The combinatorics of k-marked Durfee symbols

Kathy Qing Ji

Center for Combinatorics, LPMC-TJKLC
Nankai University, Tianjin 300071, P.R. China

ji@nankai.edu.cn

June 8, 2009

Abstract. Andrews recently introduced k-marked Durfee symbols which are connected
to moments of Dyson’s rank. By these connections, Andrews deduced their generating
functions and some combinatorial properties and left their purely combinatorial proofs
as open problems. The primary goal of this article is to provide combinatorial proofs
in answer to Andrews’ request. We obtain a partition identity which gives a relation
between k-marked Durfee symbols and Durfee symbols by constructing bijections, and
all identities on k-marked Durfee symbols given by Andrews could follow from this
identity. In a similar manner, we also prove the identities due to Andrews on k-marked
odd Durfee symbols combinatorially, which resemble ordinary k-marked Durfee symbols
with a modified subscript and with odd numbers as entries.
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1 Introduction

We will adopt the terminology on partitions in Andrews [2]. A partition A of a positive
integer n is a finite nonincreasing sequence of positive integers (A1, Ag, ..., A.) such that
> A = n. Then \; are called the parts of A\, \; is its largest part. The number of
parts of A is called the length of A, denoted by I()). The weight of A is the sum of parts
of A, denoted by |A|.

The rank of a partition A introduced by Dyson [12] is defined as the largest part
minus the number of parts, which is usually denoted by r(\) = Ay — I(A). Let N(m;n)
denote the number of partitions of n with rank m, we have



Theorem 1.1 (Dyson) The generating function for N(m;n) is given by
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where (a;q), = H;:S(l —aq’) and (a;q)se = lim, .o (a;q),. The identity (1.1) was
discovered by Dyson [12] in 1944 and proved by Atkin and Swinnerton-Dyer [5] in 1954.
In 1968, Dyson [13] found a simple combinatorial argument of it. We refer to [7, p.63]
for more details.

Definition 1.2 For a nonnegative integer n, a Durfee symbol of n is a two-rowed array

with a subscript
. a1 Qg ... Og

where D > a1 > ay > -+ > a, >0, D >0 > [y > >0 >0andn =
Yoia aﬁZﬁzl B; + D2

For example, there are 5 Durfee symbols of 4.
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The difference between the lengths of o and 3 is called the rank of Durfee symbols
(o, B)p. We use D;(m;n) to denote the number of Durfee symbols of n with rank m.
Andrews [4, Section 3] showed the following theorem by constructing a bijection

Theorem 1.3 (Andrews) The number of ordinary partitions of n with rank m is equal
to the number of Durfee symbols of n with rank m, that is

N(m;n) = Dy(m;n). (1.3)

In [4], Andrews constructed the kth symmetrized rank moment 7(n), defined by

w= 3 ("I o, (1.9

m=—o00
which are linear combinations of the kth rank moments Ny (n)

“+00

Ni(n) = Y m*N(m,n), (1.5)

m=—0oQ

considered by Atkin and Garvan [6]. To give a combinatorial explanation of (1.4),
Andrews [4] introduced k-marked Durfee symbols, which can be thought of as the gen-
eralized Durfee symbols.



Definition 1.4 A k-marked Durfee symbol of n is composed of k pairs of partitions and
a subscript, which is defined as

( af, aFt o al )

n= _ )
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where o (resp. ) represents a partition and S5 (|o?] +|6%]) + D? = n. Furthermore,
the partitions o' and 3° must satisfy the following three conditions where off (resp. (i)

is the largest part of the partition o (resp. (') and O‘?(ai) (resp. ﬁ;(ﬁi)) is the smallest
part of the partition o (resp. [3°).

(1) For1<i <k, o' must be non-empty partition, while o* and 3 could be empty;
(2) B <ot < ﬁli(ﬁi) for2 <i<k;

(3) BF, ok < D.

Clearly, 1-marked Durfee symbol is just Durfee symbol.

k k—1 1
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Let n = 6k 6k_1 ﬁl

partitions ( gi ) is called the ith vector of 7. We define p;(n), the ith rank of n by

) be a k-marked Durfee symbol. The pair of
D

( )_{ I(od) = 1) —1  for 1<i<k,
PR ity - ) for i=k

43 43 32 32 22 24

93 32 22 2y
a? = (4,4), a®* = (3,3,2),a' = (2), and % = (5), 5% = (3,2), 8" = (2). The first rank is
—1, the second rank is 0, and the third rank is 1.

For example, ) is a 3-marked Durfee symbol of 55 where

Let Di(my, ma, ..., my;n) denote the number of k-marked Durfee symbols of n with
ith rank equal to m; and Dg(n) denote the number of k-marked Durfee symbols of n,
it’s clear to see that

Di(n)= Y Di(mi,ma,...,mn). (1.6)

In the recent work [4], Andrews used the connections between k-marked Durfee sym-
bols and the symmetrized rank moments (1.4) to find some identities relating the gener-
ating function for Dy(mq, ma, ..., my;n), as well as to deduce some combinatorial prop-
erties and Ramanujan-type congruences for k-marked Durfee symbols. At the end of the
paper, Andrews proposed a variety of serious questions which fall into 3 basic groups:



combinatorial, asymptotic and congruential. The recent works [9, 10] by Kathrin Bring-
mann, Frank Garvan, and Karl Mahlburg focused on the study relating asymptotical and
congruential properties of k-marked Durfee symbols. They used the automorphic prop-
erties to prove the existence of infinitely many congruences for k-marked Durfee symbols.
Also, William J. Keith did some works on the congruential properties of k-marked Dur-
fee symbols in [15, 16]. He mainly showed that k-marked Durfee symbols of n equally
populate the residue classes @ and b (mod 2k +1) if ged(a, 2k +1) = ged(b, 2k+1). The
primary goal of this article is to answer Andrews’ request on combinatorics (Problems
1-4 and 6-9 on page 39 of [4]). We will give combinatorial proofs of the identities relat-
ing the generating function for Dy(my,ms, ..., mg;n) and combinatorial properties for
k-marked Durfee symbols. To be specific, we first derive the following partition identity
(1.7) by constructing bijections, which gives a relation between k-marked Durfee sym-
bols and Durfee symbols. We then show that all identities on k-marked Durfee symbols
given by Andrews ( [4, Problems 1-4]) could follow from this identity. Finally, we use
the similar method to study the identities of Andrews on k-marked odd Durfee symbols
( [4, Problems 6-9]), which resemble ordinary Durfee symbols with a modified subscript
and with odd numbers as entries.

