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1 Introduction

The main objective of this paper is to establish Turan inequalities for the num-
ber of broken k-diamond partitions. The notion of broken k-diamond partitions
was introduced by Andrews and Paule [2]. A broken k-diamond partition 7 =
(ba, ... boktay - -y Dakt1)i41,s A1, -, Q2kga, - - -, G2kt1)i41) 1S @ plane partition satis-
fying the relations illustrated in Figure 1, where a;, b; are nonnegative integers and
a; — a; is interpreted as a;, > a;. More precisely, each building block in Figure 1 has
the same order structure as shown in Figure 2. We call such block a k-elongated par-
tition diamond of length 1. It should be noted that the broken block (b, bs, . . ., bag o)
is also a k-elongated partition diamond of length 1 from which a source b, is deleted.

Let Ag(n) denote the number of broken k-diamond partitions of n. Andrews and
Paule [2] established the following generating function for Ag(n):
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Figure 2: A k-elongated partition diamond of length 1.

It’s known that Ag(n) possesses many beautiful arithmetic properties. Many
Ramanujan-like congruences satisfied by Aj(n) and Ag(n) were proved by Andrews
and Paule [2] and other authors, see, for example, Chan [38], Chen, Fan and Yu [10],
Hirschhorn [18], Paule and Radu [22] and so on. It should be noted that Aj(n) are
the coefficients of a modular function over I'g(4k + 2).

The Turén inequalities arise in the study of real entire functions in Laguerre-Pélya
class, which are closely related to the study of the Riemann hypothesis [15,21]. A
sequence {a,}n>o of real numbers is log-concave if it satisfies the (second order)
Turdn inequalities @ > a,,_1a,.1 for n > 1. We call the sequence {a, },>o satisfies
the third order Turan inequalities if for n > 1,

4(042 - an—lan+1)(ai+1 — 0 Qng2) > (g — Oén—lan+2)2-

As stated by Chen, Jia and Wang [12] and Griffin, Ono, Rolen and Zagier [17], the
higher order Turan inequalities are conveniently formulated in terms of the Jensen
polynomials. The Jensen polynomials J%"(X) of degree d and shift n associated to
the sequence {ay, }n>0 are defined by

d
d )
JE(X) = Z; (i)anﬂ.Xﬂ (1.1)
When d = 2 and shift n — 1, the Jensen polynomial J>"~!(X) reduces to

JE N X)) = apoy + 20, X + a1 X2



It is clear that {, },>0 is log-concave at n if and only if J>"~1(X) has only real roots.
In general, we say that the sequence {a,, }n>o satisfies the order d Turan inequality
at n if and only if J4"~1(X) is hyperbolic. Recall that a polynomial is hyperbolic if
all of its roots are real.

There are several recent works on the Turan inequalities for the partition func-
tions. Nicolas [20] and DeSalvo and Pak [11] proved that the partition function p(n)
is log-concave for n > 26, where p(n) is the number of partitions of n. Chen [I1]
conjectured that p(n) satisfies the third order Turdn inequalities for n > 95, which
was proved by Chen, Jia and Wang [12]. Chen, Jia and Wang [12] further conjec-
tured that for d > 4, there exists a positive integer N,(d) such that p(n) satisfies the
order d Turén inequalities for n > N,(d), that is, the Jensen polynomial J&m~1(X)
associated to p(n) is hyperbolic for n > N,(d). Griffin, Ono, Rolen and Zagier [17]
showed that Chen, Jia and Wang’s conjecture is true for sufficiently large n. In fact,
they obtained the following general result:

Theorem 1.1 (Proof of Theorem 7 of [17] ). Let {af(n)},>0 be a sequence of positive
real numbers. If

ag(n) = Afn%[k_l(zlwm) + O(ncezw\/m)

asn — oo for some non-zero constants Ay, m and C, where I,(s) is the v-th modified
Bessel function of the first kind. Then for d > 1, the Jensen polynomial Jél}"(X)
associated to ay(n) is hyperbolic for sufficiently large n.

