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Abstract. Let My(n) (resp. M;(n)) denote the number of partitions of n with even (resp.
odd) crank. Choi, Kang and Lovejoy established an asymptotic formula for My(n) —
M (n). By utilizing this formula with the explicit bound, we show that M (n — 1) +
Mi(n+1) > 2M(n) for k = 0 or 1 and n > 39. This result can be seen as the refinement
of the classical result regarding the convexity of the partition function p(n), which counts
the number of partitions of n. We also show that My(n) (resp. M;(n)) is log-concave for
n > 94 and satisfies the higher order Turan inequalities for n > 207 with the aid of the
upper bound and the lower bound for My(n) and M;(n).
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1 Introduction

This paper carries out a study of the partitions with even (resp. odd) crank from an an-
alytic view. The crank of a partition was defined by Andrews and Garvan [2] as the largest
part if the partition contains no ones, and otherwise as the number of parts larger than the
number of ones minus the number of ones. Let p(n) denote the number of partitions of n.
It is known that the crank provides combinatorial explanations for Ramanujan’s famous
congruences p(5n + 4) = 0 (mod 5), p(7Tn + 5) = 0 (mod 7) and p(1ln 4+ 6) = 0
(mod 11), see Andrews and Garvan [2], Dyson [10] and Garvan [11]. More precisely,
Let M(r,Q;n) be the number of partitions of n with crank congruent to » modulo Q).
Andrews and Garvan [?2], building on the work of Garvan [11], established the following



results:

5 4
M(r,5;5n+4):p—(n+) foreach 0 <r <4,

7 5
M(T,7;7n—|—5):p(nf+) foreach 0 <r <6,

11 6
M(T,11;11n+6):% foreach 0 <r < 10.

Recently, Hamakiotes, Kriegman and Tsai [[15] demonstrated that M (r, Q;n) is asymp-
totically equidistributed modulo odd number (). More precisely, let 0 < r < @) with () an
odd integer, they established the following asymptotic result:
M ; 1
lim Mr.Qin) = —.
n—00 p(n) Q
Their proof relies on the asymptotic formula for M (r, Q; n) derived by Zapata Rol6n [23].

The study of partitions with even and odd cranks was initially undertaken by Andrews
and Lewis [3]]. For convenience, let My(n) and M, (n) denote the number of partitions of
n with even and odd cranks, respectively. Andrews and Lewis [3]] showed that

Theorem 1.1 (Andrews-Lewis). Forn > 0,
(=1)"(Mo(n) — Miy(n)) > 0.
Following Andrews and Lewis’ footsteps, Choi, Kang and Lovejoy [8]] conducted a
comprehensive study of My(n) and M;(n). Among their main results, they derived a

family of Ramanujan type congruences satisfied by My(n) — M;(n) and obtained the
following asymptotic formula for My(n) — M;(n).

Theorem 1.2 (Choi-Kang-Lovejoy).

Moy(n) — Mi(n) = E(n) + Vr Z cosh (M> A;(n) (1.1)

3u(n 27 P
w( )O<j<@$) i) Vi
where /e
95-6 1
En)l < n)2 1.2
1B < = () (1.2
and -
B = Y e (< w2 - 2s0)). 0
ey ’
gc ,27)=1

where s(h, j) is the Dedekind sum defined by

Jj—1 r r 1 hr hr 1 .
s(h,j) = ;(5_ {;} _§> (7_ {7} _5) for j>2,
0 for j=
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Throughout this paper, we adopt the following notation as used in [|18]]

V24n — 1
uln) = . (1.4)

The main objective of this paper is to employ the asymptotic formula (I.1)) for My(n) —
M;(n) to investigate the convexity and log-concavity of My(n) and M;(n). We first show
that My(n) and M, (n) are convex when 1 > 39.

Theorem 1.3. For k = 0or 1 andn > 39,

It should be noted that Theorem [[.3] can be viewed as the refinements of the classical
result involving the convexity of p(n), that is, p(n — 1) 4+ p(n + 1) > 2p(n) for n > 2,
see Gupta [14] or Honsberger [16| pp. 237-239].

Furthermore, we establish the log-concavity of My(n) and M (n).
Theorem 1.4. For k = 0or 1 andn > 94,
My (n)* > My(n — 1)My(n +1).
To wit, the sequences { My(n) },>04 and { M(n) },,>93 are log-concave or satisfy the Turdn

inequalities.

To prove Theorem , we establish the upper bound and the lower bound of My (n —

Theorem 1.5. Let

Y =
Fork =0or1and u(n) > 115,
d 47t d sk +5
Y, <1-— — 81 1.5
H) <L 5t a3 ) (1
and . 4t . -
Yen)>1— — 4~ T . (1.6)

Opu(n)® — 9u(n)*  3u(n)®  p(n)s

These bounds further allow us to show that My(n) and M, (n) satisfy the higher order
Turdn inequalities.

Theorem 1.6. For k = 0 or 1 and n > 207,
4(My(n)* — Myp(n — 1) My(n + 1)) (M(n + 1)? — My(n)My(n + 2))

That is, the sequences { My(n)}n>007 and {M(n)},>206 satisfy the higher order Turdn
inequalities.



