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Abstract

The polynomial of the major index majy, (o) over the subset T' of the Coxeter group W
is called the Mahonian polynomial over 7', where majy, (o) is a Mahonian statistic of
an element o € T, whereas the polynomial of the major index majy, (o) with the sign
(—1)w () over the subset T is referred to as the signed Mahonian polynomial over 7,
where (i (o) is the length of o € T. Gessel, Wachs, and Chow established formulas
for the Mahonian polynomials over the sets of derangements in the symmetric group
S, and the hyperoctahedral group B,,. By extending Wachs’ approach and employing a
refinement of Stanley’s shuffle theorem established in our recent paper [27], we derive a
formula for the Mahonian polynomials over the set of derangements in the even-signed
permutation group D,,. This completes a picture which is now known for all the classical
Weyl groups. Gessel-Simion, Adin-Gessel-Roichman, and Biagioli previously established
formulas for the signed Mahonian polynomials over the classical Weyl groups. Building
upon their formulas, we derive some new formulas for the signed Mahonian polynomials
over the set of derangements in classical Weyl groups. As applications of the formulas for
the (signed) Mahonian polynomials over the sets of derangements in the classical Weyl
groups, we obtain enumerative formulas of the number of derangements in classical Weyl

groups with even lengths.
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1 Introduction

This paper is concerned with the g-counting derangements in classical Weyl groups
by their major indices. The classical Weyl groups may be described as follows: .S, is
the symmetric group consisting of all permutations of the set [n] := {1,2,...,n}, and
B,, is the hyperoctaherdral group consisting of all signed permutations of [n], and D, is
the subgroup of index two in B,, consisting of signed permutations of [n| with an even
number of signs. Recall that a permutation of [n] is a bijection o: [n] — [n], whereas a
signed permutation of [n] is defined to be a function o: [n| — [—n, n] \ {0} such that |o|
is a permutation of [n], where |o|(i) = |0 ()| for i € [n]. More precisely, an element o
of S, can be presented as ¢ = 7109 - - - 0,,, where o; = o (i) and the an element o of B,
(or D,)as o0 = 0109 - - - 0,,, Where some elements are associated with the minus sign. For

convenience, we write i = —i.

We can also regard each of the classical Weyl groups S,,, B,, and D,, as a Coxeter
group W with a generating set S, see Bjorner and Brenti [9] for background. Each element

w € W can be written as a product of generators: w = s155 - - - S Where s; € S.

For an element o € W, we define its length ¢y (o) by

bw(o) =min{k: 0 = s;, ---s; forsome s;, € S}. (1.1)

"
The descent set of o, denoted Desyy (), is defined by

Desw (o) = {i: tw(os;) < bw(o)}. (1.2)
And the number of descents of ¢, denoted desyy (o), is given by

desy (o) = #Desw (o). (1.3)

Let majy, (o) denote a Mahonian statistic of o, which is equidistributed with the length

gw(O’) To Wit,
D greiw(@) = N i), (1.4)

oceW oceW

The polynomial (1.4) is known as the Poincareé polynomial of the group W, which has
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a nice product formula for every finite Coxeter group, see Bjorner and Brenti [9, Chapter
71.

The signed Mahonian polynomial over the Coxeter group IV is defined as

> o (—1)fwlegmaiw(o), (1.5)

oceW

Gessel and Simion (see [34, Corollay 2]) first obtained an elegant factorial-type formula
for the signed Mahonian polynomial over the symmetric group .S,, (see Theorem 2.2 be-
low). Adin, Gessel and Roichman [2] derived the formula for the signed Mahonian poly-
nomial over the hyperoctaherdral group B, (see Theorem 3.2 below), and the formula
for the signed Mahonian polynomial over the even-signed permutation group D, was
established by Biagioli [7] (see Theorem 4.2 below).

It is worth noting that the enumeration of the descent number desy, (o) of the Coxeter
group W with the sign (—1)“"(?), known as the signed Eulerian polynomials, has been
explored by Désarménien-Foata [20], Loday [28], Reiner [3 1] and Wachs [34]. Recently,
the study of the signed Mahonian polynomials over other groups has been undertaken by
Biagioli-Caselli [8], Caselli [| 1], Chang-Eu-Fu-Lin-Lo [12], Eu-Fu-Hsu-Liao-Sun [21]
and Eu-Fu-Hsu-Lo [22].

The main objective of this work is to investigate the polynomial (1.5) defined on the
set of the derangements in classical Weyl groups. Let 0 = oy --- 0, € W. We say that ¢
is a fixed point of ¢ if o; = i. A derangement of type A (resp. B or D) is a permutation
o =0y -0, 1in S, (resp. B, or D,) such that o; # i for i € [n]. The derangement of
type B or D is also called the signed derangement. Denote by D2, DZ and D the sets of
derangements in S,,, B,, and D, respectively. For example,

Dy ={21}, D§=1{12,21,21,21,21}, and DY ={12,21,21}.

The enumeration of derangements has a rich history with notable developments in the
study of derangements by specific permutation statistics. Significant contributions in this
direction include the work of Brenti [10], Gessel [26] and Wachs [33], who enumerated
derangements by their weak excedances and major indices. It is noteworthy that the ¢-
counting of derangements based on their weak excedances has been extensively explored
by Assaf [5], Brenti [10], Chow [17], Chen-Tang-Zhao [14], Chow-Mansour [!&], and
Pei-Zeng [30].

In this paper, our primary focus is on the g-counting of derangements in classical Weyl

groups based on their major indices. Specifically, we investigate the Mahonian polynomi-



als defined on the set DV of derangements in the classical Weyl group WW:

D gmeiwl), (1.6)

oceDYW

Gessel (published in [26]) first obtained an elegant formula for the polynomial (1.6) when
W =S, (see Theorem 2.3 below), which has been studied further by Chen-Rota [13],
Garsia-Remmel [24] and Wachs [33]. In particular, Wachs [33] found a bijection on .S,
by rearranging a permutation 7 € .S,, according to excedant (m; > 1), fixed point, and
subcedant (m; < 7). Wachs demonstrated that this bijection preserves the major index.
Subsequently, Garsia and Gessel’s result on shuffles of permutations was applied to derive
the formula for the polynomial (1.6) over D2,

Chow [16] generalized Wachs’ approach to derive a formula for the polynomial (1.6)
when W = B,, (see Theorem 3.3 below). Recently, Chow [19] explored the enumeration
of derangements in D),, based on a result of Foata-Han [23], but Chow’s g-counting of de-
rangements in D, relies on the natural maj index on D,,, not on the Mahonian major index
maj, (see Theorem 4.3 below). In this paper, we obtain a formula for the polynomial (1.6)
when W = D,, by generalizing Wachs’ approach. It should be stressed that a refinement
of Garsia-Gessel’s formula on shuffles of permutations is necessary in the establishment
of the formula for the polynomial (1.6) when W = D),,. This refinement is derived from a
refinement of Stanley’s shuffle theorem established in our recent paper [27].

