P. Let s;: X — P be the section of P induced by L — E; (i = 1, 2).
Then, there exists a line bundle 7 over X such that there is an isomorphism n: E; — E, ® T
since P(E|) = P(E») (see [22, p.515]). Moreover, T is a 2-torsion since det E; = det E;, and s,
is the image of s; under the automorphism of P induced by 7, as E; and E, define the same cone
spherical metric. This leads to the following commutative diagram:

0 L E,
0 L®T E,®T,

where we view the equivalence class (E;) as an element in Ext}((M ® T,L ® T) represented by
0->LQT - E,®T - M®T — 0, via the following isomorphisms

Exty(M,L)= H'(X,LeM™") = H' (X, (L& T)® M ®T)™") = Exty(M® T,L&T).
By examining the commutative diagram, we deduce that L = n(L) = L®T. Consequently, T’ = Oy
yields the identity map of P. As a result, the two line subbundles L — E; and L — E, induce

the same section of P — X, i.e., s; = s,, and the two extensions (E;) and (E,) are co-linear in
Exty(M, L). O

Proor oF THEOREM 1.1. Choose the line bundle M on X such that M = Kgl ® Ox(D). Then
d = deg M is an odd integer > 3. The proof involves the following three steps.

Firstly, by [26, Theorem 2.4] and [3, Theorem 1.1], the ramification divisor map R, ) is a
real analytic surjective map from the projectivization P (Ext)l((M, OX)S) of the space Ext)]((M, Ox)*
to |[Kx ® M| = |D|. By the Riemann-Roch theorem, the rational map

¢ =0ken: X — P(Exty(M,0y)) =P((H(X, Ky ® M))")
x b {reH'X, Kx® M) | 1(x) = 0]

becomes a non-degenerate embedding of X into P (Ext)l((M, OX)). Utilizing [25, Proposition 1.1],
a nontrival extension 0 - Ox — E — M — 0 is unstable if and only if it lies in the secant
variety Sec(s-1)/2(¢(X)), which has dimension <! > 0. Thus, the domain P(Ext;((M, ()X)S) of
the ramification divisor map R, m) is a Zariski open and proper subset of P (Ext)l((M, Ox)). In
particular, it is non-compact.

Secondly, R, : P (Ext)l((M, OX)S) — |D| must not be one-to-one. Suppose that it is injec-
tive. Then, since it is continuous, Ro, ar is open by Brouwer’s invariance of domain theorem [4].
As it is also surjective, Ro,.m) would establish a homeomorphism between P (Ext}((M, OX)‘Y) and
the complete linear system |D|. This contradicts the non-compactness of P (Ext)l((M, OX)S).

Thirdly, following the result of the second step, there exists a divisor D’ € |D| with at least
two distinct pre-images, namely

(EN:0-0x—=E »M—->0 and (Ey):0—-0x—>E,—>M—0,

under R o, »). Hence, these two stable extensions (E;) and (E,) are not co-linear in Extﬁ((M, Ox).
By Lemma 3.1, they give two non-isometric irreducible cone spherical metrics representing D’
on X. |
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4. Strictly polystable extensions and integral reducible metrics

In this section, we initiate a thorough analysis of the existence problem associated with
strictly polystable extensions. This foundational theoretical framework is essential for our upcom-
ing detailed examination of reducible metrics, which we will explore in the subsequent section.
Moreover, we demonstrate that various projectivizations of strictly polystable extension classes
result in uniquely distinct, yet projectively equivalent, classes of reducible metrics, as elaborated
in Proposition 4.9.

4.1. Existence of strictly polystable extensions.

Lemma 4.1. Let X be a compact Riemann surface of genus gx > 0 and L a line bundle on X.
Then there exists a strictly polystable extension of L™ by L solely when deg L < 0. Furthermore,
ifdeg L < 0 and J € Pic’(X), then a short exact sequence 0 — L — J & J™' — L' — 0 must be
strictly polystable.

Proor. This lemma comprises two statements, both of which we shall prove sequentially.

Let J be a line bundle of degree zero on X, i.e. J € Pic®(X) such that there exists an embed-
ding L < J® J~', and ensure that the induced section f: X — P := P(J®J') is not locally flat.
Observe that the embedding L < J&J~! is equivalent to a pair (s1, 52) of two sections sy, s, lying
in H°(X, Hom(L, J)), H°(X,Hom(L, J!)) respectively such that these two sections possess no
common zero. Consequently, deg L < 0; otherwise, deg Hom(L, J) < 0 and deg Hom(L, JH<0
would imply s; = 0 = s,. If deg L = 0, then deg Hom(L, J) = 0 = deg Hom(L, J~"). This implies
that s; (j = 1, 2) either vanishes nowhere or vanishes identically on X. Without loss of generality,
we assume that s; vanishes nowhere. Consequently, L = J.

e If Jis a 2-torsion line bundle, i.e. J = J~!, then s, and s, are co-linear. In this case, the
section f induced by the embedding (s;, s2): L — J & J~! is locally constant.

e If J is not a 2-torsion line bundle, then L = J 2 J~! and s, vanishes identically. Hence
the embedding (s;,0): L — J & J~! gives the locally constant section

f:X->PUaJY, f=[1:0]

In both cases, the induced section f is consistently locally flat, which contradicts the assumption
that f is not locally flat. Therefore, deg L cannot be zero. In summary, if there exists a strictly
polystable extension of L~! by L, then deg L < 0.

For the second assertion, by using [26, Lemma 3.2.], we know that the section f: X — P :=
P(J ® J~') has ramification divisor B; lying in the complete linear system IL™% ® Ky|.

e Ifdeg By =2gx —2—2deg L > 0, then f is not locally flat.

o If deg By = 0, then gx = 0, L = Opi(—1) and J is a trivial line bundle. Then, the
sections 51,5y € HO(PI,OPI(I)) possess no common zero. Hence, s; and s, cannot
vanish identically and be co-linear. In other words, the induced section f: P! — P(Opi @&
Op1) = P! x P! is not locally flat. m

By virtue of this lemma, we can legitimately refine Definition 2.4 succinctly as follows.

DeriniTioN 4.2. Let X be a compact Riemann surface of genus gy > 0 and L a line bundle of
deg L < 0. We call the short exact sequence
0->L-oJeJ'>L"' >0, JePicX),
strictly polystable. An element in Ext&(L‘l, L) is called strictly polystable if it could be repre-
sented by a strictly polystable extension of L™! by L.

Question 4.3. Let X be a compact Riemann surface of genus gy > 0 and L a line bundle with
deg L <O.
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(1) Determine the necessary and sufficient condition for the existence of a strictly polystable
extension of L™! by L.

(2) Characterize the algebraic subset consisting of all strictly polystable extensions in the
complex vector space Ext}((L‘l, L).

ExampLE 4.4. We shall initially address this question on P!,

(1) There exists a strictly polystable extension if and only if —d := deg L < Q.

(2) The strictly polystable extensions of L™' by L form a Zariski open subset Ext];. (L', L))
of Extﬁm(L_l, L). Moreover, the projectivization ]P’(( Ext];,)1 (L', L))Sp) corresponds to
the space of all the rational functions of degree d moduli the post-compositions of
Mobius transformations, which is a Zariski open subset in the Grassmannian Gr,(C4+1).
In particular, P (( Ext];,” (L', L))Sp) has dimension 2d — 2.

Proor. We prove the two statements sequentially.

