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Abstract. Lovejoy and Osburn proved formulas for the generating functions for the
rank differences of overpartitions modulo 3 and 5. In this paper, we derive formulas
for the generating functions for the rank differences of overpartitions modulo 6 and 10.
With these generating functions, we obtain some equalities and inequalities on ranks of
overpartitions modulo 6 and 10. We also relate these generating functions to the third
order mock theta functions w(q) and p(q) and the tenth order mock theta functions ¢(q)

and 4(q).
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1 Introduction

The rank of a partition introduced by Dyson [11] as the largest part of the partition
minus the number of parts. Dyson [11] conjectured that this partition statistic provided
combinatorial interpretations of Ramanujan’s congruences p(5n +4) = 0 (mod 5) and
p(Tn +5) =0 (mod 7), where p(n) is the number of partitions of n. More precisely, let
N(m,n) denote the number of partitions of n with rank m and let N(s,¢,n) denote the
number of partitions of n with rank congruent to s modulo ¢. Dyson conjectured
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N (k5,50 +4) :%, 0< k<4, (1.1)
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N(k,7,7n +5) :w, 0<k<6 (1.2)

These two assertions were confirmed by Atkin and Swinnerton-Dyer [5]. In fact, they
established generating functions for every rank difference N(s, ¢, ¢n +d) — N(t, ¢, {n + d)
with £ = 5 or 7 and for 0 < d,s,t < ¢, many of which are in terms of infinite products
and generalized Lambert series. Although Dyson’s rank fails to explain Ramanujan’s



congruence p(1ln + 6) = 0 (mod 11) combinatorially, the generating functions for the
rank differences N(s,¢,{n + d) — N(t,¢,¢n + d) with ¢ = 11 have also been determined
by Atkin and Hussain [4]. Since then, the rank differences of partitions modulo other
numbers have been extensively studied, see, for example, Lewis established the rank
differences of partitions modulo 2 in [20] and the rank differences of partitions modulo 9
in [19]. Santa-Gadea [29] obtained other rank differences of partitions modulo 9 and some
rank differences of partitions modulo 12. Recently, Mao [25] established the generating
functions for the rank differences of partitions modulo 10.

Dyson’s rank can be extended to overpartitions in the obvious way. Recall that an
overpartition [10] is a partition in which the first occurrence of a part may be overlined.
The rank of an overpartition is defined to be the largest part of an overpartition minus
its number of parts. Similarly, let N (m,n) denote the number of overpartitions of n with
rank m, and let N (s, ¢, n) denote the number of overpartitions of n with rank congruent
to s modulo £. Lovejoy [21] obtained the following generating function for N(m,n),
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Analogous to the rank of a partition, Lovejoy and Osburn [22] studied the rank dif-
ferences N(s,¢,¢n +d) — N(t,{,¢n + d) with £ = 3 or 5 for 0 < d,s,t < £. The rank
differences with ¢ = 7 have been recently determined by Jennings-Shaffer [18]. Tt has
been shown in [9] that there are no congruences of the form p(¢n + d) = 0 (mod ¢) for
primes ¢ > 3. The generating functions for these rank differences provide a measure of
the extent to which the rank fails to produce a congruence p(¢fn+d) =0 (mod ¢). On the
other hand, as remarked by Jennings-Shaffer in [18], determining these three difference
formulas is equivalent to determining the 3-dissection of R(exp(2im/3); ), the 5-dissection
of R(exp(2in/5);q) and the 7-dissection of R(exp(2i7/7);q).

In this paper, we will establish the generating functions for the rank differences of over-
partitions modulo 6 and 10. To do so, we will consider the 3-dissection of R(exp(im/3);q)
and the 5-dissection of R(exp(im/5);q). The main results are summarized in Theorems
1.1, 1.2 and 1.3 below, which are stated in terms of the rank differences of overpartitions.
Here and in the sequel, we use the notation
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Theorem 1.1. We have
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Theorem 1.2. We have
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Theorem 1.3. We have
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Besides the equalities on ranks of partitions, like (1.1) and (1.2), some inequalities
have also been obtained by Andrews [2], Garvan [12], Mao [25], and so on. In particular,
Bringmann and Kane [6] characterized the sign of the rank differences of partitions for all
odd moduli. In this paper, we obtain the following equalities and inequalities between the
ranks of overpartitions modulo 6 and 10. The proofs of these identities and inequalities
are based on the generating functions in Theorems 1.1, 1.2 and 1.3, as well as identities

(1.2), (1.3) and (1.4) of [22].
Theorem 1.4. We have
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Theorem 1.5. Forn > 0,
N(0,10,5n) + N(1,10,5n) > N(4,10,5n) + N(5,10,5n). (1.13)

Computer evidence suggests that the following inequalities hold, but we fail to prove
them and so we leave them in the following two conjectures.

Conjecture 1.6. Forn >0 and 1 <1 <4,
N(0,10,5n + i) + N(1,10,5n + i) > N(4,10,5n + i) + N(5,10, 5n + ). (1.14)
Conjecture 1.7. Forn > 0,
N(1,10,n) + N(2,10,n) > N(3,10,n) + N(4,10,n). (1.15)

The rank differences of partitions and overpartitions are also related to mock theta
functions. Many of the classical mock theta functions can be written in terms of the rank
differences of partitions. For example, Andrews and Garvan [3] found that the fifth order
mock theta functions xo(¢) and x1(g) can be expressed in terms of the rank differences of
partitions modulo 5, which were later proved by Hickerson [15]. Subsequently, Hickerson
[16] showed that the seventh order mock theta functions %y(q), F1(q) and F»(q) are
related to the rank differences of partitions modulo 7. Recently, Lovejoy and Osburn [23]
has proved that the tenth order mock theta functions ¢(q) and ¥ (gq) can be expressed
in terms of the rank differences of overpartitions modulo 5. In this paper, we establish
a relation between the third order mock theta functions w(q) and p(q) and the rank
differences of overpartitions modulo 6, where w(q) and p(q) are defined by [30]:

° 2n(n+1) - 2n( n+1
Z and  p(q Z q 4; )n-i—l‘
n:O ”+1 n=0 n+1
Theorem 1.8. We have
> (N(0,6,3n +2) + N(1,6,3n + 2) — N(2,6,3n + 2) — N(3,6,3n + 2))q"
n=0
4 2
=_ Z0(q). 1.16
Z@(@) + 3(0) (1.16)

In light of Theorem 1.2 and Theorem 1.3, we obtain the following relations between the
tenth order mock theta functions ¢(¢q) and 1(q) and the ranks of overpartitions modulo
10. The tenth order mock theta functions ¢(q) and 1(q) are defined as [8]:

and ¢(q) = Z a (1.17)
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Theorem 1.9. We have
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n=0
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where M(q), Ms(q) and Ms(q) are (explicit) weakly holomorphic modular forms given
by:
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This paper is organized as follows. In Section 2, we prove Theorem 1.1 by establishing
the 3-dissection of R(exp(im/3);¢). In Section 3, we give the proofs of Theorem 1.2 and
Theorem 1.3 by investigating the 5-dissection of R(exp(i7/5);q). Section 4 is devoted to
establishing some equalities and inequalities on ranks of overpartitions modulo 6 and 10
with the aid of Theorems 1.1, 1.2 and 1.3. In Section 5, we prove the relations between
the rank differences of overpartitions and mock theta functions as stated in Theorem 1.8
and Theorem 1.9.



2 Proof of Theorem 1.1

To prove Theorem 1.1, we need to determine the 3-dissection of R(exp(im/3);q). First,
we simplify the generating function R(z;¢q) defined in (1.3) when z = exp(im/3).

Lemma 2.1. We have

R(exp(in/3);q) = > _(N(0,6,n) + N(1,6,n) — N(2,6,n) — N(3,6,n))q"
n=0
_ 2(-4 9 (=1)"g™
= D 2 g . (2.1)
Proof. Setting z = & = exp (%) in (1.3), we have
R(exp(in/3); q Z Z (m, n)&6"q
n=0 m=—o0
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n=—oo

Using N(s,¢,n) = N({ — s,£,n) in [21], and noting that 1 — & + &2 = 0 and & = —1, we
find that the left-hand side of (2.2) can be simplified as:
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We proceed to simplify the right-hand side of (2.2). In light of the fact that 1—&; ' —& = 0,
we deduce that

(—¢ D)o = (2= & —&)(=1)g" ™

R(exp(in/3);q) =

(q, Doo (1—56 " — &6q" + ¢*)
qqoo Z (=g

1—q +q2”
quoZ nn+n(1+qn)
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as desired. Thus, we complete the proof of Lemma 2.1. |

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 2.1, it suffices to show that

q7 )oo n’+n
Z 1 _|_ q?m
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First, we split the sum on the left-hand side of (2.3) into three sums according to the
summation index n modulo 3,

N =" e =L (—1)ngen ) +on+2 O (192 +15n+6
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We claim that
Sy 15y = 2qJs.15 s, & Jg’ngZnglS. 2.5
Jo 18 2J7g

The identity (2.5) can be justified by using the following identity in [22, Lemma 4.1].
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Replacing ¢, z and € in (2.6) by ¢°, —¢* and ¢3, we find that
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which gives (2.5), and hence the claim is verified.
Substituting (2.5) into (2.4), we have
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Using the identity in [22, Lemma 3.1]
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it follows that
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Hence the proof of (2.3) amounts to show the following identity:
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Substituting (2.7) into (2.8), we find that the right-hand side of (2.8) can be simplified as
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Thus (2.8) becomes
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The derivation of (2.9) relies on the following identity in [5].

i@ 0)?i(yza)i(yz""q) = iy @)% ez ) j(ez " q) — vz (200 (wy; @)d(zy ™5 ).

(2.10)
In (2.10), replacing ¢ by ¢° and setting * = —¢3, y = ¢ and 2z = —1, we have
(3. 9)4
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which is equivalent to
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Then (2.9) is obtained by multiplying both sides of (2.11) by .J315.J5 13/ Js, and hence (2.8)
is verified. Thus, we complete the proof of Theorem 1.1.

(2.11)

3 Proofs of Theorem 1.2 and Theorem 1.3

To prove Theorem 1.2 and Theorem 1.3, we are required to consider the 5-dissection of
R(exp(im/5); q).

Lemma 3.1. We have

R(exp(im/5);q) = i(ﬁ(o, 10,n) + N(1,10,n) — N(4,10,n) — N(5,10,n))q"
+ (&, — glo)i( N(1,10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))q"
= Fi(q) + (ffo - fig’o)FQ(Q)a (3.1)
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Proof. Plugging z = &9 = exp (%) into (1.3), we have

R(exp(in/5); q i i N(m,n)&q"
n=0 m=—o00

)n n+n

( qQOo . (1 — &) 1_510)(
N Z 1_510q )(1_510(] )

Using N(s,/,n) = N({ — s,f,n) and noting that &, = —1, 1 —&o+ &% — &, + & =0
we find that the left-hand side of (3.2) can be simplified as
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We now turn to simplify the right-hand side of (3.2). Using the fact that 1 — &9 — & —
&6 — &, =0, we deduce that
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as desired. Thus, we complete the proof of Lemma 3.1.
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Since the coefficients of F(q) and F(q) are all integers and [Q(&10) : Q] = 4, we equate
the coefficients of £f; on both sides of (3.1) to obtain the following two corollaries.

Corollary 3.2. We have

Z(N(o, 10,n) + N(1,10,n) — N(4,10,n) — N(5,10,n))q"
n=0
q q o n n +n
Z 1 + q5n . (3.3)
Corollary 3.3. We have
Z(N(l, 10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))¢"
n=0

QQOO Z nn—l—n(qn_l). (34)

L+q¢"

By Corollary 3.2 and Corollary 3.3, we see that the proofs of Theorem 1.2 and Theorem
1.3 amount to the 5-dissections of right-hand sides of (3.3) and (3.4) respectively.

