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Abstract. The main objective of this paper is to present an answer to Bressoud’s
conjecture for the case 7 = 0, resulting in a complete solution to Bressoud’s conjecture.
The case for j = 1 has been recently resolved by Kim. Using the connection established
in our previous paper between the ordinary partition function By and the overpartition
function B;, we found that the proof of Bressoud’s conjecture for the case j = 0 is
equivalent to establishing an overpartition analogue of the conjecture for the case 7 = 1.
By generalizing Kim’s method, we obtain the desired overpartition analogue of Bressoud’s
conjecture for the case j = 1, which eventually enables us to confirm Bressoud’s conjecture
for the case j = 0.
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1 Introduction

This is the second in a series of papers addressing Bressoud’s conjecture. In 1980, Bres-
soud [8] put forward a conjecture for a general partition identity that implies many clas-
sical results in the theory of partitions, such as Euler’s partition theorem, the Rogers-
Ramanujan-Gordon identities, the Andrews-Gollnitz-Gordon identities and so on. To
state Bressoud’s conjecture, let us recall some common notation and terminology on par-
titions from [3, Chapter 1]. A partition 7 of a positive integer n is a finite non-increasing
sequence of positive integers m = (7, ma, ..., 7,) such that Zle m; = n. The weight of 7
is the sum of its parts, denoted |r|.

Throughout this paper, we assume that aq, as, ...,y and 7 are integers such that

O<ar<ag<---<ay<mn, and o =n—ay; for 1 <7<\
Bressoud [8] introduced the following two partition functions.
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Definition 1.1 (Bressoud). For j = 0 or 1 and (2k + j)/2 > r > X > 0, define the
partition function Aj(ay,...,ax;n,k,r;n) to be the number of partitions of n into parts
congruent to 0,aq, ..., ay (mod n) such that

(1) If X is even, then only multiples of n may be repeated and no part is congruent to
0,+n(r —X/2) (mod n(2k — XA+ 7));

(2) If Xis odd and j = 1, then only multiples of n/2 may be repeated, no part is congruent
ton (mod 2n), and no part is congruent to 0, £n(2r — X)/2 (mod n(2k — XA+ 1));

(3) If X is odd and j = 0, then only multiples of n/2 which are not congruent to n(2k —
A)/2 (mod n(2k — X)) may be repeated, no part is congruent to n (mod 2n), no
part is congruent to 0 (mod 2n(2k — X)), and no part is congruent to £n(2r — X)/2
(mod n(2k — X)).

Definition 1.2 (Bressoud). For j = 0 or 1 and k > r > X\ > 0, define the partition
function Bj(aq,...,ax;n, k,r;n) to be the number of partitions m = (my,ma,...,m) of n
satisfying the following conditions:

1) For1<i</{,m=0,0q,...,ay (mod n);

2) Only multiples of 7 may be repeated,

4

(1)
(2)
(3) For1<i<{l—k+1, m > M1 +n with strict inequality if n | m;
(4) At most r — 1 of the m; are less than or equal to n;

(5) For1<i</l—Fk+2, if m; <o+ n with strict inequality if n{ m;, then
[mi/n] + -+ + [Tign—2/n] =7 — 1+ Va(m)  (mod 2 — j),

where V.(N) denotes the number of parts not exceeding N which are not divisible
by n in m and [ | denotes the greatest integer function.

Bressoud’s conjecture can be stated as follows.

Conjecture 1.3 (Bressoud). Forj =0 or1, (2k+j)/2>r>X>0andn >0,

Aj(ar,...,ax;n, k,rn) = Bj(ay, ..., ax;n, k,m;n).

Bressoud’s conjecture was known in some special cases, see, Andrews [2], Bressoud [8]
and Kim and Yee [20]. The general case for j = 1 was recently resolved by Kim [19]. The
main objective of this paper is to present an answer to Bressoud’s conjecture for the case
j = 0, resulting in a complete solution to the conjecture. It turns out that the overpartition
analogues of the partition functions A;(aq,...,ax;n, k,m;n) and By(aq,...,ax;n,k,r;n)
introduced in our previous paper [17] play an important role in the proof of Conjecture
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1.3 for the case j = 0. An overpartition, introduced by Corteel and Lovejoy [12], is a
partition such that the first occurrence of a part can be overlined. In fact, they arise in the
contexts of combinatorics [6,22], g-series [11], the theory of symmetric functions [7,13],
representation theory [18] and mathematical physics [14,15]. They are also known by
different names such as standard MacMahon diagrams, joint partitions, jagged partitions
and dotted partitions.

In [17], we introduced the following two functions A;(ay, ..., a1, k,r;n) and B (o,
—..yax;n, k,r;n) defined on the set of overpartitions.

Definition 1.4. [17, Definition 1.15] For k > r > X\ > 0, define the partition function
Ai(aq, ..., ax;n, k,r;n) to be the number of overpartitions of n into parts congruent to
0,ai,...,ay (mod n) such that

(1) If X\ is even, then only multiples of 7 may be non-overlined and there is no non-
overlined part congruent to 0, £n(r — A/2) (mod n(2k — \));

(2) If X is odd, then only multiples of n/2 may be non-overlined, no non-overlined part
is congruent to n(2k — X)/2 (mod n(2k — X)), no non-overlined part is congruent
ton (mod 2n), no non-overlined part is congruent to 0 (mod 2n(2k — X)), no non-
overlined part is congruent to £n(2r — X)/2 (mod n(2k — X)), and no overlined part
is congruent to n/2 (mod n) and not congruent to n(2k — X)/2 (mod n(2k — X)).

Definition 1.5. [17, Definition 1.14] For k > r > X\ > 0, define the partition function
Bi(aq,...,ax;n, k,r;n) to be the number of overpartitions m = (w1, 7o, . .., mp) of n subject
to the following conditions:

1) For1<i</{,m=0,0q,...,a, (mod 7n);

2) Only multiples of n may be non-overlined;

(1)
(2)
(3) For1 <i<{l—k+1, m > w1+ n with strict inequality if m; is non-overlined;
(4)

4) At most r — 1 of the m; are less than or equal to n.

Here and in the sequel, we adopt the following convention: For a positive integer ¢,
we define t =7 (resp. t £ 1) as a non-overlined part of size t + 7 (resp. an overlined part
of size t = 1n). We impose the following order on the parts of an overpartition:

1<1<2<2<---.

As mentioned in [17], we say that Bi(aq,...,ax;n,k,7;n) (resp. Ai(aq,...,ax;n, k,r;n))
can be considered as an overpartition analogue of By («, ..., ax;n, k,r;n) (resp. Ag(aq, ...,
ax;n, k,r;n)) because for an overpartition 7 counted by Bj(ay,...,ax;n, k,7;n) (resp.
Ai(ay,...,ax;n, k,m;n)) without overlined parts divisible by 7, if we change the over-
lined parts in 7 to non-overlined parts, then we get an ordinary partition counted by
Bi(aq,...,ax;n, k,r;n) (resp. Ao(a, ..., ax;n, k,r;n)).
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One of the main results in our previous paper [17] is the following connection be-
tween Bi(ay,...,ax;n, k,m;n) and By(ay, ..., ax;n, k,7;n), which is useful in the proof
of Conjecture 1.3 for the case j = 0.

Theorem 1.6. [17, Theorem 1.16] For k >r > X>0 and k > A,

Zgl(ah ceey QST ka r; n>qn = (_qn7 qn)oo Z BO(alv cee, Q5T ka r; n)qn

n>0 n>0
The generating function of A;(ay, ..., ax;n, k,r;n) is also established in our previous
paper [17].

Theorem 1.7. [17, Theorem 1.18] For k >r > X >0,
ZZl(Oél’ <oy QST ka T n)qn
n>0

_a p_ _ _
(=g, ..., =G, —q"; q") oo (@07 2), q"PRT=2) @nR=A) gn(Zh=A))
(¢";¢M)oo

Throughout this paper, we assume that |¢| < 1 and employ the standard notation:

o0

(4 @)oo = H(l —aq"), (a;q), = (@3 @)os

pale (ag™; @)oo’
and

(al, a2, ..., Qm; Q)oo = (al; Q)oo(a2; C])oo e (a'm; Q)oo-

It should be noted that Bressoud [8] obtained the following generating function of
AO(ala < GG, ka T n)

Theorem 1.8 (Bressoud). Fork >r > \>0,

ZAO(ala <o Q5T k,r,n)q”

n>0
_ (_qul7 ceey _qa/\; qﬂ)oo(qn(r—%)7 qﬂ(Qk—T—%)7 qn(Qkf)‘); qn(Zkf)‘))oo
(CRRVOIS
In this paper, we establish the following generating function of By (ay, ..., ax;n, k,r;n)

by generalizing Kim’s method in [19].
Theorem 1.9. Fork >r >\ >0,

ZEI(QI’ e, T, k,r,n)q”

n>0

_a A _ _
(=q™ - =4™, =075 q")oo (g7 2), q"F ) R R
(475"




Applying Theorem 1.9 to Theorem 1.6, and according to Theorem 1.8, we conclude
that Conjecture 1.3 holds for the case 7 = 0.

Combining Theorem 1.7 and Theorem 1.9, we also get the following partition identity,
which can be viewed as an overpartition analogue of Bressoud’s conjecture for j = 1.

Theorem 1.10. Fork>r > X>0 and n > 0,

Zl(ala cee 704/\§7%k77"5n) = Fl(al) cee 704)\;777]?770;71)'

Through the utilization of Theorem 1.9 and the application of Bailey pairs, we can for-
mulate the generating function of By (ay, ..., ax;n, k, r;n) as the following multi-summation
identity.

Theorem 1.11. Fork>r >\ >0,
Zgl(ah <oy QST ka r; n)qn
n>0

q’r](N12+~..+Nk271+Nr+~--+Nk'—l)(1 + qanrx_qnanAH; qn)NH—l_l(_anrnN)\; qn)oo

- 3

N> >Nj_ >0 (g% 9" Ny —N, -+ (@73 qn)Nk72*Nk71 (q"; qn)qu

A

x H "N g T[N )

s=2
It would be interesting to give a combinatorial proof of Theorem 1.11.

This article is organized as follows. In Section 2, we aim to prove Theorem 2.1 with
the aid of Bailey pairs. As a result, Theorem 1.11 follows directly from the conjunction of
Theorem 1.9 and Theorem 2.1. Section 3 is dedicated to proving Theorem 1.9. Initially, we
establish that proving Theorem 1.9 is sufficient to show the validity of Theorem 3.1. Fol-
lowing this, we present an outline proof of Theorem 3.1, which equivalently demonstrates
the combinatorial statement in Theorem 3.2. In order to establish the desired bijection as
stated in Theorem 3.2, we begin by revisiting the definitions of the Gordon marking and
the reverse Gordon marking of an overpartition counted by Bi(ay,...,a\;n, k,7:n), as
previously established in our prior work [17]. Subsequently, we review the (k—1)-addition
and its inverse map (i.e., the (k— 1)-subtraction) introduced by Kim [19] in the context of
overpartitions. Additionally, we recall the (k — 1)-insertion and its inverse map (i.e., the
(k — 1)-separation) defined in our prior work [17]. These operations allow us to provide
the desired bijection presented in Theorem 3.2. In Section 4, we provide an example for
the illustration of the bijection in the proof of Theorem 3.2.