It should be noted that the Turdn inequalities and the higher order Turdn inequalities for
the partition function p(n) and its variations have been extensively investigated recently,
see, for example, Bringmann, Kane, Rolen and Tripp [5], Chen [6], Chen, Jia and Wang
[7], DeSalvo and Pak [9], Griffin, Ono, Rolen and Zagier [13]] and Ono, Pujahari and
Rolen [22]. In particular, Griffin, Ono, Rolen and Zagier [13]] showed that p(n) satisfies
the order d Turdn inequalities for sufficiently large n, confirming a conjectured of Chen,
Jia and Wang [7]]. For the definition of the order d Turdn inequalities, please see Chen, Jia
and Wang [7]] or Griffin, Ono, Rolen and Zagier [13].

To conclude the introduction, let us say a few words about the order d Turdn inequali-
ties for My (n). In fact, based on (2.10)) and in view of Theorem 3 and Corollary 4 in [13]],
we could derive that

Theorem 1.7. When k = 0 or 1 and d > 1, My,(n) satisfies the order d Turdn inequalities
for sufficiently large n.

It would be interesting to establish the minimal number Oy, (d) such that M (n) sat-
isfies the order d Turdn inequalities for n > Oy, (d). By Theorem[1.4] we see that

Ouo(2) =94 and Oy, (2) = 93,
From Theorem|[1.6] we find that

Ony(3) =207 and Oy (3) = 206.

The paper is organized as follows. In Section 2, we first establish the error bound
for the asymptotic formula for My(n) — M;(n) due to Choi, Kang and Lovejoy (that is,
Theorem [2.1). We then give two additional application of Theorem see Theorem
and Theorem In Section 3, we employ Theorem to establish the upper bound
and the lower bound for My(n) and M;(n) (that is, Theorem , which is useful in
the study of the convexity and the log-concavity of My(n) and M;(n). Section 4 focuses
on exploring the convexity of My(n) and M;(n) by utilizing Theorem Section 5 is
devoted to employing Theorem to establish the upper bound and the lower bound of
Mj(n — 1)Mj(n + 1)/Mj(n)? (that is, Theorem [1.5). These bounds play a crucial role in
the proofs that My(n) and M, (n) are log-concave for n > 94 and satisfy the higher order
Turan inequalities for n > 207, which are established in Section 6.

2 The error bound

In this section, we state the error bound for the asymptotic formula of My(n) — M;(n)
due to Choi, Kang and Lovejoy, which is required in our study of the convexity and
log-concavity of My(n) and M;(n). We also provide two additional applications of this
error bound. First application is to provide a direct analytic proof of Andrews and Lewis’
result (that is, Theorem [I.1]) and the second one is to demonstrate that the cranks are
asymptotically equidistributed modulo 2.



Using Theorem (1.2, we obtain the following asymptotic formula for My(n) — M;(n)
with an effective bound on the error term.

Theorem 2.1. For p(n) > 4, or equivalently, n > 3,

E/—L)( 7; "4 By(n),

where .
|Es(n)| < 63u(n)ze i . 2.1)

Proof. Observing that A (n) = (—1)", and using the formula of cosh(s) from [1, p. 459]

cosh(s) = cre :
2
we deduce from (I.T)) that for p(n) > 4,
(=D"m wom
Mo(n) — Mi(n) = Ty,
V6pu(n)

gy o SO VT st (1) A;(n)
Eg(n) = E(n) + ~—=—— \/éu(n) +3u( )2< zf:m) h( % )—\/3 .2
<i<HE

We next establish the bound for | E3(n)|. By the definition (T.3) of A;(n), we derive that
foranyn > 0and j > 1,

[Aj(n)| <25
Hence, we have
Vbr u(n)\ A;(n) _ 2v6r (n)
B S ()M ()
2<j< YIum) 2<j< )
=, 2\/* - =2
2m 1 ))
< - cosh (—
V3u(n)z | <§<> J
< mu(n)? o (u(n)>
V3 4
Tu(n)z [ wom (n)
< 1 1
<= <e te ) 2.3)



Applying (1.2)) and (2.3)) to [2.2), we derive that for p(n) > 4,

1
BTN V71 () ER ] s 95-6Y4
Es(n)| < eﬂz—i— <e4+e 4)—1— n)2
1 p(n) T T 1
< e 4 (o 4 60) p(n)?
< ST e 4 (7 5 60) o)
<< +7T+60) (n)ze"T
<|—=+— pu(n)ze
INGRRYG
< 63u(n)te .

This completes the proof. ]
Using Theorem [2.1} we give a direct analytic proof of Theorem [I.1] In particular, we
obtain the following more general result

Theorem 2.2. Given a positive integer d > 1. For n > P (ln (gd)) +

(=1)"(Mo(n) — My(n)) > d.