Theorem 1.5 For k > 2, we have

+00 . k
k—2
Dk(ml,mg,...,mk;n)zg (]2_2 )N(E |mi\+2j+k—1;n>. (1.7)
i=1

J=0

The referee has kindly pointed out that Kagan Kursungoz has also done some study
on the combinatorics of k-marked Durfee symbols in his doctorial thesis [17] and a paper
joint with Boulet [8]. An alternative definition of k-marked Durfee symbols is given
in [17]. Using this alternative characterization, Kursungoz gave alternative proofs of
Corollaries 12, 13 and Theorem 7 in [4] (that is, Problems 2-4 in [4]), but his method
could not be applied to prove Corollary 11 in [4] (that is, Problem 1 in [4]). Moreover,
his method is essentially different from this paper.

We now briefly describe the organization of this paper. In Section 2, we consider the
relation between k-marked Durfee symbols and Durfee symbols and prove Theorem 1.5.
To this end, we introduce a special class of k-marked Durfee symbols, which we call k-
marked strict shifted Durfee symbols since each of their vectors except for the kth vector
is a two-lined strict shifted plane partition. We deduce the desired relation by building
the connections between k-marked strict shifted Durfee symbols, Durfee symbols, and
k-marked Durfee symbols respectively. In Section 3, we give combinatorial proofs of the
identities due to Andrews on k-marked Durfee symbols with the help of Theorem 1.5.
In particular, the symmetry of k-marked Durfee symbols ([4, Corollary 12]) could be
thought of as a direct consequence of Theorem 1.5. Section 4 is devoted to the study of
k-marked odd Durfee symbols.



2 k-Marked strict shifted Durfee symbols

In this section, we will establish the relations between k-marked strict shifted Durfee
symbols, Durfee symbols, and k-marked Durfee symbols respectively, and then deduce
Theorem 1.5. We begin by defining k-marked strict shifted Durfee symbols.

To define this object, we need first give the definition of two-lined strict shifted plane
partitions which is a special case of strict shifted plane partitions introduced by Andrews
[3]. A two-lined strict shifted plane partition of n is just a pair of partitions («, 3) of n,
where o = (a1, aa,...,,.), 6 = (01,P,...,0s),7 > s, and a1 > f; for i = 1,2,...,s.

For example is a two-lined strict shifted plane partition.

ok, okt ot

ﬂk’ 6k_1 o ﬂl
shifted if all of its vectors except for the kth vector (o, 3%) are two-lined strict shifted
plane partitions. For example, 3-marked Durfee symbol in (2.8) is strict shifted. Let
Di*(my, ma, ..., my;n) denote the number of k-marked strict shifted Durfee symbols of
n with ith rank equal to m;.

A k-marked Durfee symbol n = ( ) is said to be strict
D

We now build a connection between k-marked strict shifted Durfee symbols of n and
Durfee symbols of n.

Theorem 2.1 Given k nonnegative integers my, mao, ..., my, there is a bijection ® be-
tween the set of k-marked strict shifted Durfee symbols of n with ith rank equal to m;
and the set of Durfee symbols of n with rank equal to Zle m; +k — 1.

ok, oFt L ol
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we now construct a Durfee symbol (v,d)p. First set D' = D and let v be the par-
tition composed of all parts of a',a?,...,a* and § be the partition composed of all
parts of 31, 32, ..., 3. Obviously, the resulting Durfee symbol (v, d)p is enumerated by
Dy (K mi+k—1;n).

The reverse map & ': Let (v,6)p be counted by Dy(32F, m; + k — 1;n), we

Proof. The map ®: Let n = < ) counted by Di*(my, ..., my;n),
D

ok, oft L ot
will construct a k-marked strict shifted Durfee symbol 1 = ( ﬁk’ ﬁk_l’ ’ 5l )
) ) ctt D’

whose ith rank equals to m;. Let

Y _ (T2 T
S )5 o 0 ... 05 ),
where D > v > v > - >y and D > ) > 02 > -+ > d,, we assume that §; = 0 for
Jj>s+1. Notethatl—s:z:lemi—i-k—l.
We now split (7, 6) to generate the kth vector (a*, 3%) of . Let j be largest nonneg-

ative integer such that 6; > vy, 141, that is for any ¢ > j + 1, we have ; < Y, tit1-

Y
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where ! = Y, 1j+i, O = 0,4 for i > 1. Obviously, I(a*) — I(3*) = my. Furthermore,
(7/,0") is a two-lined strict shifted plane partition from the fact that for any i > 1,
Oitj < Vmptitj+1 and I — &' = Zf:_f mi +k—1.