Lemma 3.4. Let

2 3 4 2
‘]5,50 J10,50 ‘]15,50 <]25,50

U, .=
' J50 ’
U e J2 50705015 5020,50 25,50
a o
We have
i O L ey @0 df i g
W Lt 2 (=@ Qoo 250 1+g@nH10 '

Proof. First, we split the sum on the left-hand side of (3.5) into five sums according to
the summation index n modulo 5,

e n . n+n e n n%+45n n n n > n n? n
Z (_1) q + B Z (_1) 25n°+5 B Z 25 2415n+2 N Z (_1) q25 +25n+6
= 1 + q5n o . 1 + q25n = ]_ ‘I’ q25n+5 S 1 + q25n+10
n 25n +35n+12 e n 25n +45n+20
- Z 1 + g25nt15 - Z 1 + ¢25n+20
2:P0—P1—|—P2—P3+P4. (36)

12



We next aim to establish the following two relations,

26141]5,50

Py+ Py = 7
25,50

1
P2+§U17

2qJ
P+ P = 241550 15’50P2 + ¢°Us.
Ja5.50
Replacing ¢, z and ¢ in (2.6) by ¢*°, —¢'° and ¢'° respectively, we find that

00 —20n 20n+20
Z (—1)" 25n2+25n [ 4 i q
q 1+ q25n 1+ q25n+20

n=—oo

(_ 1)nq25n2+25n+10

 (=L,¢,¢°, - ¢)
- (q107_q107q15,_q15;q25>00 Z 1+q25n+10

=—o00

(@, 4% 4*) o (", 4%, 4% %)%

+
(=1, =% —4*, —4%; ¢* )oo(— ", —¢"%; ¢*)3
_ 2q4J5,50 i (—1)nq25n2+25n+6 i J52,50Ji0’0,50‘]f5,50<]225,50
J25,50 1 + g5 +10 2J3 7

which gives (3.7).
Replacing ¢, z and ¢ in (2.6) by ¢, —¢'° and ¢° respectively, we have

00 —10n 10n+10
Z (—1)" 25n2+25n q i q
q 1 + q25n+5 1 + q25n+15

n=—oo

n 25n2+25n+5

( 1 q q 7 oo Z
<q’ —q 7q20 20 25 1_|_q25n+10

(@°, ¢ 4*)oo (4, 4", ¢*%; ¢*°)2,

+
(¢, =%, —q*, —¢*; ¢*)2,
_ 2J1550 i (—1)nq25n2+25n+6 Jg750*]120,50Jfl5,5oJ20,50J25,50
qJ25,50 S 1 4 g?5n+10 IS

This yields (3.8). Substituting (3.7) and (3.8) into (3.6), we have

i (_1)nqn2+n _ (1 B 2qJ15,50 2(]4J5,50

14 ¢ J25.50 J25.50

n=—oo

By [22, Lemma 3.1]

(¢ @)oo

. = Jas.50 — 2¢J15.50 + 24" T 50,
(_Q) q)oo

13

1
+ )P2+§U1—QQU2'
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we find that 50 924
3 o0 1
41550 | 24 Js50 _ (4:9) (3.10)

1— = .
J25,50 J25,50 (—Q§ Q)oo J25,50

Hence (3.9) becomes

0 _1 n,n%+n : o P 1
3 (=1 T (@D P 1, o
= 1+em (=900 J2550 2
which is (3.5). This completes the proof of Lemma 3.4. |

Lemma 3.5. Let

4 2 3 2
J5,50 J15,50 J20,50 ‘]25,50

9 b
J50

4 3 2

J5 50410,50 15 50730,50 /25,50
: .
‘]50

Vi=

Vy =

We have

e (_1)nqn2+2n 1 4 o (_1>n 25n24-25n

_ly oy 89w 4 q ' 311
Z 1+ ¢ PR (=€ @) J25,50nzz_oo 1 4 g*om+20 (3.11)

n=—oo

Proof. First, split the sum on the left-hand side of (3.11) into five sums according to the
summation index n modulo 5,

o0 (_1)11 n2+42n n 25n +10n n 25n +20n+3 0 n 25n +30n+8
nzzoo 1+ ¢on - Z 1 _|_ g o Z 1 + g2nto + H_ZOO 1+ q25n+10
25n +40n+15 s (_1)n q25n2+50n+24
-y b .
- 1 _|_ g2on+15 - 1 + ¢25n+20
= TO—T1+T2—T3+T4. (312)

Now, we proceed to derive the following two identities,

2] 1
Ty — Ty = — 242550 o 2y (3.13)
J25,50 2
2.
T 4Ty = 2L By, (3.14)
J25.50

The proofs of the above two identities rely on an identity in [7, Theorem 2.1]

(a1, q/ar,...,ar,q/ar;9)0o(q; )%
(b17q/b17 s absac_Z/bs;Q)oo
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~ (a1/bi,qbi/ay, ..., a, /b1, gb1/ar; @) Z —rng(s=rjn(n+1)/2 <a1---arbi_r_1)n
(ba/b1,qb1/ba, ... bs/b1,qb1/bs; @)oo 1—blq by -+ by

+ idem(by; by, . . ., by). (3.15)
Here we use the notation

F(b17b27"' abm) —{—1dem(b1,b2, 7bm)
= F(bl7b27"' 7bm)+F(b27bl7b37”' 7bm)++F<bm7b27 7bm—17b1)-

In (3.15), setting r = 1,58 = 3, a; = —bs = z, by = —2(!, and by = —2(q~!, we obtain
the following identity, of which (3.13) and (3.14) are special cases.

f: (_l)nqn2 <—2nq2n B q—1<2n+2
14+ 2¢1q" 14 z(g!