(2.4)
Proof. Using Theorem 2.1} we find that for n > 3

n __ 7 (V" Ea(n
(=1)"(Mo(n) — Mi(n)) = \/é,u(n)e + (=1)"Es(n),
where

(2.5)

We first show that forn > 1

(=1)"(Mo(n) = My(n)) > = : (2.6)
By (2.3), it suffices to show that for n > 1

(

1 pn)
\/_[L( ) —63u(n)2ze >

(2.7)
We claim that for p(n) > 38, or equivalently, n > 220

(2.8)
Define



Hence for p(n) > 38,

T u(n)
fu(n)) = me > f(38) > 1,

and so (2.8)) is proved. Using (2.8)), we derive that (2.7) is valid for n > 220. It follows that
(2.6) is valid for n > 220. It can be checked that (2.6)) is valid for 1 < n < 220. Hence
is proved. On the other hand, when d > 1 and for y(n) > 41In (%), or equivalently,

n > {% (ln (%‘1))2 + i-‘ , we see that

24
A\ (%) 2 74
4ln(7—)e (42)>§-7 —d. 2.9)

2 2
Combining and (2.9), we obtain (2.4). This completes the proof of Theorem[2.2] &

We conclude this section by showing that the cranks are asymptotically equidistributed
modulo 2.

Theorem 2.3. For k = 0 or 1,

ST ) 210

It should be noted that asymptotically equidistribution of partition ranks modulo 2 has
been recently proved by Gomez and Zhu [12] and Males [20] and Masri [21].

It turns out the proof of Theorem [2.3|also requires the following lower bound for p(n)
given by Bessenrodt and Ono [4]]: For n > 1,

p(n) > £ (1 — %) erm), (2.11)

We aim to prove the following consequence, which leads to the immediate proof of
Theorem 2.3

Theorem 2.4. For k = 0 or 1 and for n > 4,

= — + (=1)"E(n),
=g (V)
where "
|E°(n)| < 11578¢~ "4 (2.12)
Proof. By definition, we see that
p(n) = My(n) + M;(n). (2.13)

It follows that for k = O or 1,
p(n) 2

Moy(n) — M (n)
2p(n)

+ (—1)F



Assume that
Moy(n) — Mi(n)

2p(n)
In light of Theorem [2.1and (2.TT)), we derive that for n > 4,

“(n 12M(n>26_“(”) Tt n
2] < 2R (e ) )

E¢(n) :=

446p(n)2e 4 < 11578. (2.14)

Define

It is evident that 993
m'(s) = 5 s7(10 — s)e 1.

Since m/(s) < 0 for s > 10 and m/(s) > 0 for 0 < s < 10, we derive that m(s) attains
its maximum value at s = 10, so

m(p(n)) < m(10) < 11578,

and hence (2.14) holds. We therefore obtain (2.12)). This completes the proof. ]

3 An upper bound and a lower bound for M (n)

In this section, we aim to establish the following upper bound and the lower bound for
Mo (n) and M, (n) (Theorem [3.1)). It turns out that the proof of Theorem [3.1]also requires
the following effective bound on p(n) due to Locus Dawsey and Masri [[19, Lemma 4.2].
Forn > 1,

2

~ 6v3u(n)?

n _ et n
() (1= 05 ) o+ B0 a1

where "
|E,(n)] <1313¢"2 . (3.2)



Theorem 3.1. Let )

7r 1
G(n) = 1— e,
(n) 124/3p(n)? ( u(n))
Then for k = 0,1 and pu(n) > 88,

1 1
G(n) <1 — W) < Mi(n) < G(n) (1 + u(n)@’) . (3.3)
Proof. We first show that when £ = 0 or 1 and for n > 3,
M (n) = o~ ( - L) ™ 4 R¢(n) (3.4)

where "

|R;(n)] <689 =z .
Applying 2.13) to (3.1) and using Theorem 2.1} we could derive that for & = 0 or 1 and
p(n) = 4,

2

e T e peg,
My(n) 12v/3pu(n)? (1 M(n)> )

where .
—-1)" p(n
Re(n) = SDTT e

2\/6,u(n)
In light of (2.1)) and (3.2), we see that for £ = 0 or 1 and p(n) > 4,

w1313 w63

45 (Byln) + (<1 By(m).

p(n

Rim) < e + e+ Tty
< (L L1818 @) o5
~— \8/6 2 2
< 689"
This completes the proof of (3.4)).
Define
T(n) = 689¢"5" _ 8268v3u(n)”

i (1=t 7 (1= 5t
Using (3.4)), we find that for n > 3,
G(n) (1 =T(n)) < My(n) < G(n) (1+T(n)).
To show (3.3)), it is enough to prove that for p(n) > 88,
1

T(n) < (3.5)

u(n)e



Note that for p(n) > 2,

(1= ) (14 ) = 1+t ) - 2) 2 1.

Hence for n > 3,

8268+/3 o)
T(n) < — (1(n)® +2u(n)) e 2 . (3.6)
We claim that for p(n) > 88,
2 u(n 1
B268v3 e < 3.7)
U 2p(n)®
Define \/_
16536v 3 s
L(S) = —288675.
T
It is evident that \/_
8268v3 s
L'(s) = ——c 2(16 — s)s".
T

Since L/(s) < 0 for s > 16, we deduce that L(s) is decreasing when s > 16, this implies
that

16536v/3 _um)
Lip(n)) = ——5"p(n)’e” %" < L(88) <1
for p(n) > 88, and so the claim is proved. Applying (3.7) to (3.6), we obtain (3.5)). This
completes the proof. ]

4 The convexity of My(n) and M;(n)

The main objective of this section is to establish the convexity of My(n) and M;(n)
(Theorem [1.3). We begin by proving the following two inequalities.