By utilizing Gessel-Simion, Adin-Gessel-Roichman and Biagioli’s formulas for the
signed Mahonian polynomial (1.5) over the Coxeter group W, we derive the formulas for
the following signed Mahonian polynomials defined on D}V,

3 (g 07

ceDY

See Theorem 2.4, Theorem 3.4 and Theorem 4.5 below.

Combining the formulas for the Mahonian polynomial (1.6) and the signed Mahonian
polynomial (1.7), one leads to the formulas for the Mahonian polynomials defined on
DAS, DA and DAL, where D25, DAB and DAP denotes the sets of derangements with
even length in S,,, B, and D, respectively (see Corollary 2.7, Corollary 3.7 and Corollary
4.6 below). For example,

Dy =0, Dy ={12,21,21}, and DsP = {12}.

As applications of these formulas for the Mahonian polynomials over D%, DAB and



DAP | we derive the following enumerative results involving D%, D8 and DAL, It would

be interesting to provide combinatorial proofs of these enumerative results.

Theorem 1.1. Let d° denote the number of derangements with even length in S,,.

(1) Forn > 2,
n—2 k
AS n_‘ (_1) _1\n—1 1),
d, 5 I + (=) (n—1); (1.8)
k=0
(i1) Forn > 2,
-1 n—1
d2S = nd?®| + ( 2) (n—2)(n+1) (1.9)
with initial condition di*° = 0;
(i11) Forn > 3,
dy® = (n = 1)(d2) +d% + (=1)"7) (1.10)

with initial conditions di*° = 0 and d3° = 0.

Theorem 1.2. Let d2P denote the number of derangements with even length in B,,.

(1) Forn > 1,
n on— k— 1 1)k .

d —n'z + (=)™ (1.11)

(i1) For n > 2,
AP = 2ndP + (=1)"(n + 1) (1.12)

with initial condition d{'P = 0,

(iii) Forn > 3,

AP = (n —1)(2d28, + 4425, + (-1)™ 1) (1.13)

with initial conditions di'P = 0 and d3'? = 3.
Theorem 1.3. Let d2P denote the number of derangements with even length in D,,.
(1) Forn > 2,

n—k— 2 k
2 ) —l—(—l)"*l(n—l); (1.14)

dAD _ n|z



(i1) Forn > 2,
d2P = 2nd?P 4 (=1)" ' (n* —2n — 1) (1.15)

with initial condition d'P = 0,

(ii1) For n > 3,
d2P = (2n — 1)d2P, + 2(n — 1)d?2, + (=1)" "1 (2n — 3). (1.16)
with initial conditions di'P = 0 and d3'P = 1

The rest of the paper is organized as follows. Section 2 is dedicated to exploring the
signed Mahonian polynomials over the set of derangements in .S,, with the aid of the
formula for the signed Mahonian polynomials over .S,, established by Gessel-Simion. In
Section 3, we begin by revisiting the combinatorial definitions of the length ¢z(0) and
the Mahonian major index majz (o) of an element o in the hyperoctahedral group B,,.
Subsequently, we derive the formula for signed Mahonian polynomials over the set of
derangements of type B building upon the formula for signed Mahonian polynomials
over B, established by Adin-Gessel-Roichman. In Section 4, we recall the combinatorial
definitions of the length /(o) and the Mahonian major index maj, (o) introduced by
Biagioli-Caselli for the element o in the even-signed permutation group D,,. We then
state the formulas for the Mahonian polynomials and the signed Mahonian polynomials
over the set of signed derangements in D),,. The establishment of these formulas for these
two polynomials over the set of signed derangements in D),, is shown to reduce to the
derivation of the formulas for the (signed) Mahonian polynomials over the set of signed
derangements in A,, = {y =1V € By, v, > 0}, as detailed in Section 5. It should
be stressed that a refinement of Stanley’s shuffle theorem, obtained in our recent paper
[27]1, plays a crucial role in deriving the formula for the (signed) Mahonian polynomials

over the set of signed derangements in A,,.

2 The signed Mahonian polynomials over D>

This section is devoted to investigating the signed Mahonian polynomials over the set
of derangements in the symmetric group S,,. The symmetric group .S,, can be viewed as
a Coxeter group of type A with the set of generators S = {si,...,5, 1}, where s; =
1,2,...,i—1,i4+ 1,i,i+2,...,n], see [9, Proposition 1.5.4].



Letoc =010, € S,. Define

inv(e) = {(4,7):i<j and o; > 0j}, (2.1)

Des(o) = {1<i<n—1:0,>0,1}, 2.2)

des(c) = #Des(o), (2.3)

maj(o) = > i (2.4)
i€Des(o)

For example, for the permutation 0 = 53124 € S5, we have
inv(c) =6, des(c)=2, and maj(o)=3.

The length function ¢4(c) and the descent set Desa(o) of 0 € S, can be computed
directly as follows:

la(c) =inv(o), and Desas(o) = Des(o). (2.5)

A well-known result due to MacMahon [29] asserts that the major index defined as (2.4)
is a Mahonian statistic of o. Namely,

Theorem 2.1 (MacMahon). Forn > 1,

Z M) = Z (G Z ¢4 = [n],. (2.6)

oESh oc€Sh oc€Sh

Here and in the sequel, for a positive integer n, we define

L—q" -1
= pr— 1 DY n
[n]q 1 —g +q+ +q
and forn > 1,
[n]q' = mqmq [n]q

Assume that [0],! = 1.

