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tA re
ursively palindromi
 (RP) word is one that is a palindrome and whose lefthalf-word and right half-word are ea
h RP. Thus ABACABA is, and MADAM is not,an RP word. We 
ount RP words of given length over a �nite alphabet and RP
ompositions of an integer. We use the same method to determine the parity of theCatalan numbers.1 Introdu
tionSuppose we have a 
olle
tion of tuples and we are interested in the parity of the size of the
olle
tion. One obvious method of redu
ing the problem would be to de�ne an involution onthe tuples, and then study the parity of the set of its �xed points. One way to de�ne su
han involution would be to asso
iate ea
h tuple with its reverse, and dis
ard the pair. Thatwould leave us with only the palindromi
 tuples to study. But we 
an go further.Suppose (a1; a2; : : : ; a2k) is one of the remaining tuples of even length. Even though itis palindromi
, it might be that its left half (a1; : : : ; ak) is not, in whi
h 
ase its right halfis also not palindromi
. In that 
ase we 
ould pair this tuple with the one obtained by1



reversing its left half and reversing its right half, and similarly, re
ursively, at all levels.If (a1; a2; : : : ; a2k+1) is one of the remaining tuples of odd length, then even though it ispalindromi
, it might be that its left half (a1; : : : ; ak) is not, et
. as before.The end result of this pairing and dis
arding pro
ess, i.e., the set of unpaired tuples,would be the 
olle
tion of tuples that are re
ursively palindromi
 (RP), assuming that the
olle
tion of tuples is 
losed under the various reversal operations.Thus instead of studying the parity of the number of all tuples in the given 
olle
tion, itwould suÆ
e to study the parity of the 
olle
tion of RP tuples.De�nition 1 A tuple is re
ursively palindromi
 if it is empty, or it is a palindrome and itsleft half and its right half are re
ursively palindromi
.The word ABACABA is RP but the word MADAM is not.2 The pairingIn general, we are given a 
olle
tion C of words over some alphabet. We suppose that forevery w 2 C, if �(w) is some rearrangement of the letters of w, then �(w) 2 C also. Thenwe asso
iate with ea
h word w 2 C a binary tree T (w), as follows.By the left half of a word w = (a1a2 : : : a2k) we mean the word wL = (a1a2 : : : ak), whilethe left half of w = (a1a2 : : : a2k+1) will also be wL = (a1a2 : : : ak), and similarly for theright half wR of a word. Then a labeled binary tree T (w), asso
iated with the word w, is
onstru
ted re
urrently as follows: for the word w = (a1a2 : : : a2k), label the root of T by ;,while for the word w = (a1a2 : : : a2k+1), label the root by ak+1. Further, the left subtree atthe root of T (w) is T (wL) and the right subtree at the root of T (w) is T (wR).The binary tree T (MADAMIMADAM), for example, is shown in Fig. 1. If the tree T (w)is given then we 
an re
over the word w by 
on
atenating the labels at the nodes of T (w)when they are traversed in inorder (left-root-right).Here we remark that the binary tree of an RP word is a binary tree su
h that all nodeson the same level have the same label.We now use the tree T (w) of a word to de�ne an involution on the 
olle
tion C. Givena word w whi
h is not RP, to �nd the word w0 that is paired with w, pro
eed as follows.Begin with the root of T (w), and go down the levels of T until for the �rst time rea
hing alevel su
h that the labels of the nodes on level L are not all the same. Then inter
hange theright and left subtrees at every node on level L� 1, to obtain T (w0). Then we obtain w0 byinorder traversal of T (w0): It's obvious that this map is an involution.In the 
ase of MADAMIMADAM, for example, we would ex
hange the left and rightsubtrees at ea
h node on level 2 of the tree in Fig. 1 be
ause the labels on level 3 are2