Lemma 4.1. For p(n) > 6,

“ow > () (i) (- 5 * v )

4.1)
and
i (-5 ) (1 -]

10



Proof. Recall that

We have
Gn-1) _ pm? 1=
= . cexp (u(n—1) — p(n
and

1
Gin+1)  pn)? 1 G

Gn) — pn+1? 1--L

~exp (p(n +1) — pu(n)) .

From the definition (I.4)) of y(n), we see that for u(n) > 3,

pln =17 = pn)* — 2 and g+ 1) = o) +

It is evident that

3u(n)? /) 9p(n)?
and 02 02 4o
9 9 . 2m T T
- T (1- - >0
= (w055 (1= 55705) =
Hence, we derive that for p(n) > 3,
2 2 2
p(n) > 1+ T
p(n —1)? 3p(n)?
and ) )
)y 2
W17 By
We proceed to show that for p(n) > 6,
1
w7
1 3
] pi(n)
and
1
L= wem L
R L
By (@.3)), we see that for p(n) > 3,
272 27?2
p(n—1) =y /p(n)? = 2= and p(n+1) = \/p(n)? + .

4.3)

4.4)

(4.5)

(4.6)

4.7)

(4.8)

(4.9)



Then we have

( 1) (n) w2 m 0 5 N 1
n—1)=un) — - - - 0 ,
8 B T O O O
(n+1) (n) + 2 m n 6 58 n ‘
n = u(n — _ o
8 P Su(n) T 18 sap(n)® 648y \(n)®
It can be checked that for p(n) > 6,
pun—1) >w(n) and p(n+1) > y(n), (4.11)
where ) A
s T
w(n) = p(n) — -
3u(n)  9u(n)?®
and ) .
v s
Hence, we obtain that for p(n) > 6,
1 1
1 - e - 1 - o
11— R
p(n) p(n)
and
S S R
(n+1) (n)
1 _ML = 1— 1
w(n) w(n)
To prove (4.8) and (@.9), it is enough to show that for p(n) > 6,
1— L 2
w(n) m )
—(1-——_)>0 (4.12)
1=t ( pu(n)?
and
1— L 2
y(n) T
—_— — 1—1——) > 0. (4.13)
105 ( 3pu(n)3
Observe that
1
L= am (1 Ll ) __ diluln)
1— 05 pn)® ) p(n)s(u(n) — Dw(n)’
where 2 2 4 4 4 6 6
P1(s) = %35 — st — %53 + %32 - %s + %

12



It can be checked that for s > 4,

TS —WS—TS >O,
4 6 6

™ 5
Te-TsiT 5y

39 "9 T 7Y

which implies that ¢;(s) > 0 for s > 4, and so ¢ (u(n)) > 0 for u(n) > 4. Hence (4.12)
holds.

Similarly, we can write

L= —(1+3/f >: Ga(1(n))

e ) = ) (u(n) — Dy(n)’
where ) . . 6 o
T T e, T
¢2(s)—33 6s—|—93—|—54s £
It can be checked that for s > 5,
2 4 6
Vs 4 T 3 T
—85 = —5"——>0
3° 76 T

which implies that ¢2(s) > 0 for s > 5. It follows that ¢o(p(n)) > 0 for u(n) > 5. Hence
(@.13) is valid.

We proceed to estimate exp (u(n — 1) — u(n)) and exp (u(n + 1) — u(n)). We claim
that for p(n) > 6,

2 d 1874 4 76
exp (u(n —1) — p(n)) > 1 - 30 T TSP 162(n) (4.14)
and
2 4 7T4
exp (u(n+1) —p(n)) > 1+ + — : (4.15)

3u(n) — 18u(n)?  9Iu(n)?
Using @.TT]), we derive that for u(n) > 6,

(uln — 1) — () ( ~__ ) (4.16)
exp(u(n —1) —pu(n)) >exp | — — .
s s 3u(n) — 9u(n)?®
and ) .
(u(n +1) — p(n)) > exp | —— — —— 4.17)
s 3u(n) ~ 18u(n)° ) |
Observe that for s < 0,
82 83
and for s > 0, )
e > 1+s—|—%. (4.19)

13



Hence, by (4.18)), we derive that for uu(n) > 4,

o 2 7t -1 72 n 7t 187T4+7r6 n 7
o - - -
P\ 3u() — op(n)? 3u(n)  18u(n)?  162u(n)®  27pu(n)*

8 ., 8 710 12
162u(n)>  162u(n)s  486u(n)”  4374u(n)?
2 4 1 4 6
S O - sk (4.20)

3u(n) — 18u(n)*>  162u(n)?

The second inequality follows from the following observation: For u(n) > 4,

7TG 7TS
- >0,
27u(n)*  162u(n)d
7T8 7T10 7T12
— — > 0.
162u(n)8  486u(n)”  4374u(n)?
Applying @.20) to (4.16), we obtain {.14).
Using @.19), we derive that for j(n) > 4,
7T2 7T4 72 7T4 7T4 7T6 7Tg
— > 1 — —
o (3u(n) 18u(n)3) T 3uln) T I8al? T T8p0np SAa(n)t 648y’
2 4 4
S H 4.21)

3u(n) — 18u(n)*  Iu(n)?
The second inequality is derived from the following observation, that is, for p(n) > 4,

mt ®

18u(n)®  5dp(n)*
Combining (#.17) and @.21) yields (@#.13).