We continue to split (7/,d") to construct the (k — 1)th vector (a*~1, 3¥71) of 1. Let
j be largest nonnegative integer such that 67 >;, .., we then let

It _ " vy - ”Y;nk,1+j+1
gt 8o . 5 ’

A" Yoy
(5”):(5g55.”59)’
where 7/ = 4, i1, 0f = 0%, for i > 1. Clearly, I(a*™1) = 1(B*") = mp_y + 1

and (a1, g¥=1) is a two-lined strict shifted plane partition for (y/,d’) is strict shifted.
Observe that 67, <, 1iyj0 fori>1,s0 (v",6") is also strict shifted and " — 5" =

S m k-2,

and

and

Repeat the above process to generate (a*~2, 3572), ..., (al, B') respectively and let
ko k-1 1
ok, oFl L«
D’ = D, we obtain a k-marked strict shifted Durfee symbol = ( gh et o )
’ ZANRICI D
which is counted by D;*(mq, ma, ..., mg;n). |

We now illustrate the reverse map ®~! by going through an example in details. Take
my =1,mo =1,m3 =0, and let

(7) _(66 333322 111)
5 ), 55 4 2111 .
d

we first split (,d) to get (a3, 3%) an
smallest part in § satisfying 0, > ;1.

@\ (66 3 Y\ (33322111
)= \554)\d )" 2 11 1 ’

we then split (7/,0) to generate (o?, 3%) and (a', 3'), the divisional part &} is the smallest
part in 0’ satisfying ¢; > 7/ ;.

(F)=Gavi ) )=0)

(7/,0"), note that the divisional part J; is the



Thus we get

(2.8)

(65 63 33 3 35 32 2 2 1, 1, 1,
53 O3 43 2 1o 1y 1o .

By Theorems 2.1 and 1.3, we deduce the following partition identity:

Corollary 2.2 Form; > 0 and k > 1, we have
k
D*(my,ma, ... ,mg;n) =N <Zm,~+k—1;n> ) (2.9)
i=1

To establish the relation between k-marked strict shifted Durfee symbols and k-
marked Durfee symbols, we need define a statistic on k-marked Durfee symbols. In the
same way, we first define this statistic on a pair of partitions.

For (v, 9), the part §; is said to be balanced if ;11 < ¢; and the number of parts

greater than ¢; in v (77 is not counted) is equal to the number of unbalanced parts
4 11

before §; in . For example, let < g = g ;) 9 ), the first part 3 of 9 is

balanced while the third part 2 is not balanced, aTthough it satisfies the first condition

vir1 < 0;, there are two parts greater than 2 (4 is not counted) in 7, while there is only

one unbalanced part (the second part 2) before the third part 2 in 4.

It should be pointed out that for any an unbalanced part d; of (v, d), the number of
parts greater than ¢; in 7 (; is not counted) is greater than the number of unbalanced
parts before §; in . We will state this in the following proposition:

Proposition 2.3 Let (v,0) be a pair of partitions, for any a part §; of 0, let d; denote
the difference between the number of parts greater than 6; in v (except for v1) and the
number of unbalanced parts before d; in o, we then have d; > 0.

For the above example, we see that dy = 0,dy = 2,d3 = 1.

Proof. 1f v;11 > 0, it’s clear to see that d; > 1; If 7,41 < d;, we consider the following
two cases:

Case 1 When 0;_; < 5, and at this time, there are j — 1 parts greater than ¢; in v (7
is not counted) and the number of unbalanced parts before ¢; in § is less than
or equal to j — 1, so d; > 0.

Case 2 When 9,1 > 7;, let t be largest nonnegative integer less than j such that
0; < vir1. Here we assume that g = 0 and then ¢ must exist. From Case 1, we
know that d;; 1 > 0. We use induction to prove that d; > 0 for t +2 <1 < j.

We first prove that d;yo > 0. Note that ;11 > 001 > Yeuo. If 0400 < Yuo, then
dt+2 Z dt+1 Z 0, If 5t+2 Z Y2, then dt+2 Z dt+1 —1. In particular, if dt+1 = 0,
then d;,1 is balanced, thus d;;o = d;y1 = 0. So dy,0 > 0.

7



Assume that d; > 0 and v, > 6; > vp+1. We will prove that d;;; > 0. If
di+1 > Yp+1, the similar argument on the case for d,;5 could show that d;;; > 0.
If 0;+1 < 7Yp+1, and then d; 41 > d; > 0.

We use b(7,0) to denote the number of balanced parts in (v, d). Clearly, 0 < b(y,0) <
k 1
[(9). Letn = ( ) be a k-marked Durfee symbol, we define nb;(7),
D

ok, oft L
called the ith balanced number by

ﬁk’ ﬁk—l L ﬁl
b(at, ) for 1<i<k,
nb;(n) = )
0 for i =k.

(43 43 39 29 29 27 297 1
For

53 ﬁ é & 11 )5’ we have nbl:17 nb2:2, Ilbg:().

We next state a theorem concerning two-lined strict shifted plane partitions.

Theorem 2.4 Given two nonnegative integers r,m, there is a bijection 1 between the
set of pairs of partitions (a, ) of n with 31 < oy where there are r balanced parts and
the difference between the lengths of o and (3 equals to m and the set of two-lined strict
shifted plane partitions (&, 3) of n where the difference between the lengths of & and 3
equals to m + 2r.

Proof. The map : Let («,[3) be a pair of partitions with r balanced parts and
l(a) = I(B) = m. The two-lined strict shifted plane partition (&, () is constructed as

follows: @ is composed of all parts of a and all balanced parts of 3. 3 consists of all

unbalanced parts of 3. Take an example, let < g = ( 0 g Z i g 2 ), where

the underlined parts in [ are balanced. According to the above construction, we get

g _(© i Z 53332 ) It’s clear to see that |a| + |8] = |a] + |8,
(@) = I(B) = l(a) +r — (I(3) — r) = m + 2r. By Proposition 2.3, one can easily know

that (@, ) is strict shifted.

The reverse map 1~ ': Let (@, 3) be a two-lined strict shifted plane partition where
the difference between the lengths of & and [ is m + 2r, that is [(@) — I(8) = m + 2r.
We now construct a pair of partitions («, 3) with r balanced parts and [(«) — () = m.

