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o ABSTRACT. A k-regular partition into distinct parts is a partition into distinct parts with no part
5 divisible by k. In this paper, we provide a general method to establish the unimodality of k-regular
v partitions into distinct parts where the largest part is at most km +k — 1. Let dj ,,(n) denote the
5 number of k-regular partitions of » into distinct parts where the largest part is at most km+k— 1. In
. line with this method, we show that d4 ;,(n) > dam(n—1) form > 0,1 <n <3(m+ l)2 and n #£4,
- and dg ;u(n) > dgm(n—1)form>2and 1 <n < 14(m+ 1)2. When 5 < k < 10 and k # 8, we show
o that dj. (1) > dj(n—1) form > 0and 1 <n < {WJ

19

20

21 1. Introduction

22

23

v The main theme of this paper is to investigate the unimodality of k-regular partitions into distinct
o5 parts where the largest part is at most km +k — 1. A k-regular partition into distinct parts is a
26 partition into distinct parts with no part divisible by k. For example, below are the 4-regular

27 partitions of 10 into distinct parts,
28

29 (10), (9,1), (7,3), (7,2,1), (6,3,1), (5,3,2).

30
21 Letdy u(n) denote the number of k-regular partitions into distinct parts where the largest part is at

32 most km+k — 1. From the example above, we see that d4 1 (10) =4 and d4 »(10) = 6. By definition,

33 it is easy to see that the generating function of dj ,,(n) is given by

34
— N(k,m) m

35 ; ; et
7(11) Dk,m(Q) — Z dk,m(n)qn:H<l+q1k+l) <1+qjk+2)...(]+qjk+k 1)7
36 n=0 =0

37

3?where

— k(k—1 1)?

. N(km) = DD

40 2

% Recall that a polynomial ag +aiq + - - -+ ang” with integer coefficients is called unimodal if for

EsomeogjgN,

44 ap<a; <---<a;>ajy > > ay,
45
46 2020 Mathematics Subject Classification. 05A17, 05A20, 11P80, 41A10, 41AS8.
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and is called symmetric if for all 0 < j < N, a; = ay_j, see [16, p. 124, Ex. 50]. It is well-known

that the Gaussian polynomials

[n] _(I=g)(1=g"")--(1—g" ")
k (]—q)(l_qz)...(l_qk)

—_ are symmetric and unimodal, as conjectured by Cayley [4] in 1856 and confirmed by Sylvester [18]

o lals|e]m]~

5 in 1878 based on semi-invariants of binary forms. For more information, we refer to [3,9,11,13].
"5 Since then, the unimodality of polynomials (or combinatorial sequences) has drawn great attention

10 in recent decades. In particular, the unimodality of several special k-regular partitions have been

11 investigated by several authors. For example, the polynomials
12

i (1.2) (I+g)(1+4¢%)---(1+4")

14

15 are proved to be symmetric and unimodal for m > 1. The first proof of the unimodality of the
E polynomials (1.2) was given by Hughes [8] resorting to Lie algebra results. Stanley [15] provided

7 an alternative proof by using the hard Lefschetz theorem. Stanley [14] also established the general

'8 result of this type based on a result of Dynkin [6]. An analytic proof of the unimodality of the

19
o polynomials (1.2) was attributed to Odlyzko and Richmond [10] by extending the argument of van
>y Lint [19] and Entringer [7].

22
3 Stanley [15] conjectured the polynomials

2%(1.3) (1+q)(1+q3)~-(1—|—q2m+1)

. . . 2
26 are symmetric and unimodal for m > 26, except at the coefficients of ¢* and q(m“) ~2. More

27 .
e precisely, let
— (m+1)?

)
i% Z d2,m(n)qn:(1+q)(1—{—q3)(1+q2m+1)
n=0

31
3> Stanley conjectured that ds ,,(n) > dajy(n—1) form > 26,1 <n < LWJ and n # 2. This

SE conjecture has been proved by Almkvist [1] via refining the method of Odlyzko and Richmond [10].
34 Pak and Panova [12] showed that the polynomials (1.3) are strict unimodal by interpreting the
% differences between numbers of certain partitions as Kronecker coefficients of representations of Sj,.

36
5, By refining the method of Odlyzko and Richmond [10], we show that the polynomials

m

38 . .

o (14) [0+ H1+44)
N j:O

40

E are symmetric and unimodal for m > 0, see [5].