Applying (.6), @.8) and {.14) to (@.3), we obtain (@.1)). Substituting (.7)), (4.9) and
(4.15) into (@.4), we obtain (.2). Thus we complete the proof of Lemma[.1]

We are now in a position to give a proof of Theorem[I.3]
Proof of Theorem|[I.3] We aim to prove that

In light of Theorem 3.1} we deduce that for (n) > 88,

> 0.

> 2. (4.22)

My(n— 1)+ My(n+1) _ 6= 1) <1— i 1)4) +G(n+ )<1_u(++1)4>

M (n) - ) (1+525)
Gin—1) 1= immy | Gn+1) 1- m
= : + : (4.23)
G(n) 1+ o G(n) 1+ o

14



We proceed to show that for p(n) > 5,

1 - —1 6
(n—1)*
1“—1 — - (4.24)
+ o fu(n)
and
L~ iy 3
— BT > 1 — . (4.25)
O pu(n)?
Using (.5]), we derive that for u(n) > 3,
2
4 2 272
1]— —1 4 VO () ((ﬂ(”) _T> _1)

Lt @) Dl =D ()t 1) ()2 — 22)°

It is easy to show that

> (m)* = () + 20 (n)’ @27)
and for (n) > 2,
(1) (o = 22°)
L
<l = 2o+ (1) o
< p(n)® — 4%2#@)(5 + 45p(n)*. (4.28)

Applying #.27)) and ({#.28) to (@.26)), we derive that for p(n) > 3,

1 2
1 - u(n—1)% > :u(n)g - %M(n)G + 42”(”’)4

T+ am () =25 pu(n)® + 45u(n)t

=1- . 4.2
)~ B+ o



so we derive from (@.29) that (4.24) holds for p(n) > 5. Similarly,

Lty )+t =1 M «Mm'“%>—?) 30
Ty WO D017yt 1) (a2 + 2)°

It is evident that

> u(n)® + 4%u(n)ﬁ +42p(n)? 4.31)
and for u(n) > 5,
2\ 2
(1) (o + - )
2 4 2 4
= o+ )+ (1) )+ o+
47

< p(n)® + TM(n)@‘ + 45p(n)*. (4.32)

Substituting (4.31) and @.32)) to @.30), we derive that for p(n) > 5,
1 s

L= G p(n)® + 22 u(n)° + 42p(n

Ut o u(n)® + 25 u(n) + 45p(n

)4
)4

=1— 3
()t + 42 p(n)2 + 45
3
>1- -2
p(n)t

Hence (@.25) holds for p(n) > 5. Applying @.1)), (@.2), (4.24) and (#.25) to (4.23)), we

derive that for p(n) > 88,

(e 52) 0 52) s s ) 0 )

*O‘i%%)O*&zﬁ)O*mﬁn+w;%fhﬁ;g(“ﬁﬁﬁ)

tg, ™ 7834 152 203 92 988 1169
Op(n)®  pn)®  pl)t pn)®  pn)® pn)™ o pn)® o p(n)®
1954 2459 7233

T ) ()

(4.33)

16



It can be checked that for pu(n) > 8,

(7t 78

Ou(m)?  jnp
34 152

a)t  a(mp
203 92
MO
1169 1954
MOEOEE
2459 7233

VOO

Hence, it follows from (#.33)) that (4.22) holds for x(n) > 88 (or equivalently, n > 1180).
It can be checked that (#.22)) also holds for 39 < n < 1180 if £ = 0 and for 38 < n <
1180 if k£ = 1. This completes the proof of Theorem[I.3] |

5 Proof of Theorem|1.5

This section is devoted to establishing the upper bound and the lower bound of M} (n—

1) My(n + 1) /My (n)2
Proof of Theorem|[I.5] Recall that

Yk(n) =

and
2

My (n)?

) = Bty (1 - u(ln)) o

Using Theorem 3.1} we see that for p(n) > 88,
X(n)Ly(n) < Yi(n) < X(n)Ry(n),

where o el D
n— n -+
X(n) - (Tl)2 ’
1——1 ) (1— 1 _
(1+ )
and

1 2
(1 - r(mﬁ)

17

. (1 + p(n— 1)6> (1 + u(n+1) )

(5.1)



To prove Theorem we proceed to estimate X (n), Ly (n) and Ry (n) in terms of
w(n). We first consider X (n) given by

L () ()
X(n) = ,u(2n) . < p(n—1) 2,u(n-i-l) oH(n=1)+pu(n+1)=2p(n) (5.2)
an = D2(n 1) (o)
u(n

Invoking (4.5)), we find that

py u(n)?
p(n —1)2u(n +1)2 (;/J(n)2 — %) (,u(n)2 + %)
_ )t 53
p(n)t — 4= 6

It can be calculated that

and for pu(n) > 8,

Hlmn)* - (“ () - %) (1 * 9;1?;4 * 5;2;8) B _40528(71)4 * 454&1;8 <

Hence, by (5.3)), we obtain

4t 1678 p(n)t 4t 8

Y a8 S = D2u(n £ 12 = Ouln)