Gessel and Simion [34, Corollary 2] were the first to investigate the signed Mahonian
polynomial over the symmetric group .S,, and derived the following elegant factorial-type
product formula:



Theorem 2.2 (Gessel-Simion). Forn > 1,

D (1) = 1,2 844~ - - [) 1y

oESy
5]
1—q\"
=— l. 2.7

(1 Q> [n]q &P

The elegant formula for the Mahonian polynomial over D2 was initially derived by
Gessel and Reutenauer published in [26] as a consequence of the quasi-symmetric gener-
ating function encoding the descents and the cycle structure of permutations. Wachs [33]
later provided a beautiful combinatorial proof of this formula, utilizing a shuffle theorem
due to Garsia and Gessel [25].

Theorem 2.3 (Gessel-Reutenauer-Wachs). Forn > 1,

@(g) = 3 ¢ =[], Xn: (Ef]l)‘kq(’;‘). (2.8)
k=0 7

o€DS

The first result of this paper is to establish the following formula for the signed Maho-

nian polynomial over D,

Theorem 2.4. Forn > 1,

d,(q) = Y (~1)2©gmi) = [n]

G (Loa)
AR (1+q> |
oeDs k=0 q

To establish Theorem 2.4, let us first review the combinatorial settings of Wachs. Let
A={0<a <ay < --- < a,} and let S, denote the set of permutations of the set
A. For m = my---m, € &4, the reduction of 7 is the permutation in .S,, by replacing
each letter a; by j. For example, 7 = 938101227 is the permutation of the set A =
{2,3,7,8,9, 10, 12}, its reduction is 524 6 7 1 3, which is a permutation in 5.

Let 7 = 7y -+ - 7w, € S,. The derangement part of 7, denoted dp(), is the reduction
of the subword of non-fixed points of 7. Note that 7; is called the non-fixed points of 7 if

m; # i. For example, let’s take the following permutation in So:
m=153762984, (2.9)

there are three fixed points, which are 1, 3, 8 and six non-fixed points: 5, 7, 6, 2, 9, 4. The



reduction of non-fixed points of 7 1s 35416 2, so the derangement part of 7 is

dp(m) =354162.

Wachs [33] established the following relation by constructing a bijection on .S,, and

utilizing Garsia and Gessel’s result on shuffles of permutations in [25].

Proposition 2.5 (Wachs). Let 0 < k < nand o € D;. Then

. . n
} : qmaj(ﬂ) — qmaJ(U) |:k:| , (2.10)
dp(m)=0c q
TESH

where

is the q-binomial coefficients.

Chen and Xu [!15] provided an alternative bijective proof of the relation (2.10). To
prove Theorem 2.4, we establish the following proposition.

Proposition 2.6. Let 0 < k < nand o € Dy, we have

Y (—1)Amgram = (1)fal@)gmailc) m _ 2.11)
dp(m)=c k q
TESH
Proof. In light of Proposition 2.5, it suffices to show
Ca(m) = La(dp(r))  (mod 2) (2.12)
for each permutation 7 € S,,.
Let 7 € S,,. Assume that there are £ fixed points in 7, which are i; < --- < 4. The

fixed point ¢; is called the j-th fixed point of 7. Let o = dp(r), which clearly belongs to
DY .. Let 719 be the reduction of the permutation obtained from 7/~ by removing the
j-th fixed point of 7. It is evident that 7(*) = &, and we assume that 7(*) = 7. We aim to
demonstrate that for 1 < 57 < k,

(a(m9 D) = L4(xD)  (mod 2). (2.13)

Let () = 7r§j ). -7r7(fzj. Note that i, < - -- < iy, are the fixed points of 7. We next intend
to insert the j-th fixed point i; into 7() to get 71, Assume that i; — j + 1 = t. Clearly,

9



1 <t < n—j+ 2. By definition, we see that 71 is the permutation obtained from ()

U) with 79 +1 for 7/ > t and inserting ¢ such that ¢ becomes

a fixed point in 701 Tt is easy to check that

by replacing the element 7

Ca@0 D) — (7D = iz i < t, 7P > b+ #{ici > t,x?) <t} (214)
On the other hand, it is evident that

#livi<t,md >ty #{ii<t,x? <t)=t—1,
#livi>tn? <ty +#{ii<t,7m? <t} =t—1.
This implies that
#livi<t,a? >ty =#{i i >t 79 <t} (2.15)
Combining (2.14) and (2.15), we conclude that (2.13), and thus, (2.12) holds. Therefore,
we deduce (2.11) from (2.10) and (2.12). This completes the proof. |

With Proposition 2.6 at hand, we can prove Theorem 2.4 along the lines of Wachs [33].

Proof of Theorem 2.4: Summing over all derangements o € D and 0 < k < n, and
applying (2.7), we can infer from Proposition 2.6 that

S 1] e (10)

k=0 q UED;g
Thus, Theorem 2.4 is established through the application of the g-binomial inversion [3,
Corollary 3.38]. This completes the proof. ]

Combining Theorem 2.3 and Theorem 2.4, we obtain the following formula for the
Mahonian polynomial over the set D of derangements in the alternating subgroup A4,,,
which immediately yields Theorem 1.1 by setting ¢ — 1.

Corollary 2.7. Forn > 1,

A maj(o - —1k k 1 1 1— LnTikJ
0= X 0 =3 S0 <§+§(1_+;z) )

oeDAS k=0




The first six d*°(q) (1 < n < 6) are given as follows:

d{**(q) =d3**(q) = 0;

3 (q) =q + ¢*;
di®
dAs q+2q +3q +4q +4q +4q +3q +2q +q,

)
(q)
() =¢* +q" + 4"
(q)
(q)

AS
d6

Q) =2¢ +3¢+8¢" +10¢° +17¢° +17¢" +21¢* +17¢° + 16 ¢'° + 94"

+7q12+2q13_’_q14'

3 The signed Mahonian polynomials over D”

This section is focused on exploring the signed Mahonian polynomials within the con-
text of signed derangements in the hyperoctahedral group B,,. Notably, the hyperocta-
hedral group B, is recognized as a Coxeter group of type B with the set of generators

S={sB,s1,...,801},where s¥ =[-1,2,3,... nlands; = [1,2,...,i—1,i+1,4,i+
2,...,n]forl <i<n-—1,see[Y, Proposition 8.1.3]. Any element o of B,, can be repre-
sented by a signed word o105 - - - 0, of length n, where 0; € {—n,...,—1,1,...,n} and
|o1| - - - |on| is a permutation of the set [n]. It is easy to see that | B,,| = 2"nl.