42

43 Inthis paper, we aim to establish the symmetry and unimodality of Dy ,,(g) for k > 4. It should be
Az noted that the polynomial (1.2) is associated with Dy ,,,(g), while the polynomial (1.3) is associated

45 with D »,(q). When k = 3, Dy ,,(g) reduces to the polynomial (1.4).
46

‘E One main result of this paper is to show that Dy ,,,(¢) is almost unimodal.
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Theorem 1.1. The polynomials

m
H(l+q4j+1)(1+q4j+2)(1+q4j+3)
j=0

~
—_
%
~

. . . 2_
are symmetric and unimodal for m > 0, except at the coefficients of ¢* and q6(m+1) 4. More

precisely, let

m+l m . . .
Z dym(n)g" =TT+ ) (1452 (146413,
j=0

[efe[~]ofa]s]o]r]-

10 -

1 Then form >0, da(n) > daw(n—1) for 1 <n <3(m+1)%and n +# 4.

12

3. We also provide an effective way to establish the unimodality of Dy ,,(q) for k > 5.
14

E Theorem 1.2. For k > 5, if there exists mo > O such that Dy, (q) is unimodal and for mo < m < Sk%
1% und {k(k—;)mﬂ <n< Lk(k—l)ﬁ(‘m-i-l)zJ’

17

18 (1.6) dim(n) > di(n—1),
19
20 then Dy ,(q) is unimodal for m > my.

21

- By utilizing Theorem 1.2 and conducting tests with Maple, we obtain the following two conse-

23
- quences.
24

z% Corollary 1.3. When 5 <k < 10 and k # 8, the polynomials

m
27 I1 (1 +qjk+1) <1 +qjk+2> (1 +qjk+k—1>
28 L
- j=0
29
a0 are symmetric and unimodal for m > 0.

3? Corollary 1.4. The polynomials

33 s . .
37 H 1+q8j+1 1+q8j+2)(1+q8]+7)
;E =

26 are symmetric and unimodal for m > 2.

37

38 Tt should be noted that Zhan and Zhu [20] explored the unimodality of k-regular partitions into

% distinct parts where the largest is at most kn + j, with 0 < j < k — 1, by extending the methodology
40
e presented in this paper.

42

43 2. A key lemma

44

45
46 This section is devoted to the proof of the following lemma. It turns out that this lemma figures

E prominently in the proofs of Theorem 1.1 and Theorem 1.2.
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Lemma 2.1. Ifk >4, m > 8k3 and {6=D < < MO0l
@1 dim(n) > dip(n—1).

;
2
3
4
5
E Before demonstrating Lemma 2.1, we collect several identities and inequalities which will be
" useful in its proof.
8

2(22) ™ =cos(x)+isin(x),
10

1 (2.3)  cos(2x) = 2cos2(x) — 1,
12

13 (24)  sin(2x) = 2sin(x)cos(x),

14
15 (2.5) 2sin(a)cos(B) =sin(o + ) +sin(a — B),

16

7 (2.6) sin(x)>xe*/? for0<x<2,

18

19 (2.7)  cos(x) > e ™ for |x| <1, (y= —Incos(1) =0.615626...),
20

21 (28) x— o <sin(x) <x forx>0,

22

2 —2/2 T
o 29 cos(x) <e for |x| < X

25

» 1 1

26 (2.10) |cos(x)| < exp (—2sin2(x)—4sin4(x)>,

27

28 1

2oy |0 i i= 012,

29 sin(x)

30

30 . .

b . 5 n sin((2n+1)x) 1 S

212 kx) = - — T =0,1,2,...

32 (2.12) ;Sln(x> 5 4sin(x) +2 orx#im, i=0,1,2,...,

33

v L 3n sin((2n+1)x) sin((2n+1)2x) 3 iT .

3 (2.13 Hlhx) = = — = f —,i=0,1,2,....
— ¢ )k;sm(x) 8 asin(r) T d6sin(m) 16 X7 5i=0L2
36

o The identity (2.2) is Euler’s identity, see [17, p. 4]. The formulas (2.3)—(2.5) of trigonometric
3g functions can be found in [2, Chap. 8]. The inequalities (2.6)—(2.11) are due to Odlyzko and

C’E Richmond [10, p. 81]. The identities (2.12) and (2.13) have been proved in [5].
40
41 We are now in a position to prove Lemma 2.1 by considering dy ,,(n) as the Fourier coefficients

‘E of Dy »(q) and proceeding to estimate its integral.