(54)

We proceed to estimate the remaining parts on the right-hand side of (5.2)). Using
(.10, it is readily checked that for p(n) > 6,

w(n) <p(n —1) < i(n), (5.5)
g(n) <p(n+1) <gy(n), (5.6)
where
w2 m w6 58

w(n) = p(n) — 3u(n)  18u(n)®  bdu(n)s  324u(n)7’

. 2 d 76
@) = uln) = 3oy P Saa(n)

2 4 6 578 (5.7)
ji(n) = p(n) + — il il il

3u(n)  18u(n)? i 54u(n)>  324u(n)7’

w2 mt °

Su(n)  18u(n)® | SAp(n)

18



We next show that for p(n) > 44,

1 1
4 45 <1 - u(n—l)) (1 - u(n-i—l)) t
1 — _ < <1]l— ——. 5.8
O N PR L T O 5
w(n)

Applying (5.5)) and (5.6), we deduce that for u(n) > 6,

T(n) ) (n—1) PICESY @(n) 7
1 2 = 1 2 = 1 2 .
<1_W> (1_W) 1_W)

Hence to show (5.8), it is enough to show that for p(n) > 44,

(“ﬁ)(l‘ﬁ)_(l_ ™ _ % )>o (5.9)
3 '

and

(‘Wn)ﬂl_ﬁ)_(l_ m )so. (5.10)

Observe that

where

We claim that for p(n) > 44,
p1(p(n)) = 0. (5.11)

It can be checked that oy (u(n)) is a polynomial in p(n) with degree 18, so we could
express

18
p1(u(n)) = aju(ny.
§=0
Clearly,

1) 2 = " laglin)’ + asru(n)'T + avsp(n)'

19



Moreover, numerical evidence indicates that for 0 < j < 15 and u(n) > 27,

—laj|u(n) > —|as|p(n)'®
and

4 4 4
CL16:45, a7 = —90+%, CL18:45—%.

It is readily checked that for p(n) > 44,
agpi(n)? + ayzp(n) — 17|ag] > 0.
Assembling all these results above, we conclude that for p(n) > 44,
p1(p(n)) = (arspu(n)® + asrp(n) — 17)aze|) p(n)' > 0.

This proves (5.11)) and so (5.9) is valid. Similarly, observe that

(-atn) (=) ¢, o)
(1 - ﬁ)Q N (1 - 3#(”)5) - 8748u(n)15(5(n¢_ D)2 (n)j(n)’ (5.12)

where
©a(s) = 3888m*s'? — 2916752 + 8107%5' — 13777%s" + 6487%5"
+ 3371258 — 57257 + 2725t 4 w1052 — 27105 4 16,
It can be readily checked that for s > 2,
(38887%s1? — 291671s'2 > 0,

8107851 — 1377785 > 0,

33711258 — 57?5 > 0,

k7r1632 — 27tbg > 0,

which implies that ps(s) > 0 for s > 2, thus we have that for u(n) > 2,
pa(p(n)) = 0. (5.13)
Hence (5.10) is confirmed by applying (5.13)) to (5.12). Combining (5.9) and (5.10), we

obtain (3.8)).

We proceed to estimate exp(u(n — 1) 4+ u(n+ 1) — 2u(n)). Applying (5.3)-(5.7), we
find that for u(n) > 6,

4 58 m
ou(n Tzt <M T DD =) < g

20



It follows that

T T ) exp (= 1) + pln 4+ 1) — 2(n)) < ™
X — — ex n — n — n ex —_—— .
P\ 0um)? " 162u(n) Py a a P\ oum)y
(5.14)
Since for s < 0,
l+s<e’<1l4+s+ s
we derive that
7T4 7T4 71'8
—— <1 5.15
eXp( 9M(n)3> 07 " Bp(n)0 6-15)
and
7 578 4 578
— - >1— — . 5.16
eXp( 9u(n)? 162u(n)7) ou(n)  162u(n)" (10

Applying (5.13)) and (5.16) to (5.14)), we derive that for u(n) > 6,

v 578 d 8

S~ 1620(n)7 <exp(pu(n—1)+un+1)—2u(n)) <1-— WL + SLu(n)
(5.17)

Applying (53.4)), (5.8) and (5.17) to (5.2), we obtain that for ¥ = 0 or 1 and u(n) > 44,

xto < (1 g 5w) (1 ) (- s ) 619

and

X(n) 2 (1 * 9:12:)4 N 8115?;)8) (1 B 3/;;)5 - u?§)6> (1 - 9u7;>3 N 1625:;”)7) |

1—

(5.19)
Finally we estimate Ly (n) and Ry (n). We claim that for p(n) > 16,
Ly(n)>1——>— and Ry(n)<1+— (5.20)
ST ) T s '

and




n)— — 5 — (0 (u(n))
Ly (n) <1 u(n)6> 11(n) (9pu(n)* — 47r4)3 (u(n)° + 1>2 (5.21)
and
n) — 5 — —o (p(n))
Ry (n) (1 + M(n)6> 1u(n)S (9pu(n)* — 47r4)3 (u(n) — 1)2, (5.22)
where