(1) Recall that H(P', O(d)) coincides with the space of degree d homogeneous polynomi-
alsin zo and z;, where [z : z;] is the homogeneous coordinate on P' ([24, pp. 175-177]).
Since —d = deg L < 0, any two homogeneous polynomials f(zo,,z;) and g(zo,,z1) of
degree d that have no common zero provide an embedding of L into O® O and induce a
section f: P! — P! x P! corresponding to the rational function f/g on P! of degree d.

(2) It follows from (1) since we could identify C¢+! with the space of degree d homoge-
neous polynomials in zp and z;. O

Then, we give a comprehensive solution for elliptic curves as follows, providing a partial
answer to Question 4.3. Initially, we establish a lemma applicable to general Riemann surfaces.

Lemma 4.5. Let L and J be two line bundles over a compact Riemann surface X of gx = 0
such that deg L < —2gx and deg J = 0. Then the rank two vector bundle L™' ® (J® J™') is ample
in the sense of Atiyah ([1, p.417]). In particular, there is an embedding L — J & J~\.

Proor. Since deg(L™' ® J) = k > 2gx, both L™' ® J and L™' ® J~! are ample in the sense of
Atiyah ([1, p.417]) by Lemma 8 in [1]. By using the splitting exact sequence of vector bundles
0->L'e/->L'eUes )5 Lol ! 50,
and Lemma 1 (i) in [1], we could obtain that L~'® (J®J~!) is ample. In particular, L' @ (J&J™")
is globally generated, i.e. the evaluation map
HX L'eUel Y- L' 'eUeJ™), s sx)

is surjective at each point x € X. By counting dimension, the holomorphic sections of L™ ®
(J @ J71) with at least one zero form a proper subvariety of H'(X,L™' ® (J ® J~')). Therefore,
L~ '®(J®J ") has a nowhere vanishing section, i.e. Ox could be embedded into L™'®(J&J™"). O

THEOREM 4.6. Let X be an elliptic curve, L a line bundle of negative degree over X and J a
line bundle of degree zero over X. Then there exists an embedding of L into J ® J~" if either one
of the two conditions holds

o degl < -2
e degL = —1and J? # Ox.
In particular, there always exists a strictly polystable extension of L' by L.
Proor. Let degL = —k < 0. Since gx = 1, by Lemma 4.5, there exists an embedding of L

into J @ J~! for degL = —k < -2. If deg L = —1, we pick J € Pic®(X) with J2 # Oy. By the
Riemann-Roch theorem, we have

R 'en-mL'e)=1-gx+1=1,
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where (L' ® J) = dimc H(X,L™' ® J) for i = 0,1. Hence h%(L™' ® J) > 1. There exist
0#s € HX, L' ®J)and 0 # 5, € H(X,L™! ® J™1), both of which have a single zero on X.
Suppose that both s; and s, vanish at the same point x on X. Then L™'®J = O(x) = L'®J~" and
J = J7!. Contradiction. Hence, (sy,s,) € H*(X,L™! ® (J @ J™!)) is a nowhere vanishing section
which induces an embedding L — J @ J~!.

O

4.2. Strictly polystable extensions and integral reducible metrics.

DeriniTioN 4.7. Two cone spherical metrics are called projectively equivalent if and only if
their developing maps have the difference by a post-composition of some Mobius transformation.

Lemma 4.8. ([38, Fact 2.1., p.77]) Any two projectively equivalent irreducible metrics are
isometric.

Utilizing the surjective map o in (1.1), we can derive a cone spherical metric that represents
an effective divisor through a polystable extension of two line bundles. When we restrict the
domain of ¢ to the space Ext' (L™!, L), encompassing strictly polystable extensions of L™! by L,
we obtain reducible cone spherical metrics. This leads to the potential formation of a canonical
map

o: P(Ext' (L™, L)?) 5> MR(X, Z)

where P(H' (X, L)) = P(Ext' (L™, L)*) signifies the projectivization of the space Ext!(L™!, L)®.
Here, MR(X, Z) denotes the space of projectively equivalent classes of reducible metrics that rep-
resent effective divisors on X. It is crucial to validate the well-defined nature of this map, particu-
larly its independence from the choice of representations in an element of P(Ext' (L™, L)*®). The
substantiation of this aspect will be addressed in Lemma 4.10. Additionally, we aim to demon-
strate the injectivity of the map &. In conclusion, this leads us to the formulation of the following
proposition.

ProrosiTion 4.9. Let L be a line bundle on a compact Riemann surface X with deg L < 0
such that there exists a strictly polystable extension of L™' by L. Subsequently, we introduce a
canonical mapping

7: P(Ext'(L™!, L)) - MR(X, Z)
where P(Ext'(L™!, L)) represents the projectivization of the space Ext'(L™', L)*® of strictly
polystable extensions of L™' by L. Then this map is well-defined and injective.

So this proposition shows that the projectivization of a strictly polystable extension class

corresponds to a projectively equivalent class of reducible metrics. In the subsequent discussion,
we will divide the proof of this proposition into the following two lemmas.

Lemma 4.10. The map & is well-defined.
Proor. We consider an embedding L ¢> J&J!, where J denotes a holomorphic line bundle
over X with degJ = 0.

Case 1. Assume that J is not a 2-torsion, i.e., J> # Ox. Then the automorphism group of the
rank two holomorphic vector bundle J @ J~! — X can be expressed as

Auty(JoJ ) = {¢ = (g 2) eHom(JaoJ L JoJ ) Aue c*}.

Thus, due to the polystability and flatness of J & J!, there exists an open cover {U,} of X and
constant transition functions on Uy = U, N Upg given by

ag 0
8ap = ( Oﬁ a—ﬁl{),
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where a3 € U(1). Let (e, €;,) be a holomorphic frame of (J & J ’1)|UH relative to {Uqyg, gqp}, 1.€.

| = -1 * ]
eg 0 a,)\e,
Since L is a holomorphic line subbundle of J & J~!, we choose a holomorphic frame I, of L on

U,, and denote the transition functions as £,g. This means that {o5: U, N Ug — GL(1;C) are

holomorphic maps and I = £,/ holds. Since L S JeJ lisa holomorphic embedding, i(l,) is
a nowhere vanishing section of J & J ~Lon U,. We set i(l,) = S1a€a + S20€,, Where 51, and s;
have no common zeros. On U, N Ug, we have

Sla = ;/;aaﬁ “S1g  S2a = f;ﬁla;[; - 828

Thus, {Ua, Wq 1= i;—“} defines a global holomorphic section of P(J & J~!) denoted by w : X —

PJ & J™"), and w, = aiﬁ - wg. It is worth noting that a,s € U(1). Then we obtain from dsi =
w;(ds%) on U, a cone spherical metric on X, denoted by ds?. We now turn to another embedding

¢poi . * *
L J&J™!, where ¢ 0 i(l,) = ¢(51.0€0 + S20€5) = AS1 g€0 + sz q€. Here,
A A s
{U(hwa == Wq = _'ﬂ}
M H o 20

defines a global holomorphic section of P(J @ J~!) denoted by w = ﬁ w: X s PUeJ .

We obtain a spherical reducible metric d5?. It is worth noting that d5*> and ds® are projectively

equivalent reducible metrics representing the same divisor.
Case 2. Suppose that J is 2-torsion, i.e., J> = Ox. Then the automorphism group of J & J~!
is given by

Autx(J@J ) = {¢= (‘C’ Z) eHom(JaoJ ,J®J ") :a b, ¢, deC, ad—bciO}.