not all the same. By visiting the nodes of the new tree in inorder, we would �nd thatMADAMIMADAM has been paired with AMDMAIAMDMA by this mapping.
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Figure 1: The binary tree of height 5 
orresponding to \MADAMIMADAM"3 RP wordsSuppose we have an alphabet of K letters. Of the Kn possible words of length n, how manyare RP words?Theorem 1 There are exa
tly K�(n) RP words of length n over an alphabet of K letters,where �(n) denotes the sum of the binary digits of n.The easy proof of this theorem is by re
urren
e. Let f(n) be the required number ofwords. Then evidently f(2n) = f(n), for n � 1, and f(2n + 1) = Kf(n), for n � 0, withf(0) = 1. The fun
tion K�(n) satis�es the same re
urren
es with the same initial value. 2For example, among the 128 binary words of length 7, there are 8 RP words, viz.0000000; 0001000; 0100010; 0101010; 1010101; 1011101; 1110111; 1111111:
3



3.1 Bije
tive proofGiven the binary representation of n. Consider the 
olle
tion of all sequen
es � whi
h 
anbe obtained from that binary representation by repla
ing ea
h 1 by some letter in the givenalphabet of K letters. Evidently K�(n) is the number of su
h sequen
es. If � is su
h asequen
e, let its length be L: We will �rst build a bije
tion between these sequen
es � and
omplete binary trees CT (�) of height L whose verti
es are labeled with letters from ouralphabet.If � = ;, then CT (�) = ;: If � 6= ;, then for ea
h i, position i in the sequen
e � will
orrespond to level i of a 
omplete binary tree. Furthermore if the letter in position i of thesequen
e is t , then all nodes on level i of that 
omplete binary tree are labeled by t. Hen
e,for example, the sequen
e � = (A0B0C) will 
orrespond to the following 
omplete binarytree of height 5:
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Figure 2: A 
omplete binary tree of height 5 
orresponding to an RP word.Note that the number of nodes labeled by the letters in su
h a 
omplete binary treeis equal to n, while the number of levels labeled by a letter is equal to the sum of thebinary digits of n, namely �(n). Then, reading all letters on su
h a 
omplete binarytree by inorder traversal (left-root-right) will give an RP word of n letters over the al-phabet fA;B;C; : : : ; Kg. Thus, e.g., the sequen
e (A0B0C) 
orresponds to the RP wordAABAAAABAACAABAAAABAA of 21 letters.4



It's easy to see in general that the resulting CT (!) is a 
omplete binary tree, and fur-thermore all nodes on the same level have the same label. Hen
e it will 
orrespond to asequen
e 
ounted by K�(n): 24 RP 
ompositionsBy a 
omposition of n we will mean an ordered representation of n as a sum of positiveintegers, 
alled the parts of the 
omposition. For instan
e, 6 = 1+2+1+2 is a 
ompositionof 6 into four parts. There are 2n�1 
ompositions of n. Noti
e that, for example, 2+ 1+2+6 + 2 + 1 + 2 is a RP 
omposition of n = 16. We ask for the number of 
ompositions of nthat are RP.Let f(n) be the required number. Now an RP 
omposition of 2n is either of the form1. ww, where w is an RP 
omposition of n, or2. w(2j)w, where j > 0 and w is an RP 
omposition of n� j.Thus f(2n) = Pnj=0 f(n� j), and by subtra
tion, f(2n) = f(2n� 2) + f(n).An RP 
omposition of 2n + 1 is of the form w(2j + 1)w, for some j � 0, where w is anRP 
omposition of n � j. Thus f(2n + 1) = Pnj=0 f(n � j) = f(2n). Hen
e the 
ountingfun
tion f(n) satis�esf(2n+ 1) = f(2n) (n � 0); f(2n) = f(2n� 2) + f(n) (n � 1); f(0) = 1:These re
urren
es and the initial value are identi
al with those satis�ed by the sequen
eb(n), the number of partitions of n into powers of 2, and we haveTheorem 2 The number of RP 
ompositions of n is equal to the number of partitions of ninto powers of 2 (\binary partitions").5 Bije
tive proofFor a partition � of n into powers of 2, suppose that its largest part is 2l. Similarly tothe bije
tion on RP words, we will �rst build a bije
tion between the partitions � of n intopowers of 2 and 
omplete binary trees CT (�) of height l+ 1 whose verti
es are labeled withnonnegative integers.If � = ;, then CT (�) = ;: If � 6= ;, then for ea
h i = 0; 1; : : : ; l, the part 2i of � will
orrespond to the level i of the 
omplete binary tree, whi
h has 2i nodes. Furthermore if5