Since then, Turan inequalities for other partition functions have been extensively
investigated. For example, Engel [10] showed that the overpartition function p(n) is
log-concave for n > 2 and Liu and Zhang [19] showed that the overpartition function
p(n) satisfies the third order Turdn inequalities for n > 16. Recently, Bringmann,
Kane, Rolen and Tripp [6] showed that k-colored partition function pg(n) is log-
concave for n > 6. Craig and Pun [13] showed that the number of the k-regular
partitions of n satisfies the order d > 1 Turan inequalities for sufficiently large
n. Ono, Pujahari and Rolen [21] showed that the number of MacMahon’s plane
partitions of n satisfies the order d > 1 Turén inequalities for sufficiently large n. It
should be noted that Craig and Pun’s result can be viewed as a direct consequence
of Theorem 1.1.

In this paper, we intend to explore Turan inequalities for broken k-diamond
partitions. Appealing to Sussman’s Rademacher-type formula for n-quotients [25] |
we obtain the following asymptotic formula for Ag(n), where k =1 or 2.

Theorem 1.2. For k=1 or 2, as n — oo,

Bk +2)7’ 5k +2 5/2 5k +2
M) = Sttt T (\/ el 1xk<n>> +0 (5w e (222 a0w)).
(1.2)

where I5(s) is the second modified Bessel function of the first kind, and

() = m/24n —6 (2k + 2)‘ (1.3)




Combining Theorem 1.1 and Theorem 1.2, we derive that for £k = 1 or 2 and
d > 1, Ag(n) satisfies the order d Turan inequalities for sufficiently large n. To wit,

Corollary 1.3. Let Ay = {Ag(n)}ns0. For 'k =1 or 2 and d > 1, the Jensen
polynomial Ji’:(X) associated to Ay 1s hyperbolic for sufficiently large n.

It is worth mentioning that there exists a minimal natural number Na, (d) such
that Jﬁ’:(X ) is hyperbolic for n > Na, (d). Table 1 provides conjectural values for
Na,(d) for 1 <k <2and2<d<13.

d 213 |4 ) 6 7 8 9 10 11 12 13
Na,(d) | O 4 |17 |41 | 72 | 116 | 171 | 238 | 320 | 415 | 525 | 650
Np,(d) | 0| 4| 17 | 34 | 62 | 99 147 | 200 | 272 | 355 | 445 | 552

Table 1: The conjectural values of Na, (d) for 1 <k <2and 2 <d < 13.

We further prove that Na, (2) = 0 where £ = 1 or 2. More precisely, we show
that

Theorem 1.4. For k=1 or 2, Ag(n) is log-concave for n > 1, that is, forn > 1,

AZ(n) > Ap(n — 1)Ag(n +1). (1.4)

As noted by Asai, Kubo and Kuo [3] and Sagan [23], we see that Theorem 1.4
implies the following multiplicative properties of Ag(n).

Corollary 1.5. Fork=1or2 anda, b > 1,

It should be noted that multiplicative properties of the partition function p(n)
were initially obtained by Bessenrodt and Ono [5]. Subsequently, multiplicative prop-
erties of other partition functions have been established, for example, Beckwith and
Bessenrodt [1] established multiplicative properties of the k-regular partition func-
tions and Bringmann, Kane, Rolen and Tripp [0] acquired multiplicative properties
of the k-colored partition functions, which resolved a conjecture of Chern, Fu and
Tang [9].

This article is organized as follows. In Section 2, we prove Theorem 1.2 with the
aid of Sussman’s Rademacher-type formula for n-quotients. Section 3 is devoted to
the proof of Theorem 1.4. To this end, we derive an upper bound and a lower bound
for Ax(n) with the aid of Theorem 1.2 and establish an inequality on the second
modified Bessel function of the first kind. In Section 4, we pose some questions and
remarks for future work.



2 Proof of Theorem 1.2

To prove Theorem 1.2, we first derive Rademacher-type formulas for Ag(n) (k=1
or 2) with the aid of Sussman’s Rademacher-type formula for n-quotients [25]. Define

G(q) = [J(a™:¢™)2, (2.1)

where m = (my,...,mg) is a sequence of R distinct positive integers and § =
(01,...,0g) is a sequence of R non-zero integers. Here and throughout this paper,
we have adopted the standard notation on g-series [1]:

n—1

(a:q)n = [J(1 —ag’) and (a;¢)w ﬁ (1 —ag’).

J=0

In order to present Sussman’s result, we need a few preliminary definitions. Let

R
ng = — Z MmOy
r=1
The function ¢% G (q) is holomorphic in the open unit disk D, so we may write

—q 2429

n>0

for some coefficients g(n). Sussman [25] obtained a Rademacher-type formula for
g(n) with %Zil 9, < 0, which is a special case of Bringmann and Ono [7]. Let

Sr.