2 Proof of Theorem 1.11

The main objective of this section is to give a proof of Theorem 2.1 by using Bailey pairs.
Consequently, Theorem 1.11 is immediately derived from the combination of Theorem 1.9
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and Theorem 2.1.
Theorem 2.1. For k> r > X > 0, we have
Z qﬁ(N12+"'+N1§—1+NT+'"+Nk71)(1 + q—WNr)(_qU—TINAH; qn)

N12>->Ng_120

Napa—1 (=@M ) o

(qﬁ; qn)N1*N2 o (q17§ qn)Nk—2*Nk71 (qﬁ; qn)Nkfl

A A

< [T(=a=" ¢, [T (=5 0"
s=1 s=2
(=g, =g, —q" q")o(q" 27, PR30, RN, g2y

- )

(4" 4")oo
where we assume that Ny, = 0.

It should be noted that the proof of Theorem 2.1 is much similar to the proof of
Theorem 1.8 in [16]. For more information on Bailey pairs, see, for example, [1,4,5,9,21,
23,25]. Recall that a pair of sequences («,(a, q), Bn(a,q)) is called a Bailey pair relative
to (a,q) (or a Bailey pair for short) if for n > 0,

n

fulag) =y o)

(¢ @)n—r(aq; Qs

When k& > r+ 1 > 2, it turns out that the proof of Theorem 2.1 reduces to applying the
Bailey pairs stated in Lemma 2.2 to the relation stated in Proposition 2.3.

Lemma 2.2. [16, (2.9)] Fork>r+12> 2,

1, ifn=0,
an(la Q) = 2k—2r41 9, 2k—2r—1 2k—2r+1 .
(=D)"¢" = "¢ = "Hq 2 MA+¢Y)/2 ifn>1,

(2.1)
(1 + qn)qNE_H+~~~+N§,1+Nr+1+~~-+Nk71

Bn(L Q) =
TL>NT+1>'Z“>Nk_1>0 2(q7 q)anT‘-l»l <Q7 q>NT+1*N7‘+2 T (q7 q)Nkfl

is a Bailey pair relative to (1,q).

Proposition 2.3. [17, Proposition 6.6] If (a,(1,4"), Bn(1,q")) is a Bailey pair relative
to (1,4"), then for r > X >0,

e r—2E0)pn24 2 o (o +-+an)n a o
Z2q( T+ 23— (ar+-+ay) (—q™: q")y - (—q A;qﬁ)na ¢
o (L4 gm)(=g721,¢")n - (—q7=; ¢ ”’

O et () b () r

_ (04" ¢
(=03 4o s a5 N0 (@ g n-ny - (@75 47NN,

(=1¢") Ny ("5 0) N - (=4™5 97wy
(=a" @) N (a2 ") Ny - (=475 "),
where we assume that N,1 = 0.

B, (1,¢"), (2.2)



To prove that Theorem 2.1 is valid when k =r > 1 and k =7+ 1 > 2, we also need
to apply the following proposition to generate the desired Bailey pairs.

Proposition 2.4. [16, Corollary 2.4] If A is any real number and (a,(1,q), Bn(1,q)) is
a Bailey pair, where

(1.0) 1, ifn =20,
an(l,q) =
(—1)"qA ™ (gD 4 g=A=Dm) ifn > 1,

then (a,(1,q), 8. (1,q)) is also a Bailey pair, where

/ 1, ifn=0,
an(laQ) = n An?( (A-1)n —An n i
(—1)"¢" (q +q¢ (1 +q")/2, ifn>1,

Bn(1,q) = Bu(1,q)(1 +¢")/2.

With these consequences in hand, we are ready to prove Theorem 2.1.
Proof of Theorem 2.1: We consider the following two cases:

Case 1. When k > r > A > 0. We first show that the pair of sequences (., (1, q), 5.(1, q))
stated in (2.1) is also a Bailey pair when k£ = r + 1 > 2. In this case, we assume that
N = 0. We start with the following Bailey pair appearing in [24, B(1)],

1 lf n — O
) _)h ’
a,’(1,q) =
n ( q> {(_1)nq3n2/2 (q*n/2 + qn/2) , iftn > ].7
1
B (1,q) = ~
(1.4) (45 Q)n

Applying Proposition 2.4 with A = 3/2 to (aq(lo)(l, q), ,6’7(10)(1, q)) yields

(1,q) L, if n =0,
apll, = .
q (_1>nq3n2/2 (qn/2 + q—3n/2) (1 + qn)/27 ifn>1,
144"
ﬁn 1>q = .
59 2(¢; 9)n

It follows that Lemma 2.2 also holds when k=7r +1 > 2.

Substitute the Bailey pair (2.1) from Lemma 2.2, including the case k = r + 1 > 2
with ¢ replaced by ¢, into (2.2). Given the assumption a; + ayy1—; = n for 1 <7 < A,



the simplification of the left-hand side of (2.2) yields

77 ..._04)\-77

q" G q)y - (=N gy,

AN 2 AL 2k—2r—1 _ 2k—2r+41
% (_1)nq(k 2)nn +23=nn (aa+ +a>\)n(q72 nn+q =T nn)

[e.9]

— Z K (k—* nm (Q(k—r)nn + q—(k—r)nn)

n=

(r— %) (2k—r—3)n (2k—X)n.

.q s gDy (2.3)

= (q 7.q

where the last equality follows from Jacobi’s triple product identity [3, Theorem 2.8].
In this case, the right-hand side of (2.2) becomes

(4" ") q
(—gn=o1;q7) 2 ;

© iz S50 @ AN N - (45 0 NN (€7 4Ny

n(NZ gt 4N +Npt-+Np_1) (1+ q—nNr)

qn((NIQH)Jr._Jr(NA?H))7(a1N1+...+a/\NA)( (3]

=" 4" Ny -1 (=" )Ny - (—a™ 547Ny,

X )
(—qﬁ; qn)N)\(_qnfaz; qn)Nl T (_qniak; qn)Nxfl
(2.4)
where for Ny,; > 0,
(—Lg")n
I (g g, 25)
By utilizing the following two relations
(=q":4")a = ¢ 1) (=g g, (2.6)
and . .
(=¢" 74" (=@ q") oo
we derive that (2.4) can be transformed into
(qn§ qn>oo Z qﬁ(Nf+"‘+N1§_1+Nr+"'+Nk—1)(1 + q*ﬁNr)(_qn*nNA+l ; qn)N)\+1_1
(=" 9o 2 SR 0 (@7 @) NNz == (475 4 NN (475 4 N
_ g g0 A n—as—nNs. o1 A (L gh—astnNs—1. o
G AT O § Y G 1w, [T 14" 2.8)

(=" q")o0 TToa (=07 4") s



Combining (2.3) and (2.8), we have

(qn; qn)oo Z qn(N12+..~+N£_1+NT+...+Nk_1)(1 + qanr)(_qnanAH;qn)
(—gn=o1; )

® Ny > >Ny >0 (qﬁ; qn)N1fN2 T (qn§ qn)Nk—Q*Nk—l (qﬁ; qn)Nkfl

N/\+1—1

(_qﬂ+77NA; Moo H2:1<_qn—as—nNs; ¢, Hi‘:2(_q’ﬂ_0¢s+nNs—1; 7Moo
(=" q") oo [Ty (=472 ¢")

(r—%)fl, q(2k—r—%)n7 q(2k—k)ﬂ; q(%—)\)’?)oo

X

= (¢

Multiplying both sides of the above identity by
(_q'f]—OQ’ ey —C]n_%> _qﬂ’ qn)oo
(979" oo
and noting that for 1 <17 < A\, a; + ayy1-; = 1, we show that Theorem 2.1 holds when
k>r>X>0.

Case 2. When £k =r > XA > 0. We first determine the desired Bailey pair. To this
end, we begin with the unit Bailey pair [24, H(17)],

1 if n=0
(0) 1 ’ ’
o= {C—Uﬂf”2ww2+qwﬂ, if n>1,

, (2.9)

1, ifn=0,

(1, q) = bp0 =
ﬁn ( 7Q) ,0 {O, lfTLZl

Applying Proposition 2.4 with A = 1/2 to (0@(10)(1, q), Bﬁo)(l, q)), we get the following
Bailey pair,

1 ifn=20
( n n /2 n/2 + qfn/Q) (1 + qn)/2’ if n > 1,

I+gq

Bn(l,q) = 5

o (2.10)

Substitute this Bailey pair with ¢ replaced by ¢"7 into Proposition 2.3 with r = k.
Under the assumption that o; + ayy1-; = n for 1 < ¢ < A and applying Jacobi’s triple
product identity, we derive that the left-hand side of (2.2) can be simplified as follows.

77 ..._04)\-77

q"? aq - q77 (—q'ﬂ—ak;qn)n

X (_1)”q(k—%)ﬂn2+%nn—(a1+m+ax)n(q—%nn _}_q—%nn)

n=1

(k=3m (k=3

= (q Lqlim2m qBR=Mn, g @Gk=2my (2.11)



When applying 5,(1,¢") from (2.10) to (2.2) with r = k, we discover that the terms
with NV, > 0 in the summation of the right-hand side of (2.2) equals zero. Therefore, the
right-hand side of (2.2) should be

77(N§+2+"'+N;§_1)+77((N12+1)+“‘+(N>‘§1+1))—(a1N1+'“+0‘)\N/\)

(qﬁ; qﬁ)oo Z q
(="Moo o vy SN 120 (@ 4" -n, = (@7 47Ny

(=L g Ny, (=050 Ny (4™ ),y
(—q"; q") Ny (=g 25 ¢ Ny -+ (=G ),y
(0" ") oo 2q"7(N12+"'+N13—1)(_qU—UN/\-H; q")
T (=g ) Z

X N> >Np_ >0 (qﬁ; qn)N1—N2 e (qn; qn)Nk—l

N)\+1—1

(=g 1) oo szl(_qn—as—nNs; q" . H;‘:Q(_qn—as‘i‘nstl; 0" o
CYATON § N C
where the last equality follows from (2.5), (2.6) and (2.7).
Combining (2.11) and (2.12), we have

ECETONE >
STEETSNP
(=g ) oo T (=g~ Nes gy, T, (=g tmNs—1; ) o
A —Qs-
(k_i) (—E]:k,_q:))oo g:fj)(_qn s qn)oo
= (q g2, qBE A, BRI

By multiplying both sides of the above identity by (2.9), and using the assumption that
a;+ayi1; =nforl <i <\ wededuce that Theorem 2.1 also holds when k =r > A\ > 0.
This completes the proof. 1

X

, (2.12)

2" NI+ HNE L) (— g, 4" Ny 1

(qn; qn)N1*N2 e (qTI; qn>Nk71

X

(’ﬂ—%)n7

3 Proof of Theorem 1.9

In this section, we first assert that it suffices to show the following result in order to prove
Theorem 1.9.

Theorem 3.1. Fork >r > \> 2,
Zgl(ala"'7a>\;nak7r;n)qn

n>0

= (=¢™, =4 ¢ > Bi(aa, ..., an i, k= 1,r — 1;n)g".

n>0

(3.1)

Before proceeding to the proof of Theorem 3.1, we first demonstrate the derivation of
Theorem 1.9 from Theorem 3.1.
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3.1 Proof of Theorem 1.9 with the aid of Theorem 3.1

Proof of Theorem 1.9. By induction on A\. When A = 0, setting ¢ — ¢" in the following
generating function due to Chen, Sang and Shi [10, (1.1)]:

?

e r 2k—r 2k. 2k
Zgl(_vlakar7n)qn:( q’Q)OO(q’q 44 )oo

where k > r > 1, we find that Theorem 1.9 holds when \ = 0.