Y1 (s) = 729s** — 48607 s* + 72905'® + 12967°s'® — 87487 5™ + (3645 — 1927'%) s'
+ 388878510 — 4860745 — 576725% 4- 21607%s* — 320712
and
Po(s) = 729s** — 48607 s — 72905'® + 12967°s'® + 8748 5™ + (3645 — 1927'%) '
— 388871510 — 48607*s® 4 5767250 + 2160755 — 32072
It can be readily checked that for s > 16,
7295%* — 48607*s* — 72905 > 0,
87487 s + (3645 — 1927 — 38887® — 48607*) s'* > 0,
21607%s* — 32072 > 0,

which implies that for s > 16,
YPa(s) > 0.
We note that for s > 4,
1(s) > a(s).
Hence for p(n) > 16,
Y1 (n(n)) 2 ¥2 (u(n)) 20, (5.23)
and so (5.20) is verified by applying (5.23) to (5.21)) and (5.22) respectively.

Substituting (3.18)), (5.19) and (5.20)) into (5.1)), we derive that for £ = 0, 1 and p(n) >
88,

0= (1 g+ ) (1= 50

I I

and

s (1 - 9/;2;)3 - 16§Z<Sn>7) (1 - u(i)ﬁ) | (2



To prove Theorem it is enough to show that for p(n) > 115,
4 4t . ® ] m
Ou(n)t — Sp(n)® 3u(n)?

" (1 - 9;;;)3 * 81;<8n>6> (1 * ﬁ)

w 47t v 7r—8+5
<1-— + &l (5.26)
u(n)® = Yu(n)*  3u(n)®  w(n)®
and
m 47t 1678 B d 45
ou(n)*  Sla(n)? 3un) ()
o (1- wd _ 58 5
Ou(n)®  162u(n)" u(n)°
4 4 4
s 4 7T 60 (5.27)

Observe that

(1 * 93&4)4 * 5;1;)8) (1 - ?JW)
" (1 ~ G T 815@)6) (1 * %)

m 4t m g—i +95
- (1= 5 T 4 5 T 6
9u(n)® — 9u(n)*  3u(n)®  pu(n)

18

1 .
- —_— b J
10935”(”)25 z; ]lu(n> )

where b; are real numbers. Here we just list the values of by, b17, bis:

big = 60757 +16207°, by = —25927°,  byg = 54075,

Clearly
18 16
D bip(ny == |bilpn) + bizp(n)'7 + bisu(n)'S,
7=0 7=0

Moreover, it can be checked that for 0 < j < 15 and p(n) > 5,

—|bj|p(n) > —|biglp(n)'

and for pu(n) > 11,
blg,u(n)Q + bnu(n) — 17‘1)16‘ > 0.

23



Assembling all these results above, we conclude that for p(n) > 115,

iju > (bispe(n)? + bizp(n) — 17|byg|) p(n)'® > 0,

and so (5.26)) is valid. Similarly, to justify (5.27), we note that
4t 167® ! 45
1+ + 1— -
ou(n)t 81 ) \' T 3 T e

- <1 B 9;?;)3 B 16§Z<Sn>7) (1 B ﬁ)

- - . J
~ 30366(n)?" 4 D_cimlny,
where c; are real numbers. Here we also list the values of the last three coefficients:

C19 = 923478, 90 = —315978, 91 = 393660.

It is transparent that

21 19
Yocu(n) ==Y leslu(ny + eaon(n) + earp(n)*!
=0 j=0

Moreover, it can be checked that for 0 < j < 18 and p(n) > 3,

—lejlu(n) = —|eiolp(n)™®

and for pu(n) > 115,
corpt(n)? + coou(n) — 20|cyo| > 0.

Hence we conclude that for p(n) > 115,
Z cip(n)’ > (carpu(n)® + caop(n) — 20[esol) ()™ >0,

and so (5.27) is valid.

Substituting (5.26) and (5.27) into (5.24) and (5.23), we arrive at (I.5]) and (T.6). This
completes the proof of Theorem[I.3] |
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6 Proofs of Theorem 1.4 and Theorem (1.6

In this section, we aim to prove that My(n) (resp. M;(n)) is log-concave for n > 94
and satisfies the higher order Turdn inequalities for n > 207 with the aid of Theorem[I.5]
We first show that My(n) (resp. M;(n)) is log-concave for n > 94.

Proof of Theorem|[I.4] Recall that

Mk(n)Q

Yk(n) =

To prove Theorem [1.4] it is equivalent to prove that Yy(n) < 1 for n > 94 and Y (n) < 1
for n > 93. It is easy to check that for p(n) > 4,
m 4t

“op(np  ou(myt =

and

4 ™ 15
_ m - 81 +6 S O,
3u(n)®  p(n)
and by (1.5), we deduce that Yy (n) < 1 for k = 0, 1 and n > 2011. It can be checked that
Yo(n) < 1for94 < mn < 2011 and Y;(n) < 1for93 < n < 2011. Hence we conclude that

My(n) is log-concave for n > 94 and M (n) is log-concave for n > 93. This completes
the proof of Theorem I.4] |

We conclude this paper with the proof of Theorem [I.6] by employing Theorem [1.5]
The proof of Theorem [I.6]also requires the following lemma given by Jia [17].