First of all, attach a subscript g; for each part &; of &, where g; denotes the difference
between the number of parts before a; in @ (@, is not counted) and the number of parts
greater than or equal to a; in 3. We let g; = 0.

. o) 6 555333 21
For example, 1f< )—( 4143

154
allpartsofoztoget<60 io “11 532 30 31 32 23 14>.

), attach the subscripts for

8



One could easily know that g» = 0 and g; > 0 for any 3 <7 < /(&) from the fact that
(@, () is strict shifted. Let a,, be the smallest part in all of parts of & with subscript 4,
we have the following conclusion:

Lemma 2.5 For 0 <i <m+2r — 2, ay, ewists, and Oy > Qyy > -+ > Qg s

In the above example, m + 2r =6 and &y, = 3,04, = 3,0y, = 3,y = 2,0y, = 1.

Proof. We use induction to show that the sequence of subscripts {g1, g2, . . ., gi(a) } consists
of all nonnegative integers less than m+2r —1. Obviously, 0 is in this sequence. Assume
that 7 is in this sequence, that is there is a part &, such that g, = 7, we now prove that
1+ 1 is also in this sequence. By the induction hypothesis, we know the subscript of the
part &, is 4, that is 3, ;1 < @, < B, ;2. Let I(3) = s and note that i < m + 2r — 3,
we have s +i+3 < s+ m + 2r = l(a). If aspirs < B, then the subscript of Gy iis is
i + 1; Otherwise, there must exist p+1 < j < s+4+ 2 such that 3;_; » < a; < 3_;_3
this is because that &, < Bp_i_g and Q10 > Bs. Hence, the subscript of ajis i+ 1.
Therefore, ay, exists for 0 <7 < m +2r — 2 and &y, > ay, > -+ > 0,,,,,_, When
note that given a part &, with subscript i, we always could find a part after &, whose
subscript is i + 1. [

Let v be a partition having r parts whose parts are ay,, Qy,, ..., 0, , respectively.
Take r = 2 in the above example, v = (3,3). We now construct (a, ) with r balanced
parts and [(«) — I(3) = m. The partition « consists of all parts of @ except for the parts
in 7. The partition 3 is composed of all parts of 3 and . In the above example, we

! 6 555 3 21
thereforeget<6)—< 4433 3 )

It’s obvious to see that |a|+|3| = |a| + 3|, () —1(B) = (&) —1(7) = [I(B) +1(7)] =
m. We now show that (o, 3) has exactly r balanced parts. From Lemma 2.5 and the
definition of ~, we know that for each part §; from ~ in , the number of parts greater
than /3, in o equals the number of parts from (3 greater than or equal to 3; in 3. Thus we
just need to prove that the parts from /3 in 3 are unbalanced. We use induction on the
part from 3 in 3. We first verify the largest part 8, of 3 is unbalanced in 3. Supposed
that there are ¢ parts 71, Vo, . .., from ~y greater than 3;, then v; = ay1,i = 1,2, ...t
and ag = ayio. We claim that ay = ayyo > (1. Recall that the part v; is the smallest
part whose subscript is i — 1. If g = @9 < [, the subscript of ays is less than t,
this contradicts to the definition of 7;. Clearly, these ¢ parts from ~ are balanced, and
B is not balanced. We now consider the part 3; from 3 in 3. Assume that all parts
from 3 before 3; in 3 are not balanced and there are ¢ parts from v before 3;. We next
justify o1 > Bj and then by the induction hypothesis, we know that there are j — 1
unbalanced parts before Bj in 3, while there are at least j parts larger than Bj in a, so
B; is unbalanced. Since there are t parts from 7 before 3;, then o,y = a4y and if
Qpyjr1 = a1 < [3;, then the subscript of @y ;1 is less than ¢, which contradicts to the
definition of the parts of , so a1 > 3;. This completes the proof. |



The next theorem gives a relation between k-marked strict shifted Durfee symbols
and k-marked Durfee symbols.

Theorem 2.6 Given 2k nonnegative integers mq, Mo, ..., My, and ty,ts, ..., tx where
ty = 0. There is a bijection ¥ between the set of k-marked Durfee symbols of n with
ith rank equal to m; and ith balanced number equal to t; and the set of k-marked strict
shifted Durfee symbols of n with ith rank equal to m; + 2t;.

ok, oFt L ot

, o)
Proof. Let n = ( g gt

equal to m; and ith balanced number equal to t;. We now apply the bijection v in
Theorem 2.4 to each vector (af,3") of 1 except for the kth vector (o, %), and let
(@', 8") = ¥(at, 5%). From Theorem 2.4, it’s known that (a’,3°) is strict shifted and

I(a') —1(BY) = l(a?) = 1(B) + 2t;. Let j = ( X i ) which has the
D

a”, ézk_l, e, @

ﬁk Bk—l L Bl
same subscript and the same kth vector with 7. It’s obvious to see that 7 is a k-marked
strict shifted Durfee symbol with ith rank equal to m; + 2t;. |

) be a k-marked Durfee symbol with ith rank
D

By Theorem 2.6, one can derive the following identity readily.