43

‘E Proof of Lemma 2.1: Putting g = %% in (1.1), we get

45

. D (€%®) = [T(1+ (e2) ) (1 4 (€20)7542) o (14 (£20) K51y
47

Jj=0
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N 22) 17 - . .
. H +cos (2(jk+1)0) +isin(2(jk+1)0))
B RO
4 k—1
= CIZEDTTTT (2c05>((jk+1)8) + 2isin((jk+1)8) cos((jk +1)6))
? j=01=1
7 2.2) m k—1
5 = 2cos((jk+1)0)exp(i(jk+1)0)
o j=01=1
E m k—1
1 (2.14) = 200D exp(iN (k,m)8) [T [T cos((jk +1)8).
2 j=01=1
13 Using Taylor’s theorem [17, pp. 47-49], we derive that
s 1 (% Den (e20)
s dim(n) = 7/ m.in_‘_ld (3216>
16 ’ 2mi )% (e20)
i 1 /3
s _ 7/ Dy <ezie) 020 49
o i
20 2.14) 2(k—1)(m+1) z m k—1
o A0S / exp(i(N (k,m) —21)8) T [ cos((jk +1)8)de
- T -3 —=01=1
22 J
23 22 o (k=1)(m+1) ,Z .
o e / ~ (cos((N(k,m) —2n)6) + isin((N (k,m) —21)8))
25 T2
2E m k—1
27 < [TT]cos((jk+1)6)de6.
o8 j=01=1
ZE Observe that
30 7 o) m okl B
o [E51n((N(k m)—2n)0) [ T[] cos((jk+1)6)d6 =0,
p— 2 j=0I1=1
;% so we conclude that
— (k=1)(m+1)+1 2 m k—1
3. () = T/2 cos((N(k,m) — 21)0) [T [ [ cos((jk +1)6)d6.
35 ’ 0 07
j=01=1

z% To show that dk,m(n) increases with n, we take the derivative with respect to n,

38 0 7 (k=1)(m+1)+2 m k—1

QE %dk,m(l’l) = 7/ 0 sin ((N(k,m)—2n)6 I—l)z—1 cos((jk+1)0)de6.
40 ==

41 Let N(k,m) —2n =, and let

42 —1

43 Lem(1) / Osin(ub) HHcos (jk+1)6)de.

45 Thus it suffices to show that

46 —D@2m+1
o (2.15) Tem(1t) > 0 fork >4, m > 8k2 and0<u§k(k )2( m+1)
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We will separate the integral [; ,, (1) into three parts,

o
= k(k—l%mﬂ) 2km+72[(k—1) 7 . m k—1 )
i Lem (1) = / —I—/ . +/ i O sin (u6) [T [ cos((jk+1)6)d6
4 0 k1) (2m+1) Zkm+2(k—1) j=01=1
5
6 = I () + I (1) + 00 (),
7
5 and aim to show that when k > 4, m > 82 and 0 < u< w,
? 1 2 3
o Z10) T (1) > ]I,f,,)i(u)\ + )IIE,,Z,(LL)( :

1 from which, it is immediate that (2.15) is valid.
12

13 We first estimate the value of 1151;7)1( ). Recall that

14

_ 2 m k—1

15 (2.17) 1,51")1(“):/"(’“ Ve g sin (1) [T [T cos((jk+1)6)de.

16 ’ 0 j=01=1

17
EWhenOSGSm,weseethatogpw§2and0§(jk+l)9§1f0r0§j§mandl§
19 | <k—1. Using (2.6) and (2.7), we deduce that

20 292

o1 sin(uB) > ubexp <— > and cos((jk+1)0) Zexp(—y(jk+l)202).
=

o3 Hence

27 m k—1

. Osin(uo) HHCOS (jk+1)0)

il j=01=1

26

27 [,L292 m k—

o8 Z,Ltezexp<— 3 )exp —}/BZZZ jk+1)?