R R . - R c gmr .
o=y 20 al) [ (BN ) -y ),

m.
J r=1

0<h<j J r=1
ged(h,j)=1

where s(h, j) is the Dedekind sum:

0-5 (0[] -2) (-4 -2)

Theorem 2.1 (Sussman). If ¢; > 0 and the periodic function B(j): N — R given

by
ng2 (mrv .7) C3 (j)




. . o
is non-negative, then for n > 52,

o) =2 (5 ) X o) A (W%(M%n_%)),

24n — o o1
e3(4)>0

where I,(s) is the v-th modified Bessel function of the first kind.

Here and throughout this paper, we adopt the following infinite series definition
of the modified Bessel function of the first kind,

o0

L) = Z NG i v+1) (%>2T+V '

r=0

By invocation of Theorem 2.1, we attain the following Rademacher-type formula
for Ag(n) (k=1 or2).

Theorem 2.2. Fork=1 or2 andn >1,
i A ag(j)zr(n)
A = E 1A (n), [ X2 m 7 2.
k(n) 181’%(71) = Oék(])] ](n) 2 ( - s ( 5)

A

where x(n) is defined in (1.3), Aj(n) is defined in (2.2), I5(s) is the second modified
Bessel function of the first kind, and

ged?(2k + 1, )

| 1+ 1 , ] is even,
)= 5 ged?(2k 41, 75) (26)
5 4k‘+2’ . J is odd.
Proof. Recall that
21, 2ty

> n (4%
;Ak(n)q = (q; @)% (™ +2; 4R +2)

We have
m=(1,2,2k+1,4k+2) and &= (=3,1,1,—1),
so that ng =2k + 2, ¢c; =1, and for j > 1,

ged(2, )\ 7 [ged(2k +1,7)\? [ged(4k +2,7)\ "
2 % + 1 Ak + 2

N

Co (J)

Y
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_ged(2,))  ged®(2k+1,j) | ged(4k +2,))

esly) =3 2 2k + 1 1k + 2
d*(2k + 1,5
14 & (2k + ’j), j is even,
2k +1
— , (2.7)
5 ged®(2k+1,7) .
— — dd
2 dhte 0 TP
and
- (ged?(my, j) [ oged®(2,)) ged®(2k +1,5) ged®(2k + 1, j) ged®(2, )
min | =——* | = miny 1, , ,
1<r<4 m, 2 2k +1 4k + 2
min < 1 ged*(2k + 1,J) | is even
) 2]{; _'_ 1 ) ] )
= (2.8)
(1 ged®(2k +1,7) .
mm{ﬁ, 112 , J is odd.
Combining (2.7) and (2.8), we get
. ged?(2k + 1, ) 1 ged?(2k + 1, ) .
1 —— 1
mln{, 1 21 + 1 , ] 1S even,

ﬁk(j) =

i {1 sed?@h+ 1) 1 (5 ged’(2k+1,) is odd
AT 2 4k +2 - '

Set ay(7) = c3(j). From the definitions of ay(j) and Sk(j), we see that ay(j) and
Bi(7) are periodic functions with period 4k + 2. The following table gives the values
of ag(j) and Bi(j) for k=1or 2 and 1 < j <4k +2.

J 1 2 3 | 4 5 6 7 |8 9 10
() [ 2|4 |1 |4 T 4| |41 |4
an(j) | 2|8 218 g | & |26 121G
Ba(j) 10 | & L1 03y |3 3

Table 2: The values of ay(j) and Si(j) for k=1 or k = 2.

From Table 2, we find that a;(j) > 0 and Ag(n) satisfies the condition in Theo-
rem 2.1 when k& = 1 or 2. Hence we derive (2.5) by substituting relevant values into
Theorem 2.1. This completes the proof. |



It should be noted that Theorem 2.1 could not be applied to derive the explicit
formula for Ag(n) when k > 3. Setting j = 1, we find that

. (ged®(my, §) (11 1
min [ >=——"%2) = min{ - —
1<r<4 m, 27 4k + 2 4k + 2’

and

But when k& > 3,

1 - 1 /5 1
4k +2 24 \2 4k+2)°
which implies that Ay (n) does not satisfy the condition in Theorem 2.1 when k£ > 3.
Here and in the sequel, we assume that k£ =1 or 2.