Similarly, one can employ direct combinatorial approaches to calculate the length
¢p(0) and the descent set Desp(c) (see [9, Proposition 8.1.1 and Proposition 8.1.2]
and [ 10, Proposition 3.1 and Corollary 3.2]).

Foro =0,---0, € B, let
Neg(o) :={i € [n] : 0; < 0},

neg(o) := #Neg(o).

The length /5 (o) and the descent set Desg(o) are given by

(5(0) = inv(oy Z oi. (3.1)

i€Neg(o

and
Desp(0) ={0<i<n—1:0;> 01},

where we assume that oy = 0. Here we adopt the following order of the elements of 5,

11



to compute inv(oy - - - 0,,) as define in (2.1).
—n<—-n-1)< - <-1<0<1<2<---<n. (3.2)
For example, let 0 = 316245 € Bg, we see that

lp(o) =inv(c)+34+6+4+5=27, and desp(o)=4.

The first major index majz on the hyperochaherdral group B,, was introduced by Adin

and Roichman [ !, Theorem 3], referred to as the flag major index, denoted fmaj:
fmaj(o) = 2maj(oy - - - 0,,) + neg(o), (3.3)
where maj(oy - - - 0,), as defined in (2.4), is computed using the following order on Z:
-1<-2<--<-n=<0<1<2<--<n (3.4)

instead of the usual ordering (3.2).

For example, let 0 = 316245 € Bg. The corresponding flag major index is given by
fmaj(oc) = (2+4) x 2+4 = 16.

Adin and Roichman [ 1] proved that the flag major index is a Mahonian statistic of the

hyperoctahedral group B,,. Specifically, they established the following result:

Theorem 3.1 (Adin-Roichman). Forn > 1,

Z quaj(a) = Z QKB(U) = [2]11[4]61 T [QH]Q'

oc€By ocEBy

Adin, Gessel, and Roichman [?] derived the following formula for the signed Maho-
nian polynomial over the hyperochaherdral group B,,:

Theorem 3.2 (Adin-Gessel-Roichman). Forn > 1,

Z (—1)f @ gmdl) = (2] [4], - [2n](—1)nq

O’eBn

- (179 = - 2l

12



The following formula for the Mahonian polynomial over DZ is due to Chow [16].

Theorem 3.3 (Chow). Forn > 1,

(@)= Y ¢ =24, [2n], (3.5)

oceDB k=0

The second result of this paper is the following formula for the signed Mahonian poly-

nomial over D5:

Theorem 3.4. Forn > 1,

n—k—1

-B . - —1)kg2(3) —q\'"2
d,(q) = Y (—1)"gma) = [2] [4],---[2n], [2]2[4}13.6-]- [2k], (1 + Z) '

Similarly, let us first recall the definition of the derangement part of the signed per-
mutation 7 € B,. Let A = {0 < a; < ay < -+ < ap}andletm = 7w ---7m, be a
signed permutation so that |my||m2| - - - |7,| is a permutation in & 4. The reduction of 7 is
the signed permutation in B,, by replacing each letter 7; = a; by (sgn ;). For example,
m = 25389 is the signed permutation of the set A = {2, 3, 5, 8, 9}, its reduction is
13245, which is a signed permutation in Bs.

The derangement part of 7, denoted dp(7), is the reduction of the signed subword of
non-fixed points of 7. Recall that 7; is called the non-fixed points of 7 = 7y .- -7, if

7; # 1. For example, consider the permutation
T=16358274 € Bs.

It has two fixed points: 1, 7 and six non-fixed points: 6, 3, 5, 8, 2, 4. The reduction of non-

fixed points of 7 yields 524 6 1 3. Consequently, the derangement part of 7 is
dp(m) =524613 € Be.

By extending Wachs’ approach to the context of signed permutations in 5,,, Chow [16]
established the following relation, which is the main ingredient in the derivation of Theo-

rem 3.3.
Proposition 3.5 (Chow). Let 0 < k < nand o € DB, we have

. : n
Z quaj(ﬂ') — quaJ(U) . (3.6)
k).

dp(m)=0c
wEBp

13



In a similar vein, to prove Theorem 3.4, we need to establish the following proposition.

Proposition 3.6. Let 0 < k < nand o € DE, we have

S (—1)e) gimei(n) — (_1)ta(o)gmaile) {n} | 37)
dp(m)=c k q2
wEBn
Proof. Building upon Proposition 3.5, it suffices to show that
(p(m) = (p(dp(m)) (mod 2) (3.8)

for each permutation 7 € B,,.

Let m € B,, and suppose that there are k fixed points in 7, which are 7; < - -+ < 7. The
fixed point i; is called the j-th fixed point of 7. Let ¢ = dp(r). It is clear that o € DZ .
Let 719 be the reduction of the permutation obtained from 7~!) by removing the j-th
fixed point of . Here we assume that 7(%) = 7. Clearly, 7*) = . We proceed to show
that for 1 < j <k,

() = tp(x¥))  (mod 2). (3.9)

Let n) = 7). 7T7(1]2j. Recall that i1 < --- < iy are the fixed points of 7. We aim to
insert the j-th fixed point i; into 7%) to get 7U~1). More precisely, assume that i;—j+1 =
t, where clearly 1 < t < n — j + 2. By definition, we see that 71 is the signed
9 with sgn 77 (|x?| + 1) for
|7ri(j )| > t and inserting ¢ such that ¢ becomes a fixed point in 70~ . To prove (3.9), we

permutation obtained from 7) by replacing the element 7

consider the following eight sets:
Mzt ={ii<t, |7ri(j_1)| > t,ﬂfj_l) > 0};

Mz ={iri<t, |7TZ-(j_1)| > t,w(j_l) < 0};

i

MET = {ivi<t, |77 V) <t, 707V > 0}

)

M ={ivi<t, ]W§j71)| R 0};

)

M>>t’+ ={i:i>t, |7ri(j_1)| > t,w(j_l) > 0};

2

Mz ={ii>t, ]771-071)] >t a0 < 0};

M><t’+ ={i:i>1t, |7rl-(j_1)| < t,w(j_l) > 0};

7

M ={iri>t |77V <t,77 Y <0}

)

14



By definition, it is not difficult to show that
inv(n07D) —inv(rW)) = #MZT + $# M + #MST + #MST
and
- > WU Y w) =ML M
i€Neg(m(i—1)) i€Neg(7(1))
Hence, we derive from (3.1) that
(p(rU=D) — t5(7)) = inv(zU~Y) — Z 7Ti(j_1) — inv(zW) + Z 7T§j)
i€Neg(w(@—1)) i€Neg(m(9))

= $#MZT A+ HMZT + 2H#MIT + H#MST + #MS. (3.10)
On the other hand, it is easy to check that

SMZT M+ H#MT A HMST = H#{ii <ty =11,
HMST A+ #MST +H#MST + #MS = #{i 77V <ty =t 1.
Consequently,
HMZT+ H#MZT = #MST + H#MS (3.11)

By substituting (3.11) into (3.10), we obtain (3.9), establishing the validity of (3.8). Con-
sequently, we demonstrate Proposition 3.6 by combining (3.6) and (3.8). This completes
the proof. ]

We are ready to prove Theorem 3.4 with the aid of Proposition 3.6.