_(_1 g, CQ _1’q2< 7q . n n 242n+1
(—¢,—q¢ 1, ¢ ¢! nz 1 + 2q"
N (C,q(‘ c2,q2 N gt ¢ QQ)oo(q; Q)go . (3.16)

(—Z, _qz_la _Cv _qC_17 _Zc_la —QCZ_I, _qu_17 _q2<-_lz_1; Q)oo
Replacing ¢, z and ¢ in (3.16) by ¢*°, ¢** and ¢*° respectively, we find that

i (_1)n 052 qlon B q40n+15
q 1 + q25n 1 + q25n—|—15

n=—oo

25 25n2+50n+25

(=1,4",4", 4% ¢®) Z
_(q5,—q5,q20,—q20, ) o 1+q25n+20

(@', 4" %) (&, 4%, 4 ¢*°) %,

+
(-1, —¢", —¢", —q 5,q25)oo(—q ,—q”;q%)io
:_2qJ15,50 i (—1)nq25"2+50n+24 J§,50J125,50J§)0,50J225,50
J25750 = 1_|_q25n+20 2J. ’

which gives (3.13).
Replacing ¢, z and ¢ in (3.16) by ¢*°, ¢*° and ¢ respectively, we have

i (_1)11 052 q20n B q30n+5
q 1+ g2+ 1 4 ¢Bntlo

n=—0oo

(_ 1)nq25n2+50n+25

(=L, q”, —a”;q%) Z
- — (qu’ _qlﬂ, q15’ _q15; q25)oo = 1 + q25n+20
(@, 4% ¢*) o (d°, 4%, ¢*°; %)

_l’_
(—¢°, —q'%, —q'°, —¢?°; ¢*°)2%
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_ 247550 i (—1)ngonHoom 2 N J5.50010,5015 50 30,50 925,50
= J25750 Pt 1+q25n+20 Jgo .
This yields (3.14). Substituting (3.13) and (3.14) into (3.12), we obtain
N (=) ( 2q1550 . 2q"Js 50) 1 3
—— = |1- — + ’ T, + =V —q°Va. 3.17
n_z_oo L+ g J25,50 Ja5,50 A (3.17)

Substituting (3.10) into (3.17), and noting that

o0 (_ l)nq25n2+50n+24

T, = Z 1+ ¢2on+20

o (_1)nq25n2+25n+4<1 + q25n+20 _ 1)

- Z 1 4 ¢®nt2

n=—oo

0 (_1>nq25n2+25n+4
- - Z 1t g2n+20

n=—oo

we arrive at (3.11). Thus, we complete the proof of Lemma 3.5. 1
To prove Theorem 1.2 and Theorem 1.3, we also need the following two lemmas.
Lemma 3.6. Recall that U; and U, are defined in Lemma 3.4. The following identity
holds.
1 (¢ 9
Uy — ?Uy = ~2 222
2" L (49
where Ag, Ay, As, As, Ay are defined in Theorem 1.2.
Lemma 3.7. Recall that Uy, and Us are defined in Lemma 3.4 and Vi and Vs are defined
in Lemma 3.5. The following identity holds.

(459
(=4 @)oo
where By, B1, By, B3, By are defined in Theorem 1.5.

Before verifying Lemma 3.6 and Lemma 3.7, we will give proofs of Theorem 1.2 and
Theorem 1.3 based on Lemmas 3.4-3.7. We begin with Theorem 1.2.

Proof of Theorem 1.2. Substituting (3.5) in Lemma 3.4 into Corollary 3.2, we find that

{Ao+ A1q+ Asq® + Asq® + Aug*} (3.18)

1 1
§V1 - §U1 + Uy — ¢*Voy = {Bo+ Big+ B>¢" + B3¢’ + Bug'},  (3.19)

oo

Z(N(O, 10, n) + N(l, 10, n) — N(Zl, 10, n) — N(E), 10, n))q”
n=0
2(_Qa Q)oo 1 9 2q6 e (_1)nq25n2+25n
T (0w \21T . 2
(4 @)oo QUl Tl )+ Ja5,50 HZ_: 1 4 ¢?ont10 (3.20)

Substituting (3.18) in Lemma 3.6 into (3.20), we obtain (1.5), and so Theorem 1.2 is
verified. 1
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We now turn to prove Theorem 1.3 by using Lemmas 3.4, 3.5 and 3.7.

Proof of Theorem 1.3. Substituting (3.5) in Lemma 3.4 and (3.11) in Lemma 3.5 into
Corollary 3.3, we have

SO(N(1,10,n) + N(2,10,n) — N(3,10,n) — N(4,10,n))q"
n=0
 2(—4:9)0 1V sy 2q* i (—1)ng2m®+25m
= (@ O 51 qVvz o550 o~ 1 + ¢2n+20
2(_Q7 Q)oo 1 2 2q6 > (_1)nq25n2+25n
| sUi — U
{ @ \2' 1) T T nzz 1+ g +10
2(—=¢; 9o

1 1
= W (5‘/1 — §U1 + q2U2 - C]3V2>

2q4 o (_1)nq25n2+25n 2q6 o (_1)nq25n2+25n

a 3.21
J25,50 nz_:oo 1+ g2on+20 Jos 50 nz_:oo 1+ ¢2n+10 (3.21)

Then we obtain (1.6) after substituting (3.19) in Lemma 3.7 into (3.21). Thus, we com-
plete the proof of Theorem 1.3. |

We conclude this section by giving proofs of Lemma 3.6 and Lemma 3.7. The proofs
require to use standard computational techniques from the theory of modular forms.
Recall that the Dedekind n-function is defined by

1(7) = 4%1(4; q) oo,

where 7 € H := {7 € C : Im7 > 0} and ¢ = exp(2mit). The generalized Dedekind
n-function is defined by

Nag(T) == T (-¢» ][] (-q¢) (3.22)

n>0 n>0
n=g (mod §) n=—g (mod §)

where Py(t) = {t}* — {t} + } is the second Bernoulli function, and {t} := ¢ — [t] is the
fractional part of t. Note that

S

15.0(7) = 12 (¢”; ¢°)2,

and

_5 , 9
15,5(7) = 47 21(q%;¢°)%

Let N be a fixed positive integer. A generalized Dedekind n-quotient of level N has

the form
HOEN | EG) (3.23)

SIN
0<g<é
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where

sZ ifg=0or g=4/2,
Tsg € )
7,  otherwise.

Suppose f is a modular function with respect to the congruence subgroup I' of T'g(1).
For any cusp ¢ € I, there exists A € I'g(1) such that A = oco. Denote the width of the
cusp ¢ with respect to I' by M. If

f(A77) = i bng™ ™

m=myo

and by,, # 0, then we say my is the order of f at ¢ with respect to I' and denote this value
by ORD(f,(,T).

Robins [28] gave the sufficient conditions under which a generalized n-quotient is a
modular function on I';(N).

Theorem 3.8 (Robins). Let f(7) be a generalized n-quotient defined as (3.23). If
(1) )
Z Py <5> rsg =0 (mod 2),

(2)

Then f(7) is a modular function on T'1(N).