Corollary 2.7 Form; > 0 and k > 2, we have
—+00
Dk(ml,mg,...,mk;n) = Z Dzs(ml —|—2t1,...,mk_1 —|—2tk_1,mk;n). (210)
t1yeeey tr—1=0

Combine Corollaries 2.2 and 2.7 to get:

Theorem 2.8 For m; > 0 and k > 2, we have

400 k k—1
Dr(my,ma,...,my;n) = Z N(Zmi—l—ZZtmLk—l;n). (2.11)
t1,e b1 =0 i=1 i=1

The following compact form of Theorem 2.8 can be easily obtained upon utilizing the
fact that the number of solutions to t; + t5 + - - - + t,_1 = j in nonnegative integers is

(559
Theorem 2.9 For m; > 0 and k > 2, we have
+oo . k
N J+k—2 ‘ _
Dk(m1,m2,...,mk,n)—z< L _ 9 )N(;mi+2j—l—k‘—l,n). (2.12)

J=0

We next generalize Theorem 2.9 to give Theorem 1.5 which holds for any integer m;.
To do this, we prove the following conclusion by constructing a simple bijection ©.

10



Theorem 2.10 Fork >1 and 1 < p <k, we have

Di(ma,...,mp,...myg;n) = Dr(my, ..., —my,...my;n). (2.13)

ok, oFt L !
Proof. Let n = ( ﬂk: 5k_1: : il ) be a k-marked Durfee symbol with ith rank
equal to m;. We will construct another k;{)marked Durfee symbol 77 with ith rank equal
to m; such that m, = —m, and m; = m; for ¢ # p.

Define
ok, o ot oar, o7t L ol
n= ( gk et ge. el g )D’

where &* = 3% and % = o for p = k; When p # k, &” consists of all parts of P and the
largest part of of a?. 3P consists of all parts of a? except for the largest part of. It’s clear
to see that m, = [(a?)—1(3?)—1 = 1(BP)+1—[l(a?)—=1]—1 = —[l(a?)=1(B?)—1)] = —m,,
for p # k and my, = [(a*) — I[(BF) = —[l(a*) — 1(B*)] = —my, so 7 is desired. |

By Theorem 2.10, we could generalize Theorem 2.8 to give the following theorem

which is useful to prove a relationship between k-marked Durfee symbols and the sym-
metrized rank moment given by Andrews (see Theorem 3.3).

Theorem 2.11 For k > 2, we have

Dy(my,mag, ... ,mg;n) = Z N(Z\mZH—QthLk—l n) (2.14)

t1yeeey tr—1=0

Theorem 1.5 is a compact form of Theorem 2.11 which immediately follows from Theo-
rems 2.9 and 2.10.

3 Andrews’ identities on k-marked Durfee symbols

In this section, we aim to show the identities on k-marked Durfee symbols given by
Andrews with the help of Theorem 1.5. Recall that Dy(mq, ma, ..., mg;n) denotes the
number of k-marked Durfee symbols of n with ith rank equal to m;. Andrews considered

the following generating function for Dy (my, mo, ..., mg;n):
+o00
Ry(x1,...,2;q) = Z ZDk my,...,mg;n)eyt -t gl < 1. (3.15)

By applying the k-fold generalization of Watson’s transformation between a very-well-
poised gpr-series and a balanced 4¢s-series [1, p.199, Theorem 4], Andrews gave the
explicit form of the generating function Ry(x1, 22, ..., xx; q) in the following theorem.

11



Theorem 3.1 (Corollary 11, Andrews [4])

e (1+¢")(1—q")?
Ry(x1,72,...,21,q) = (1)t gtnnml/2thn A e (3.16)
(¢ @)oo ; 1o (1 —zqm)(1 = &)

Proof. We will reformulate this identity as the partition identity (1.7) in Theorem 1.5.
The key step is to give a partition interpretation of the right hand side of (3.16). We

will show that it is the generating function for the summation on the right hand side of
(1.7).

First, the right hand side of (3.16) can be written as the difference between the
following two terms:

+oo — n
1 Z(_l)nqn(i’m—l)/2+kn (1 _ ‘rl)(l — Iy 1)(1 +q ) « 1
(4 @)oo & 1=z =a2r'q") [0 —zqm)(1 - L)
+0o0 n
o 1 Z(_l)nqn(i’:n—l)/2+(k—l)n - l+g¢ )
(4 @)oo < ITj_o(1 = aq7)(1 = L)
We next expand each term of the above two terms, note that
(1—a2)(1— 27" (1 +q") _ (A=) N A—a) _9 Z [l gelimal=D)
(1 —z1q")(1 —27'q") (1=2qm)  (1—=;'q") S— ’
m17#£0
1 400 400 o0
_ agne mj n(|m;|+2t5)
T =D ;%" ryt ) g
(1 - ‘rjqn)(l - 'Tj 1qn) ; Z mj:Z—OO ’ tJZZO
Given k integers my ..., my, it’s clear to see that the coefficients of z}" x5 -+ -z on
the series expansion of the right hand side of (3.16) are
1 - n, n(3n—1)/2+kn[ nlmi| n(jm1|—1) - n(CEy Imal+2 35, i)
Tom 2= R D DET s
q54)c0 n=1 ta,...,t,=0
400 +00
1 k—2
_ ( q) Z n 1 n(3n 1)/2+kn(1 qn)qn(\ml\—l) Z (j _‘k_;_ ) ) (Zf o Imil+27)
) oo n=1 j=0
“+00 . k’ “+00
_ Z (J + ) n 1qn(3n—1)/2(1 _ qn)qn(zi?:l |m;|+2j+k—1)
§=0 k— n=1
400 +00 k
+k—2
— (jk ) )ZN Z|mi\+2j+k—1n>
=0 N n=0 i=1
+0o0o
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where the penultimate identity follows from Theorem 1.1 and we then obtain the follow-
ing combinatorial interpretation:

—+oco n n
1 Z(_l)n—lqi’m(n—l)/2+kn k(l +4q )(1 — 4 )2
(4 @)oo &= [ (1 —aqm)(1 - L)

+o00 400 [ +oo j+ E_9 k
S Z( o )N bl +2 4k~ Lin ) | o . (317)
= 7=0 i=1

Combining (3.15) and (3.17), we reach our conclusion that the identity (3.16) can be
restated as the partition identity (1.7). Thus, we have obtained a combinatorial proof of
(3.16) based on Theorem 1.5. |

Recently, Bringmann, Lovejoy, and Osbur defined a two-parameter generalization of
k-marked Durfee symbols in [11]. They deduced the generating function [11, Theorem
2.2] for the two-parameter generalization of k-marked Durfee symbols using the similar
argument of Andrews, which reduces to the identity (3.16) when d = e = 0.