Since J = J~!, we can choose an open cover {U,} of X and transitions functions g,z = (agﬂ aO )
af

on Uys = U,NUg, where aqp € U(1). Let (e, ;) be a holomorphic frame of (J&J ’I)IUU relative to

{Uqp, 8ap)- We choose a holomorphic frame [, of L on U,. Consider the embedding L S JeJ !

. . Yol .
and set i(l,) = S10€q + S24€,,. For the embedding L <— J @ J~!, the transformation Y maps the
frame (e,, €},) to (ae, + cel,, be, + del), i.e.,

Uley) = ae, +ce,,  Yle,) = be, + de,.
Then, we have

Yoi(ly) = Y(sigea + $20€,) = (aS10 + bS24)eq + (CS1 0 + dsrg)ey,.

Hence,
asiq +bsrg
Upp, Wg = ————— = «
{ B W CS1q +dsr, Yw )}
defines a global holomorphic section of P(J&J~!) denoted by W = y(w) = 222 X — P(JoJ ™).
We obtain a spherical reducible metric d§*. The metrics d§* and ds® are projectively equivalent
reducible metrics representing the same divisor. O

Lemma 4.11. The map & is injective.
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Proor. The proof can be divided into the following two cases.

Case 1. Let g and g, be two projectively equivalent reducible metrics. Assume that g; is a
nontrivial reducible metric. Let f; and f, be the developing maps of g; and g», respectively, with
monodromies belonging to U(1). We can express f> as

af1 +b
f= ,
cfi+d
where a, b, c,d € C and ad — bc = 1. We choose a function element f, of f> near p € X such that
. afi+b
2= s
Cfl +d

where f; is some function element of fj. Since g, is a nontrivial reducible metric and the mon-
odromy of f, belongs to U(1), there exist ¢, 6 € R\Z such that

eznﬁwfz _ e2ﬂ‘m¢af1 +b _ anHﬁHT'l + b.
chi+d V=105 4 g

This is equivalent to the system
ace2ﬂﬁ9(1 _ eZﬂﬁtp) =0

e ‘m“’(ad + bee™ ﬁe) = ade®™ V1 4 pe .

bd(1 — V1) = 0

From this, we find that eitherc = b =0ora=d = 0.

Subcase 1.1. When ¢ = b = 0, we have ad = 1, and f, = a*f;. Consequently, the branched
projective coverings defined by f; and f> lead to the same P' bundle over X, denoted as P. More-
over, we can deduce that g; and g, correspond to the pairs (P, w) and (P, a*w), respectively.

In the context of considering extensions in the space Ext!(L™!, L), it is necessary for the
corresponding rank 2 bundle associated with P to take the form of J @ J~!, where J € Pic’(X).

Assuming that g; and g, can be derived from two strictly polystable extensions, namely L <

JoJ 'and L <, JeJ HeN, respectively, where J? # Ox and N?> = Oy. Furthermore, let
us establish that, up to a nonzero complex number, the pairs (P, w) and (P, a*w) correspond to the

aforementioned extensions, L S JeJ " and LD (J®J ) ® N, respectively.
For the bundle J & J~!, we choose an open cover {U,} of X with constant transition functions
on Uys = U, N Up given by
a 0
gaﬁ = ( 8ﬁ Cl_])’

ap
where a,g € U(1). Subsequently, we conside (e,,e},) as a holomorphic local frame for (J @
J ")IUU with respect to {Ug, gqp}. For the holomorphic subbundle L of J & J -1 we choose a local
holomorphic frame [, on U, along with corresponding transition functions £,s. Considering the

embedding L <> J&J-!, we find that i(l,) is a nowhere vanishing section of J&J~! on U,. It can
be expressed as i(ly) = S1 €0 + 52,0€,, Where 51, and s, , have no common zeros. Consequently,
we can locally represent w as {Ua, We = “—“}

82,0

In the following, we illustrate that the metric g, can be defined by the extension L 5 &
%5e J~', where

azﬂ 0 -1
¢_(O ”)eAutX(JGBJ ).
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Specifically, we have

. 2
¢ o l(la) = ¢(S1,a/ea + SZ,ae:;) = S1,00 UEy + SZ,QHe:;'

Assume that (P, W) is derived from the extension L ﬂ J®J L. Then, locally, W can be expressed

as
a’us,
N K4 2
{Uou Wo = =a War}~
HS2 o

This implies that the two embeddings L P Je s and L - (J®J ") ® N yield the same pair
(P, a®>w). Furthermore, consider the embedding

(poi)®idy 1

which also defines the pair (P, a*w). Therefore, we conclude that L = L ® N and N = Ox.
Additionally, j = A¢ o i, where A € C*.

Subcase 1. 2. In the situation where a = d = 0, we possess a comparable proof analogous to
Subcase 1, but we omit it for brevity.

Case 2. Let g, and g, be two projectively equivalent trivial reducible metrics. Assume

= ‘C‘?IZ, where a,b,c,d € C and ad — bc = 1. According to [8, Lemma 4.2.], f; and f, are

rational functions on the Riemann surface X. This implies that we can construct a trivial P'-
bundle from g; and g,. The corresponding rank 2 bundle is J @ J for some 2-torsion line bundle
J. From g; and g,, we obtain two pairs (P, w) and (P, W), respectively. Moreover, the pairs (P, w)

and (P, w) correspond to the extensions L < JoJandL <5 e (up to a nonzero complex
number), where P = P(J & J) = P(J & J) and J. J are 2-torsion line bundles.

Below, we show that the extension L — J & J 2 J @ J also defines the metric g,, where
a b
¢=(C d)eHom(JEBJ,JéBJ).

Let (ej,4, €2,) be a holomorphic local frame for (J @ J)|y, with respect to {Ugg, go5}. We choose
a local holomorphic frame [, of L on U, and set i(ly) = S14€10 + $24€24- Then, w can be

locally expressed as {U @ Wa = ;' } Assuming that we obtain the pair (P, W) from the extension

goi )
L — J®J. Since ¢(e1 ) = aey o + ceay and ¢lea,) = bey o + dey o, we have

P oi(ly) =p(s10€1,0 + $20€20) = (AS10 +DbS24)e10 +(CS1 0 +dS20)e04.

This implies that W has the local expression

N asiqe + sz,a aw, + b
Uy, Wo = = .
CS1qt+dsry, cwy+d

Therefore, w = w, and the extensions L ﬂ J®Jand L N JoJ yield the same pair (P, ).
Consider the extension

(¢oi)el - .
L®(J®J)—>(J®J)®(J®J)=J®J,

which also yields the palr (P w). Consequently, wehave L=L®(J®J),J®J=0x,and J = J.
Thus, the extensions L —> J@®Jand L EA J @ J are co-linear in Ext'(L™!, L).
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Remark 4.12. In the proof of Proposition 4.9, we observe that when J is a 2-torsion, the
resulting P'-bundle P is identified as the trivial P! bundle. This leads to the acquisition of a trivial
reducible metric. A family of projectively equivalent trivial reducible metrics can be defined by
three real parameters, as documented by Umehara—Yamada (2000) ([38, Fact 2.1., p.77]).

On the other hand, in cases where J is not a 2-torsion, the process yields a nontrivial reducible
metric. Correspondingly, a family of projectively equivalent nontrivial reducible metrics can be
defined by one real parameters ([38, Fact 2.1., p.77]).