Proof of Theorem 3.4: Summing (3.7) in Proposition 3.6 over all derangements o € Df

for 0 < k < n and applying Theorem 3.2, we obtain that

S [1] S v ~ (0) T i o

k=0 UGDE
which leads to Theorem 3.4 by utilizing the ¢g-binomial inversion [3, Corollary 3.38]. This
completes the proof. ]

Combining Theorem 3.3 and Theorem 3.4, we derive the following formula for the
Mahonian polynomial over the set of derangements of type B with even length. This
formula immediately leads to Theorem 1.2 when substituting ¢ — 1.
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Corollary 3.7. Forn > 1,

AB fmaj(o 1 1 1- Ln_§+1J
W= = Pl Pl 2 <5+5(1_+Z> )

c€DAB k=0

Below are the first five terms of dA8(q) for 1 < n < 5:

d{*"(q) =0;

d3*%(q) =q + ¢ + ¢*

di'%(q) =20 + ¢’ +3¢" +2¢° +2¢° + 24" + ¢* + ¢*;

diP(q) =¢+2¢ +5¢*+6¢" +10¢° +10¢° + 14¢" + 13¢° + 14¢° + 12¢"° + 104"

+9q12+5q13+4q14+q15+q16;
d'P(q) =3¢° +5¢* +14¢"' +20¢° +34¢° + 444" +61¢° + 73¢° +87¢"° + 97¢"" +103¢"
+106 ¢ 4+ 101 ¢ + 96 ¢'° + 83 ¢'6 + 72 ¢'" + 56 ¢'® + 43 ¢'* + 29 ¢*° + 19 ¢**

4 11q22+5q23_’_2q24.

4 The (signed) Mahonian polynomials over D

This section aims to study the Mahonian polynomials and the signed Mahonian poly-
nomials over the set of derangements in the even-signed permutation group D),,. The even-
signed permutation group D,, is a Coxeter group of type D with the set of generators
S = {sP si,..., 801}, where s}’ = [-2,—-1,3,...,n] and s; = [1,2,...,4 — 1,i +
Li,i+2,...,n]for1 <i<n—1((see[Y, Proposition 8.2.3]).

Let o = 01---0, € D,, we see that |o1|-- - |o,| is a permutation of [n] and there
are even number of negative entries in o. Likewise, the length /(o) and the descent set
Desp(o) can be described in a combinatorial way. For the detailed proofs, please refer
to [9, Proposition 8.2.1 and Proposition 8.2.2].

The length ¢ (o) can be computed as follows:

(p(o) =inv(oy---0,) — Z (0;+1) ={p(c) —neg(o),

i€Neg(o)
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and the descent set Desp (o) is given by
Desp(o) ={0<i<n—1:0; > 01},

where 0y = —o,. We adhere to the order of the elements of 5,, given in (3.2) to compute
inv(oy - --0,) as defined in (2.1). For example, let 0 = 316245 € Dg, we see that
inv(o) =9,

lp(o) =23, and desp(o)=4.

Biagioli and Caselli [0] introduced the D-major index, denoted as Dmaj, which has been

proven to be a major index maj,, on the even-signed permutation group D,,.

Foranyo =o0y---0, € D, let
|| =01 0p_1|on].
The D-major index of o is defined as

Dmaj(o) := fmaj(|o},).

Foro =316245 € Dg, we see that |o|, = 316245, and so
Dmaj(o) := fmaj(|o|,) = 2maj(316245) + 3 = 15.

It should be stressed that maj(3 1624 5) is computed using the order given by (3.4).

The following result due to Biagioli and Caselli [6] demonstrates that Dmaj(o) is a

Mahonian statistic on the even-signed permutation group D,,.

Theorem 4.1 (Biagioli-Caselli). Forn > 1,

S = 3 P = ), 2 — 2l @)

O’EDn O'eDn

Biagioli [7] obtained the following formula for the signed Mahonian polynomial over

the even-signed permutation group D,, equipped with the D-major index.

Theorem 4.2 (Biagioli). Forn > 1,

Z (—1)P(@gPmai(®) — [2]—q[4lq - - - [2n — 2] (_1yn—1q[n]q- (4.2)

oc€Dy,
Recently, Chow [19] pioneered the exploration of the g-derangement polynomial in
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D,, using the major index maj 4 (o). With the aid of a result due to Foata and Han [23], he

obtained the following formula:

Theorem 4.3 (Chow). Forn > 1,

Z qma.]A(U') :Z(_l)kq(z)ink%kt; +< 1)2(] ’

oceDb k=0

where maj ,(0) = maj(oi02 - - - 0,) as defined in (2.4) is computed according to the order

given in (3.2).

The third result of this paper is to establish the following formula for the Mahonian
polynomials over the set of derangements in D,, equipped with the D-major index.

Theorem 4.4. Forn > 2,

420y = 30 " = 2420 =2 3

oceDD k=0

+13q8+10q9+5q10+2q11+q127

dP(q) =2q+ 5% + 21 ¢° + 26 ¢* + 61¢° + 62¢° + 108 4" + 100 ¢°

+141¢° + 118 ¢*° + 136 ¢** + 105 ¢*2 4+ 99 ¢*3 + 69 ¢** + 52 ¢*°

+31¢" +17¢"" + 8¢ +3¢".