We are now in a position to prove Theorem 1.2 by means of Theorem 2.2.

Proof of Theorem 1.2. Define

My(n) = fgi%) 1 (VarDai(n)) . (2.9)

Observing that A;(n) = 1 and a(1) = %ﬁ, we obtain from Theorem 2.2 that

where

Ruln) = 155 S anl3)5 A0 <—“’f(j?‘”'f<">).

1873 (n) =

We next establish an upper bound for |Ry(n)|.
By the definition of flj(n), we see that for n > 0 and j > 1,

|A4;(n)| < J, (2.11)

2mry

since |e*™| =1 for any r € R.

In light of the fact that ax(j) is a periodic function with period 4k + 2, we see
from Table 2 that
mgxak(j) = max ax(j) =6. (2.12)

> 2< <ak+2
k=1,2 k=1,2



Combining (2.11) and (2.12), we are led to

m Ny ax(g)rr(n)
| R (n)| < BT()Z (™A (n) L (f)

™ ag(j)zr(n)

= 32200) ZI( j )

o ax(j)zr(n) N ar(j)zr(n)

© 3x2(n) ; Lz ( j ) * 322 (n) ; Lz j )
4k+2t5 4k+2|5

o ag(7)zr(n) 3 Vo (4k + 2)xk(n)

~ 3a3(n) ;IQ< j >+3xz();2< (4k +2) )
o (2.13)

It is evident that
ma arld) = g, i) S ell)

and

\/Oék(4]€ + 2) < \/Oék(l)
4k + 2 -
Hence (2.13) can be further bounded by

[Rx(n)] < 3 r Zb(” . (n)>+3xgzn)2b<w>,(zm)

2
k ]>2

since I5(s) is increasing on (0, o).

Note that for N > 0,

£0()- 2 Samrn ()

j>N+1 j>N+1m>0

5\ 2m+2
<[ %m(ﬂ) dr

1 o S \ 2m+2
:gom!(mm)!/N <Z) d

Z ¢ (2m + 1)m 1 l(m 4+ 2)! (%)2%2

1 s \2m+2
<N (%)
mZZ:O(mjtl)!(m—l—Q)! 2N
1 S \2m
VY e )
= ml(m + 1)! \2N
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3 ag(1)zg(n) 3 ag(1)zy(n)
'R’*")‘%xz(n);h( j )*?xcz(n);b( 5 )

3 ag(1)zg(n) 3 ag(1)zg(n)

i £ () wim S ()

273 ar(D)xk(n)

+3x2(n)12< 2 )

Using Lemma 2.2 (1) of Bringmann, Kane, Rolen and Tripp [0], we find that for

s> 1,
2 2
Ii(s) </ —e* and Iy(s) <4/ —e,
s s

473 ag(1l)zk(n) 273 ag(l)xk(n)
|Ri(n)| < Oék(l)xi(n)h ( 5 ) + Bxi(n)lz < 5 )

473 273 _ 2 ox ag(l)xk(n)
= ( ak(l)xi(n) " 3x%(n)> Txg(n oz,% (1) p( 2 )

Since



for n > 1, we find that forn > 1,
4rr 1
IRu(n)] < ———1 exp <M> , (2.15)

Theorem 1.2 immediately follows from (2.10) and (2.15) upon noting that

24n — (2k + 2
xk(n)zﬂ\/ n6( T )—>oo as n — oo,

and the proof is complete. |

3 Proof of Theorem 1.4

To prove Theorem 1.4, we establish an upper bound and a lower bound for A (n)
in light of Theorem 2.2 and an inequality on I5(s).