From the generating function Ry (x1,za,. .., zx; q) in Theorem 3.1, Andrews immedi-
ately found the following symmetry of k-marked Durfee symbols.

Theorem 3.2 (Corollary 12, Andrews [4]) Dy(my, ma, ..., my;n) is symmetric in
myi, Ma,...,Mg.
Proof. This symmetry can also immediately follow from Theorem 1.5. 1

In fact, the composite of the bijections in Section 2 provides a bijection for this
symmetry. We take an example to explain this process. Let

77—<63 32 32 22 2 1b 1y

53 32 32 12 11 11 )GCOunted by Dg(—2, 17 O’ 68),

we aim to construct a 3-marked Durfee symbol 7 counted by D3(1, —2,0;68). We will
first combine all subscripts of 3-marked Durfee symbol 7 to get a Durfee symbol, and
then split this Durfee symbol over again to get our desired 3-marked Durfee symbol 7.

First, applying the bijection © in Theorem 2.10 to 7, we get a 3-marked Durfee
symbol 1’ which is enumerated by D3(2, 1, 0;68),

;63 32 32 29 20 1o 11 1 14
By 3y 3y Ly .

Next, utilize the bijection ¥ in Theorem 2.6 to get a 3-marked strict shifted Durfee
symbol n”. Observe that there are two balanced parts in the second vector of n’, and

there is no balanced part in other vectors of 7. So we will get a 3-marked strict shifted
Durfee symbol 7" which is counted by D5°(2,1 + 2 x 2,0;68),

v [ 63 32 32 32 32 29 20 1o 11 11 14
55 1 .

13



"

we then apply the bijection ® in Theorem 2.1 to get a Durfee symbol 1" which is counted

by D1 (9;68)
w (63333221111
“ 51 .

Thus we complete the first step. We next split the Durfee symbol n” over again.

First, apply the reverse map ®~! in Theorem 2.1 to get a 3-marked strict shifted
Durfee symbol 77" which is counted by D5*(1,2 + 2 x 2,0;68),

(63 32 32 32 32 22 22 1, 1o 11 L
77 - ’
53 1o 6

using the reverse map ¥~! in Theorem 2.6, we get a 3-marked Durfee symbol 7’ counted
by Ds(1,2,0;68)

L (65353, 2 2 1, 1, L L
g 54 3, 3y 1y .

Finally, the desired 3-marked Durfee symbol 77 counted by D3(1, —2,0;68) is obtained
when we apply the bijection © in Theorem 2.10 to 7.

_ (635 3y 35 3y 1y L 1
" 53 32 22 25 1y 1o 6.

By the generating function Ry (1, 2, . . ., Tx; ¢) and the generating function for 7 (n),
Andrews showed that the number of (k+ 1)-marked Durfee symbols of n equals the sym-
metrized (2k)-th moment function at n in [4], that is

Theorem 3.3 (Corollary 13, Andrews [4]) Fork >1,
Dit1(n) = nak(n). (3.18)

Proof. Recall that
+00 +oo
m+k—1 m+k—1 m+k
n2k<n>—mzz_w< M )N<m,n>—;{( o) ()] i

where the second equality follows from the rank symmetry N(—m;n) = N(m;n) and
the fact (_m;kk_l) = (m+k) While,

“+oo

Dk—l—l(n) = Z Dk+1(m17 Mo, .., M41; n)

- Z Z <§|mi|+2zk:ti+k‘;n>,

mi,...,Mp41=—00 t1,..., =0 =1 i=1
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where the second equality follows from Theorem 2.11. So it suffices to show that the
number of solutions to |mq|+- -+ |mgi1|+2t; ++ - - -+ 2t = m —k where m; is integer,

and t; is nonnegative integer equals to (mgi_l) + (mﬂk)

Let ¢(n) denote the number of solutions to |mq| + |ma| + - -+ + |mgr1| + 21 + 2t5 +
-+« + 2t = n where m; is integer and t; is nonnegative integer. It’s easy to know that
the generating function for ¢(n) is

+oo

> en)g" = (1420420 +2¢* + )T L+ P+ ¢ + ¢+ )
n=0

(1 +q)k+1 y 1

(1— g+ = (1 —¢?)k

1
S g

= (1+4q) f <2k;n)q"

n=0

+0o0 “+oo
2k +n\ , 2k +n—1Y\ ,
_;< 2% )q +Z< 2% )q'

n=1

Comparing the coefficients of ¢" in the above expression, we obtain

(n) = 2k +n n 2k+n—1
A=A o 2% ‘
Thus we reach our conclusion. |

By partial fraction expansion, Andrews [4] also gave the following relationship be-
tween the generating function for k-marked Durfee symbols and the generating function
for Durfee symbols, which plays an important role in the study of Ramanujan-type con-
gruences for k-marked Durfee symbols.

Theorem 3.4 (Theorem 7, Andrews [4])

k

N Ri(wi; q)
i !