The following theorem due to Garvan and Liang [13] can be used to prove generalized
n-quotient identities. This theorem is based on the valence formula for modular functions,
along with the fact that a generalized n-quotient has no zeros nor poles in the upper-half
plane H.

Theorem 3.9 (Garvan and Liang). Let fi1(7), fo(T), ..., fu(T) be generalized n-quotients
that are modular functions on I'y(N). Let Sy be a set of inequivalent cusps for I'y(N).
Define the constant

B =Y min({ORD(f;,s,T'1(N)): 1 < j <n}uU{0}), (3.24)
el
and consider
9(1) = a1 fi(7) + aafo(T) + -+ + anfulr) + 1, (3.25)
where each o; € C. Then
g(t) =0
if and only if
ORD(g(T),i00,I'1(N)) > —B. (3.26)



We are now in a position to prove Lemma 3.6 and Lemma 3.7. We begin with Lemma
3.6.

Proof of Lemma 3.6. 1t is equivalent to show that

2 3 4 2 3 2 4
1J5,50J10,50J15,50J25,50 2 J5,50J1o,5oJ15,50J20750J25,50

2 J50 J50
. (q; Q)oo {J120,50J125,50J§5,50 1 4g10 J5,50J530
a (=4 @) 2J§’,10J20,50J§o J§,10J20,50
( J20,50J§5,50J530 B 5J54,50<]§o,50<]§5,50 _ ' Jfo,50J125,50J25,50J§’0)
! J§,10J120,50J15,50 I J55,10J120,50J5§0 J54,10J5r)0,50
g (Jg,5oj230,5ojg5,5o 10 J?o,5oJ25,50J570 B 10J5,50J125,50Jgo>
I3 10770 50750 I3 5,102 5072050 I3 1020,50
T (QJflo,5oJir’5,5oJ§5,5o & J10,50J§’5,50J530 — 16¢° J125,50J25,50J530
I3 05,5030 5050 J31030,50 31072050

+8¢q

3 3
10 J5,50J20,50J25,50J50>
4 2
J510710,50/15,50

4 6 3 4 3 3 3
+ 4 (4J10,50J15,50J25,50 . J10750‘]25,50J50 _ 16q5 ‘]15,50‘]50
5 3 3 4 2 4
J5 100550050 50050 J51075,50950 50 J5 1020,50

8 5 J25J550 ) }
JR— q 3— .
J5<]5,10J10,50

Multiplying both sides of the above identity by 2.J5)J5, 520J1_0?50J1_5‘}50J2_535O, we obtain
the following identity, which is expressed in terms of the generalized n-quotient.

1 27750,5(7)7750,20(7') _ 771,0(7')7750,0(7)% 7710,0(7)%7750,10(7')7750,20(7)7750,25(7)3
N o 1 2 1 3
150,10(7) 750,25 () 12,0(7)205,0(7)M10,0(7) 150.0(7)2M10,5(T)

87]10,0(7')7750,5(7')7750,20(7') 4 2150,20 (7')37750,25 (T)3
7750,0(7')7710,5(7)2?750,10(7)7750,15(7')27750,25(7') 7710,5(7')47750,10(7')37750,15(7')3

. 87750,0(7')%7750,5(7')47750,20(7')57750,25(7')3 167750,10(7')3

7710,0(7')%7710,5(7')57750,10(7')37]50,15(7')2 7710,5(7)47750,20(7)3

27750,0 (T) %7750,5 (7')37750,20(7')57750,25 (7')4 87710,0 (T) g7750,0(7')%7]50,10 (7')4

7710,0(7')%7710,5(7)57750,10(7)3?750715(7)2 15,0(7)2010,5(7)M50,5(7) 150,15 (7) 21750,20 (T )2

32150,5(T)M50,20(T) N 47750,0(7')%7750,10(7)37750,15(7')37750,25(7')3

110,5(7)*150,10(7) 750,25 (T) 7710,0(7')%7710,5(7')57750,5(7)7750720(

4?750,25 (7)2 _ 327]50,20 (7') 4 167)50,5(7)37750,20(
7710,5(7')47750,15(7')2 7710,5(7')47750,10(7') 7710,5(7)4?750,10(7)37750,15(7')3

7)
)3
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87750,0(7)%7750,10(T)37750,15(T)47750,25 (7)? _ 21)50.25(7)?

+
M10,0(7) %7710,5(7)5775075(7)7)50,20 (1) N10,5(7)*N50,5(T)N50,15(7)?

o 32m50,15(T)Ms0.20(T) 161710,0(7) 2 1725,0 () 21150,.20(7)?
7710,5(7')47750,10(7')7750725(7') 775,0(7)%7750,0(7)%7710,5(7)37750,10(7)27750,15(7)27750725(7)

In light of Theorem 3.8, it can be shown that each term of the above identity is a modular
function with respect to I'y(50). Using the algorithm in [13], we could calculate the
constant B in (3.24), which is equal to —145. Thus, by Theorem 3.9, it amounts to verify
the identity in the g-expansion past ¢'*°, as desired. Hence Lemma 3.6 is verified. ]

Finally, we give a proof of Lemma 3.7.

Proof of Lemma 3.7. 1t is equivalent to show that

4 72 3 2 2 13 4 2
1 J5,50J15,50J20,50J25,50 1 J5,50J10,50 J15,50J25,50

9 9
3 72 4 4 3 2
2 J550 10,50 15,50 2050 J25.50 55 5071050 15,50 30,50 /25,50
9 9
J50 I50
) 57575 74 72 573 72
(4 @)oo {4‘1 J5 J25J5,50J15,50 4q J50J25,50
- . 6 6 73 T2
(—q, q)oo J5,10<]50J10,50 J5,10J15,50J20,50
578 77 1073 72 72 15 76 76
(4(1 J5 J50J25 50 _ 4q J50J5,50J25,50 8q J50J10,50)
6 74 5 1 672 713
510105002050  Js10d1050 1550 I35 50050 50
777 6 3 10 76 76 10 78
L <_ J5.50790,50/95 50 N 2J50 50,50 /2550 447 J50S10 502550 16¢'°J5, )
6 74 9 1 673 73 2 72 2
J5 10410,5050 J5 J5J5 50750 50 J5J5 101050015 50
3 74 3 576 73 2 15 73 73
L (- J50J25 50 +2J50J15,50J25,50+4q J5030,50 725,50 n 167" J50J5 50
T\ T Tos0] T2 107550 TSI NZ
5,10710,50/15,50 5.105,50420,50 515,50 5,1020,50
3 72 3 3 5 10 78
—I—q4< 4J50J15 50 B 2J5 50450 50435 50 8¢ Jx5y
2 274 74 2712 72
J5,10J5,50J20750 J5J5,10J50 J5J5,10J15,50J20,50

16910«]560Jf’0,50 16q15J§oJ54,50 ) }
J§J5,50J25,50 J§,10J10,50J15,50 .