Theorem 3.1. Let xi(n) be defined as in (1.3), let a(n) be defined as in (2.6) and
let My.(n) be defined as in (2.9). For k =1 or 2 and xi(n) > 152, we have

My(n) (1 _ %) < Ap(n) < Mi(n) (1 + %) | (3.1)
Proof. Define
. aé(j;;i?(n_) exp (%\/ak(l)xk(n)) - 79 | exp (% ak(l)xk(n)>
L (VaDam)  af0vEsie) R (VedDam) )
3.2
Using (2.15), we see that
M, (n)(1 — Gi(n)) < Ap(n) < Mi(n)(1 + Gi(n)).
To show (3.1), it is enough to prove that for xy(n) > 152,
Gi(n) < xgtn) (3.3)

Invoking Lemma 2.2 (4) of Bringmann, Kane, Rolen and Tripp [0], we know that
for s > 231,

15 105 315 3968
L(s)e™*V2ms — 1+ — < S
s

— — 3.4
8s  128s2  1024s3 (3-4)

Hence for s > 231,

e’ _g_‘_ 105 . 315 _3968
8s  128s2 = 1024s3 35t )7

11



Note that
105 315 3968

— >
12852 * 102453 3st T 0
for s > 40, and so
e’ 15
I,(s) > 1—— 3.5

for s > 231.

Substituting (3.5) into (3.2), and using the following two observations:

V2 Va)_8vE_
max{a1<1),a2(1)}— ~ 0.606 < 1

7

and

15 15 _15V21
T ') 8 [ 56

we derive that for xx(n) > 152,

1
exp [ —s+v/ax(1)xr(n)
Gr(n) <72 \/(51) : 1( : - )
A NG
V21
exp ( —¥2z1(n)
<79. ( 0 )

- 1 — 15v/21
562 (n)

Under the following observation that

(1_ 15\/ﬁ><1+ 3 ):1+3(56—5¢ﬁ) (mk(n) 15v/21 >>1

561 (n) x1(n) 5622 (n) 56— 521

for zx(n) > 152, we find that (3.6) can be further bounded by:

Gi(n) < 72 (1 + %(n)) exp (—gxk(n)> | (3.7)
We claim that for ,(n) > 152,
72 exp (—gxk(n)> < 2x§(n). (3.9)
Define
L(s) := 1445% exp (—@% .

12



It is evident that
V21
L'(s) = 24exp <_TS) s (—v 21s + 36) :

Since L'(s) < 0 for s > 56—, it follows that L(s) is decreasing when s > 56_ This
implies that

L(z(n)) = 1442%(n) exp (—@z@)) < L(152) < 1

for x(n) > 152. So the claim is proved.
Applying (3.8) to (3.7), we are led to

3 1 1
Giln) < (1 * xk<n>> 5~ )

for xj(n) > 152. This completes the proof. |

The following inequality on I5(s) is also required in the proof of Theorem 1.4.

Theorem 3.2. For k=1 or2 and xi(n) > 152,

122( ak(l)xk(n)> . mVa(1) 1100

I, ( a(1)zp(n — 1)) I, ( ap(D)ay(n + 1)> 922 (n) ) (3.9)

Proof. From (3.4), we see that for s > 231,

e’ 1_§+ 105 L 315 3968
8s = 128s?  1024s®  3st

(3.10)

and

i
8s + 12852 + 1024s3 * 35

(3.11)

e’ ( 15 105 315 3968)

315 3968
3ai(1)’

and

2
Lol w0 ) )

(1 s Tz T i) wi(n))
(k) y2(k) 3 (k) ya (k)
(1 2= T Z@-D T zn-D T 4(n—1>>

1

X .
_ mk) y2 (k) y3 (k) ya (k)
(1 zg (n+1) + z3(n+1) z3 (n+1) + mi(n—l—l))

(3.12)

13



Combining (3.10) and (3.11), we derive that for zj(n) > 152,
13 (Varan(n))
I ( ar Dy (n — 1)) I ( ar(Dx(n + 1))

rp(n — 1D)xp(n + 1
> Yarln— L )exp< i (1)(2a4(n) = a(n = 1) = ax(n + 1)) ) ha(n).
(3.13)
From the definition (1.3) of zx(n), we see that for n > 2,

o2 o2
w(n—1) = /a2 —i p(n+1) =1/a? W. (3.14)

This implies that

Var(n — Dap(n+1)

0< o)

<1,

SO

Varn = Dap(n+1) _ajn —Dag(n+1) 4’
(1) T dm T wm

(3.15)

To estimate the remaining parts on the right-hand side of (3.13), we plan to
establish an upper bound and a lower bound for zj(n — 1) and zx(n + 1) in terms
of zx(n). Observe that for n > 2,