50 k2 (k—1)%(m+ 5)?6?

z > u6exp (_ = fm+d

32

33 3

il k 6k — 1 2k—1

5 wexp [ —70%k(k—1) (7 4 pom2 4 =D .
— 3 6 6

35

56 Put

37 2 a! 1 1 k k 6k—1 2k—1
o =Kk =12 — + — k(k—1) (2 +—+ =+ =),
W lm=kk=) (3 HETRETT >+” )<3+m+ 6m> | 6m
39

2o When k >4 and m > 83, we find that

‘i ck(m) S Ck (8](%)

4i

43 1 1 1 1

“ =k2(k—1)* | =~

4 (k=1) ( -8+3.82k2+12-83k3>

45

46

3
— +yk2(k—l)<

47
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<k3<1—{— 1 N 1 —l—}’(l—l-l—f—l—i— 1 >>
- 24 192/(% 6144k3 3 Sk% 6413 1536k%

h

2

3

+ Y (L

. 24 192.43 614443

6 1 1 1 1

7 +O.616-<+ + + >> by k>4
% 37 g.43  64-43 7 [536.43 (by )
9 <026k := ¢y,

0

11 and so

E m k—1

8 (2.18) Osin(u0) HHcos (jk+1)0) > 16> exp( ckm302).
14 J=01=1

16 Applying (2.18) to (2.17), we deduce that when k > 4, m > 8k2 and 0 < < XE=L2mtD)

17

18

— _ 2r m k—1

i 1,51,31(#):/"(" Ve g sin (@) T [T cos((jk+1)0)de
20 ’ 0 j=01=1

21

oo = 142m+1 m Al

- 2/ Osin(u6) [ [[cos((jk+1)6)d6
23 0 j=01=1

24

25
— >
26

4
k(k—1)(2m+1)

uo?exp (—ckm392) de

S—

27
28 = {/ —/ }u92 exp (—ckm392) de
29 0 4

k(k—1)(2m+1)

30

31 U

(o) oo
r_, L
v2ie "dv— I v2ie 'dv
32 0 Lkm

= 2¢; m2 RZ(k—1)2(@mr1)2
: (

33
Vs *© 1
5 ,—V
7—/ e vZe dv).

K2 (k—1)22m+1)2

34

35 — 3
% 5 9
36 2cim?2

37

3
%8 When m > 8k, we see that
39

w0 16¢m® __ 16-0.26K- 832

% (k—1)22m+1)> = k2(k - 1)2(2-8k> +1)2
4 _ 16026k - 8%

= T RRR(17K3 )2

% | 2129.92Vk

o N 289
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1 2129v/4

—(2.19 > 1477 (byk>4
B (2.19) 2 eg (by k= 4),
- o VIV < / vie Vv < 1.64x 10°°,
o K (k—1)2(2m+1)2 14.7

6

r As a result, we can assert that when k > 4, m > Sk% and0< u < w,
B T 3.34

< (220) 10 () > <‘2F —1.64 % 1o6> > 22
o 2¢, m2 k2m?

" 2

E We now turn to estimate the value of /; @) (1) given by

E ’ W m k—1

14 (2.21) 12 () = 0'sin (u0) anos (jk+1)6)d6.
15 7 Ry j=01=

16 2
— When 517 < 0 < sy

we have 0 < (jk+1)0 < Jfor0< j<mand 1 <I<k-1.
% In light of (2.9), we derive that

° ik+1)202

9 cos((jk+1)0) <exp (_(]H)

" 2

21 Hence

Zi m k—1

= [T cos((k+1)6)

24 j=01=1

Zi 1 m k—1

% <exp —7922 Z(ﬂH—l)z

= j=01=1

28

2 =ex —1k(k—1)92 ngJrkmsz (6k—1)m+2k—1

:E SexP - 2 +km” + +

33 2k(k—1) (m+1)7 \ 3 5 g

z% (by 2n <9<”>

*® k(k—1)2m+1) = = 2km+2(k—1)

‘% =exp| — i km: m 2+ 3m+ O+ 30

39 - Zk(k_l) 3 m2-|-m_|_,

40 , i 2

4t id km nm T°m
2.22 (T km\ _( Tm R0y

Fon  con(ofi ) -ee(s) e -52)

42

‘E Applying (2.22) to (2.21), and in view of (2.8) and (2.20), we derive that when k > 4, m > Sk% and
“0cp< k(k—1)2(2m+1)’
45

— 5 238) wm\ [ Tnrawn
© |11§n)1(l~‘)| < HCXP<—6k / . 6°d6

47 e (2meT)
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umn? 1 8 ’m
=73 <(2km+2(k—1))3_(k(k—l)(2m+1))3>eXp(_6k>

h
2
% - pm . *m
X [ —

- = 30km+2(k— 1) P\ ek
6 3 2
— um m

< — by k>4
- _3(8m)3exP< 6k> (byk=4)
E (2.20) 7r3k%m% ’m ¢!