5. Effective divisors represented by reducible metrics

This section primarily focuses on introducing the concept of the restricted ramification divi-
sor map and subsequently estimating the rank of its complex derivatives from below. Utilizing
this estimate, we proceed to present the proofs for Theorems 1.2 and 1.3 in Subsection 5.3 and
Subsection 5.4. In this context, Corollary 1.4 is established through a dimensional analysis ap-
proach.

5.1. Strictly polystable short exact sequence. Given an embedding L 4 J®J!, we can

canonically construct a holomorphic map J & J~! L L such that the following short exact
sequence of holomorphic vector bundles is formed:

0-LS5Jes ' St 5.
This construction will be used in the next subsection.

Lemma 5.1. Let L, J be two holomorphic line bundles over a compact Riemann surface X
with deg L < 0 and deg J = 0. Suppose that we have an embedding L < J& J\. Then we
can construct a nowhere-vanishing holomorphic section p: J®&J™' — L' of Hom(J® J~', L")
in a canonical way. This construction yields the following short exact sequence of holomorphic
vector bundles:

0>LSJes B so.
Proor. Let us consider the canonical isomorphic map
¢ : Hom(L, J) — Hom(J~", L™"), (5.1)

which relates a local section s; of Hom(L, J) to a local section v* of J~! through the equation
@(s1)(v) := v* o s1. Here, s; represents a local section of Hom(L, J), and v* represents a local
section of J~!. Similarly, we define another canonical isomorphism map

¢" : Hom(L, J™") - Hom(J, L™"), (5.2)

which relates a local section s, of Hom(L, J~!) to a local section u of J through the equation
©"(s2)(n) := evy osy. In this case, s, represents a local section of Hom(L, J™"), u represents a
local section of J, and ev : J — (J~!)~! is the canonical isomorphic map given by ev,(v*) := v*(u).

The embedding L < g ® J~! can be represented by a pair (i, ip) of two sections i; and i,
belonging to H°(Hom(L, J)) and H°(Hom(L, J~")), respectively, with no common zero. Since ¢
and ¢" are holomorphic isomorphisms, then ¢(i;) and ¢"(iy) are two sections in Hom(J LY
and Hom(J, L"), respectively, with no common zero. Denote by p; = ¢"(iy) and ps = —¢(i).
Then we define the map as follows:

Y: Hom(J, LY@ Hom(J™',L™") > Hom(J & J ', L")
(p1.p2) — (V) 5 pi() + ()

where u is a local section of J, v* is a local section of J~!, and p = Y(p1, p2).
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We claim that Im i = Ker p. Actually, we choose an open covers {U,} for X and constant
transition functions

_ (%ﬁ 0 )

8ap 0 aa[',

on Uys = U, N Up, where aqz € U(1). Let (e,, €),) be a holomorphic flat frame for (J @ J’I)IU”

with respect to {Ug, gop}. We also choose a local holomorphic frame /, of L on U,, along with

the corresponding transition functions £,z such that Iz = £,4l,. For the embedding L SieJ -1
we set i(ly) = i1(ly) + i2(ly) = S1,0€0 + 52,0€,. By performing the following calculations:

po l(la/) =po (sl,are(t + SZ,GeZ)
=51.09" (2)(€q) = $2.09(i1)(€;) = 0,
we find that poi = 0, i.e. p; o iy + p o i, = 0. Therefore, we have shown that Imi C Ker p. It
should be noted that p(e,) = pi(eq) = ¢"(ix)(e,) # 0, implying that p(x) # O whenever i>(x) # 0,
where x € X. Similarly, p(x) # 0 for any i;(x) # 0. Since i; and i, do not have any common
zeros, it follows that p is a nowhere-vanishing section of Hom(J @ J~!', L™"). Furthermore, for

every x € X, the dimension of Im i|, is equal to 1, which implies that Im i = Ker p. Consequently,
we have obtained a short exact sequence of holomorphic vector bundles

0-5L5Ter ' S .
O

5.2. Restricted ramification divisor map. In this subsection, we delve deeper into the
study of reducible metrics by introducing and analyzing the restricted ramification divisor map.
We will compute its complex differential and estimate its rank, emphasizing the implications of
this concept. Originating from a specific restriction of the ramification divisor map discussed
in Subsection 2.1, this map is pivotal in identifying and characterizing effective divisors of even
degrees that are associated with reducible metrics.

ProposiTiON 5.2. Let L, J be two holomorphic line bundles over a compact Riemann surface
X of genus gx > 0 such that
e degJ =0;
e dim H°(Hom(L, J)) > 0 and dim H°( Hom(L, J*)) > 0.
Utilizing the two canonical isomorphisms ¢ and ¢" from (5.1, 5.2), we define the restricted rami-
fication divisor map as follows:

p: H(X, Hom(L, J)) ® H°(X, Hom(L, J™")) — H°(X,Hom(L, L' ® Kx))
(io» i0) gov(f(;) 0dyoig—@(ig)odj1 o0 ios
where 3; and 0;-1 are the (1,0)-parts of the Hermitian-Einstein connections Dy on J and D ;-1 on
J1, respectively. The following two statements hold:

(1) p is a bilinear holomorphic map, and its image constitutes a cone within the space
H(X,Hom(L, L' ® Kx)). The complex derivative of p at (i1,i>) € H'(Hom(L,J)) ®
H(Hom(L, J™1)) along (iy, io) is given by

Putir inlios To) = 9" (i2) 0 8y 0 ig + ¢" (i) 0 9y 0 i)
— (i) 0 8y-1 0 g — @lig) 0 D1 © i

Particularly, if]‘1 =J ie, J* = Oy, then © = @Y, pis anti-symmetric on HO(Hom(L, D)@
H°(Hom(L, J™")), and

Putivin)ios 0) = @lin) © 8; 0 ig + @lig) © 8 0 iy
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— (i) 08y 0 iy = ¢lio) 0 8, © i
(2) Supposei = (i1,i>) € H (Hom(L, J))®H’(Hom(L, J™")) embeds L into J&J ', yielding
a short exact sequence 0 — L S Jeu' S L 5 0as in Lemma 5.1. Then p(,12)

coincides with the second fundamental form B* of the embedding L S T T, where
J ® J7 is endowed with a Hermitian-Einstein metric and L with the induced metric.

Proor. (1) We first note that the expression for p(iy, f(;) can be articulated as follows:
plio. o) = ¢" (i) 0 8 0 ig = @lig) 0 81 0 iy = (p ®id) 0 By 0 i (5.3)
Here, i is the holomorphic section of Hom(L, J & J ~1), determined by (io,z"(;), and p is as con-
structed in the proof of Lemma 5.1 from i. Note that d,q,-1 denotes the (1, 0)-part of the Hermitian-
Einstein connection D g;-1. Thus, p(io, io) is a holomorphic section of Hom(L, L™' ® Kx). More-

over, for any 4, u € C, it holds that p(Aiy, ,uf(;) = /l,up(ig,f(;). Upon substituting i, := (ij +1tio, i2+tf(;),
for ¢t € C, into p’s definition, we deduce:

p(i) = (p; ®id) 0 8 eyt 0 iy
= (p;®id) 0 (3, ® D) 0 (iy + tio, iz + tip)

= ["(i2) + 19" (i0)] 0 By o (i + tig) — (i) + te(ig)] © D1 © (i + tip).
The derivative can then be calculated as:
T 0p(lz) =¢'(ix) 08y 0ig+¢"(ip) 08y 0 iy —¢(i1) 0 81 0 ig — @lip) © y-1 © i (5.4
1=
(2) The second statement follows directly from Equations (5.3), (2.3), and Lemma 2.1. |

Through the application of local flat trivialization of J & J~!, we can estimate from below the
rank for the complex differential of the restricted ramification divisor map. This lemma plays a
pivotal role in the subsequent derivation of Theorems 1.2 and 1.3 in the following subsection.