(3.19)

Proof. Similarly, we will restate this identity as the partition identity (1.7) in The-
orem 1.5. We first consider the series expansion of the right hand side of (3.19).
To do this, we need to work in a larger ring: the field of iterated Laurent series
K < xp, w1, ...,00 >= K((zx))((zk-1)) - - - ((x1)) where K = C(q), in which all series
are regarded first as Laurent series in x, then as Laurent series in x5, and so on. For
more detailed account of the properties of this field, with other applications, see [18] and
[19].
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Every element of K < xp,xx_1,...,2x1 > has a unique iterated Laurent series ex-
pansion. In particular, the series expansion of 1/(1 — ﬁ) is:
iTj

1 — T
1 v 1 —zx;

1 i RS
_ Ty —— Zgjixé (320)
=1

The series expansion of 1/(x; — x;) will be especially important. If j <4, then

—1 +o00
1 _ % _ -1
' =T w = T
Ti = T T 1=0

However, if j > i then this expansion is not valid and instead we have the expansion:

1 —ZL'-_l —+o00
_ i I, —l-1
o — 1= 2.t
! J z; 1=0
Thus for j < 7, the series expansion of L s
(zi—z;)(1—; ;)
1 +o0 +00 +00 m;—1
—m— m; 2t;j—mj;+1
=— E what g ;" = — E x:’ g x (3.21)
(2 — 2;)(1 — ot ) v ’ J J ‘ ’
? J ? J =1 m=0 mj =1 t;=0

and for 7 > 7, we have the following expansion:

1 +00 +oo +o0o +o0o
—m— m; m;|4+2t;+1
— = E what E ot = E x;’ E a:ll sl (3.22)
(x; — ) (1 — a7 'z ) J I I
! J L =1 m=0

m;j=—00 tj:O

We now consider the series expansion of the ith term of the right hand side of (3.19).

Ry (zi; q) _ :Lr:()) :r_:i—oo Dy (my;n)z"q" (3.23)
ko e V(] — L) k(e e V(1 — L '
By (3.21) and (3.22), we obtain a series expansion of (3.23), in which the exponents of
Ty, Tg, ..., x;—1 must be positive and the coefficients of 27" - - - ;" ¢" for my, ... ,m;—y > 1
are

i—1 k
()7 Dy (ij +mi— Y |myl =20t — (k- 1);n> ;
t; 7j=1

j=i+1

where the sum ranges over all sequences t; = (t1,...,%;,...,1) (omitting t;) where
0 <t; < |mj| for j < i and t; could be arbitrary nonnegative integer for j > i. Define

|ti| = Z%élz tj'
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Thus, the right hand side of (3.19) has the following series expansion:

k R1(£U Q) +o00 +oo
pppmn TR S SEED S S i T
i=1 szll(IZ - l’])(l TiT; m] i=1 m1,...mi—1=1m;,...mp=—o00 n=0
i—1 k
X [(_1)2—1 > Dy <Z mi+mi— > |myl = 2Jt;| — (k- 1);n>] .
t j=1 j=i+1
Let m; = (myq, ..., my) where m; > 1 for j < i, m; <0, and others could be arbitrary

integers. Define x™ = " ---2/". Obviously, the term x™¢" would be appeared in
the first ¢ terms of (3.24). We next use induction to prove that the sum of coefficients
of x™ig™ in (3.24) equals to

+o00 . k
Z<]Zﬁ;2)N<Z|mi|+2j+k‘—l;n>. (3.25)

j=0 i=1

We first consider the coefficients of x™¢™ in (3.24). It’s known that only the first term
of (3.24) contains the term x™1¢", and the coefficients of x™1¢" are

ZDI <m1—Z|mi\ —2/ty| — (k—l);n)
f(ijk ) <Z|mz|+2j—l—k‘—1n>,

J= i=1

where the equality follows from the fact that m; < 0, Dy(—m;n) = N(m;n) and the

number of solutions to t5 4+ t3 + - - - 4+ ¢, = j in nonnegative integers is (jZSQ)

Assume that the sum of coefficients of x™r¢" in (3.24) equals to (3.25), we now
show that the sum of coefficients of x™r+1¢" is also equal to (3.25). Observe that x™»¢"
appears in the first p terms of (3.24) and the term x™»+1¢"™ appears in the first (p + 1)
terms. Furthermore, the coefficients of x™r¢™ and x™rt+!q¢™ are the same in the first
(p — 1) terms. Therefore, if we verify the sum of the coefficients of x™»+1¢" in the pth
term and (p+ 1)th term of (3.24) equals to the coefficients of x™»¢™ in the pth term, we
could reach our conclusion by the induction hypothesis.

The coefficients of x™»¢" (where m, < 0) in the pth term of (3.24) are

1S D, (imj = D Imy| =2ty = (k- 1);n>, (3.26)
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and the sum of the coefficients of x™»+1¢™ (where m, > 1) in the pth term and (p+ 1)th
term of (3.24) is

(=P Dy (ij = > Imyl =20t — (k- 1);n>

J=p+l1
P k
+ (=1 Dy (Z mj— Y myl =2ty | — (k- 1);n> : (3.27)
trr \i=l j=pr1

In order to prove the sum (3.27) is equal to (3.26), we need the following lemma.

Lemma 3.5 Given a positive integer k and p (< k) positive integers my, ma, ..., my,
define 1 (ma,...,my_1) to be the set of all sequences t, = (t1,...,t,, ..., tg) of length
k — 1 in nonnegative integers (omitting the pth vector t,) such that t; less than |m;| for
j<p. Let |t,| =S5 t;. We have the following two results:

J#P

1) The number of sequences t, € W (myq, ..., m,_1) where the (p + 1)th vector t,41 <
p k P p

Imy| is equal to the number of sequences t, | € T (my,...,m,) such that [t,| =
[t
2) The number of sequences t, € 1 (mq,..., my,_1) where the (p+ 1)th vector t, . >
p k P p
my,| is equal to the number of sequences t! € T (my,...,m,_1) such that |t,| =
P P k P P
[t + |y
Proof. Given a sequence t, = (t1,...,%,,...,t;) (omitting ¢,) where 0 < ¢; < |mj| for

j <t and others could be arbitrary nonnegative integers.