Multiplying both sides of the above identity by 2.J3,J;, gojl_()?50=]1_5i150(]2_5?50 gives the
following identity, which is expressed in terms of the generalized n-quotient.
7750,5(7')27750,20(7')3 27750,5(7')7750,20 (1) 27]50,5(7')27750,20(7')2

_ 1 + _
7750,10(7')37750,15(7')2 7750,10(7')7750,25(7') 7750,10(7')27]50,15(7')7750,25(7')

_ 771,0(7)7750,0(7')% 8775,0(7)%7725,0(7)%7750,5(7')47750,20(7')2
= T 5 5 4 6 4
N2.0(7)275.0(T)2110,0(7)2 | 110.0(T)N50,0(7)*110,5(7) 750,10 (T) *1150,25(7)

. 2n5.0(7)110.0(7) 50,20 (7)750,25(7) 4 87]5,0(7)47750,5(7')27750,25 (1)
7750,0(7')7710,5(7')27750,10(7')?750,15(7)3 ?710,0(7')7710,5(7')67750,0(7')27750,10(7)3?750,20(7)
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_ 8775,0(7')7750,5(7')27750,20(7')27750,25(7') i 167}10,0(7')27750,0(7)7]50,10(7')5

7]10,5(7')47750,10(7')27750,15(7')3 775,0(7')27750,5(7')27)50,15(7')27750,20(7')7750,25(7')
o 277570(7')7750,0(7')7750,5(7')77750,20(7')97750,25(7')5 47710,0(7')27750,20(7')5

7710,0(7')7710,5(7')67}50,10(7)57750,15(7)2 775,0(7')7750,10(7)7750,15(7')2

8110,0 (7')27750,0(7')7750,10(7')5 327710,0(7')7750,20(7')2

B 775,0(7)27750,5(7)37750,15(7)27750,20(7) 7710,5(7)27750,10(7)27750,15(7)47750,25(7)

- 2775,0(7')7750,20(7')27750,25(7')3 4n5,0(7)710,0(7)N50,20(7)
?710,5(7')47]50,10(7')27]50,15(7')3 7750,0(7')7710,5(7)27750,5(7')7750,10(7')7750,15(7')

8710,0(7)*150,0(7) 150,20 (T) * 150,25 () n 3215.0(T)N50,5(T)* 50,20 (T)

775,0(7')27750,10(7')7750,15(7')6 7710,5(7)47750,10(7')7750,15(7)27]50725(7)
85,0 (7)7710,0(7'>7750,20(7') 47750,0(7')7750,5(7)37750,20 (7)57750,25(7')4
+ 2 - 4 2
7750,0(7)7710,5(7) 7750,5(T)U50,10(T)7750,25(T) 7710,5(7) 7750,10(7)7750,15(7)
167710,0(7')7750,20(7) + 327710,0(7)27750,0(7')7750,10(7')27}50,20(7')2

7]10,5(7')27750,10(7')7750,15(7')47750,25(7') ?75,0(7')27750,5 (7)7]50,15(7')27750,25 (7)2

. 32150(7)150,5(T) 150,20(7)* }
0,5 (7')47750,10 (7')27750,15(7')37750,25 (7') .

We then use Theorem 3.8 to show that each term of the above identity is a modular
function with respect to I';(50). Employing the algorithm in [13], we find that the constant
B in (3.24) is equal to —155. By Theorem 3.9, it suffices to verify the identity in the
g-expansion past ¢'%°, as desired. Thus, we complete the proof of Lemma 3.7. ]

4 Proofs of Theorem 1.4 and Theorem 1.5

To prove Theorem 1.4 and Theorem 1.5, we are required to recall the following result due
to Liaw [24].

Theorem 4.1 (Liaw). If p and r are positive integers with p > 2 and r < p, define

(¢%;¢P) oo
4" 0P) oo (4P P )

Y

me(n)q" = (

then by, .(n) >0 for all n.

We now give a proof of Theorem 1.4.

Proof of Theorem 1.4. (1) We first show (1.7) and (1.8). Comparing the coefficients of
¢ of (1.4) in Theorem 1.1, we find that

= — — — J3J.
> (N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n))¢" = Jg *}S (4.1)
n=0 1,6
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Together with the identity (1.2) in [22, Theorem 1.1],

- — (7% ¢*)% (=4 @)oo J3Js6
N(0,3,3n) — N(1,3,3n))¢" = —1 + o — ] 4 S6730
;< ( )= M ) (45 @)oo (45 ¢°)5 St el

we deduce that for n > 1,
N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n)
= N(0,3,3n) — N(1,3,3n). (4.2)
Observe that
N(s,f,n) = N(s,2¢,n) + N({ +5,2¢,n) = N(s,2¢,n) + N({ — s,2(,n), (4.3)
so (4.2) is equivalent to
N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n)
= N(0,6,3n) + N(3,6,3n) — N(1,6,3n) — N(2,6,3n).