Lemma 5.3. Let L and J be two holomorphic line bundles over a compact Riemann surface
X of genus gx > 0, where degJ = 0 and —k := deg L < 1 — 2gx. Denote the complex dimension
of the spaces H*(Hom(L, J*")) by d. We consider two nonzero elements iy € H(Hom(L, J)) and
ir € H'(Hom(L, J™")). An estimation for the rank of the complex differential p, of the restricted
ramification divisor map p: H°(X, Hom(L, J))® H(X, Hom(L, J™')) — H°(X, Hom(L, L' ®Ky))
at (i1, ip) can be established as follows:
o IfJ? # Oy, then d < rank p., i,y < 2d— 1. In particular, we deduce that rank p., ;) = 1
whend = 1.
° IfJ2 = Oy and iy, i are not co-linear in HO(X, Hom(L, J)), then d — 1 < rank p.;, ;,) <
2d — 3. In particular, we deduce that rank p., ;) = 1 when d = 2.

Proor. Applying the Riemann-Roch theorem, we deduce that the spaces H’(Hom(L, J*!))
possess a complex dimension of d = k + 1 — gx > gx > 0. We choose an open cover {U,} of X,
such that J possesses a flat trivializing coordinate. Assuming that the constant transition functions
of J& J™' on Uys = U, N U are given by

_ Adop 0 )
gaﬁ ( 0 aﬂé B
where a.p € U(1). Let (eq, €},) represent a holomorphic flat frame of (J @ J ‘I)IUH with respect to

{Uqp, ap}- In other words, we have
eg\ f(agg 0 \([eq
e; ] a;[li el
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Choose a holomorphic frame [, of L on U,, with transition functions £,z such that lg = £.sl,.

Denote i(l,) = i1(ly) + i2(ly) = S10€0 + $2,0€, and ip(ly) = uge, and ip(ly) = vee),. Then we have
i(lo) = (i1 + tig)(ly) + (2 + L ip)(l,) = (Sl,a +1tug)e, + (SZ,(I/ +1 Va)e;-

where i, := (i1 +tip, i2+ti?)). Moreover, we get s1, = €;éa(,ﬁ-s1,ﬁ, §20 = t’;ﬁla;}fszﬁ, Uy = €;éa(,ﬁ-uﬁ
and v, = K;éa;é -vg on U, N Ug. Since p(i;)(l,) is a local section of L™' ® Ky on U, p(i/)(l,) can

acts on /,. Then we obtain the local expression of p.(;, ;) (io, 5) by using the expression in (5.4):

- p)1e) = dug - $2.0 T dsl,a Ve — dvg - Sla — dsZ,a s Ug.

dtli=o
du, dsi, dv, dsy
= —". + — . - . - =, d 55
( 4z, 2.« dz, Va 4z, Sl 4z, Uy | A2y (5.5)
The calculation gives us the following result on U, N Ug:
du” dSz’(y [_2 dZﬂ duﬁ dSz’ﬁ
gy — T P2 = ‘u
dZa 2,a dZ(y (% ) dZa/ d 2 2,8 d 2 B
and
dsiq dv, , dz (S]ﬁ dvg )
2 Y, — —— - § :f .__’.v__.s s
Az dzg T dge\dgg P dgg
Thus, {Um % 829 — % . ua} defines the holomorphic section ¢ (i) o 8 o iy — ¢(ip) © 81 © i5.

dsie

Similarly, {U(,, %Z Sle T @ -vo,} corresponds to the holomorphic section ¢(i}) o ;-1 o iy —
" (i) 0 0y 0 iy A

Moreover, when (iy, o) = (i1, —i2), we can easily see from Proposition 5.2 that the above
derivative vanishes. Therefore, we can conclude that rank p.;, ;,) < 2d — 1.

Let us consider the following case where we set iy = 0, implying v, = 0. In other words, we
are considering i, = (i; + t ip, i), t € C. In this scenario, we have

dr

Op(lt)(l(r)(l(l) = du(x c82a T d52,(1 c Uy

1=

Consequently, if %

p(iy) = 0, then duy - s34 —dszo - 4y = 0and u, = Cy, - 524, where C,, is a
=0

complex constant on U,.

Case 1. If C, = 0, it implies that iy = 0 and the restriction of the complex differential
Py i) to the subspace H(X, Hom(L, J)) ® {0} of H°(X, Hom(L, J)) ® H°(X, Hom(L, J™")) is
non-degenerate. Thus, we can conclude that rank p.(;, ;,) > d.

Case 2. Suppose C, # 0. Considering

0= % . Op(ll)(lﬁ)(lﬁ) = duﬁ c 8§28 — dSz,ﬁ cup  on Uﬁ,

and recalling u, = f;g,aaﬁ -ug on U, N Ug, we can deduce that ug # 0 since i, # 0. Since
ug = Cg - 525, where Cg is a non-zero complex constant on Ug, we find that C, = afw - Cg.
Moreover, the pair {U,, C,} defines a global holomorphic section of J2, leading us to J> = Oy.
Therefore, we have ‘1(243 =1land C, = Cg := C. Actually, we obtain i, = (i; +t C - ip, i), t € C,
which define a family of projectively equivalent trivial reducible metrics on X. Furthermore, in
this case, Ker p,;, ;,) contains at least three linearly independent vectors (i, 0), (0, i;) and (i;, —i2)
based on either Proposition 5.2 or the local expression (5.5) of p.(,i,). Consequently, we can
conclude that d — 1 < rank p,, ;) < 2d — 3.

O
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5.3. Existence and non-uniqueness of integral reducible metrics.

Proor or THEOREM 1.2. Let X be a compact Riemann surface with genus gx > 2 and suppose
that deg D > 6gx — 2. Since deg(K,' ® Ox(D)) > 4gx and K;' ® Ox(D) has even degree,
we can choose a line bundle L with deg L < —2gx such that L™ = K;(l ® Ox(D). Then there
exists a strictly polystable extension in Ext!(L™!, L) by Lemma 4.5. Additionally, according to
Proposition 4.9, the projective class of this strictly polystable extension in P(Ext' (L™!, L)®) gives
rise to a family of reducible metrics that represent some divisor D" € |D)|.

Let L < J & J! be the embedding obtained as mentioned above. This can be equivalently
represented by a pair (i1, iy) of two sections in H(Hom(L, J)) and H°(Hom(L, J™")), respec-
tively, where these sections have no common zero. Now, let’s take iy and 13 as any holomorphic
sections of Hom(Z, J) and Hom(L, J™1) respectively. We denote

i = (iy + tig,ir+1ip) 1€C,

and for sufficiently small #, i, forms embeddings L — J@®J~!. This implies that p(i), as defined in
Proposition 5.2, corresponds exactly to the second fundamental forms 8* for [¢f| << 1. According
to Lemma 2.5, we know that the divisors of 8* as holomorphic sections of Hom(L, L' ® K)

are precisely represented by the reducible metrics defined by the embeddings L < J@J! for
|f| << 1. Therefore, in combination with Lemma 5.3, we obtain the following conclusion:

o If J2 # Oy, then there exists an arcwise connected Borel subset of |D| with Hausdorff
dimension 2(d — 1) = 2(—deg L — gx) = deg D —4gx + 2. This subset contains D’, and
each divisor in it can be represented by nontrivial reducible metrics.

e Suppose that J> = Oy. Since i; # Ai, for any A € C, there exists an arcwise connected
Borel subset of |D| with Hausdorff dimension 2(d — 1 — 1) = 2(-deg L —gx — 1) =
deg D—4gy. This subset contains D’, and each divisor in it can be represented by trivial
reducible metrics.