2 . i 5r® 1
wi(n —1) = zx(n) — Sen(n)  1823(n)  Bdzi(n)  648zl(n) ° (xi(n))

and

2 v 76 58

1
3xp(n)  18z3(n) * 5423 (n)  648z%(n) o (x%(n)) ’
so it is readily checked that for x(n) > 23,

zr(n+1) = z(n) +

e(n) < wu(n — 1) < tg(n) (3.16)
and
Gu(n) < m(n+1) < Gul(n), (3.17)
where
wi(n) = zr(n) — 3zk(n)  18zi(n)  ai(n)’
Wi(n) = zx(n) — - ﬂ;’) 7T5 ’
39:7,;571) 18:;3Tk4(n) 54z (n) (3.18)
Jr(n) = zx(n) + 3vp(n) 18z} (n)’
Gen) = o) + 30 ~ 153t T 54ai(n)




Combining (3.16) and (3.17), we deduce that for zx(n) > 23,

22 (n) — zx(n — 1) — 2p(n + 1) > 225 (n) — W(n) — Gu(n) = % > 0.

Hence
exp (x/ak(l)(ka(n) —x(n—1) —xp(n + 1)))
> 14 ar(1)(2zk(n) —xp(n — 1) —zx(n+ 1))
™ Vor(l) (3.19)

> 1+ .
93 (n)

We proceed to show that for zx(n) > 62,

(3.20)

Py(n) := 2z (n)zp(n—1)xy (n+1) (z3(n) — n(k)xi(n) + y2(k)2i(n) + vs(k)ae(n) — 74(/%‘))2 ;
Qr(n) ==2,°(n) (zi(n — 1) = y(k)ai(n — 1) + y(k)zi(n — 1) + ys(k)zp(n — 1) + yu(k))
x (zp(n+1) — yi(k)zi(n+ 1) + (k)2 (n + 1) + v3(k)zr(n + 1) + v4(k))

and

Qr(n) ==u3’(n) (zy(n — 1) = n(k)a(n — Vwg(n) + v2(k)zi(n — 1) + y3(k)ir(n) +a(k))
x (zp(n+1) — y(k)zi(n + 1)gr(n) + v2(k)zi(n + 1) + y3(k)gr(n) +va(k)) .

Form (3.12) we have

_ Bi(n)
Qr(n)

Applying (3.16) and (3.17), we find that for xx(n) > 23,

hi.(n)

Qr(n) < Qx(n).
Moreover, it can be checked that for zx(n) > 3,
Qk(n) > 0.

Hence for xp(n) > 23,




To prove (3.20), it suffices to show that for zx(n) > 62,

Pi(n) _ 1000

Qr(n) - zp(n)’

(3.21)

which is equivalent to

23 (n)(Pe(n) — Qx(n)) 4+ 1000Qx(n) >0 (3.22)

for z1(n) > 62.

From the definitions of Py(n) and Qx(n), together with (3.14) and (3.18), we
infer that the left-hand side of (3.22) is a polynomial in xx(n) with degree 18. So
we could write

24 (n)(Pr(n) — Qi(n)) + 1000Q4(n Z fik

Clearly,
23 (1) (Pr(n) = Qx (1)) +1000Qx(n Zlfg |23 (n)+ frz(k)a! (n)+ fis(k)a (n).

Moreover, numerical evidence indicates that for 0 < j < 15 and zx(n) > 20,

—|fi(k)|ai(n) = —| fis(k)|z3’ (n)
and

4340 20625 14574

fie(k) = Cad(1) + 4o (1) 96a(1)’
9920 3750 5t
17(k) = N ’
f ( ) \/QZ(l) \/ak(l) + 8 Oék(l)
15872
fis(k) = 1000 — m’

It is readily checked that for xj(n) > 62,

fis(k)xi(n) + frz(k)ar(n) — 17] fg(k)] > 0.

Assembling all these results above, we conclude that for x(n) > 62,

7y (n)(Pe(n) — Qr(n)) + 1000Qx(n)
> (frs(k)ag(n) + frr(k)zr(n) — 17| frs(k)])z;°(n) > 0,

and so (3.20) is valid.
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Applying (3.15), (3.19) and (3.20) to (3.13), we obtain that for z4(n) > 152,
122 (\/Oék xk(n))
IQ ( Oék(l)l’k 1)) [2 (\/Oék n +1 )

> (=5 (1 50 )( i)

my/ax(1) 1000 + % B /g (1) + 88074 /(1)
9z (n) z,(n) i (n)

40007 N 400078/ a.(1)
92%(n) 8lxit(n)

It’s easy to check that for zx(n) > 7,

100 — % B =8y (1) + 8807 /(1)

=1+

> 0.
z(n) z(n)
Therefore, we arrive at
I3 ( ak(l)xk> 1o 1100
>14 7 30"“( ) _ . (3.23)
I ( ar(Day(n — 1)) I ( ar (Mg (n + 1)) 9zi(n)  ay(n)
for xj(n) > 152. This completes the proof. |

With Theorem 3.1 and Theorem 3.2 in hand, we are now in a position to give a
proof of Theorem 1.4.