When A = 1, observing that n = 2y, we see that 7 must be even and oy = n/2. It
follows from [17, Theorem 1.19] that for k > r > 1,

2r—1 4k—2r—1 ,4k—2. 4k—2)

= /1. i () ()P g A ) IS
231(1,2,k,r,n)q = (qz;qz)oo : (3'2)

n>0

Letting ¢ — ¢"/? in (3.2), we deduce that Theorem 1.9 holds when \ = 1.

When A > 2, assume that Theorem 1.9 holds for A — 2. Then, for k —1 >r—1 >
A—22>0, we have

ZFI(OQ? s 700\—1;7]’]/”1 - ].,T’ - 1)n)qn

n>0

(=g, =™, =T 0o (@10 2), q1R T 3) 2N g2 ) 33)

B (47 4M)oo
By substituting (3.3) into (3.1), we obtain (1.1). This implies that Theorem 1.9 holds for
A. Thus, we have proven Theorem 1.9 with the aid of Theorem 3.1. |

3.2 The outline of the proof of Theorem 3.1

Let D,, and D,, denote the sets of distinct partitions whose parts are congruent to ay
and a, modulo 7, respectively. Clearly, we have

S =(—¢"1¢" and > 4P = (—¢™ ")

§€Da, §€Da,

For kK > r > X > 0, let By(ay,...,ax;n,k,r) denote the set of partitions counted by
Bi(aq,...,ax;n, k,r;n) for n > 0. It is easy to see that Theorem 3.1 is equivalent to the
following combinatorial statement.

Theorem 3.2. For k > r > A > 2, there is a bijection © between D,, X D,, X
Bilag,...,cn_1;n,k—=1,7—1) and Bi(av, . .., ax;n, k,r). Moreover, for a triple (61,6, )
€ Do, XD, xBi (g, . .., ax_1;1,k—1,7—1), we have 7 = O(§W §N 1) € By (ay, ..., axn,
k,r) such that || = [0W| + |6 | 4 |n|.
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To prove this theorem, we adopt the analogous strategy used for Conjecture 1.3 for
j = 1 given by Kim [19]. Let Ci(aa,...,ax;n, k,r) denote the set of overpartitions in
Bi(ay,...,axn, k,r) without parts = a; (mod 7). Bear in mind that as,...,ay and 7
are integers such that

O<as<---<ay<mn, and a;=n—ay;1_; for 2<i<A—1.

To build the bijection © in Theorem 3.2, we will first unite 7 and 6, and denote the
resulting overpartition by 7(%. Evidently, 7 € Ci(aq,...,ax;n, k,7). We next aim to
merge the parts of () into 7(®) from smallest to largest to generate an overpartition in
Bi(ay,...,ax;n, k,r). There are two steps. We first merge some parts = a; (mod 1) in
5 and some parts = a (mod 7) in 7 to generate some non-overlined parts divisible
by n (due to the fact that a; + ay = n). It turns out the (k — 1)-addition introduced by
Kim [19] can fulfill this task directly (see Section 3.4). In the second step, we are meant
to merge the remaining parts of ) (which are = a; (mod 7)) and the overpartition
in Ci(aa,...,ax;n, k,7) to generate certain overlined parts = a; (mod 7). As a result,
we get an overpartition in Bi(ay,...,a\;n, k,7). We can accomplish our objective by
utilizing the (kK — 1)-insertion outlined in [17] with a = oy (see Section 3.5).

In the next subsection, we will first recall the definitions of the Gordon marking and
the reverse Gordon marking of an overpartition in B (o, ..., ax;n, k,7) established in our
previous paper [17]. The (k—1)-addition operation and the (k—1)-insertion operation are
defined based on the reverse Gordon marking, while their inverse operations are defined
based on the Gordon marking. We also review the forward move and the backward move,
which are the main ingredients in the constructions of the (k — 1)-addition, the (k — 1)-
insertion and their inverse operations. In Section 3.4, we recall the (k — 1)-addition
and its inverse map (i.e., the (k — 1)-subtraction) given by Kim [19] in the context of
overpartitions. Section 3.5 is devoted to revisiting the (k—1)-insertion and its inverse map
(i.e., the (k—1)-separation) defined in [17]. In Section 3.6, we give a proof of Theorem 3.2
by successively applying the (k—1)-addition operation and the (k—1)-insertion operation.

3.3 The (reverse) Gordon marking and the forward (backward)
move

This subsection revisits the definitions of the Gordon marking and the reverse Gordon
marking of an overpartition in By (ay,...,ax;n, k, ), originally established in our earlier
paper [17]. We follow the terminology, notation and examples in [17].

In the rest of this paper, we assume that k£, » and A\ are integers such that k > r >

A > 2. The Gordon marking of an overpartition in Bi(aq,...,ax;n, k,r) was defined as
follows.
Definition 3.3. [17, Definition 3.1] Let m = (my, 7o, ..., m) be an overpartition satisfying

(1) and (2) in Definition 1.5. Assign a positive integer to each part of w as follows: First,
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assign 1 to wy. Then, for each m;, assign s to m;, where s is the smallest positive integer
that is not used to mark the parts m,, such that m > i and m,, > m; —n with strict inequality
if m; is overlined. Denote the Gordon marking of m by G(7).

For example, let 7 be an overpartition in B;(1,5,9;10,5,4) given by

7 = (80, 80, 80, 70, 70, 69, 60, 60, 55, 51, 50, 49, 45, 41, 39, 35,

29,20, 20,20, 11, 10,9, 5, T).

The Gordon marking of 7 is given by

E17%4a 2037 2027ﬁ1am47 937 527 11)7

where the subscript of each part represents the mark in the Gordon marking.

Letting 7 be an overpartition satisfying (1) and (2) in Definition 1.5, by definition, we
see that 7 is an overpartition in By(aq, ..., ax;n, k,r) if and only if the marks in G(7) do
not exceed k — 1 and the marks of parts less than or equal to 7 in G(7) do not exceed
r—1.

The reverse Gordon marking of an overpartition in By(as, ..., ax;n, k,r) is defined by
assigning a mark to each part starting with the largest part instead.

Definition 3.4. [17, Definition 3.2] Let m = (my, 7o, ..., m) be an overpartition satisfying
(1) and (2) in Definition 1.5. Assign a positive integer to each part of ™ as follows: First
assign 1 to m. Then, for each m;, assign s to m;, where s is the smallest positive integer
that is not used to mark the parts m,, such that m < v and m,, < m;+n with strict inequality
if m; is overlined. Denote the reverse Gordon marking of m by RG(w).

For the overpartition 7 in B (1, 5,9; 10, 5, 4) defined in (3.4), the reverse Gordon mark-
ing of 7w reads

o T P (3.5)
291720272037204711171027937547]-1)'

Analogously, an overpartition 7 satisfying (1) and (2) in Definition 1.5 is an overpar-
tition in By(ay, ..., ax;n, k,r) if and only if the marks in RG(7) do not exceed k — 1 and
there are at most » — 1 parts less than or equal to n in .

We proceed to recall the definition of (k — 1)-bands. Let 7 = (7, m9,...,m) be an
overpartition in By(aq,...,ax;n, k,r). If there are k — 1 consecutive parts m; > w1 >
-+ > i ko satisfying the following relation:

m; < Titk—o + n with strict inequality if 7; is overlined,
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then such k — 1 parts will be called a (k — 1)-band of m. Observe that for a (k — 1)-band
{Ti+i1}o<i<k—2 of m without overlined parts divisible by 7, if we change the overlined parts
of 7 to non-overlined parts, then this (k—1)-band reduces to a (k—1)-sequence introduced
by Kim [19].

For example, let 7 be the overpartition in B;(1,5,9;10,5,4) defined in (3.4), where
k = 5. There are twelve 4-bands in 7.

{80, 80,70, 70}, {70,69, 60, 60}, {60, 60, 55,51}, {60, 55, 51, 50},
{55, 51, 50,49}, {51, 50,49, 45}, {50, 49, 45, H},{E,%, 20,20},
{20, 20, 20, 1}, {20, 20, T, T0}, {11, 10,9, 5}, {10, 9, 5, I}.

For each (k — 1)-band {m;4;}o<i<k—2 of 7, it is easy to see that the marks of m;
are distinct in the Gordon marking and the reverse Gordon marking of 7. Hence there
exists one part in {7m;4; }o<i<k—2 marked with £ — 1 in the Gordon marking and the reverse
Gordon marking of 7. We now restrict our attention to two kinds of special (k —1)-bands.

The (k — 1)-bands of the first kind refer to those bands in which the (k — 1)-marked
part in the Gordon marking is the largest element. Assume that there are N parts marked
with k—1in G(r), and denote these (k—1)-marked parts by g;(7) > ga(mw) > -+ > gn (7).
For each (k — 1)-marked part g,(7) in G(7), there is a (k — 1)-band of 7 such that §,(m)
is the largest element of this (k — 1)-band. Such a (k — 1)-band is called the (k — 1)-band
induced by g,(m), denoted {g,(m)}r—_1.

For example, for the overpartition 7 given in (3.4), there are five 4-marked parts in
G(7), namely, g(7) = 80, go(m) = 60, g3(7) = 50, gu(mw) = 20 and gs(x) = 10. The
4-bands induced by g1 (), g2(7), g3(), ga(7) and gs(7) are illustrated in G(7) below:

{80}4 {@}4 {50}4

G(r) = (80, §04,802,701,703,692,604,601,552,513,504,491,452,413,391,352,

2917:64 2037202711171047937527 /)

{20}4 {10}4

The (k — 1)-bands of the second kind are a specific category of bands that are charac-
terized by the (k —1)-marked part in the reverse Gordon marking being the smallest part.
Assume that there are M parts marked with & — 1 in RG(w), namely, 7 (m) > 7o(m) >

- > (7). By the same reasoning, we see that there is a (k — 1)-band of 7 in which
7p(m) is the smallest element. Such a (k — 1)-band is called the (k — 1)-band induced by
7p(m), denoted {7,(7) }x_1.

For example, for the overpartition 7 given in (3.4), there are five 4-marked parts in

RG(r), which are 71(m) = 70, 7o(m) = 51, 73(m) = 41, 74(m) = 20 and 75(w) = 5. The

14



4-bands induced by 7 (7), 7o(7), 73(7), 74(7) and 75(7w) are displayed below:

{70}4 {5}4 {§}4

RG(m) = (801,802,803,701,704,692,601,603,552,514,501,493,452,414,391,352,

291, 202,203, 204, 111, 102, 93, 54, 1 )
{20}4 {5}4

The following proposition indicates that the number of (k — 1)-marked parts in G(r)
equals the number of (k — 1)-marked parts in RG().

Proposition 3.5. [17, Proposition 3.3] Let 7 be an overpartition in By (o, ..., ax;n, k 7")
Assume that there are N parts marked with k — 1 in G(w), say, gi(mw) > gg( ) > >
gn(m), and there are M parts marked with k — 1 in RG(7), say, 71(mw) > Fo(m) > -+ >
Ty (m). Then N = M. Moveover, for each 1 < i < N, we have §;(w) € {7(7)}x_1 and
7i(m) € {Gi(m) tr—1, where {G;(m)}k—1 (resp. {7i(m)}r—1) is the (k — 1)-band of m induced
by gi(m) (resp. 74(m))

We conclude this subsection by stating the forward move and the backward move
based on the Gordon marking and the reverse Gordon marking of an overpartition in

Bi(ay,...,axn, k,r), respectively. For more details about them, please refer to Section
4.1 in [17].