O

Based on the proof of Theorem 1.2, when considering the scenario where gx = 1, we can
derive analogous results as presented in Theorem 1.3.

Proor oF THEOREM 1.3. Since deg (Ky' ® Ox(D)) > 2 and K;;' ® Ox(D) has even degree, we
can choose a line bundle L with degL < —1 such that L™? = K,' ® Ox(D). Consequently, an
embedding of L — J & J! exists, where J is a line bundle of degree zero, as established by
Theorem 4.6. According to Proposition 4.9, the projective class of this embedding L — J & J~!
in P(Ext'(L™!, L)*) yields a family of reducible metrics representing a certain divisor D’ € |D|.
Moreover, in the scenario where deg D > 4, in conjunction with Theorem 1.2, we deduce Theorem
1.3. In the instance where deg D = 2, the proof is left to Subsection 5.4.

]

Proor or CoroLLARY 1.4. This proof concentrates on the case where gy > 2, as the method-
ology for gx = 1 is analogous. Our approach is based on a dimensional counting argument. For
clarity, let’s denote the degree of D as d. Recall that the symmetric product Sym®(X) represents
the moduli space of effective divisors of degree d on X. We define R, as the subspace comprising
ramification divisors of branched covers X — P! with a degree of % Notably, effective
divisors of degree d that are represented by trivial reducible metrics constitute the space R, as
per [8, Theorem 3.4]. Our goal is to estimate the complex dimension of R, from above. The
focus will be on the subset of simple ramification divisors within R,. According to the Riemann

existence theorem (refer to [13, Section 4.2.]), this subset’s complex dimension does not exceed
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(d — 3). This implies that a generic element in Sym®(X) cannot be a ramification divisor of any
branched cover X — P!, O

5.4. Spherical metrics representing effective divisors with degree 2 on an elliptic curve.
In this subsection, we provide the proof of Theorem 1.3 for the case where deg D = 2. Before
proceeding, we need to establish the following proposition:

ProposiTiON 5.4. Let X represent an elliptic curve over C, and let L be a line bundle of degree
—1 over X. Then, in the space Ext)l((L’l, L) = C?, besides the strictly polystable extensions given
by

0oL-oJoJ ' 5L 150, Je PicO(X) \ {2 — torsions},
there exist precisely four complex lines consisting of extensions of the form
0->L—>E—>L'">0, Ec&Q20),

where &2, 0) denote the set of isomorphism classes of indecomposable vector bundles of rank 2
and degree 0 over X. Consequently, P(Ext,lf(L‘l, L)SP) = P'\ {4 points} forms a path-connected
space, where P(Ext'(L™", L)*?) denotes the projectivization of the space Ext'(L™', L)*® containing
strictly polystable extensions of L™' by L.

5.4.1. Proof of Proposition 5.4. Firstly, in accordance with [1, Theorem 5], a unique vector
bundle Ey € &2, 0) exists, such that Ej fits into an exact sequence:

0—>O0Ox - Ey— Ox —0.
Subsequently, we establish the following lemma:

Lemma 5.5. Suppose Ly € Pic’(X) is a line subbundle of Ey. Then Ly = Oy.

Proor. Consider the following diagram:

Ly
i g p
. lj\
s iy Po
0 OX EO OX 0

If p = pooj: Ly — Oy is nonzero, then p must be an isomorphism because deg Ly = 0 = deg Oy.
If p = 0, then there exists an inclusion i: Ly — Oy, which is also an isomorphism. O

Remark 5.6. If S is a line bundle of degree greater than zero, it cannot be a line subbundle of
E,. Otherwise, we would have the extension 0 —» § — E; — S~! — 0, which would be splitting,
as Exth(S71,8) = H'(X,5%) = 0.

Lemma 5.7. dime H(X, L' @ Ep) = 2.

Proor. Due to the property of Ey, we have the exact sequence 0 —» Ox — Ey — Oy — 0.
By tensoring with L~!, we obtain

0->L'5L'®Ey - L' —0.
This leads to the induced long exact sequence of cohomology groups
0—H'X, LYYy — H'X,L"'® E)) — H'X, L") — H'(X, L")

0

C C
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Lemma5.8. The setZ = {s € H'(X, L™' ® Eq) | 3 p € X such that s(p) = 0} in H(X, L™'®Eq)
forms a complex line.

Proor. The inclusion H(X, L") 5 H(X, L' ® Ey) implies that Z # {0}. Given 0 # s € Z,
let [s] represent the line subbundle of L™' ® E, generated by s [1, p.419]. Consequently, deg[s] =
degdivs > 1, and L ® [s] is a line subbundle of E.

Using Lemma 5.5 and Remark 5.6, we know that deg[s] = 1 and L ® [s] = Ox. Therefore, s
has precisely one simple zero denoted by p € X, implying L = Ox(-p).

Let 0 # o € Z, with g being the simple zero of . Then L = Ox(—g). Since X is an elliptic
curve, we have p = g. Furthermore, since both s and o are sections of L they must be linearly
dependent, as dimc HO(X,L™") = 1. m]

As a consequence of Lemmas 5.7 and 5.8, we deduce the following corollary:

COROLLARY 5.9. There exist two nowhere vanishing sections sy, s, of L™' ® Ey, forming a
basis for H*(X, L' ® Ey).

Additionally, we have the following lemma:

Lemma 5.10. Suppose ¢ € End(Ey) = End(L™' ® Ey) such that:
o 51 and ¢(s1) are linearly dependent in H'(X, L' ® Ey);
o s, and ¢(sy) are linearly dependent in H(X, L' ® Ey).
Then, it follows that ¢ = c - 1dg,, where c is an element of C.

Proor. Note that
F = {x € X | s1(x), s2(x) are linear dependent as vectors in the fiber (L'® E0)|x}

= {x € X | (51 A $2)(x) = 0 as a holomorphic section of the line bundle det(L_1 ® Eo)} .

Since 51, s, form a basis of H*(X, L™' ® Ej), s1 A s» is not a zero section of det(L~' ® E,)) . Hence
F is a finite set of X.
Suppose ¢(s1) = c1-s1 and ¢(s2) = c2-52. Then the restriction of ¢ to the fiber Ey|, for (x ¢ F)
is the matrix diag(ci, ¢»). Thus, by the holomorphic property of ¢, we have ¢ = diag(cy, ¢3).
Furthermore, if ¢; # ¢, then Ey decomposes into a direct sum of two line subbundles L; =
ker(¢ —Ci IdEo)

PRrOOF OF ProPOsSITION 5.4. Let 0 - L — E — L' — 0 be a non-trivial extension in
Exti (L', L).

(1) If E is decomposable, then E = J @ J~!, where J € Pic=°(X). Note that if degJ < -1,
then there is only a zero map from L to J and any section in H'(X,L™' @ (J & J™"))
cannot be nowhere vanishing. Hence, degJ = —1 or 0. If degJ = —1, it’s evident
that J = Land E = L& L™, i.e. the extension is trivial. In summary, we obtain that
deg J = 0 and J is not a 2-torsion by Theorem 4.6.