Proof of Theorem 1.4. To prove (1.4), it is enough to show that
Aj(n)

Ap(n —1)Ag(n+1) — (3.24)
Utilizing Theorem 3.1, we find that for xy(n) > 152,
Aj(n)
Ap(n —1)Ak(n + 1)
> Mi;(n) <1 - xg(n))
Mi(n = )M+ 1) (1+ ) (14 2t )
ri(n —1)zi(n + 1) I3 ( O‘k(l)xk(n)) ()
- z,(n) I ( an(Day(n — 1)) L ( ar(Dz(n + 1))
(3.25)
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where

gr(n) >1— 610 (3.26)
From (3.14), we see that
B Dn+1) (@) - Z)Ein) +2)
g rim) agm B

) = 22m) (300 - 2)°+1) (@) + )" + 1) 2%

It is easy to show that for xx(n) > 75,

(e 1 (et - 471

> (af?(n) ~ 26200 (20 — ko)) (k) = 25 )
= i) — ) — 2005m) + E o)+ St ) - E o)
> () — T ) - 2008) (3.20)
and
72 (n) ((xi(n) - 2%2)3 + 1) ((xi(n) + —2)3 + 1)
= ) = T )+ 2085+ Sl ) + S — (S - 1) el
< o (n) - L) + 3 () (330)
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Applying (3.29) and (3.30) to (3.28), we see that for zx(n) > 75,

7r4
7' (n) — F-ai’(n) — 235 (n)

23 (n) — 4527(n) + 3243 (n)
5
=1-— int o
zp(n) — “-ai(n) + 3
10
2 ]- - 9
zp(n)

so the claim is proved.

Substituting (3.9), (3.26) and (3.27) to (3.25), we see that for xx(n) > 152,

Ag(n)? B 47t m ag(1) 1100 ~ 10
A haeD 2 (! 99:%(71)) (” 927 (n) xé(n)) ( xz<n>>

/ap(1) 1100+ 10 4n8y/a,(1)
92}, (n) zp(n)  ai(n)  8lzi(n)

-1+

4400m*  107*/ag(1) 11000 + %
9} (n) 923 (n) 210(n)

4078/ (1) 440007

* 81z3(n)  9xl(n)”

It is readily checked that for xj(n) > 73,

mhy/ag(1) 1200 >0

9z3(n)  wi(n) ~
100—2= 10 4nt/ou(D) -
ri(n)  af(n)  8laf(n) T
44007" 107"/ (1) -
92%(n) 92(n)  —
and
407%y/ay, (1) 440007*
81x3(n) 9z}t (n) —
Assembling all these results, we conclude that for z;(n) > 152 (that is, n > 3512),
Ar(n) > 1 (3.31)

It is routine to check that (3.31) is true for 1 < n < 3512, and hence the proof is
complete. |
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4 Concluding remarks

To conclude, we mention some questions and remarks for further investigation.
The main objection of this paper is to dig into the Turan inequalities for the broken
k-diamond partition function where £ = 1 or 2. But the numerical evidence suggests
that the main results in this paper are also valid for all £ > 1. To wit,

Conjecture 4.1. For k > 3, Ag(n) is log-concave for n > 1, that is,

AZ(n) > Ap(n — 1)Ag(n +1). (4.1)

More generally, we conjectured that for k£ > 3 and d > 1, the Jensen polynomial
JZ’:(X ) associated to Ag(n) is hyperbolic for sufficiently large n.

As alluded to after the proof of Theorem 2.2 in Section 2, Sussman’s formula
could not be applied to derive the explicit formula for Ay (n) when k£ > 3. Therefore,
the crucial point to solve these two conjectures is to establish explicit formulas of
Ag(n) for k > 3.
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