Like the symmetric group S,, and the hyperoctahedral group B,,, we also establish the
formula for the signed Mahonian polynomials over the set of derangements in D),,.
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Theorem 4.5. Forn > 2,

=D maj(o
d. (q) = Z (_1)€D(a)qD i(o)

ceDp

= [2]4[4]q -~ [2n = 2], % [2]:[4]61" : [22](1
q

y 2q2k+1(1 + (_1)71,7]6

4.4)

In a similar vein, the combination of Theorem 4.4 and Theorem 4.5 results in the
formula for the Mahonian polynomial over the set of derangements of type D with an
even length. This formula directly implies Theorem 1.3 by setting ¢ — 1.

Corollary 4.6. Forn > 2,

@)= Y P

oeDAD

_ (2,04l 2n—2qi

> 28],

L ok 1 l1—gq ok
X(Qq n—1 k‘]q—l—4 1 Ty

+ (ﬂ) e <2q2’“+1(1 + (=D ) - (1 + (—1)”"%)) .

1+gq 4(1—q)

ka

Below are the first five terms of d,f‘D (q) for1 <n <5:

di*P(q) =0;

3" (q) =g;

di'P (@) =q+2¢+2¢ +2¢" + ¢°;

diP(q) =¢+2¢* +6¢* +5¢" +10¢° +7¢° +10¢" +6¢° +5¢° + 3¢ + ¢'' + ¢
d2P(q) =q+ 3+ 11¢3 +14¢* +31¢° +32¢° +54¢" +51¢° +70¢° + 59 ¢*°

+67q11+52q12+49q13+34q14+26q15+15q16+9q17+4q18+2q19-

The remainder of this paper is dedicated to the proofs of Theorem 4.4 and Theorem 4.5.
To this end, let us recall the strategy of Biagioli and Caselli [6] in the proof of Theorem
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4.1. Let

There is a bijection ¢: D, — A, such that for all v =, ---~, € D,,, we have

¢(7) :7172"'\%|‘

It is evident that
Dmaj(y) = fmaj(o(v)).

Consequently, the proof of Theorem 4.1 is equivalent to demonstrating that

> g = 37 P = 2] 4], -+ 2 — 2]l (45)

YEA, ~YEDy,

In fact, as Biagioli pointed out in [7], the results concerning the D-maj index on the set
D,, are typically translated to investigate the results related to the fmaj index in the set
A,,. This approach will make definitions and arguments more natural and transparent.
For example, the key component in deriving the formula (4.2) for the signed Mahonian
polynomial over D,, is the following formula for the signed Mahonian polynomial over
A, (see [7, Corollary 4.3 and Corollary 4.4] for the proof).

Proposition 4.7 (Biagioli). Forn > 1,

ST (—1)s g0 = (2], [4], -+ [2n — 211 1]y (4.6)

YEA,

Based on this reason, it becomes essential for us to consider the set Dﬁ of signed

derangements in A,,. As an illustration,
DS ={21,21}.

It is unsurprising that the formula for the (signed) Mahonian polynomials over D2 be-
comes crucial in the proofs of Theorem 4.4 and Theorem 4.5. More precisely, we have

the following relation:
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Lemma 4.8. Let ¢ = +1 and for n > 2,

Z elo DmaJ Z 643(0 56] fmaj( )

oceDD oceDA

€ maj(o o maj(o
: § etalgimi) _ § o) (gyimai) | (4.7)

oceDE | oeDE |

_|_

Proof. By definition, we have

Z £lp(0) Pmai(s Z £lp(@) Pmaj(@) 4 Z gln(o) gPmaj(o), (4.8)

oceDp ceDP oceDd
o'n7£7n opn=—n

Leto=01---0, € Df with 0,, = —n, define

/
0 =01 0n-1,

which is evidently a signed derangement in D2 | with an odd number of negative entries.
Additionally, we have

(p(c) =lp(c) =lp(c’)+ (2n—1) (mod 2) and Dmaj(c) = fmaj(c’).

Moreover, this process is reversible. Therefore, we derive that

Z € DmaJ o) _ Z 823(0’)+1quaj(cr’)

D / B
cEDy o'€Dr 4

on=-—7 neg(o/)=1 (mod 2)

:% Z s fma_] Z ols fmaj(cr’) . (4.9)

o'eDB | o’eDB |
Leto =0, -0, € DP with 0,, # —n, define

o], =01 opt|on].

It is evident that |o|, € D% such that Dmaj(c) = fmaj(|o|,). Moreover, it is easy to
check that (p(0) = (g(|ol.) + x(on, < 0) (mod 2) and fmaj(|o|,) = x(o, < 0)
(mod 2), where x(o,, < 0) = 1if 0,, < 0, and 0 otherwise. Hence we conclude that

lp(o) = Llp(|o|,) + fmaj(|o|,) (mod 2).
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Moreover, this process is reversible. Consequently, we deduce that

Z gto p(0) DmaJ Z ete B(loln) 6(] fmaJ(\U|) (4.10)

ceDp lo|n€DE
o'nyéfn

Applying (4.9) and (4.10) to (4.8), we get (4.7). This completes the proof. |

In light of Lemma 4.8, along with the application of Theorem 3.3 and Theorem 3.4,
it becomes apparent that the demonstrations of both Theorem 4.4 and Theorem 4.5 hinge
on deducing the formula for the (signed) Mahonian polynomials over D2, which will be
accomplished in the following section.

5 The (signed) Mahonian polynomials over D>

This section is dedicated to deriving the formula for the (signed) Mahonian polynomi-
als over D2. The proofs of Theorem 4.4 and Theorem 4.5 are subsequently established
by applying Theorems 3.3, 3.4, and 5.1 into Lemma 4.8.

Theorem 5.1. Let ¢ = +1 and forn > 2,

dﬁ,e@) _ Z glp(2) gfmai(a) (5.1)
oeDA
n— 2 k k2+k+1[n k— 1] 1 — [nTik—‘
n— q
= [2]4[4]g- -~ [2n — 2], - [2K] et (1—5 )
k=0 4l 1 1

with the convention that d>(q) = 0.

We will follow the Wachs’ approach to provide a proof of Theorem 5.1. To begin, we

examine the set
Ar<L :{7:71771 6Bn70<7n <TL}.

We next establish the formula for the (signed) Mahonian polynomial over the set A

Proposition 5.2. Let ¢ = 41 and forn > 2,

Age(g) =Y P00 = engla]. 4], 20 — 2emsgln — Uong

YEAR

_ [51
=e%(1 q) 2,4, 20— Zyln — 1], (5.2)



with the convention that AT °(q) = 0.