(2) If E is indecomposable, then E = Ey® T by [1, Theorem 5], where T is a 2-torsion line
bundle. Note that if 7 € Pic’(X) is nontrivial, we have Hom(Ey, Ec® T) = 0 according
to [1, Lemma 18]. By replacing L with L ® T, we may assume E = E,. Then we only
need to show that the equivalence classes of the extension with form

0>L—o>Ey—»L'>50

form a complex line in Ext},(L™!, L) = C2.

By [1, Lemma 17], we know that dim¢c End(E)) = 2. If ¢ € Aut(Eyp) and s € Z, then
¢(s) € Z. Hence the induced action of Aut(Ej) on PH(X,L™' ® Ey) = P! has exactly
one fixed point [Z]. That is, The actions of Aut(Ey) on P! are affine transformations.
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On the other hand, the action of Aut(Ey)/{c - Idg, | ¢ € C*} is faithful on P! by
Lemma 5.10. According the classification of 1-dimensional subgroups of PSL(2,C),
we know that Aut(Ep)/{c-Idg, |c€e C*} = {z— az|aeClor{z—z+b|beCl If
Aut(Ep)/{c-Idg, | c € C*} = {z = az | a € C*}, then the induced action of Aut(Ey) on
PHY(X, L' ® E) = P! has two fixed points. The decomposability of Ej is established
by the proof of Lemma 5.10. Consequently, we deduce that Aut(Ep)/{c - Idg, | ¢ €
C'} = {z = z+ b | b € C}, implying that the action is transitive. That is, for any
nowhere vanishing section o € H°(X, L' ® Ey), there is an automorphism ¢ € Aut(Eg)
such that ¢(s;) = o. Hence, any extension with fom 0 — L — Ey — L™! — 0is
equivalent to the extension

0-5L5E —» L' >0, (5.6)

with the fixed inclusion L —> Ey. All the equivalence classes with form (5.6) form a
complex line in Ext)l((L‘1 , L). Furthermore, there are four 2-torsion line bundles on an
elliptic curve. This completes our proof.

O

5.4.2. Completion of the proof of Theorem 1.3. Let X be an elliptic curve and D an effective
divisor with deg D = 2 on X. Notably, the canonical line bundle Kx of X is trivial. Since Ox(D)
has an even degree, we can choose a line bundle L with deg L = —1 such that L2 = Ox(D).
According to Theorem 4.6, we obtain a strictly polystable short exact sequence:

0oLoJeJ 'S L 5o,

where J? # Oy. Utilizing Lemma 2.5, we can employ a Hermitian-Einstein metric on J & J~! to
derive the second fundamental form 8* € H°(X, L™?). If D’ denotes the effective divisor repre-
sented by the reducible metric for the preceding short exact sequence, then as per Lemma 2.5, the
associated divisor Div(8*) = D’ € |D|.

In accordance with Proposition 2.3, we establish the ramification divisor map as follows:

R B(Exty(L™, L)) — B(H) (X, Hom(L, L))
(Bl = 18]
It’s worth noting that we have a bijection
P(H (X, Hom(L, L)) = P(H*(X, Hom(L, L™))) - |D|,

thus yielding the map

R: P(Exty(L™", L)?) - |D|

Bl D'.

If D' = (p) + (q) where p,qg € X and p # g, then we have a spherical metric ds* representing

the divisor D’. Now we pick a nontrivial 2-torsion point # of X, i.e. 2t = O, where O is the
identity of the group structure on X. Additionally, since (p + 1) + (¢ + ) ~ (p) + (¢), we have

(p+1)+(q+1) €|D|. Let f be a developing map of ds?, then ds* = f*ds%, where dsé = AP

TRP? 1S
the Fubini-Study metric on P'. Denote

L:X—->X
X x+t

as the translation map, which is an isomorphic map. Since L,(p + ) = p and L(q + t) = g,
(fo L,)*ds(z) is a spherical metric representing the divisor (p + ) + (¢ + t). Since the 2-torsion
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subgroup of X is isomorphic to Z, X Z,, we conclude that there are at least 4 divisors in |D|,
represented by cone spherical metrics.

In the case where p = ¢, meaning D’ = 2(p) € |D|, we have 2(p + ) ~ 2(p). Following the
previous discussion, we again find at least 4 divisors in |D|, represented by cone spherical metrics.

Since ‘R is smooth and IP’(Ext)'((L‘1 s L)Sp) is path-connected, as established in Proposition 5.4,
the image of N is path-connected. The map R is not constant and max rank d® > 1. This implies
the existence of an arcwise connected Borel subset of Hausdorff dimension > 1 in |D|, containing
D’. Moreover, every divisor in this Borel set can be represented by a family of nontrivial reducible
metrics defined by one real parameter.

6. Future research topics

In the first two subsections, we propose two open questions whose solutions could improve
the results of this work. We then examine, in the third subsection, the relationship between the
Liouville equation (see [3, (A.1)]) satisfied by cone spherical metrics and the algebro-geometric
framework developed in [26] and the present manuscript for such metrics with cone angles in
2nZ-1. Finally, in the last subsection, we outline how to extend this framework to general cone
spherical metrics with arbitrary cone angles in 27R; a detailed treatment will appear in a forth-
coming paper [21].

6.1. Discussion on Question 4.3. By considering the Riemann theta-divisor, we formulate
the following conjecture for Riemann surfaces of high genus.

ConsecTurk 6.1. Let X be a compact Riemann surface with genus gx > 2 and L a generic
line bundle with deg L < —% gx. Then there exists a strictly polystable extension of L™! by L.

For the existence of embedding, we establish the following criteria:

LEmMA 6.2. Let X be a compact Riemann surface with genus gx > 2 and L, J be line bundles
on X such that deg L < 0 and deg J = 0. Then there exists an embedding L — J & J~" if and
only if L' ®J # 0, IL”' ® J7!| # 0 and the base locus of |L™' ® J| does not intersect that of
L' ®J7!.

Proor. An embedding L < J&J~! gives two holomorphic sections of L™'® J and L' ®@J !,
which do not vanish simultaneously. The existence of these two sections implies |[L™! ® J| # 0,
IL™" ® J7!| # 0 and these two complete linear systems have non-intersecting base loci.

Suppose that the base loci of IL7' ® J] and |[L~' ® J~!| do not intersect. If P € X does not lie
on the union of these two base loci, then the linear subspace Vp consisting of pairs (s;, s;), where
s1 € HY(X, L' ®J), s, € H(X, L' ® J~!) and both of them vanish at P, has codimension two in
V=H'X, L'®)®eH'(X, L' ®J"). Otherwise, there exist at most finitely many choices of P.
Moreover, such P does not lie on the two base loci simultaneously. Then Vp has codimension one
in V. By counting dimension, all the pairs (s, s) € V such that s; and s, vanish at some point
of X, form a proper affine subvariety of V. Hence, we could find such a pair (s, s2) € V that s;
and s, does not vanish simultaneously, and (s;, s») gives an embedding of L into J & J . O

Question 6.3. Let X be a compact Riemann surface with genus gx > 2 and L a line bundle
with deg L < —gx/2. Does there exist J € Pic’(X) such that |L™' ® J| # 0, L' ® J~!| # 0 and the
base locus of |[L™! ® J| does not intersect that of |[L™' ® J~!|?

We have the following four comments about this question.