Definition 3.6. [17, Definition 4.2] For N > 1, let m be an overpartition satisfying (1),
(2) and (3) in Definition 1.5. Assume that there are N parts marked with k—1 in RG(r),
say T (m) > To(mw) > -+ > 7Fy(m). For 1 < p < N, the forward move ¢, is defined as
follows: add n to each of 71(m), To(7), ..., 7p(7) and rearrange the parts in non-increasing
order to obtain a new overpartition, denoted ¢,(r).

When p = 0, the forward move ¢, is defined to be the identity map, that is, ¢,(7) = 7.

For example, let 7 be the overpartition defined in (3.4), whose reverse Gordon marking
is given in (3.5). Apply the forward move ¢3 to m, namely, add n = 10 to each of
71(m) = 70, 7o(7) = 51 and 73(m) = 41, and so we get

65(7) = (30,80, 80, 80, 70,69, 61, 60, 60, 55, 5T, 50, 49, 15, 39, 35,

29,20, 20, 20,11,10,9,5,1).

Definition 3.7. [17, Definition 4.4] For N > p > 1, let w be an overpartition satisfying
(1), (2) and (3) in Definition 1.5. Assume that there are N parts marked with k —
1 in G(w), denoted gi(w) > Go(w) > -+ > gn(w), for which §,(w) > n+ay. The
backward move 1, is defined as follows: subtract n from each of g1(w), go(w), ..., gp(w)
and rearrange the parts in non-increasing order to obtain a new overpartition, denoted

Yp(w).
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For example, let m be the overpartition in B;(1,5,9;10,5,4) given in (3.4), and let
w = ¢3(m). Then the Gordon marking of w is given by

{80}4 {61}4 {51}4
G(C&)) - (%17§047 803; 8027 %;7 @Qa 6_147 m:‘]; 601; %;7 g_147 503; El) 4_5;7 @la %27

2917%47 2037 2027ﬁ17\1_047 937 525 111)

N

{20}4 {10}4

There are five 4-marked parts in G(w), which are §;(w) = 80, ga(w) = 61, g3(w) = 51,
Js(w) = 20 and gs(w) = 10. The backward move 13 transforms w back to 7. That is, the

overpartition 7 can be obtained from w by subtracting n = 10 from each of §;(w) = 80,
a(w) = 6T and g(w) = 1.

3.4 The (k — 1)-addition and the (k — 1)-subtraction

Just as mentioned before, to build the bijection © in Theorem 3.2, we first aim to merge
some parts = oy (mod 1) in 6! and some parts = a, (mod 7) in 7 to generate some
non-overlined parts divisible by 1 (due to the fact that ay + ay = n). We find that the
(k — 1)-addition operation and the (k — 1)-subtraction operation introduced by Kim [19]
are capable of achieving this objective. Here we will adapt the (k — 1)-addition operation
and the (k — 1)-subtraction operation introduced by Kim [19] for ordinary partitions to

the setting of overpartitions in Cy(aa, ..., ax;n, k, 7).

To present the definitions of the (k — 1)-addition and the (k — 1)-subtraction, we will
define the non-degenerate (k — 1)-bands of an overpartition m € Ci(ag,...,ax;m, k,r) and
the non-degenerate parts of an overpartition m € Cy(ag, ..., ax;n, k, 7).

A (k —1)-band of 7 is called a non-degenerate (k — 1)-band if there are no parts = a,
(mod 7) in this (k — 1)-band.

To define the non-degenerate parts of an overpartition 7 € Cy(ay, ..., ax;n, k, 1), we
first need to define the non-degenerate (k — 1)-parts and the non-degenerate (r — 1)-part.
For an overpartition 7, we use f(0,7] to denote the number of parts of 7 less than or
equal to 7.

Let {mm+1to<i<k—2 be a non-degenerate (k — 1)-band of 7, namely,
Tm > Tm4-1 > > Tm4-k—25

where 7, < T4 1_2+n with strict inequality if 7, is overlined. Note that & > A, so there
is at least one non-overlined part in {7, }o<i<k—2. Let T4+ be the largest non-overlined
part in {mu4 fo<i<k—2- If Mgt > Tmger1, then we call 7,14 a non-degenerate (k — 1)-part

of .

If fz(0,n] =7 —1 and @, does not occur in , then there is at least one non-overlined
part n of m since r — 1 > A — 2. Assume that m, = n, if 7, > w1 and there are no
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(k — 1)-bands of 7 in (0,7 + ), then m; is called the non-degenerate (r — 1)-part of .
A part of 7 is called a non-degenerate part if it is either a non-degenerate (r — 1)-part of
7 or a non-degenerate (k — 1)-part of 7.

For example, let

[\
=
Sl
(@3
—
=
(]
~—

be the overpartition in C;(5,7;10,4,3), wheren =10, k =4, 7r =3, A=3, 01 =3, as = 5
and a3 = 7. Note that f,(0,10] = 2, there are no 3-bands of 7 in (0,17), and 7 does not
occur in 7. We see that w9 = 10 is the non-degenerate 2-part of 7.

For another example, we consider the following overpartition 7 in C,(5,7;10,4,3),
where n =10, k=4, r=3, A=3, a1 =3, s =5 and a3 = T.
T, T2, T3, T4, T5, Tg, T7, Tg, T9, Ti10, 711

A A A (3.7)

7= (50, 47, 40, 40, 30, 25, 20, 20, 10, 10, 7).

<—
<—

It is easy to check that there are three non-degenerate 3-bands of 7, which are {40, 40, 30},
{25,20,20} and {20,10,10}. Clearly, 74y = 40 and g = 20 are two non-degenerate 3-parts
of .

Here and in the sequel, we make the following assumption. Let m; be the i-th part of
the overpartition m = (my, 7o, ..., m). If m; is an overlined part = a;, (mod 7), then we
define a new part m; + oy as a non-overlined part of size |m;| + ;. If 7; is a non-overlined
part divisible by 7, then we define a new part m; — a;q as an overlined part of size |m;| — ;.

We will be concerned with the following two subsets of Cy(ay, ..., ax;n, k, 7).

e For 0 < p < N, let Ci(aa,...,ax;n, k,7|N,p) denote the set of overpartitions
in Cy(ag,...,ax;n, k,r) such that there are N parts marked with & — 1 in RG(n),
denoted 7 () > - -+ > (), satisfying one of the following conditions:

(1) f 0 < p < N, then there exists a part = a, (mod n) in the (kK — 1)-band
Tpi1(7) k1, denoted 7,.1(7), and there is no non-degenerate part of 7 less
p+ p+

than 7,1 (7);

(2) If p= N, then f(0,n] =7 —1, @, is a part of w, and 7y (7) > n when N > 1.

e For 0 < p < N, let Cy(ay,...,ax;n, k,7|N,p) denote the set of overpartitions 7 in
Ci(ag, ..., ax;m, k,r) subject to the following conditions:

(1) There exists a non-degenerate part of 7;
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(2) Let 7 be the overpartition obtained from 7 by subtracting a; from the smallest
non-degenerate part of w. Then there are N parts marked with £ — 1 in the
Gordon marking of 7, denoted §1(7) > - -+ > gn(7);

(3) If 0 < p < N, then there is no non-degenerate (r — 1)-part of 7 and p is the
largest integer such that g,(7) > m,, + 1, where m is the largest integer such
that {741 o<i<k—2 is a non-degenerate (k — 1)-band of ;

(4) If p = N, then there is a non-degenerate (r — 1)-part of 7.

For example, let m be an overpartition in C1(5,7;10,4,3), where n = 10, k = 4, r =
3, A=3, a1 =3, ap =5 and ag = 7. The reverse Gordon marking of 7 is given below.

{30} {IT}s {7}s
RG(W> = (m17 E27 g:Ola %2) 30;7 é_517 %2) ﬁ;, i_017 1027 7;) (38)

There are three parts marked with 3 in RG(w), which are 71(7) = 30, 72(7) = 17 and
73(m) = 7. For p = 1, we see that there is a part 17, which is congruent to 7 modulo 10,
in the 3-band {7,,1(7)}s = {251,20,, 173}, and so 7,11 (7) = 17. Furthermore, there is no
non-degenerate part of 7 less than 17. Hence, 7 € C3(5, 7; 10,4, 3|3, 1).

We consider the overpartition 7 defined in (3.6). Let 7 be the overpartition obtained
from 7 by subtracting 3 from the non-degenerate 2-part mp = 10. The Gordon marking
of T is given as follows.

G(ﬁ) - (m174_727 4037 401,%2,%172_03, 20271_51772751)-

There are two parts marked with 3 in G(7), which are §,(7) = 40 and go(T) = 20. So,
T € C10(5, 7, 10, 4, 3|2, 2)

For the overpartition 7 defined in (3.7), we know that mg = 20 is the smallest non-
degenerate part of 7, and so 7, = mg = 20. Let T be the overpartition obtained from 7
by subtracting 3 from the smallest non-degenerate part mg = 20. The Gordon marking of
7 is illustrated below.

G(7) = (50, 471, 403, 405, 301, 255, 205, 174, 105, 105, 71). (3.9)

There are three parts marked with 3 in G(7), which are g, (7) = 40, §2(7) = 25 and

gs(m) = 10. It is easy to check that §i(7) = 40 > m, + 7 = 30 > §(7) = 25. Hence,
T E 610(5, 7;10,4, 3|3, 1)

We can express the (k — 1)-addition introduced by Kim [19] in the context of overpar-
titions as follows.

Definition 3.8 (The (k — 1)-addition). For 0 < p < N, let m be an overpartition in
Ca(ag,...,axin, k,7|N,p) and let 71(7) > --- > Fn(w) be the (k — 1)-marked parts in
RG(m). The (k—1)-addition A,y yq,: ™ — T is defined as follows: First apply the forward
move ¢, to m, and then add oy to 5p+1(7r) to generate a mon-overlined part divisible by
n. Here, we assume that ;NH(W) = ). Rearrange the parts in non-increasing order to
obtain the overpartition T.
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For example, take the overpartition 7 in C3(5,7;10,4,3|3,1), whose reverse Gordon
marking is given in (3.8). Note that p = 1, we first change the part 7 (7) = 30 to
71(m) +n = 40 and then add a; = 3 to the part 7»(7) = 17 to get 20. So we obtain

)7

which is the overpartition defined in (3.7). Clearly, f-(0,10] = f:(0,10] = 2, |7| =
|7T’ +p7] + o1 = ‘71" + 13 and 7 S 010(57 77 107473‘37 1)

In light of Proposition 5.1 and Proposition 5.3 in [19], we deduce that the (k — 1)-
addition is a map from Cy(aq,...,ax;n, k,7|N,p) to C,(ag, ..., ax;n, k,7|N,p).

7 = Ay10.3(m) = (50,47, 40, 40, 30, 25, 20, 20, 10, 10,

~J|

Lemma 3.9. For 0 <p < N, let w be an overpartition in Ci(ag,...,ax;n, k,7|N,p) and
let 7 = Apyia,(m). Then 7 is an overpartition in C,(as,...,ax;n, k,7|N,p) such that
7| = |7 +pn + a.