Proof. By definition, we have

Z gﬁB('y ), fmaj(y Z el fmaj Z gl fmaJ (5.3)

~YEAN YEAR YEAR

Tn=n

Combining (4.5) and (4.6), we have

Z gﬁB(v)quaj(v) = [2)o4[4], - - [2n — 2]€n71q[n]5nq. 5.4)

YEA,
It is easy to see that

Z els fmaJ — Z ng(’Y/)quaj(’Y/)'

YEAR ’Y/€B77.—1
Tn=n

From Theorem 3.1 and Theorem 3.2, we derive that

D et Olgimait) = [2] 4], - - [2n — 2)en-rg (5.5)
"/Gén
Applying (5.4) and (5.5) to (5.3), we arrive at (5.2). This completes the proof. ]

We proceed to demonstrate the following proposition.

Proposition 5.3. Letc = +1,1 < k < nand o € D2, we have

| on—1
7 epinginai) — gholo) gatniymaiie) |1 56)
E—1].
dp(7)=0c a
ﬂeA,,f

The proof of Proposition 5.3 is analogous to Proposition 3.5 given by Chow [16],

which generalized Wachs’ proof [33]. Let us review the combinatorial settings of Chow.

Foro = 0y...0, € B,, we say that a letter o; of o is an excedant (resp. subcedant)
of o if o; > i (resp. o; < i). Let s(0) and e(o) denote the numbers of subcedants and
excedants of o respectively. It is clear that excedants of ¢ are necessarily positive.

We now fix nand let k < n. The map v,, ;, is defined as follows: Let o € By, ¥, (o) =
o is obtained from o by replacing its ith smallest (in absolute value) subcedant o; by
(sgn(oj))i, i = 1,2,...,s(0), its ith smallest fixed point by s(c) + 4,7 =1,2,... . k —
s(o) — e(o), and its ith largest excedantby n —i + 1,0 = 1,2,... e(0).
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For example, let 0 = 16358274 € Bgand n = 9. We see that s(0) = 3, e(0) = 3,
and
Yos(0) =48279153.

Chow [16] demonstrated that the map @m .. 1s the bijection between the following two
sets:

s For 0 € D&, let G,,(0) denote the set of signed permutations 7 in B, such that

dp(m) = o. For example,
G,4(21)={1243,1432,1324,4231,3214,2134}.

* For two disjoint signed permutations ¢ = oy - -- 0, and ™ = 7 - - - T,, We say that
a 1s a shuffle of o and 7 if both ¢ and 7 are subsequences of «.. The set of shuffles

of o and 7 is denoted S(o, 7). For example,
G(41,23) =1{2341,2431,2413,4231,4213,4123}.

Remark. We say that two signed permutations 0 = o0y---0,, and 7 = 7 ---7, are
disjoint if the permutations |oy| - - - |0, | and |7y | - - - |7, | are disjoint.
Lemma 5.4 (Chow). For0 < k <n, letoc € DE, 5 =1, ,(0), andy = s(o)+1,s(c) +

2,...,n—e(o). Then the map 1, , is a bijection between &,,(c) and &(&,~). Moreover,
form € &,(0), we have 1, () € &(6,7) such that fmaj(r) = fmaj(i,, ,()).

Note that a generalized version of Lemma 5.4 for the wreath product C,. ! G,, can be

found in [5].

Subsequently, Chow [16] applied the following formula due to Garsia and Gessel [25]
in the context of the hyperochaherdral group B5,,. Specifically, for two disjoint permuta-

tionso = oy---0,, and ™ = my - - - 7, €, Garsia and Gessel [25] showed that
§ i) — gaie)tmaite) {" + m] . (5.7)
a6 (o,m) n q

Note that Garsia and Gessel’s formula (5.7) can also be derived from Stanley’s shuf-
fle theorem [32] by employing g-analogue of the Chu-Vandermonde summation (see [4,
Eq.3.3.10]),

q = . (5.8)
Z |:k:| q |:h - k:| q h q

h
k=0
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For more information, we refer to [27].
Chow [16] extended the formula (5.7) into the following form:

Lemma 5.5 (Garsia-Gessel-Chow). For two disjoint signed permutations 0 = oy - - - 0.,

and ™= m -+, € we have

Z quaj(a) _ quaj(a)+fmaj(7r) [n + m} ) (5.9)
q2

n
a€eB(o,m)

By combining Lemma 5.4 and Lemma 5.5, Chow [16] successfully concluded the
proof of Proposition 3.5.

In order to justify Proposition 5.3, we first show that the map En ; can be refined into
the following two subsets.

 For o € D2, let A5 (o) denote the set of signed permutations 7 = 7y - - - 7,, in By,

such that dp(7) = 0 and 0 < 7, < n. For example,

AS(231)={12453,14352,13542,42351,32541,25341}.

* For two disjoint signed permutations ¢ = ¢y - - - 0,, and 7 = 7y - - - Ty, let & (o, )
denote the set of shuffles « = a - - - 44, of 0 and 7 such that o, ., = min{m,, 0., }.

As an illustration, we see that
GSb(451,23) ={23451,24351,24531,42351,42531,45231}.

Lemma 5.6. For 1 < k < n, let 0 € D, 6 = ,,,(0), and v = s(o) + 1,s(0) +
2,...,n—e(0). Then the map 1), , is a bijection between A (o) and GSb(& 7). Moreover,

form € A5 (o), we have Enn( ) G*(,~) such that fmaj(r) = fmaj(¢,, ,(7)).

Proof. Let o = 0,---0} be a signed derangement in D2. By definition, we see that

0 < oy < k is a subcedant. Let ¢ = ¢,, (o), from the construction of ¢,, ., we derive

n,k»
that & = & - - - 5}, is a signed permutation of {1,2,...,s(o)}U{n—e(o)+1,n—e(o) +
2,...,n} such that 4, < s(o). It follows that 0 < & < Y, _k-

Letm = m ---m, € AS(0). By definition, we see that 7w, < n. Let @ = 1

n,n(ﬂ-)'

From Lemma 5.4, we know that 7 = 7, - - - 7, € &(4, ) and fmaj(7) = fmaj(7). Since

7, < n, and from the construction of 1, ,,, we see that 7, < s(m) = s(o). Hence we

n,n?

derive that 7,, = G%, and so @ € &*°(G, 7).
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Conversely, let 7@ = 7 - - 7, € &°°(7,~). In this case, we see that 7,, = 7. Let m =
E;;(fr) Using Lemma 5.4, we derive that 7 € B,, and dp(7) = o. Since 7,, = 63 > 0,

by the construction of ¢,, ,,, we derive that 0 < m, < n. Consequently, 7 € A< (o). This

n,n’

completes the proof. ]
Next, we establish the following refinement of Garsia and Gessel’s formula in the

hyperochaherdral group B,,, which can be derived from a refinement of Stanley’s shuffle

theorem established in [27].