2.23 2"

%( ) = 5130 Xp( 6k ) k,m( )
1» Define
13  Bkim? m
e Jelm):= =555\ 5 )-
S We claim that fi(m) <0 fork>4andm> 8k>. Since fi(m) >0 fork >4 and m > Sk%, we have
16
- d d d
7 (224 il — = nfi(m) _ —1 )
E( ) dmfk(m) o fi(m) . n fi(m)
E Observe that when k > 4 and m > 8k%,
20
v d 3 2 3 2 2
E B )
o dm 2m 6k — p.8k3 6k 6k \ §72k2
23_and this yields that f](m) < 0 for k >4 and m > 8k?2 as claimed. Consequently,
24
_ 3 1
25 50 81 w 4m2k2
= @ < ?) = 7 - .
27
. Applying (2.25) to (2.23), we obtain
o 3 1
29 8271% 4n’k2
29 ) 2 (1
30 (2.26) Lo ()] < ﬁk“ exp <_3> L (1)
31
3o Define -
33 Adr-k2
® hy (k) :=exp <— 7[ )lc%47
34 3
% Since hy (k) > 0 for k > 4, we find that
36
— d d d
37 (227 —hi (k) = —e™®) = hy (k)= Inh; (k
39 and since
40 d 27 22
— Sk (k)= 2 -2
“ ax Mt =4 Ak
g
3 1 (27 2nk%2
44 Ck\ 4 3
45
6 1 /27 4n?
— < (2= >
v —k<4 3) (by k= 4)
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1 6
s —— <0
2 e
8 it follows that &} (k) < O for k > 4. Hence h; (k) < hi(4) for k > 4. Therefore,
4
- 3 3
5 (2) (226) 82w 871' ( )
7
5 (2.28) <5.89x 101" ().
9

- =
o

Finally, we turn to estimate the value of 1153,31( W) defined by

z m k—1

5 (229 I,im(,u):/ _ Osin(uo) HHCOS (jk+1)6)d6.

I 2km+2(k—1) Jj=01I=

15 LetC = {’” i=1,2,. k},it is easy to see that
16

)=
w
)

9|

— m k—1

7 /Gsin(ue)HHcos((jk—l—l)G)de:0,

18 ¢ j=01=1

9 s0

20 m k-

21 (2.30) I,Srzl(u):/ . Bsin(uo) ]‘[H cos((jk-+1)0)de.

22 {2km+2(k—17)’7]\c J=01=1

3

52 When W”(k_l) <6<%and 6 7& (i=1,2,...,k), by (2.10), (2.12) and (2.13), we deduce that
Zi m k—1

26 [T]]cos((jk+1)6)

27 j=01=1

28

o9 (2.10) 1mk—1_2 ' | m k=

= < exp —Egbl;sm ((jk+1)6 ZZ’Z’ ((jk+1)6

30 J=01= =0/=

31

3? 1 km+k—1

3E =exp| —5 ]Z’I sin?(j6) ]Z’sm (jkO)

34

35 1 [mik—1

e —4( Z sin*(j6) — Zsm (jkO)

87

38 Q128213 _11(k—1)(m—|—1)+3sin((2km—|—2k—1)9)
3 - P 32 16sin(6)

40

e sin((2km+2k—1)20) 3sin((2m+1)k0) sin((2m+1)2k0)
1 64sin(26) 16sin(k6) 64 sin(2k0)
‘E (2.31) ‘= E(6).

45 * We claim that for k > 4, m > 8k2 and
46

47 (2.32) Epm(6) < exp(—0.381m —0.224).