(1) Ifdeg L <2 —2gy, there exists J € Pic’(X) such that L' @ J| £ 0, |[L' ® J™!| # 0 and
IL7' ® J| # 0 is base free. Indeed, if deg L < —2gy, then both |[L™!' ® J| and L' @ J7!|
are base free for all J € Pic’(X) by Riemann-Roch. As long as deg L equals 2 — 2gx or
1 — 2gx, we could find J € Pic’(X) since |Ky]| is base free.
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(2) If —d :=deg L < —gx/2, there exists J € Pic’(X) such that [L"'®J| # 0 and |L"'®J'| #
0. In fact, the line bundles J € Pic®(X) such that |L™! ® J| # 0 form a subvariety of
Pic’(X), denoted by V,;, which could be identified with the image of the map u : X —
J(X) ([22, p.349]). Then, the line bundles J € Pic’(X) such that [L™! ® J~'| # 0 form
subvariety —V,; of PicO(X). It suffices to show that V;N(-V,;) # 0. By Poincaré formula
([22, p.350]), V; is homologous to m@g’d, where © is the Riemann theta-divisor of
J (X). Hence, V,; has dimension d. Since 2d > gx, V,; N (=V,) # 0.

(3) For generic line bundles L with 0 > —d := deg L > —gx/2, there does not exist J €
Pic’(X) such that IL™' ® J| # 0 and |L™' ® J~'| # 0. Suppose that there exists such J.
Then |L 72| consists of effective divisors of degree 2d, which is contained in a subvariety
with dimension 2d < gy in Pic**(X) by Poincaré formula ([22, p.350]). This is also
why we impose the condition deg L < —% gx on the line bundles in our conjecture 6.1.

(4) There exists a line bundle L of degree —1 on X of genus 2 (i.e., degL = —%gx) such
that L cannot be a line subbundle of J @ J~'. It is known that |[Ky| defines a projective
line E in Sym?(X), and the map j: Sym?*(X) — Jac(X) collapses E to Ky € Jac(X)
but is otherwise bijective. Consider a point p € X such that Ky # Ox(2p), and take
L = Ox(—p). If L were a line subbundle of J&J -1 then, according to Lemma 6.2, there
would exist distinct points g; and ¢, in X such that

L'®J=0x(q), L'®J"'=0x(q).

This contradicts the properties of the map j. Based on this example, we stipulate in the
conjecture 6.1 that the line bundle L should be generic.

6.2. Further discussions on the restricted ramification divisor map. In Proposition 5.2,
we introduce the concept of the restricted ramification divisor map and provide a calculation for
its complex derivative. In Lemma 5.3, we establish a lower bound for the rank of this complex
derivative. Using this result, we derive Theorem 1.2 as a corollary, which yields a Borel subset
in a complete linear system. We demonstrate that divisors in this Borel set can be represented by
reducible metrics and determine the dimension of this set using the aforementioned lower bound.

Hereafter, we present a conjecture regarding the rank of the complex derivative of the re-
stricted ramification divisor map. If this conjecture holds true, it would allow us to identify a
subset with a higher Hausdorft dimension. This subset would consist of divisors that can be
represented by reducible metrics.

In light of the conditions specified in Lemma 5.3, we put forth the following.

CONJECTURE 6.4. Assume that 0 # i; € H(Hom(L, J)) and 0 # i, € H'(Hom(L, J™")),
then the rank of the complex derivative of the restricted ramification divisor map p at (i1, 1) is as
follows:

e If J? # Oy, then rank p.;, ;,) = 2d — 1. In particular, Ker p.(, 1,y = C(i1, —ip).
e If J2 = Ox and i; # Aip for any A € C, then rankp.q,,) = 2d — 3. In particular,
Kerp*(ilyiz) = C(iy, —i) ® C(ip, 0) ® C(0, iy).

6.3. The algebro-geometric framework and the Liouville equation for cone spherical
metrics. The conformal factor u of a local spherical metric g = *|dz|*> defined on a simply
connected domain (Q, z) of C satisfies the celebrated Liouville equation
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Nearly two centuries ago, J. Liouville [29] provided an expression for its solution in terms of
nondegenerate meromorphic functions f as

2f @) '
xyop <%

these functions f are referred to as the developing maps of the metric g. A contemporary exposi-
tion of Liouville’s solution can be found in [2, pp. 26-29].

From a variational perspective, general cone spherical metrics with cone angles in 27R. o may
be regarded as critical points of specific energy functionals defined on weighted Sobolev spaces
that account for the cone points on compact Riemann surfaces. The associated Euler—Lagrange
equation for these critical points is a generalized Liouville equation (see, for instance, [3, (A.1)]),
which incorporates boundary conditions related to the cone points. Employing Morse theory and
Leray—Schauder degree theory, respectively, Bartolucci, De Marchis, and Malchiodi [3] and Chen
and Lin [6] derived general existence results for cone spherical metrics under the non-bubbling
condition (cf. [3, Theorem 1.1] and [6, Corollary 1.2]). In addition, existence and non-uniqueness
phenomena for Liouville-type equations were established in [11] and [23].

On the other hand, inspired by Liouville’s classical idea, a correspondence exists between
cone spherical metrics with angles in 27Z.; and multi-valued nonconstant meromorphic functions
with monodromy in PSU(2) on compact Riemann surfaces. In [26] and the present work, we have
undertaken the rather technical endeavor of transposing this complex-analytic approach into an
algebro-geometric framework, thereby circumventing the need for the non-bubbling condition.
This framework has facilitated the investigation of the existence and non-uniqueness of such
metrics, yielding new results that extend beyond the reach of PDE methods.

The general Liouville equation framework and the algebro-geometric framework, both ema-
nating from the classical fountainhead of Liouville’s idea, are akin to two great rivers that spring
from a common source yet diverge to flow through distinct landscapes. In geography, one may re-
call the Nile, where the White Nile and Blue Nile arise from separate origins but converge to form
a mighty stream. Similarly, these theoretical streams have carved their own courses, each con-
tributing uniquely to the field. It is conceivable that they may one day reunite, like the confluence
of great rivers, leading to the complete resolution of the original problem.

u(z) = log

6.4. An algebro-geometric framework for general cone spherical metrics. As the cone
angles of a cone spherical metric belong to 277, its developing maps extend meromorphically
across all cone points. This extension gives rise to a monodromy representation p: m(X) —
PSU(2), which in turn enables the construction of a rank 2 polystable vector bundle [26, Theo-
rem 3.1]. On the other hand, for a general cone spherical metric with cone angles in 27R(, the
developing maps exist only as multi-valued meromorphic functions on the surface punctured at
cone points whose angles lie in 27 (R.¢ \ Z). Furthermore, their monodromy induces a group ho-
momorphism from the fundamental group of the punctured surface into PSU(2). By applying the
foundational theory of parabolic stable bundles established by Mehta—Seshadri [33], one obtains
a parabolic polystable rank 2 vector bundle on X. As sketched in our earlier work [26, Section
6], this construction leads to a correspondence between parabolic polystable bundles and cone
spherical metrics.

In a related direction, de Borbon and Panov [10] provided a new proof of the existence and
uniqueness results of Troyanov [37] and Luo-Tian [30] for cone spherical metrics with angles in
(0, 2r) on the Riemann sphere. Their approach relies on constructing a specific renk 2 parabolic
stable bundle on the Riemann sphere and applying the Kobayashi—Hitchin correspondence. In our
forthcoming work [21], we plan to build upon these ideas to develop a unified algebro-geometric
framework for cone spherical metrics with general cone angles via parabolic bundles. It is our
hope that this more general algebro-geometric framework may eventually be integrated with the
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Liouville equation approach, and that their combination will lead to a resolution of the existence
and uniqueness problem for general cone spherical metrics.
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