the part 2i of � has multipli
ity mi, then all nodes on level i of the 
omplete binary tree arelabeled by mi. Hen
e the partition � = (16; 4; 4; 4; 4; 1; 1; 1; 1; 1) of 37 will 
orrespond to the
omplete binary tree of height 5 that is shown in Figure 2.
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Figure 3: A 
omplete binary tree of height 5 
orresponding to an RP 
omposition.Note that the sum of labels of nodes in su
h a 
omplete binary tree is equal to n. Then,reading all positive integers on su
h a 
omplete binary tree by inorder traversal (left-root-right) will give an RP 
omposition of n. Thus, e.g., the partition � = (16; 4; 4; 4; 4; 1; 1; 1; 1; 1)
orresponds to the RP 
omposition of 37: 37 = 1 + 1 + 4 + 1 + 1 + 1 + 1 + 4 + 1 + 1 + 5 +1 + 1 + 4 + 1 + 1 + 1 + 1 + 4 + 1 + 1.In the same way, the bije
tion is easily des
ribed in general. For an RP 
omposition � ofn, we 
onstru
t a 
omplete binary tree CT (�) labeled by nonnegative integers. Denote thenumber of parts of � by p: If � = ;, then CT (�) = ;. If � 6= ; and p is odd, let the part inposition p�12 be t. Thus � = �0t�0 where �0 is an RP 
omposition of n�t2 : Now let t be theroot of CT (�) and let CT (�0) be the left subtree at the root. If p is even, then ! = �0�0where �0 is an RP 
ompositions of n2 . Now let 0 be the root of CT (�), and let CT (�0) bethe left subtree as well as the right subtree. This yields an indu
tive de�nition of CT (�):It's easy to see that CT (�) obtained in this way is a 
omplete binary tree, and furthermoreall nodes on the same level have the same label. Hen
e it will 
orrespond to a partition of ninto powers of 2, namely the label on level i will 
orrespond to the multipli
ity of part 2i. 26



6 The parity of the Catalan numbersIt is well known that the Catalan number Cn is odd i� n = 2k � 1 for some k. This followsfrom arithmeti
 results of [1℄, and from bije
tive proofs of [2, 3, 4℄.Our method of re
ursive palindromes provides a di�erent, and ni
e bije
tive proof of thisfa
t.On the set of binary trees of n (internal) nodes we de�ne an involution I as follows. If Tis su
h a binary tree, we begin at the root of T , and we go down the levels of T until for the�rst time we rea
h a level L with the following property: there is a node v on level L whoseright and left subtrees are not the same. We then inter
hange the right and left subtrees atevery node on level L, to obtain the tree I(T ).This is evidently an involution. Its only �xed point is a 
omplete binary tree, and theseexist only if n = 2k � 1 for some k. 2We thank Professor Curtis Greene for 
alling this problem to our attention.Referen
es[1℄ R. Alter, K. Kubota, Prime and prime power divisibility of Catalan numbers, J. Com-bin. Theory Ser. A 15 (1973) 243-256.[2℄ E. Deuts
h, An involution on Dy
k paths and its 
onsequen
es, Dis
rete Math. 204(1999) 163-166.[3℄ �O. E�ge
io�glu, The parity of the Catalan numbers via latti
e paths, Fibona

i Quart.21 (1983) 65-66.[4℄ R. Simion, D. Ullman, On the stru
ture of the latti
e of non
rossing partitions, Dis
reteMath. 98 (1991) 193-206.
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