In the context of overpartitions, the inverse map of the (k — 1)-addition (i.e., the
(k — 1)-subtraction) can be stated as follows.

Definition 3.10 (The (k — 1)-subtraction). For 0 < p < N, let 7 be an overpartition in
Cpla,...,ax;n, k,r|N,p). The (k — 1)-subtraction Spyia,: T — 7 is defined as follows:
First subtract oy from the smallest non-degenerate part of T to get 7, and then apply the
backward move 1, to T to obtain .

For example, let 7 be the overpartition which agrees with the one in (3.7). We know
that 7 € C10(5,7; 10,4, 3|3,1). We first subtract 3 from the smallest non-degenerate part
7 = 20 to obtain 7, whose Gordon marking is given in (3.9). Then we apply the backward
move ¢ to T to obtain 7, namely, replace ¢;(7) = 40 in 7 by 30 in 7. So we get

= = (50,47, 40,30, 30, 25,20, 17, 10, 10, 7).
whose revere Gordon marking is given in (3.8). From the proceeding example (3.8), we
see that m € C3(5,7;10,4,3|3,1).
By virtue of Proposition 5.2 and Proposition 5.3 in [19], we derive that the (k — 1)-
subtraction is a map from C,(az, ..., ax;n, k,r|N,p) to Cx(aa, ..., ax;n, k,7|N,p).

Lemma 3.11. For 0 < p < N, let 7 be an overpartition in Cplaz, ... ax;n, k,7|N,p)
and let m = Spyia, (m). Then m is an overpartition in Cx(awg, ..., ax;n, k,v|N,p) such that
7| = |7 —pn — .

Combining Lemma 3.9 and Lemma 3.11, we derive the following result.

Theorem 3.12. For 0 < p < N, the (k — 1)-addition A1, is a bijection between
Clag,...,ax;n, k,r|N,p) and C,(ag, ..., ax;n, k,7|N,p). Moreover, assume that m is an
overpartition in Cy(az, ..., ax;n,k,7|N,p), let T = Appya, (7). Then, we have f-(0,n] =
f=(0,m] and |7 = || + pn + on.
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We conclude this subsection with the following theorem, which shows that the (k —
1)-addition operation can be applied to an overpartition in Cy(aw,...,ax;n,k,7|N,p)
successively. It is worth mentioning that the following theorem can be obtained from
Proposition 5.6 in [19]. Here, we provide a detailed proof for completeness.

Theorem 3.13. For 0 < p < N, let © be an overpartition in Cx(a, ..., ax;n, k, 7| N, p)
and let T = Apyya, (7). Assume that there are N' parts marked with k—1 in RG(7). Then
forp' < N', 7 is also an overpartition in Cy(aw, ..., ax;n, k,v|N',p") if and only if p’ > p.

Proof. Since m € Cy(awa, ..., ax;n, k,7|N,p), there are N parts marked with k—1 in RG(),
denoted 71(m) > -+ > (7). Furthermore, there exists a part = ay (mod 1) in the
(k—1)-band {741 (7) }x—1, denoted 7,11 (7), and there is no non-degenerate part of m less

than 7, (7). Appealing to Theorem 3.12, we know that 7 € Cplag, ..., ax;n, k,r|N,p)
and 7,11(m) + o is the smallest non-degenerate part of 7.

We first show that if N’ > p’ > p, then 7 is in Cy(aa,...,cx;n, k,7|N',p’). Let
71(7) >+ -+ > 7n/(7) be the (k—1)-marked parts in RG(7). We are required to prove that
there exists a part = a, (mod 7)) in the (k —1)-band {7 11(7)}r—1 of 7, denoted Fpry1(7),
and there is no non-degenerate part of 7 less than 7,1(7). Note that 7,1 (7) 4+ a4 is the
smallest non-degenerate part of 7, it suffices to prove that the parts in the (k — 1)-band
{7y 41(7) }s_1 are less than 7,4, (7) + a;. To do this, under the assumption that p’ > p, it
is enough to verify that )

Fpi1(7) < Fppa(7) + a1 (3.10)

Suppose to the contrary that 7,41 (7) > 71 (1) + . By the definition of reverse Gordon
marking, we see that there is a (k — 1)-band of 7 in (7p4+1(7) + aq, 7p(7)).

Assume that 7(1) = ¢, (7). By virtue of (3) and (4) in Proposition 4.3 in [17], we know
that there are N parts marked with k—1 in G(7("), denoted g, (7)) > - -+ > gy (7)), and
Gp(m)) = 7,(m) +n. By Proposition 3.5, we find that there are also N parts marked with
k—1in RG(rW), denoted 7, (V) > - > Fx(7W), and g, (7)) —n < 7, (V) < g, (D).
So, we get 7,(1) < 7, (1) < 7,(7) + 7. Recall that 7 is obtained by replacing 7,1 (7) in
7 by 71 (1) + a1, 50 7y (1) = 7 (D). Tt yields

Tp(m) < 7p(1) < Tp(m) + 1. (3.11)

Under the condition that there is a (k —1)-band of 7 in (Fp1 () + 1, 7, (7)), We deduce
that there is a (k — 1)-band of 7 in (Fp4q1(7) + aq,7,(7) +1).

Let {7; 11 o<i<x_2 be a (k —1)-band of 7 in (7,1 (%) + a1, 7p(7) + 7). Recall that 7,(n)
in 7 is changed to 7,(7w) + n in 7, so ; < 7p(w). This implies that {7 }o<i<k—2 is a
(k — 1)-band of 7 in (7,11(7) + ay,7,(7)). From the construction of 7, we find that the
parts in the (k—1)-band {71, }o<i<k—2 of T are also parts of 7. It yields that {71, fo<i<k—2
is also a (k — 1)-band of 7 in (7,41 (7) + ay, 7,(7)), which leads to a contradiction. Hence,
we arrive at (3.10). This completes the proof of the sufficiency.

Conversely, assume that 7 is also an overpartition in Cy(ao, ..., ax;n, k,7|N’,p'), and
for p’ < N’, we intend to show that p’ > p. Suppose to the contrary that p’ < p.
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Given that 7 € Cy(ay,...,ax;n, k,r|N’,p'), then there exists a part = a,, (mod n) in
the (k— 1)-band {7, 41(7)}x_1 of 7, denoted 7,41 (7), and there is no non-degenerate part
of 7 less than 7, 1(7). Recall that 7,,,(7) 4 o is a non-degenerate part of 7, we have
Fp41(T) < Tpy1(m) +ay. Under the condition that 7y, (7) and 7,1 (7) are both congruent
to a modulo 1, we deduce that 7 1(7) < 7,41(7). Furthermore, from the construction
of T, we see that 7pe1(m) does not occur in 7. Tt yields 7 41(7) < 7py1(7) — 1. Since
Tpr1(m) — 1 < Tpir (), we get .

Tp41(T) < Fppr (7). (3.12)

On the other hand, appealing to (3.11), we get 7,(7) > 7,(7). Assume that 7,1 (7)
is the m-th part of m, that is, m,, = 741(m). Since {m,—i}o<i<k—2 is the (k — 1)-band of
7 induced by 7,.1(7), we could assume that 7, ; = 7ps1(7), where 0 < t < k —2. Tt
is easy to check that {7, _gio,..., Tm_t + a1,..., Ty} is a (k — 1)-band of 7. It follows
that 7,,1(7) > 7py1(m). Under the assumption that p’ < p, we get 7 1(7) > Fpiq (1) >
Tp1(T) > Tpi1(m), which is in contradiction to (3.12). Thus, we have shown p’ > p. This
completes the proof. |

3.5 The (k — 1)-insertion and the (k — 1)-separation

The main objective of this subsection is to recall the (k — 1)-insertion with a = «; defined
in [17], which can be viewed as an overpartition generalization of the (k — 1)-insertion in-
troduced by Kim [19]. Tt is worth mentioning that we could not apply the (k—1)-insertion
introduced by Kim [19] directly in the second step owing to the presence of certain parts,
such as tn < ) < & + oy in the overpartition belonging to By (ay, ..., ax;n, k7).

The (k — 1)-insertion with a = a; can be used to merge the remaining parts of 6(V)
(which are = a; (mod 7)) and the overpartition in Ci(aw, ..., ax;n,k,7) to generate cer-
tain overlined parts = a; (mod 7)), which results in an overpartition in By (ay, ..., ax;n, k, 7).
We first recall two subsets of By(ay, ..., ax;n, k,r) introduced in [17].

e For s > N >0, let 1_331(041, ...,ax;m, k, | N, s) denote the set of overpartitions 7 in
Bi(ay, ..., ax;n, k,r) satisfying
(1) There are N parts marked with £ — 1 in RG(7), denoted 74 (7) > -+ > 7n(7);

(2) Assume that p is the smallest integer satisfying 7,41(7) + 1 < (s —p)n+
with the convention that 7y 1(7) = —oo. Then the largest overlined part = oy
(mod 7) in 7 is less than (s — p)n + ay;

(3) If f-(0,n] =r—1and s =N > 1, then 7x(7) < 1;
(4) If s= N =0, then f,(0,n] <r—1.

e For s > N >0, let B2 (ay,...,ax;n, k,7|N, s) denote the set of overpartitions o in
Bi(aq,...,ax;n, k,r) subject to the following conditions:
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(1) There exists an overlined part = a; (mod 7) in o, and assume that the largest
overlined part = a; (mod 7n) in o is tn + a;

(2) Let 6 be the overpartition obtained by removing ¢n + «; from . Then there
are N parts marked with k — 1 in G(&), denoted ¢;(5) > -+ > gn(0);

(3) Assume that p is the smallest integer such that §,41(6) < tn+ a; with the
convention that gy,1(6) = —oo. Then s = p +t.

For example, let s = 6 and «; = 1 and let 7 be the overpartition in B;(1,5,9; 10, 5, 4)
with the reverse Gordon marking

There are five 4-marked parts 71(7) = 70, To(7) = 55, 73(7) = 40, 7y4(r) = 21
75(7) = 10 in RG(7). Then p = 3 is the smallest integer such that 31 = 7,41 (7) + 7 <
W

(s — p)n + a; = 31. Meanwhile, the largest overlined part = 1 (mod 10) in 7 is 21,
is less than (s — p)n + a; = 31. So 7 is an overpartition in Bi(l, 5,9;10,5,4|5,6).

For another example, let s = 6 and a; = 1 and let

o = (85,80, 80,80, 75,69, 65, 60, 60, 59, 50, 50, 49, 45, 40,

- (3.14)
9,35,31, 30,29, 25, 21,19, 15, 11, 10,9, 5)

be an overpartition in B;(1,5,9;10,5,4). The largest overlined part = 1 (mod 10) in o is
31, and so t = 3. Removing 31 from o, we get & with the Gordon marking

G(&) = (%27 8047 8037 8015%27@17%%@37 602,@1,%3, 504,@2,%1,@3,

(3.15)

There are five 4-marked parts §,(6) = 80, §2(6) = 65, g3(6) = 50, gs(6) = 30 and
gs(6) = 11 in G(6) and p = 3 is the smallest integer such that 30 = g,.1(6) < 31. Indeed,
9,

p +t = s holds. Thus, we conclude that ¢ is an overpartition in Bi(l, 9;10,5,4[5,6).

The following is the definition of the (k — 1)-insertion.