Lemma 5.7. For two disjoint signed permutations c = o1 - 0,, and ™7 = my - - - T, with

Om = Ty in the order given by (3.4), we have

. i . -1
Z quaj(a) _ quaj(a)+fmaj(7r)+2n |:n +m :| ' (5.10)
2

n
aeGst(o,m)

Proof. Let us first recall the refinement of Stanley’s shuffle theorem established in [27].
Assume thatc =01 ---0,, € Gqpand ™ = 7 --- 1, € &g be two disjoint permutations

with w, > o,,. We have

maj(a) _ | M — des(o) +des(m)] [n — des(m) + des(o) — 1
> ™= [ k — des(o) u n —k + des(o)

ae&sb(o,m) q

des(a)=k
% qmaj (o)+maj(m)+n+(k—des(m)—1)(k—des(o)) ) (5 1 1)

By employing g-analogue of the Chu-Vandermonde summation (5.8), we derive from
(5.11) that

Z qmaj(a) = qmaj(a)+maj(7r)+n {m +n— 1] ] (5.12)
q

n
aEGb(a,m)

We proceed to generalize this result to the shuffle of two signed permutations. To distin-
guish, here weletc =o0,---0,, € Gpand 7™ =7, --- 7T, € &g be two disjoint signed
permutations. Assume that & = @ - - - &, 14, 1S the shuffle of o and 7. From the definition

of the shuffle, it is easy to see that
neg(@) = neg(a) + neg(7). (5.13)

Assume that 7, < 7, in the order given by (3.4), it is not difficult to derive from (5.12)
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and (5.13) that

Y pree@gmal@) — jneg(@)+nes(m) gmai(@)tmai(®) +n [m - 1] 7 (5.14)
n
q

acGst(,m)
where maj(@) is the major index of @ in the definition (3.3) of fmaj, computed by using
the order given by (3.4). By substituting ¢ with ¢ in (5.14) and setting z = ¢, according
to the definition (3.3) of fmaj, we derive (5.10). This completes the proof. |

With Lemma 5.6 and Lemma 5.7 at our disposal, we are prepared to establish Propo-
sition 5.3. As a result, we can prove Theorem 5.1.

Proof of Proposition 5.3. Utilizing Lemma 5.6 and applying (3.8), we derive that for
o € D2,

S chamgimit) = glalo) H7 - gmaite), (5.15)
dp(m)=0c OCEGSb(&,’Y)
WEA;

It is noteworthy that & has k elements, v has n — k elements, and fmaj(y) = 0. By
incorporating Lemma 5.7 into (5.15), we consequently establish (5.6). This completes the
proof. ]

Proof of Theorem 5.1. By summing over all signed derangements o € D5 for 1 < k < n,

we infer from Proposition 5.3 that

i |:Z_1:| (n—k) Z 5 fmaJ

UE’DA

n

— E E : 5 fmaJ
UE’DA

k=1 VEAT (9)

— 8 fma]

YEAT

which can be further simplified as

En: |:n:| —2k Z E B(0) fmaj — Z 8 5(7) fmaJ
q?

k=0 oeDR, YEAS
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By employing ¢-binomial inversion [3, Corollary 3.38], we deduce that for n > 0,

n

Z 5 fmaJ Z(_l)k |:Z:| QQ(E)Q—Q(N—k) Z SZB(’Y)quaj(’Y)-
q2

A <
aeDn+l k=0 VEAn7k+1

(5.16)
Applying (5.2) to (5.16), we obtain (5.1). This completes the proof. ]

We conclude this paper with the proofs of Theorem 4.4 and Theorem 4.5 achieved
through the utilization of Theorems 3.3, 3.4, and 5.1 in conjunction with Lemma 4.8.

Proofs of Theorem 4.4 and Theorem 4.5: From Theorem 5.1, we have

Z g'B(o) (Eq)fmaj(ff)

oeDA
n2 k+k+l[ k1] 1—eq) 7!
2ealdleq - -~ [210 — 2. €4 n—k (____;g)
[] [] qkzo z—:q ] [Qk]gq 1_q
n—2

) e e 1— |25 |
(e q )( q) . (5.17)
2 2q L2k, —q) 1—eq

Combining Theorem 3.3 and Theorem 3.4 leads to

= (20,4l -~ [2n - 2],

g Z 5 fmaJ Z Eég(ﬂ')(_q)fmaj(ﬂ)

WEDE 1 WE'DE 1
1 (Cpyegl®)
— 2l — 2, Y
k:0 q (1 q

1—eq 1+¢ 1+¢q ' '
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Upon substituting (5.17) and (5.18) with Lemma 4.8 for ¢ = 1, we arrive at

3
|

Z an’laj(n) ], 2= 9, 2 (_1)qu2+k+1[n - 11—k,

reDP k=0 [Q]q[4]q T [Qk]q
AN SR A
Rl -2 X i <1 - (1_+q) )
S~ (D)

= [2]g[4]¢--- [2n — 2],

k=0 [Z]q[4]q T [Qk]q

e (i ()

which is in accordance with (4.3).

On the other hand, plugging (5.17) and (5.18) into Lemma 4.8 for ¢ = —1, we derive
that

Z (_ 1)€D (W)quaj(T()

TeDP

[\

n—

= [2]g[4]q--- [2n — 2],

(1) 142() (1 _ q> 255 )

0 [Q]q[4]q T [2k]q 144

. n—k
w | g (1+ (=1)"Fgn* 1) n (=D 1_ 1—g\" 7" 14\
1—¢q 2 1+¢ 1—¢q

s (0Pl 1o g
= [2]4[4]q -~ [2n = 2], [2],[4], - - - [2F], <1+q>

L2 (D)) - (4 (=D M)
2(1—q) ’

aligning with (4.4). This completes the proof. ]
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