72,01%2(,( <6 < Z(where 6 # Z,i=1,2,....k),
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We approach the proof of (2.32) through a two-step process. First, we consider the interval

1
“ . in

i Sln(le) 2 Sin <2k1/n—|—2(k—1)>

6

7 in 3

ry S in B <2km+2(k—]))

o = 2km+2(k—1) 6

10

E (2.33) S in _ <2km+k2ﬂék71))

f2 1 = 2km+2(k—1) 6 ’
13

14
15 wherei=1,2, k. Applying (2.11) and (2.33) in (2.31), we obtain

16

— 1(k—1)(m+1) 3 1 3
17 E () < -
- o )—eXP< 32 T T6sin(0) | 64sin(20) | 16sin(k6)
9 sin((2m+1)2k0)
20 64sin(2k0)
2r
23
2 (2.33)&2.11) 1(k—1)(m+1) 2m+1 3
< _
24 < exp D + o4 + ( o )2
Zi 16 T 1 _ 2km+2(k—1)
2km+2(k—1) 6
Zi
27
Zi
29 1 3
- i (wten) ) (st
e 2 Tt 20 1] k Yo 201)
st 64 <2km+2n(k—1) <1_ 5 )) 16 <2km+2n(k—1) (1_ 5 >>
32
=
34
- (12— 11k)m 23— 22k 24425k

= =exp

+ + 3
o T gy (1- )
37 2km+2(k—1) 6

38

39

— 12-11 23—22k  (24+25k)(2km+2(k— 1
o e [ | Kjm 2322k | (24+25K)(2km +2(k 1))

o 32 64 212
« 1287k (1 - Mw)

42

> When k >4 and m > Sk%, we have
44

o 282 T2k? 5
. >1- (by m > 8k?2)

46 - 2 ’

“ 6(2km+2(k—1)) 6 <l6k% +2(k— 1))
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2

1 T

_ —1— >

2 3

= 6(16k2 +2—2k—1>

“ >

— T

5 >1- B 2 (by k> 4)
0 6(16-43+2-1)

7

L 2

8 T

e - — £ 0.9999.

B 1006215 ~ 9%

- It follows that for k > 4, m > 8k% and 5275 < 0 < £,

2 (12— 11k)m  23—22k  (24+25k)(2km+2(k— 1))
= Eem(6) <

15 en(6) < exp ( 2 e 0.9999 - 1287k

14

o o ((12= 11k, 24425k 23-2k (244250 (1K)
-~ = m

s P 32 0.9999- 64 64 0.9999 - 647

— < exp ((0.495 — 0.219k)m +0.479 — 0.219k)

2 @3 < exp(—0.381m—0.397) (by k > 4).
ZZ Next we consider the interval 7z < 6 < 7 and 6 # % (i=1,2,...,k). Employing (2.8) and (2.11),

22 we deduce that

23

21 Erm(0) <exp (—
25

Hk-Dm+1) 3
32 T T6sin(8)

26 sin((2km+2k —1)20) 3sin((2m+1)k0) sin((2m +1)2k0)
27 64sin(20) 16sin(k0) 64 sin(2k06)
28

20 @.11) 11(k—1)(m+1) 3

- < —

50 - exp< 32 * 16sin ()

31

32 +2km+2k—1+3(2m+1)+2m—|—1

3% 64 16 64

si

= ev | nk=Dmr) 3

— 2k 6

38

% +2km+2k—1+3(2m+1)+2m+1

0 64 16 64

o

42

43 ~exp <3 5k>m 5k+17+ 3k

“ B 4 16)7 16 32 g (1_ )

s 87 (1- 750

45

46 < ex é % %_FIJ_I_L (b k>4)
s =SP\\3 7 16)" 1632 T 0974287 yr=
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3 5k 17
< o= — 0.
_exp<<4 16>m+32 0 189k>

o
2
3
- (2.35) <exp(—0.5m—0.224) (byk >4).

il Combining (2.34) and (2.35) yields (2.32), so the claim is verified. Substituting (2.32) to (2.30),