Definition 3.14. [17, Definition 4.9] For s > N > 0, assume that T is an overpartition
in le (o, ..., ax;m, k,r|N, s) with N parts marked with k —1 in RG(1), denoted 7 (1) >

- > Tn(T). Let p be the smallest integer such that 0 < p < N and (s —p)n+ oy >
Tp41(7)+n. The (k—1)-insertion I : T — o is defined as follows: first apply the forward
move ¢, to T to get 7', then insert (s — p)n + oy into ' as an overlined part of o.

For example, let 7 be the overpartition in Bi(l, 5,9;10,5,4/|5,6) whose reverse Gor-
don marking is given in (3.13). In this case, p = 3 is the smallest integer such that
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(s —p)n+ay =31 > 71 (1) +n = 31. Applying the forward move ¢3 to 7, we get

' = (85,80, 80, 80, 75, 69, 65, 60, 60, 59, 50, 50, 49, 45, 40,

9,35,30,29,25,21, 19, 15, 11, 10,9, ),

whose Gordon marking agrees with the one in (3.15). Inserting (s — p)n + «; = 31 into
7', we obtain o = I2'(7) as in (3.14). Clearly, |o| = |7| + 61.

We find that the (k — 1)-insertion I$" is a map from Eil(al, coann kTN, s) to
Ezl(ala <o QT k’,T’|N, 8)'

Lemma 3.15. [17, Lemma 4.11] For s > N > 0, assume that T is an overparti-
tion in le(al, oo k| Ny s) and let o = 12'(1). Then o is an overpartition in
B2 (aq,...,ax;n, k,r|N,s). Moreover, |o| = |7| + sn+ .

We now define the (k—1)-separation, which is the inverse map of the (k —1)-insertion.

Definition 3.16. [17, Definition 4.12] For s > N > 0, let o be an overpartition in
Bil(al, oo, k| N, s) with the largest overlined part = oy (mod 1) being tn + a;.
The (k — 1)-separation map J&: o — 7 is defined as follows: First remove tn+ ay from

o to produce 6, and then apply the backward move 1s_; to 6 to obtain 7.

The following lemma states that the (k—1)-separation is a map from B (g, ... an;m,
k,r|N,s) to le(al, cooann, kTN s).

Lemma 3.17. [17, Lemma 4.13] For s > N > 0, assume that o is an overparti-
tion in le(al,...,aA;n,k,HN, s) and let T = J* (o). Then T is an overpartition in
BZ'(an,...,ann, k,7|N, ). Moreover, 7| = |o| — s — a.

Based on Lemma 3.15 and Lemma 3.17, we reach the following consequence.

Theorem 3.18. [17, Theorem 4.10] For s > N > 0, the (k — 1)-insertion I is a
bijection between le(al, . ax;n, k,r|N,s) and B2 (ay, ..., ax;n, k, 7| N, s). Moreover,
form € BS' (an,...,ax;n, k,7|N,s), let o = I2(7), then we have |o| = |7| + sn + a;.

The following theorem gives a criterion to determine whether an overpartition in
ou,...,ax;m, k,7|N, s) is also an overpartition in le(al, oo kN’ 8'), which

BZ

involves the successive application of the (k — 1)-insertion operation.

Theorem 3.19. [17, Theorem 4.14] For s > N > 0, let o be an overpartition in
B2 (ay,...,axn, k,7|N,s). Assume that there are N' parts marked with k —1 in RG(0).
Then, o is also an overpartition in le(ozl, oo kNS if and only if 8 > s.
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3.6 Proof of Theorem 3.2

In this subsection, we will give a proof of Theorem 3.2 by successively applying the (k—1)-
addition and the (k — 1)-insertion. Before approaching the proof of Theorem 3.2, we first
prove the following theorem, which tells us that the (k — 1)-insertion can be applied to
the resulting overpartition obtained by applying the (k — 1)-addition.

Theorem 3.20. Let 7 be an overpartition in C,(aq, . . . ;s 1), k,r|N,N). Assume that
there are N' parts marked with k — 1 in RG(1). Then T € Bil(al, o ann k| N s) if
and only if s > N.

Proof. Let 7#(1) > -+ > 7n/(7) be the (k — 1)-marked parts in RG(7). By definition, we
see that N’ = N or N 4+ 1. Let T be the overpartition obtained from 7 by subtracting

a; from the non-degenerate (r — 1)-part n of 7 and let 7(7) > --- > 7n(7) be the
(k — 1)-marked parts in RG(T).

We proceed to show that if s > N, then 7 € le(al,...,a,\;n,k‘,r|N’,s). Recall
that N' = N or N + 1, then we have s > N + 1 > N’. Assume that p is the smallest
integer such that 0 < p < N’ and 7p41(7) + 1 < (N’ — p)n + 1. Note that there are no
overlined parts = oy (mod 7) in 7, so the overlined parts = a; (mod 7) in 7 are less than
(N'=p)n+ o

Since 7 € Cp(aa, ... ,ax;n, k,7|N,N), we have f.(0,n7] = — 1. If s = N’, then we
have N’ = N + 1 > 1. Note that there are N parts marked with £ — 1 in RG(T), we see
that 7x/(7) = Fa1(7) < 1. Hence we arrive at 7 € BL' (ay, ..., ax;n, k,7|N’,s). This
completes the proof of the sufficiency.

Conversely, assume that 7 € le(al,...,a)\;n,k,r|N’,s), where s > N’. We in-
tend to prove that s > N. Suppose to the contrary that s = N’ = N. In this case,
T € le(al,...,a,\;n,k,ﬂN, N). Tt follows from 7 € C,(aq,...,ax;n,k,7|N,N) that
f-(0,n] = r — 1. By the definition of Ezl(al, ooann kr|N,N), we get s = N > 1
and Fy(7) < n. But, again by 7 € C,(ag,...,ax;n,k,7|N,N), we see that there are
no (k — 1)-bands of 7 in (0,7 + ), which implies that 7y/(7) > 1. Moreover, we have
7n(T) = Tn(T) > n, which leads to a contradiction. Thus, we have shown s > N. This
completes the proof. |

We are now in a position to prove the main result of this paper.

Proof of Theorem 3.2: Let 7 be an overpartition in B (s, ..., ax_1;n,k—1,7—1) and
let 61 be a partition with distinct parts = a; (mod 7) and let §* be a partition with
distinct parts = a, (mod 7). We wish to construct an overpartition 7 = ©(5®", M 1)
in Bi(au,...,ax;n,k,7) such that |7| = |7| + [6M] + [0

We first insert the parts of 6 as overlined parts into 7, and denote the resulting
overpartition by 7(®). Evidently, 7(®) is an overpartition in Ci(ag,...,ax;n, k,r) such
that

7O = |x| + |6WV]. (3.16)
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Moreover, there is a part = a,, (mod n) in each (k — 1)-band of 7(9, and @y, is a part of
7 when f,©(0,n] = r — 1. This implies that there is no non-degenerate part of 7(%. To
construct 7 = O(5M 6N, 1), we consider the following two cases.

Case 1: 6 = 0. Set 7 = 7(©. Obviously, 7 € By(ay,...,ax;n,k,r) and |7| = || +
|6+ [6W].

Case 2: 6 £ (. Set 6 = (qun + a1, ..., qmn + 1), where ¢; > --- > g, > 0. We plan
to merge ¢mn + a1, ...,qn + a; into 7 by performing the (k — 1)-addition operation
and the (k — 1)-insertion operation successively. The method consists of three steps, and
we will indicate the resulting pairs as (Step,;(6("), Step,(7(?))) after the i-th step, where
i=1,2,3.

Step 1: We first merge some parts of () from smallest to largest into 7(°) by succes-
sively applying the (k — 1)-addition operation. We denote the intermediate overpartitions
by 7@, 71 and so on. Assume that there are N(7(?) parts marked with k—1 in RG(7®)
for i > 0. If ¢,, < N(7(?), note that there is no non-degenerate part of 7(%), then we have

’7T(0) € E)\(OQ: <, T, k7T|N(7T(O)>7 qm)

Set b = 0 and repeat the following procedure until g,,_, > N(7®).
(A) Apply the (k — 1)-addition A,, ,,1a, to 7 to get 70+ that is,

7T(b+1) = AQm—bn+a1 (ﬂ-(b))'

Since

W(b) S CA(OQ; s QT k? T|N<7T(b))7 Qm—b)a
by Lemma 3.9, we see that
7T(b+1) € Eﬁ(a27 o, g, kv T|N(7r(b))ﬂ QTI’L—b) (317)

and

b+1)‘

7] = 7] + gy + . (3.18)

(B) Replace b by b+ 1. If gy > N(7®), then we are done. If g,,_, < N(7®), then
by Gm_b > ¢n_ps1, we deduce from Theorem 3.13 that

W(b) € EA(Q% s GG, kj7r|N(7T(b))> Qm—b)'
Go back to (A).

It is clear that the above procedure terminates after at most m iterations. Assume
that the above process terminates with b = m — j, that is, ¢; > N (7(m=9). Set

Stepl(ﬂ(o)) = 7(m=9)  and Stepl(d(l)) =(qn+a1,...,qm+ ay).
By (3.17) and (3.18), we deduce that
Stepl(ﬂ-(O)) € E?](C‘Qa cee, Q0T k? T‘N(ﬂ-(mijil))’ Qj+1)
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and
Step, (7 )] = |7 + (gmn + 1) + - - - + (gj31m + a1). (3.19)

Step 2: Set 0 = Step, (7(?)) = 7(™=) and assume that there are N(co) parts marked
with k — 1 in RG(0). Recall that ¢; > N(7(™9), that is ¢; > N(o). We consider the
following two cases:

Case 1: ¢ = N(o)and o € Cy(a, ..., ax;n, k,7|q;, q;). Then apply the (k—1)-addition
Aginta, to merge g;n + a; into o. In this case, set

Step, (7(?) = Agintar(0) and Step,(60M) = (g + au, ..., g1 + o). (3.20)

By Lemma 3.9, we see that

Step2(7r(0)) €Cplag,...,ax;n, k,rlgj, q;) (3.21)

and
IStep,(r'?)| = |o| + ¢;m + a1 = |Step, (7)) + ¢;n + au. (3.22)

Case 2: Otherwise, set
Stepy (1) = ¢ and  Stepy(6W) = (qun + a1, ..., q;m + a1). (3.23)

Go to Step 3 directly.

Step 3: Set ¢ = Step,(7(?), and assume that there are N(s) parts marked with & — 1
in RG(s). From (3.20) and (3.23), we see that

Step,(61) = (g + an, .-, gen + an),
where ¢ = j if ¢ = 0, or ¢ = j —1if ¢ # 0. We next intend to merge ¢.n +
aq,...,q1n + aq into ¢ by successively applying the (k — 1)-insertion operation. To ap-
ply the (kK — 1)-insertion I to ¢, we are required to show that ¢ is an overpartition in
le(al, ooy, kyr|N(S), g.). There are two cases.