A

(1) Tty < |my|, we define t,,, = (t],...,tp11,..., ;) where t; =t; for j # p,p+ 1
and ¢, = t,1. Obviously, t ., € P (my, ..., m,) and [t = [t

(2) If typ1 > |myl, we ‘deﬁne t, = ( Lot 1) where t =t; for j # p+1 and
th 1 = tpr1—|myl, it’s clear to see that t;, € T (my,...,my_1) and [t,| = [t |+]m,].

Furthermore, one can easily see that the above two processes are reservable. |

By Lemma 3.5, the sum (3.27) is clearly equal to (3.26). Thus we get our conclusion,
and by the definition of Ry(z1,9,...,2k;q) , we could recast (3.19) as the partition
identity (1.7). |
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4 k-Marked odd Durfee symbols

This section is devoted to solve the problems raised by Andrews ([4, Problems 6-9]) on
k-marked odd Durfee symbols. We begin this section by defining odd Durfee symbols
which resemble ordinary Durfee symbols with a modified subscript and with odd numbers
as entries.

Definition 4.1 An odd Durfee symbol of n is a two-rowed array with a subscript

o a1 Qg ... Og
(Oé,ﬁ)D—</61 5 ... B, )D (4.28)

where «; and (; are all odd numbers, 2D +1> a1 > ag > - > a,>0,2D+1> (3 >
Bo>->3>0,andn=3"a;+>._ B +2D*+2D +1.

The odd rank of an odd Durfee symbol is defined as the number of parts of a minus
the number of parts of 3, let DY(m;n) denote the number of odd Durfee symbols of n
with odd rank m, we then have

Theorem 4.2 The generating function for DY(m;n) is given by

+0o0o
ZDO - 1 Z(_1>nq3n2+3n+1+|m|(2n+1). (4.29)
T (). &

This result can easily follow by comparing the coefficients of 2™ in (4.30) given by
Andrews [4, (8.4)-(8.5)]:

too  +oo q2n(n+1)+1
(m;n)z"q" =
; m_z_oo nzzo (243 *)nr1 (27143 )i
1 +oo (_1)nq3n2+3n+1
=— 4.30
(% ¢*)o n;oo 1 —zg®tt (4:30)

where the first equality follows by direct combinatorial argument and the second equality
is given by [20, p.66].

Andrews [4] also defined the kth symmetrized odd rank moment by

o= Y (" )b (4.31)

m=—0oQ

and introduced k-marked odd Durfee symbols, whose definition is almost identical to
that of k-marked Durfee symbols (Definition 1.4).
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Definition 4.3 A k-marked odd Durfee symbol of n is composed of k pairs of partitions
into odd parts with a subscript, which is defined as

0 (ak, ak=t al)
n= - )
g, @t )
where o (resp. 37) are all partitions with odd parts and 3¢ (|| +| ) +2D?+2D+1 =
n. Furthermore, the partitions o' and 3* must satisfy almost the same conditions with

k-marked Durfee symbols expect for the third term in Definition 1./ where for the kth
vector (o, B¥) of k-marked odd Durfee symbol, ¥ of < 2D + 1.

Following k-marked Durfee symbol, Andrews defined the ith odd rank for k-marked odd
Durfee symbol. For a k-marked odd Durfee symbol 1°, we define p;(n°), the ith odd rank
of n° by
0 (o) —1(B)—1 for 1<i<k,
pi(n°) = i i .
l(a®) = 1(B") for i = k.
Let DY(my, ma, ..., mg;n) denote the number of k-marked odd Durfee symbols of n

with ith odd rank equal to m; and D(n) denote the number of k-marked odd Durfee
symbols of n. Define R)(z1, 2, ..., xx;q) by

“+00 “+oo
0 . _ 0 . mi_.mo mg n
Rk($1,$2,...,$k7q> - § E Dk(m17m27"'7mk7n)x1 Ty~ T "q .

mi,....,mp=—00 n=0

Andrews deduced the following four identities on k-marked odd Durfee symbols which
are much similar with k-marked Durfee symbols.

Theorem 4.4 (Corollary 27, Andrews [4])

ROz, 29, ..., 245 q) = IR f(_1>nq3n2+(2k+l)n+k 1— gt 432)
ey (0% %) = [T (1= zqm)(1 = L)
Theorem 4.5 (Corollary 28, Andrews [4]) DY(my, ma,...,my;n) is symmetric in

my, May ..., Mg.
Theorem 4.6 (Corollary 29, Andrews [4]) For k > 1,
Dis1(n) = 1o (n). (4.33)
Theorem 4.7 (Theorem 25, Andrews [4])
0 N : R?(%’; Q)
RO(x1, @, ... 4k q) = ; H%;i(l“i pyTrE— (4.34)

20



We now give a brief expository of how to prove these four conclusions combinatorially.
First of all, it’s straightforward to see that the bijection ® in Theorem 2.1, the bijection
U in Theorem 2.6 and the bijection © in Theorem 2.10 in Section 2 are valid for k-marked
odd Durfee symbols, one then easily deduces the same result for k-marked odd Durfee
symbols as Theorem 1.5.

Theorem 4.8 For k > 2, we have

+o00 . k
k—2
Dg(ml,m%...,mk;n)zg (‘7_;_2 )D?(E \mi|—|—2j+k‘—1;n>. (4.35)
i=1

J=0

Thus, Theorems 4.5, 4.6, and 4.7 can be deduced from Theorem 4.8 by the precisely
same progressions as Theorems 3.2, 3.3, and 3.4 in Section 3. To prove Theorem 4.4,
it suffices to prove that the right hand side of (4.32) is the generating function for the
summation on the right hand side of (4.35), which can be easily derived by Theorem
4.2, following the same progression as Theorem 3.1.
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