Lemma 6.1 (Jia). Let u and v be two positive real numbers such that @ <u<v<l

If

u+ /(1 —u)?>uv,

then we have
4(1 —u)(1 —v) — (1 —uw)* > 0.

Proof of Theorem[1.6] To prove { My(n) },>207 and { M (n) },,>906 satisfy the higher order
Turan inequalities, it is equivalent to show that

A1 = Yi(n)(1 = Yi(n + 1)) = (1 = Yi(n)Yi(n + 1)) > 0 (6.1)

for n > 207 if £ = 0 and for n > 206 if & = 1. We first show that (6.1) holds for £ = 0
or 1 and n > 2011. From Theorem (1.4, we see that Yj(n + 1) < 1 for n > 93. Hence by
Lemma 6.1} it’s enough to show that for £ = 0, 1 and n > 2011,

V5 —1
2

Yi(n+1) < Yi(n) + /(1 — Yi(n))®. (6.3)
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and



Utilizing (T.6)) in Theorem[1.5], we see that for k = 0, 1 and p(n) > 115,

Yi(n) > 1 m n 4yt m 60
k\n - — — .
Ip(n)* = 9u(n)*  3u(n)®  p(n)°
Note that for p(n) > 4,
4t mt 60
4 5 >0
Iu(n)*  3u(n)®  u(n)
and A
1_ T - \/5 —1
9u(n)3 2
Hence we derive that for p(n) > 115,
5—1
2
Employing Theorem [1.5]again, we find that for k = 0, 1 and p(n) > 115,
m 4t m 60
Yiin+1) —Yi(n) > |1 — + — -
o4 )= 5t) > (1= g e~ T £ TF)
4 g t mgs
(- -y B (6.4)
Iu(n)® = 9u(n)*  3u(n)®>  u(n)

Note that for p(n) > 3,

( 1 1 2
w10~ u(n)  2u(n)
1 1 472
w07 () Bu(n)® 65)
1 1
w417~ (o)
1 1
Liln+ 18~ pu(n)®

Applying (6.5)) to (6.4), we attain that for £ = 0, 1 and p(n) > 115,

4 At _rt om0 160 g
Yoin+1)—=Y.(n)> | 1— + 4+ 3 8 27
k( ) k( ) ( 9N(n>3 9#(”)4 ,u(n)5 M(,n)ﬁ

m 4ot m g—i + 95
—(1- 3 T 4 5 T 6
Op(n)®> ~ u(n)t  3u(n)®  p(n)
_ 0 65+ 137;6 + g—i
Bu(nP  pn)p
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It can be checked that for u(n) > 15,

6 1678 | =8
s _65+ 5 T &1

18p(n)° pu(n)°

Hence we derive that for £ = 0, 1 and p(n) > 115,

> 0.

Yk(n + 1) — Yk(n) > 0,
and so (6.2)) holds for & = 0, 1 and pu(n) > 115.
To prove (6.3), invoking Theorem|1.5]again, we find that for k = 0, 1 and u(n) > 115,

! 4 4 =45
Yi(n + 1) — Yi(n) < (1 S— T T 81

+ — +
Ou(n+ 1P ' Ou(n+ 1) Buln+ 1P pln+ 1P

_<1_9£;3+9§;4_3£;5_u$%)
:g(m;fnming*ég(mﬁﬁv‘mha

™/ 1 1 s +o 60
'%3(mm5 MW+W>+xm+n6+mm“ (©0)

(1 1 2

pn)*  pn+1)3 " p(n)d
1 1

MCES T R ©7
1 1 1

Lu(n) pn+1)°5  p(n)

and for p(n) > 19,

8 8
=45 60 = +5+60 2
S LI R (6.8)
p(n+1)°  p(n) p(n) p(n)
Applying (6.7)) and (6.8)) to (6.6), we deduce that for k£ = 0, 1 and u(n) > 115,
P m 1 2
Yi(n+1) = Yi(n) < — - + = +
9 wpm)p 3 pn)p  pn)®
78 4 2
_ g ts T
pu(n)?
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We next show that for £ = 0, 1 and u(n) > 115,

20wt o
NS A 6.9)

p(n)®
From (I.5), we see that for p(n) > 115,
mt 4ot m =45
1—Yj(n) > — + - &
) > Sl o)t Ba(aF ()
7T8
m 4t g t+o

T ounP  9p(n)t p(n)t

It can be checked that for p(n) > 83,

4t D45 2

— > — .
()t p(n)t — p(n)?
It follows that for p(n) > 115,

d 2 mt — 18
1-— Yk(n) > — = > 0.
ou(n)  p(n)®  9pu(n)®

On the other hand, it is easy to check that for p(n) > 33,

(x' —18)° _ L e
27u(n)2 p(n)?
and so holds. In view of Lemmal6.1] we conclude that holds for k = 0 or 1 and

n > 2011. It can be directly checked that is valid for 207 < n < 2010 if ¥ = 0 and
for 206 < n < 2010 if £ = 1. This completes the proof of Theorem|1.6 |
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