Case 1: ¢ = j— 1. By (3.21), we see that ¢ G_a,(ozg,...,oz,\;n,k,r|qj,qj). Since
¢j—1 > q;, then by Theorem 3.20, we deduce that ¢ € Bil(al, oo,k TIN(S), gj-1)-

Case 2: ¢ = j. In this case, we have ¢ = 0 = 7(™7) and ¢; > N(z(™)) = N(q).
Let 71(s) > --+ > T (<) be the (k — 1)-marked parts in RG(s). Assume that p is the
smallest integer such that 0 < p < N(¢) and 7p11(s) + 1 < (¢; — p)n + a;. It is easy to

see that such p exists since (g; — N())n+ a1 > 0 > Fy(41(s) + 1 with the convention
that 7n()+1(s) = —oo. Note that there are no overlined parts = a; (mod 7) in ¢, so the

largest overlined part = oy (mod 7) in < is less than (¢; — p)n + a4.

To show that ¢ € BZ (v, ..., ax; 1, k, 7| N(s), ¢;), it remains to show that if ¢; = N(c)
and fo(0,n] =r — 1, then ¢; > 1 and 7y(;)(c) < 7. Assume that ¢; = N(s) and f.(0,n] =
r — 1. We consider the following two subcases.
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Subcase 2.1: @y is a part of ¢. Since ¢; = N(s) and ¢ ¢ Ca(ag, ..., ax;m, k,7|N(s), N(s)),
by the definition of Cy(aw, ..., ax;n, k, 7| N, p), we deduce that N(s) > 1. Moreover, under
the condition that f.(0,7] =7 — 1, we derive that 7x)(s) < n.

Subcase 2.2: @, is not a part of ¢. In this case, we have j < m. By Theorem 3.12,
we see that f.0)(0,n7] = f,0)(0,n] =+ = frm-9(0,n] = f(0,n] = r — 1. It yields that
@ is a part of 7(%. Under the assumption that @, is not a part of ¢, we find that 7 is a
non-degenerate (k — 1)-part of ¢, and so N(s) > 1. Appealing to (3.10) in the proof of
Theorem 3.13, we obtain that 7y (s) < 7.

Overall, we arrive at
S & E:l (ala <o Q5T k7 T‘N(§)7 QC>

We proceed to merge q.n + a1,...,qn + a1 into ¢ by successively applying the (k — 1)-
insertion. Denote the intermediate overpartitions by ¢, ... ¢ with ¢ = ¢ and ¢(© =
Steps (7). Assume that there are N(¢() parts marked with & — 1 in RG(s®), where
0<i<e

Set b = 0 and repeat the following procedure until b = c.
(A) Merge g._yn + ) into ¢ to generate an overlined part = a; (mod 7). More
precisely, applying the (k — 1)-insertion I3~ to ¢® we get

§(b+1) — J™ (g(b))'

dc—b

By Lemma 3.15, we see that
g(b+1) € le (ah <oy QNG kv T|N(g(b))7 qc—b)

and
IS = 16O + ge_pn + .

(B) Replace b by b+ 1. If b = ¢, then we are done. If b < ¢, then by q.—p > qe—py1, We
conclude from Theorem 3.19 that

— a1

< e BX (s ansn k[N (S®), ges).
Go back to (A).
The above procedure generates an overpartition Step,(7(®) = ¢(®) such that
Step3<7r(0)> € le (ala < GG, ka r’N(g(c_l))v Ch)

and

|Step, ()| = [Stepy (1) + (gen + 1) + -+ + (@ + ). (3.24)
Set 7 = Step,(7(® ). From the construction of the (k—1)-insertion, it can be seen that 7 is
an overpartition in By (a, . . ., ax; n, k, r) with ¢ overlined parts = oy (mod 7). Taking into
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account (3.16), (3.19), (3.22), along with (3.24), we can deduce that |7| = |64+ |6V |+ 7).
Iherefore, © is the desired map from D,, X D,, X Bi(ag,...,ax_1;n,k — 1,7 — 1) to
Bi(aq,...,ax;m, k).

To prove that © is a bijection, we shall give the description of the inverse map T of
O. Let 7 be an overpartition in B (o, ..., ax;n, k,7). We shall construct a triple T(7) =
(6W 6V 1) € Dy, X Da, XBi(ag, ..., ax_1;1m,k—1,7—1) such that |7| = |7|+[6M [+ |6M].
There are two cases.

Case 1: If there are no overlined parts = «; (mod 7) in 7 and there are no non-
degenerate parts of 7, then set 6) = (), set ) to be the ordinary partition consisting of
all the parts = a;, (mod 7) in 7, and set 7 to be the overpartition consisting of all the parts
# ay (mod 7)) in 7. Clearly, m € By(ag, ..., ax_1;1,k—1,7—1) and |7| = |7|+[0D[+]6W)].

Case 2: If there are overlined parts = a; (mod 1) in 7 or there are non-degenerate
parts of 7, then we iteratively apply the (k — 1)-separation and the (k — 1)-subtraction
to 7. There are three steps. We denote the resulting pairs by (Step;(6(1)), Step;(7)) after
the Step i, where 1 = 1,2, 3.

Step 1: Assume that there are ¢ > 0 overlined parts = a; (mod 7) in 7. We eliminate
the ¢ overlined parts = «; (mod 7) from 7 by successively applying the (k — 1)-separation
operation. Denote the intermediate pairs by (v, 7)), ... (v, 7)) with (4@, 7)) =
(0, 7). There are two cases.

Case 1: ¢=10. Set 9 = () and 79 = 7.

Case 2: ¢ > 1. Assume that ntg + a3 > --- > nt._1 + oy are the overlined parts = o
(mod 7) in 7.

Set b = 0 and execute the following procedure. Assume that there are N (7)) parts
marked with k — 1 in RG(7%), where 0 < i < c.

(A) Let 7® be the overpartition obtained from 7 by removing nf, + a;. Assume that
there are N (7)) parts marked with k—1 in G(7()), denoted g, (7)) > -+ > Gy o0y (7?),
and p, is the smallest integer such that g,,+1(7%) < nf, + a1. Let s = p, +t,. By
definition,

7@ e B2 (ay, ..., ax;n, k,r|N(F®), s®).

Apply the (k — 1)-separation J%;, to 7® to get 7Y that is,
7O+t — Jsa(i) (T(b)).
By means of Lemma 3.17, we find that N(%(b)) = N(T(b+1))’
—a

T(b+1) € B< (ala cee, QNG k:7T|N<T(b+1))a S(b))7

and
0] = [0 (s + ),

Then insert s®)n + o into ) to obtain v+b.
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(B) Replace b by b+ 1. If b = ¢, then we are done. Otherwise, go back to (A).
Set

Step, (1) = 7¢ and Stepl(é(l)) =~ = (5O +aq,...,s“ D4 o).
From the above construction, we see that
Step, (1) € le(al, o axn, k| N(T©@), se7D) (3.25)

and
7| = |Step, (7)| + [Step, (M)]. (3.26)

Observe that for 0 < b < ¢, there are c—b overlined parts = «; (mod 7) in 7, Moreover,
there are no overlined parts = a; (mod 7) in Step,(7) = 7(9, so we deduce that

Stepl(T) S Cl(a27 s QT k? T)‘
Theorem 3.19 reveals that for 0 < b <c—1,

S(b) > S(bJrl) > N(%(lﬂrl)) _ N(T(b+2))

?

that is,
s > s > o5 5l > N(7(@), (3.27)
Step 2: Set ¢ = Step;(7). We consider the following two cases.

Case 1: There is no non-degenerate (r — 1)-part of ¢. Then set Step,(7) = Step,(7)
and Step,(6M) = Step, (6M).

Case 2: There is a non-degenerate (r—1)-part of . Let < be the overpartition obtained

by subtracting oy from the non-degenerate (r — 1)-part of ¢. Assume that there are N(3)

parts marked with & — 1 in G(5). Using the definition of C,(ay,...,ax;n, k,7|N,p), we
find that

s €Cplaa,...,axn,k,r|N®),N()). (3.28)

Apply the (k — 1)-subtraction Sy (z),+a, to ¢ to obtain Step,(7). More precisely,
Stepy(T) = Sn@p+as (S)-

Set
Step2(5(1)) = (8(0)77 +aaq,. .., 8(6_1)77 + a1, NC)n+ aq).

It follows from Lemma 3.11 that
StePQ(T) S EA(&27 cee, QN k> T‘N(€)7 N<§>)

and
Step,(7)| = [s| = (N(S)n + o) = [Stepy (7)] = (N(©)n + an). (3.29)
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Moreover, there is no non-degenerate (r — 1)-part of Stepy (7).

Combining (3.25) and (3.28), and by Theorem 3.20, we derive that if ¢ > 1, then

s > N(3). (3.30)

Step 3: We proceed to eliminate the non-degenerate (k — 1)-parts of Step,(7). There
are two cases.

Case 1: There are no non-degenerate (k — 1)-parts of Stepy(7). Then set Step,(§(V)) =
Step,(6V) and Step;(7) = Stepy (7).

Case 2: There are certain non-degenerate (k—1)-parts of Step,(7). Denote the interme-
diate pairs by (¢, 0®), (¢W,¢M), and so on, with (¢(?, ) = (Step,(§1")), Step,(7)).

Set b = 0 and carry out the following procedure.

(A) Let 3® be the overpartition obtained by subtracting a; from the smallest non-
degenerate (k — 1)-part of o®. Assume that there are N(@®)) parts marked with & — 1
in G(@"), denoted §,(@®) > --- > §N(E(b))(6(b)). Let m;, be the largest integer such that

{U,ﬁsz_’_l}oslgk_Q is a non-degenerate (k — 1)-band of o®. Set p® to be the smallest integer

such that g,e) (@) < 07(72,)7 + 1. By definition, we see that

O(b) € CU(O‘% - GG, ka T|N(6(b))7p(b))
Applylﬂg the (l{} - 1)—Subtraction Sp(b)nJral to O'(b), we get

b+1) __
O'( ) == Sp(b)nJral

(™).
It follows from Lemma 3.11 that
U(b+1) S C)x(a% <, QX3 k) T|N(5(b))7p(b))

and
oD = 0] = (¥ + a).

Then insert p®n + o, into (®) to generate a new partition ¢(+1.

(B) Replace b by b+ 1. If there are no non-degenerate (k — 1)-parts of (%), then we
are done. Otherwise, go back to (A).

Assume that the above procedure terminates with b = j, set Steps(7) = o) and
Steps(6M) = ¢, More precisely, if Step, (6(1)) = Step,(6")), then

Stepy(61) = (s + a1, ..., s I+ a,pOn+ar, ..., pi Uy + o).
If Step, (61) # Stepy(6™), then
Step;(6M) = (sOn+ay,...,s“ In+a, N@n+a,pOn+ay,....pV n+ap).
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By Theorem 3.13, we see that for 0 < b < j —1,
p(b+1) < p(b) < N(E(b))

It implies that
NE) > N@Y) > p@ > ph > ... > pbi=h, (3.31)

Set 6 = Step;(6™). Combining (3.27), (3.30) and (3.31), we conclude that 6 is a
partition with distinct parts = a; (mod 7).

From the above construction, it is easy to see that
[Steps(7)| = [Stepy ()] = (01 + 1) — - = (Y + ). (3.32)

Moreover, there are no non-degenerate parts of Steps(7). It means that there is a part
= a, (mod 7) in each (k —1)-band of Steps(7). If fstep,(r)(0,n] = r —1, then @y is a part
of Step,(7).