6
- and in view of (2.8) and (2.20), we derive that
5 3 2.8) 3
o ()| < ,uexp(—0.381m—0.224)/ _0%d6
— 2km+2(k—T1)
0
11 um (1 1
— < - — —0.381m —0.224
2 =73 <8 (2km+2(k—1))3)eXp( " )
13
— 3
1 < BT exp (—0.381m — 0.224)
15 24
16 9 9
6 220) g3k2m? (1)
% (2.36) < 33404 P (0.381m—0224) I (n).
1o Define
9 9
20 L mkem 0.381m — 0.224
o gr(m) := 3'34_24¢xp(— 381m—0.224).
22 Since when k > 4 and m > Sk%, we have g;(m) > 0 and
= d d
24 7gk(m) — 7elngk(m)
— dm dm
25
26 d
6 — 1
2 gk (m) an ngi(m)
28 9
29 = — —0.381
2 g(m) <2m >
30
31 9
2 = glm) <2-8-43 _0'381>
33
34 < —0.31g,(m) <0,

35
- it follows that g} (m) < 0 when k >4 and m > 8k3, and so for k > 4 and m > 8k3,

9 45
37 3.0 8k

— 3

2. < g (8k3) = ZFXY (—.4 7-.224).
z%( 37) gi(m) < gi(8Kk2) = S exp (~3.048k% —0
0 Define ? B
a ha (k) = exp (—3.048k’f - o.224> K7
% When k > 4, we have h,(k) > 0 and
44 d d
44 (k) = — nha(k)
45 dk 2(k) dk
4 d
47 = hz(k)flnhz(k)

e dk
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1
45 3k3
— I (k) <4k ~3.048. 22>

s
2
s
i 45 34
<h — —3.048 - —— by k>4
5
7 < —6.3h(k) <0,
8
E so h5 (k) < 0 for k > 4, and hence for k > 4,
10 0
(238 (m) < —o " ex ( 3.048 43 0224) 4% <055
) m —3.048-42 —0. . .55.
o S = 334.24°°P
13 Substituting (2.38) into (2.36), we have
14 3 1
= (239) O ()] < 0.5510) ().
16 Combining (2.28) and (2.39) yields (2.16), and so (2.15) is valid. This leads to (2.1) holds for k > 4,
2 2
% m > 8k3 and M <n< w, and so Lemma 2.1 is verified. |
E
20 3. Proofs of Theorem 1.1 and Theorem 1.2

21

22
2 This section is devoted to the proofs of Theorem 1.1 and Theorem 1.2. Prior to that, we demonstrate

24 the symmetry of Dy ,(g).

25
s Theorem 3.1. For k > 0, the polynomials Dy ,,(q) are symmetric.

27

28
2o Proof. Replacing ¢ by ¢! in (1.1), we find that

30 _ a (i (i (ke
. Dinla ) =T] (1 +gq (Jk+1)) (1 +q (Jk+2>> (1 g Uk 1))
R i=0

32 ’

2 :q—N(k,m)H (1+q1k+1> (1_|_q]k+2) (1+q]k+k—l>
ll =0

® J

3. =4 " "D (q).

87 .

3 To wit,

30 Diu(q) = " ™ Dy (g™,

% from which, it follows that Dy ,,(g) is symmetric. This completes the proof. |

%2 We give an inductive proof of Theorem 1.1 with the aid of Lemma 2.1.

43
44 Proof of Theorem 1.1: From Theorem 3.1, we see that Dy ,,(g) is symmetric. Hence in order to

4 prove Theorem 1.1, it suffices to show that
46

a7 (3.1) dym(n) >dym(n—1) form>0,1<n<3(m+1)*andn+#4.
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1 Recall that dy ,,(n) counts the number of 4-regular partitions into distinct parts where the largest

2 part is at most 4m + 3, it is easy to check that for m > 0,
3

4 (32) dym(0) = dym(1) = dyu(2) =1, dam(3) =2, dyu(4) =1.

5
o Here we assume that cl47m(n) = 0 when n < 0. It can be checked that (3.1) holds when 0 < m < 63.

2 In the following, we will demonstrate its validity for the case when m > 64. However, our main

E objective is to show that when m > 64,

9
0 3.3 d4,m(n) > d47m(n— 1), for5<n <12m+20

" and

2.

13 (3.4) dym(n) >dym(n—1)+1, for12m+21<n <3(m+ 1)2,

14
15 which immediately led to (3.1). It can be checked that (3.3) and (3.4) are valid when m = 64. It

16 remains to show that (3.3) and (3.4) hold when m > 64. We proceed by induction on m. Assume

E that (3.3) and (3.4) are valid for m — 1, namely
18

19 (3.5) dym-1(n) >dgm1(n—1), for5<n <12m+8
20

217and

22 (3.6) dym1(n) >dgm 1(n—1)+1, for12m+9<n <3m’.