This implies that for n > 1 o o
N(1,6,3n) = N(3,6,3n),
which is (1.7).
We turn to show (1.8). By (1.7), it suffices to show that the coefficients of ¢ on the
right-hand side of (4.1) are positive. First, observe that

Jolss (5P (0)x (€500 (00 (¢%54°)%
Jisle (0,65 4%)% (% 0% %) (0,630 0 (4,% 6% 0 (0:6% ) (450%) o0

and

(%:67)% _ (6 0s  (CGP)(-0% ) (G 0)w(=0% ¢*)x(0’ ")
(6% (=% %)% (=% ¢*)o (4% ¢°) s
By Jacobi’s triple product identity [1, p. 18, Theorem 2.8], we see that

TL2—TL
(4 0")oo(—0% ") (@®: *)oo = Y ¢,
and using Cauchy’s ¢-binomial theorem [1, p. 17, Theorem 2.1], we derive that
(@ d)x _ q
 (@*" 1 0%) oo (@5 0% m

2m

(¢,0% %)

Hence (4.1) can be written as:

i(ﬁ(o, 6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n))q"

n=0
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2m+ 3n2-n)/2

Z Z pren

m= On—foo

(4.4)

)oo (€% 6% )m

It is easy to see that the coefficients of ¢" in each term of (4.4) are nonnegative for n > 0.
In particular, the term corresponding to m = n = 0 of (4.4)

1
(45 ¢%)00(¢% ¢%) o

has positive coefficients. Hence we conclude that the coefficients of ¢" in (4.4) are positive
for n > 0, and so, for n > 0

N(0,6,3n) + N(1,6,3n) — N(2,6,3n) — N(3,6,3n) > 0.

Together with (1.7), we obtain (1.8).
(2) We next show (1.9) and (1.10). Comparing the coefficients of ¢*"*! of (1.4) in
Theorem 1.1, we find that

Z(W(o, 6,3n 4+ 1) + N(1,6,3n + 1) — N(2,6,3n + 1) — N(3,6,3n + 1))q"
n=0
2.J¢
_ . 4.5
J1,6J2 ( )
Combining the identity (1.3) in [22, Theorem 1.1],
S ~ _ 2¢%¢%) (¢’ ¢ _ 28
N(0,3,3n+1) — N(1,3,3n +1 = :
;( ( ) ( e (¢ @)oo Ji6J2
we derive that for n > 0,
N(0,6,3n+1)+ N(1,6,3n+1) — N(2,6,3n+1) — N(3,6,3n + 1)
= N(0,3,3n+1) — N(1,3,3n + 1). (4.6)

Using (4.3), we see that (4.6) can be written as

N(0,6,3n+1) + N(1,6,3n+1) — N(2,6,3n+1) — N(3,6,3n + 1)
= N(0,6,3n+1) + N(3,6,3n + 1) — N(1,6,3n + 1) — N(2,6,3n + 1),

which implies that for n > 0
N(1,6,3n+1) = N(3,6,3n + 1),

o (1.9) is verified.
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To show (1.10), by (1.9), we find that (4.5) can be written as

— - 2.5 (4% 4°) oo 2
N(0,6,3n+1) — N(2,6,3n+1))¢" = —5 = ’ 4.7
;%( ( ) ( ) Jiele (42 4%4%)00 (4,000 (4.7
It is easy to see that the coefficients of ¢" in
2
(4, 9% ¢%)c0

are positive for n > 0. From Theorem 4.1, we see that the coefficients of ¢" in

(@50
(4%, 4% ¢%) s

are nonnegative for n > 0. Hence, from (4.7), we deduce that N(0,6,3n+1) > N(2,6, 3n+
1) for n > 0, and so (1.10) is verified.

(3) To show (1.11), we first establish the generating function of N(0,6,3n + 2) —
N(2,6,3n +2). We aim to show that

[e.e]

> (N(0,6,3n +2) — N(2,6,3n + 2))q"

n=0

2( 7q3)oo )n 3n2+6n+1
T () 1—gbnt2 (48)

n=—oo

By Theorem 1.1, we derive

> (N(0,6,3n+2) + N(1,6,3n + 2) — N(2,6,3n +2) — N(3,6,3n + 2))q"
n=0

e n ,3n2+3n

4 2 3 (=Yg (4.9)

- Jodse  Jsg S 1 4 g3+l

Together with the identity (1.4) in [22]

o0

> (N(0,3,3n+2) — N(1,3,3n + 2))q"
=" ¢°)5 (% ¢%)% 6(— 3)00 Z

(4% ¢%) o (% ¢*) 3”“

n=—oo

n 3n2+3n

e (_1)nq3n2+3n

4T3 6
_ v 4 4.10
e Ton Zoo e (4.10)
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and by (4.3), we obtain

S (N(0.6,3n + 2) — N(2,6,3n + 2))¢"

n=0

_AK 3 = (—1)ngPitin > g +an o
a JaJ36 - J3.6 Z 1— g3l - ; 1 +q3n+1 : (4.11)

n=—oo

Then the identity (4.8) can be derived from (4.11) by using the following identity in [27,
p.1],

n+l)

U i (1t (4.12)

1 — zg®

n=—oo

Replacing ¢ — ¢° and setting z = ¢* in (4.12), we have

J2 — 1 — q6n+2

1 0 (_1)nq3n2+3n 1 o0 n 3n2+3n

- 5 Z 1+ q3n+1 + 5 1 _ q3n+1 : (413)
Plug (4.13) into (4.11) to get
> (N(0,6,3n+2) — N(2,6,3n +2))q"
n=0
e n 3n +3n 1 e (_l)nq3n2+3n

nz 1 _|_ q3n+1 J3 6 Z 1— q3n+1

_ 3) n 3n2+6n+1

q : 3 oo Z 1 _ q6n+2 )

which is the desired generating function (4.8).
We now consider the negativity of (4.8). Note that

C] C] o Z n 3n +6n+1
S 1 _ q6n+2
’ 3)00 (i n 3n2+6n+1 +i n 3n +6n+2>
3’ 3) — 1— q6n+2 — 1 _ q6n+4

3..3 o 12n2+4+12n+1 o 12n2+424n+10 0 12n2+412n+2 o 12n2424n+11
(—¢* ¢) ( q q q q
0

1 — q12n+2 1 — q12n+8 + 1— q12n+4 1— q12n+10

= (B3
(q 4q )OO n=0 n=0 n=0

q q . Z 12n +12n+1 ((1 — Y (] — g12nH9) y gMntll (] 6))
(1— q12n+2 1 — gl27+8) q q q q
0
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q q o Z 12t H12n+2 ((1 g (1 = g12HI0y 213 6))
12n+4 (1 — gi2nt10) q q q q
n=. 0