Let 6 be the ordinary partition consisting of all the parts = o, (mod 7) in Step,(7)
and let m be the overpartition obtained by removing all the parts = «, (mod 7) in
Steps(7). It is easy to see that §® € D, . Since there are no non-degenerate part-
s of Steps(7) and there are no parts = a, (mod 1) in 7, we could deduce that = €
Bi(ag,...,ax_1;n,k — 1,7 —1). Combining (3.26), (3.29) and (3.32), it is easy to check
that |7] = |7| + [6W]| + |6M|. Thus, we complete the proof. |

4 Example

We provide an example for the illustration of the bijection © in Theorem 3.2.

An example for the map © and its inverse map YT: Assume that k = 6, r = 4,
AN=4,1n7=10,a; =1, ap = 4, a3 = 6 and ay = 9. Let 6) = (61,51,31,21,1)
and 6% = (49, 39,29, 19,9) and let 7 = (50, 50, 50, 36, 34, 30, 30, 26, 24, 20, 10, 10, 6) be an
overpartition in By (4, 6; 10,5, 3).

We unite 7 and 6 to obtain 7(?), whose reverse Gordon marking is given below.

Ehm% 103791764)-

We see that 7(9) is an overpartition in C,(4,6,9; 10,6,4) and there are no non-degenerate
parts of 7(?. We wish to merge the parts of 50 into 7(%.

Step 1: Note that N (71'(0))_: 1, so we could apply the 5-addition to merge 1 into 7(?).
It is easy to check that 7(® € C,(4,6,9;10,6,4[1,0).
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Apply the 5-addition A; to 7(© to get #(1), namely, change 39 to 40.
405 295
RG (7 WY =(50,, 504, 503, 404, 405, 361, 34s, 303, 304, 205, 261, 245, 20s,
194,104,105, 93, 64).

By Lemma 3.9, we see that 71 € C14(4,6,9; 10,6, 4[1,0).

Note that N(7™) = 2, so the first step terminates and set Step,(7(®) = 7 and
Step, (6V) = (61, 51, 31, 21).

Step 2: Denote Step, (7(?)) by 0. There are two parts marked with 5 in RG(c), which
are 71(0) = 40 and 72(0) = 29. Moreover, f,(0,10] = 3, 75(0) =29 > 10 and 9 is a part
of 0. So 0 € C4(4,6,9;10,6,4|2,2).

Apply the 5-addition Ay to o to get Stepy(7(®), namely, first change 29 and 40 in o
to 39 and 50 respectively and then change 9 in o to 10. We get

RG(Stepy (7)) =(504, 504, 503, 504, 495, 391, 365, 345, 304, 305, 261, 245,
203,194, 105, 104, 105, 63).

Set Step,(61)) = (61,51, 31).

Step 3: Denote Step,(7(?)) by ¢, we will apply the 5-insertion to merge 61, 51 and 31
of 61 into ¢ successively to generate some overlined parts = 1 (mod 10). Let ¢ = .

e Merge 31 into ¢(¥ and set s = 3. There are three parts marked with 5 in RG(g(O)),
which are 7 (s(®) = 49, 7,5(c®) = 30 and 75(s(?) = 10. In this occasion, p = 3 is
the smallest integer such that (3 —p)-10+1=1> fp+1( )+ 10 = —oo and there
are no overlined parts = 1 (mod 10) in ¢(®). Hence ¢ ¢ B! (1,4,6,9;10,6,4(3,3).
Apply the 5-insertion I} to ¢ to get ¢(V). More precisely, note that p = 3, so we
first change 49, 30 and 10 to 59, 40 and 20 respectively and then insert 1 into the
resulting overpartition.

RG(sM) =(59;, 504, 503, 504, 505, 401, 395, 363, 344, 305, 261, 245,
203, 204, 105, 104, 104, 63, 14).

As asserted by Lemma 3.15, we have ¢(V) € B! _(1,4,6,9;10,6,4|3, 3).

e Merge 51 into ¢(Y) and set s = 5. There are three parts marked with 5 in RG(¢V),
which are 71 (¢(V) = 50, 7»(¢")) = 30 and 73(¢(V)) = 19. Moreover, p = 1 is the small-
est integer such that (5 p)-10+1 =41 > 7,.1(sM) + 10 = 40. Given that ¢(V) €
BL(1,4,6,9;10,6,4|3,3). Theorem 3.19 indicates that <1 € BL(1,4,6,9;10,6,4|3,5).
Apply the 5-insertion I} to ¢ to get ¢(). More precisely, note that p = 1, so we
first change 50 to 60 and then insert 41 into the resulting overpartition.

RG(s®) =(60,, 595, 503, 504, 505, 411, 405, 303, 364, 345, 30+, 262, 245,
201, 204, 195, 105, 105, 61, 14).
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Again, by Lemma 3.15, we have ¢® € B.(1,4,6,9; 10,6, 43, 5).

e Merge 61 into ¢® and set s = 6. There are three parts marked with 5 in RG(s?),
which are 71 (¢?) = 50, 75(¢®) = 34 and 73(s®) = 19. It is easy to check that
p = 0 is the smallest integer such that (6 — p) - 10 + 1 = 61 > 7,,1(<¥) + 10 = 60.
Knowing that ¢® € Bi(l,4,6,9; 10,6,4|3,5), Theorem 3.19 indicates that ¢® ¢
B.(1,4,6,9;10,6,43,6).

Apply the 5-insertion I} to ¢? to get ¢®), namely, insert 61 as a part into ¢,

078 D70 O O, (4.1)
205, 204, 195, 10y, 103, 62, L)

Moreover, set Steps(7(®) = ¢ and Step;(6M) = 0.

Set 7 = Steps(7(®?). Clearly, 7 is an overpartition in B;(1,4,6,9;10,6,4) such that
7| = [m| + [0 + [6)].

The inverse map T: Conversely, let 7 be an overpartition in B(1,4, 6,9; 10, 6,4) whose
reverse Gordon marking given by (4.1). The triple (61, 6 1) can be obtained by itera-
tively using the 5-separation and the 5-subtraction.

Step 1: Note that there are three overlined parts = 1 (mod 10) in 7. Let v =0
and 7 = 7. We will iteratively use the 5-separation to eliminate 61, 41 and 1 from 7.

e Eliminate 61 from 79 and set ¢, = 6.

Let 7 be the overpartition obtained from 7(® by removing 61, which has the
Gordon marking

2057 202)1_917]-_047 103762)T1)‘

There are three parts marked with 5 in G(#(?)), which are g, (7(?) = 60, §o(7) = 40
and §3(7(?) = 20. Moreover, py = 0 is the smallest integer such that o - 10 + 1 =
61 > Gpor1(F@) = 60. Set s = py +to = 6. Then 7@ € B2(1,4,6,9;10,6,43,6).

We then apply the 5-separation J} to 7(%). In other words, () is obtained from 7
by removing 61, which means that 70! = 7% and v(!) = (61). Appealing to Lemma
3.17, we deduce that 7)) € Bi(1,4, 6,9;10,6,4|3,6).

e Eliminate 41 from 7 and set t; = 4.

Let 7(V be the overpartition obtained from 7(!) by removing 41. We have

2057 20271_91am47 1037627T1)-
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There are three parts marked with 5 in G(#W1)), which are §, (V) = 60, go(71)) = 40
and §3(#() = 20. Now, p; = 1 is the smallest integer such that #; - 10 + I = 41 >
o 41 (M) = 40. Set s = p; +t; = 5 and we get 7V € BL(1,4,6,9;10,6,4|3, 5).
Clearly, s > s(I_in agreement with Theorem 3.19.

Apply the 5-separation J3 to 7Y to get 7). We first remove 41 from 7(!) to get
7 and then change 60 in 7 to 50 to obtain 7(?). Finally, we insert 51 into v
to obtain y?). Hence v = (61, 51), and

2057 20271_917m47 1037627T1>-

We now have 73 ¢ Bi(l, 4,6,9;10,6,4|3,5), as expected by Lemma 3.17.

Finally, eliminate 1 from 73 and set t, = 0.

Let 7(® be the overpartition obtained from 7 by removing 1, so that

2057 20471_917m37 102761)-

There are three parts marked with 5 in G(#)), which are §,(#®) = 59, §,(#?) = 40
and §3(7®)) = 20. Meanwhile, p, = 3 is the smallest integer such that #, - 10 + 1 =
T> Gpye1(7@) = —00. Set 5@ = py +t, = 3. Then 7@ € B_(1,4,6,9;10,6,43,3).
In accordance with Theorem 3.19, we have s > s2).

Apply the 5-separation Ji to 7). We first remove 1 from 7() to get 7). Next, we
change 59, 40 and 20 in 7® to 49, 30 and 10 respectively to obtain 7(3). Finally, we
insert 31 into 7 to obtain ). Hence v = (61,51, 31), and

2057E171_047 1037 102761)~
Using Lemma 3.17, we have 7)€ Ei(l,él, 6,9;10,6,4/3,3).

Set Step, (1) = 7 and Step, (6V)) = 4® = (61, 51,31). There are no overlined parts

=1 (mod 10) in 7. The fact that Step,(6()) is a partition with distinct parts reflects
the claim of Theorem 3.19.

Step 2: Denote Step,(7) by ¢. Since f.(0,10] = 3, there are no 5-bands of ¢ in (0, 19)

and 9 is not a part of ¢, we see that there is a non-degenerate 3-part of ¢. We will apply
the 5-subtraction to ¢ to obtain an overpartition in C1(4,6,9;10,6,4) so that there is no
non-degenerate 3-part.

To this end, we first subtract 1 from a 10 in ¢ to obtain 5. We get

2027E171_O47 103792761)'

34



There are two 5-marked parts in G(<), which are ¢;(<) = 50 and g»(S) = 39. Hence
s € C10(4,6,9;10,6,4/2,2). Next, we change 50 and 39 in < to 40 and 29 respectively to
obtain Step, (7).

G(StGPQ(T)) :(5057 5047 5037E27 4017%473_437%27 30572_9172_647ﬂ37
202,@1,@4, 103a§2761)'

Set Step,(0™)) = (61, 51,31, 21).

Step 3: Denote Step,(7) by 0. We will iteratively apply the 5-subtraction to o to
obtain an overpartition in C;(4,6,9;10,6,4) so that there is no non-degenerate 5-part.

The smallest non-degenerate part of ¢ is 40 in the 5-band {40, 36, 34, 30, 30}. We first
subtract 1 from 40 in ¢ to get . We get

04, 505, 902, 491, (4.2)
1917 1047 1037 927 61)

There is one part marked with 5 in G(), which is §,(7) = 30. Moreover p = 0 is the
smallest integer such that g,+1(7) = 30 < 50 = 40+10. Hence ¢ € C19(4,6,9; 10,6, 4|1, 0).

We then apply the 5-subtraction S; to o to get o). Then ¢! is obtain from o by
subtracting 1 from 40 in 0. Set ¢ = (61,51,31,21,1). Note that there is no non-
degenerate 5-part of ¢, so we set Steps;(6(V)) = ¢ and Steps(7) = o), where the
Gordon marking of Steps(7) is given in (4.2).

Set
6 = Stepy (™M) = (61,51,31,21,1),

and set

oW =(49,39,29,19,9) and = = (50,50, 50, 36, 34, 30, 30, 26, 24, 20, 10, 10, 6),

where 5@ consists of all the parts =9 (mod 10) in Steps (7).
Obviously, 61 = (61,51,31,21,1) € Dy, 6% = (49,39,29,19,9) € Dy and  is an
overpartition in Bj(4, 6; 10, 5,3) such that |7| = |61 + |6#| + |x|.
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