23
24 We aim to show that (3.3) and (3.4) hold.

25
o  Comparing coefficients of ¢" in

27

27 _ Am+1 4m+2 4m43
P Diu(q) = (1+4""") (L+4""%) (14+¢"™°) Daju1(9),

29

we obtain the following recurrence relation:
30

?Z dam(n) =dsm_1(n) +damr1(n—4m—1)+dspy—1(n—4m—2)

z +dsm1(n—4m—3)+dsm—1(n—8m—3)+dsm_1(n—8m—4)
:% (3.7) +dam1(n—8m—>5)+dsp,—1(n—12m—6),

zj thereby leading to

38 dym(n) —dam(n—1) =dy 1 (n) —dapm_1(n—1)

jz +dspm_1(n—4m—1)—dspy_1(n—4m—4)

j; +dsm_1(n—8m—3)—dsp,_1(n—8m—6)
68 e da (= 12m—6) — a1 (1—12m—7).

* When5<n <12m+20andn # 12m+ 10, applying (3.5) and (3.6) to (3.8), we see that
46

47 dam(n) —dsm(n—1)>0.
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When n = 12m + 10, we observe that
dam—1(n—12m—6) —dsm—1(n—12m—"7) =ds y—1(4) —dam—1(3) = —1.
But by (3.6), we have
dam—1(n) —dam—1(n—1) =dsm—1(12m~+10) —ds p—1(12m+9) > 1,

which leads to dy ,,(n) — da m(n—1) > 0 when n = 12m+ 10. To sum up, we get

[efe[~]ofa]s]o]w]=

dsm(n) —dsm(n—1)>0, for5<n <12m+20,

-
o

1 and so (3.3) is valid. Applying (3.5) and (3.6) to (3.8) again, we infer that

—_

(9 dy(n) —dsm(n—1)>1, for 12m+21 <n < 3n.

4 Tn view of Lemma 2.1, we see that
15

16 (3.10) dym(n) —dgm(n—1)>1, for3m*> <n<3(m+1)%

% Combining (3.9) and (3.10), we confirm that (3.4) holds. Together with (3.3), we deduce (3.1)

(4,m)

1o holds, and so D4 ,(g) is unimodal, except at the coefficients of g* and ¢V *™) =4 This completes

20 the proof of Theorem 1.1. ]

21
-»  We conclude this paper with the proof of Theorem 1.2 by the utilization of Lemma 2.1.

23
o Proof of Theorem 1.2: Given k > 5 and mg > 0, assume that Dy ,,,(¢) is unimodal. We proceed
25 to show that the polynomial Dy ,,(g) is unimodal for m > my by induction on m. Considering the

2
26 symmetry of Dy ,,(q), it suffices to show that for m > mg and 1 <n < LMJ ,
27

2 31D din(n) 2 din(n = 1),

2
i% Assume that (3.11) is valid for m — 1, that is, form > mgand 1 <n < V(k}l)m J ,

31 (3.12) dim1(n) > diym_1(n—1).

? k(k—1 1)2
33 We intend to show that (3.11) holds for m > mg and 1 <n < {%J . By comparing the

SZ coefficients of ¢" in the polynomial

35

® Din(a) = (1+0) (14472) -+ (146 ) D (),
87 it can be determined that

38

39 dim(n)= Y, dgmor(n—ii—-—ir_y),

20 ij=0 or km+j

— 1<j<k—1

41
1> Wwhich leads to

43

e dim(n) — dim(n—1)

£(3.13) = Z (dk’mfl(n—il—~~-—ik,1)—dk7m,1(l’l—l'1—--~—ik,1—1)).
46 ij=0 or km-+j

47 1<j<k—1
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Utilizing (3.12) in (3.13) yields that the validity of (3.11) form >mgand 1 <n < Lk(klil)sz .In

view of Lemma 2.1, we see that (3.11) holds for m > Sk% and {M w .

Given the condition that (3.11) holds for my < m < Sk% and {MW <n< LWJ , We

<n<

2
reach the conclusion that (3.11) is valid form > mgand 1 <n < {WJ . Therefore, Dy, (q)
is unimodal for m > mg. Thus, we complete the proof of Theorem 1.2. |

[efe[~]ofa]s]o]w]-
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