(_qs; qS)OO ( S q12n2+12n+1 1 12n+9 o0 q12n2+36n+12(1 +q )
ahv o A9
1
0

(qﬁ7 qg)oo 1 — q12n+2 = _ q12n+2 1 — q12n+8)

+> +

o n2+12n n © n n
1222 | _ 12049 12 +36 +15(1 4 ¢3) >

i 1—gizntd 1 — g3 o (1 — gl2n+4) (1 — ¢12n+10)
B (_qs;qs)oo 0 q12n2+12n+1 4n+2 0 q12n +36n+12(1 1q )
o (qﬁ; 613)00 - 1 — q12n+2 ~ "+ Zo 12n+2 q12n+8)
0 19p2412n+42 4nt2 o0 12n2+36n+15
q (1+¢°%)
+ Z qi2ntd Z Z 12n+4 (1— q12n+10)
m=0 0

It is easy to check that each term in the above identity has nonnegative coefficients. In
particular, the terms corresponding to n = 0 and m = 0,1 in the first series of the above
identity

4

q 4 q

1—¢*> 1—¢?
have positive coefficients. Hence the coefficients of ¢" in (4.8) are negative for n > 1, and
hence N(0,6,3n + 2) < N(2,6,3n + 2) for n > 1. This completes the proof of (1.11).
(4) We finish the proof of Theorem 1.4 by showing (1.12). Instead, we aim to show
that forn >0

N(0,6,3n +2) + N(1,6,3n +2) > N(2,6,3n +2) + N(3,6,3n + 2). (4.14)

Inequality (1.12) can be derived by subtracting (1.11) from (4.14).
Combining (4.9) and (4.13), we find that

> (N(0,6,3n+2) + N(1,6,3n + 2) — N(2,6,3n + 2) — N(3,6,3n + 2))¢"
n=0
_ oo n ?m +3n
Z 1— q?m-‘rl : (415)

n=—oo

We now investigate the positivity of (4.15). Observe that

P oo n 3n +3n
Z 1— q?m-‘rl
) [ @ g
(q3’ q3)oo = 1— q6n+1 . 1— q6n+4
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) q12n +6n o0 q12n2+24n+11 o q12n2+18n+6 oo q12n2+12n+2
— - @ - _|_ -
Z 1 6n+1 Z 1 _ q6n+5 Z 1 _ q6n+4 Z 1 _ q6n+2

n=0 n=0 n=0 n=0

12n2+6n 6n+4 12n+6 18n+-7 3
1_q6n+1 1_q6n+4)((1_qn+)(1_q n+)_|_q n+ (]—_Q))
n:0

Mg

12n et 6n+5 12n+9 18n+11 3
+Z 6n+2 q(jn_;_5)<<1_qn+ )(1_q n+)+q n+ (1_q>>
o0 q12n +6n 4ntl ; 12n2+24n+7
Z 1 — 6n+1 Z q + Z 6n+1 q6n+4)
( 3)00 0 q12n +12n+2 4nt2 00 12n2+30n+13
R T q ) Z 6n+2 Z Z 6n+2 1 _ q6n+5)
i o0 ’I’)’L: D

It is easy to see that each term of the above identity has nonnegative coefficients. Espe-
cially, from n = 0 and m = 0 in the first series of the above identity, we get the term
1/(1 — q) which gives strictly positive coefficients of ¢" for n > 1. Hence (4.14) holds and
(1.12) is proved. Thus we complete the proof of Theorem 1.4. |

We conclude this section by showing Theorem 1.5.

Proof of Theorem 1.5. From Theorem 1.2, we derive that

o0

> (N(0,10,5n) + N(1,10,5n) — N(4,10,5n) — N(5,10,5n))q"
n=0
_ J22,10J§,10J§,10 + 8q2J1,10Jio’o

J§,2J4,10J§0 J1272J4,10

(%5 4°)% 1
(4,05 )% (0% 0" oo (a0, 0% 0% (0, 4% )2 (@, 3 4) o (0, 473 410) 3,
(0" ¢")0 8¢

(¢*, 4% 4") o0 (4: 4% 0"0)3 (0%, 6% 4'0)3 (0, 475 ¢"°)3 (0%, 4% ¢"0) 3 (075 ¢'0)5%
By Theorem 4.1, we see that the coefficients of ¢" in
5. ,5)2 10. 10
A e
(¢,9% ¢°)5 (@% 474"

are nonnegative for n > 0 respectively. The series 1/(q; )0 gives strictly positive coeffi-
cients of ¢" for n > 0. This leads to the inequality (1.13). Thus, we completes the proof
of Theorem 1.5. 1
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5 Proofs of Theorem 1.8 and Theorem 1.9

This section is devoted to showing the relations between the rank differences of overpar-
titions and mock theta functions stated in Theorem 1.8 and Theorem 1.9. It is known
that mock theta functions can be expressed in terms of the Appell-Lerch sum m(z, g, 2).
Recall that the Appell-Lerch sum is defined as

o0

—1) (;)ZT
m(z,q,z) = - ! Z =gl (5.1)

J(2;q) 1—qtzz’

r=—00

where x, z € C* such that neither z nor xz is an integral power of q.
The third order mock theta functions w(q) and p(q) and the tenth order mock theta
functions ¢(q) and ¥ (gq) can be expressed in term of m(z, g, z) as follows, see [17]

_ Jg
wlg) = —2¢7'm(q,¢" ¢*) + ——, (5.2)
JoJ36
plg) = ¢ 'mlq, % —0q), (5.3)
_ JsJ10J.
o) = —207'mlq,q".") + S, (5.4)
2,572,10
¢JsJ10 ]2,
wla) = —2mldq"q) — =7 (55)
1,594,10

In order to prove Theorem 1.8 and Theorem 1.9, we also need to recall the universal
mock theta function go(z, ¢) defined by Gordon and McIntosh [14]

92(7,q) = Tor 2~ T ap
Hickerson and Mortenson [17, Proposition 4.4] showed that ¢»(x, q) and m(z, ¢, z) have
the following relation,
g2(x,q) = —a~'m(z7%q, ¢*, @). (5.6)
It should be noted that Hickerson and Mortenson use the notation h(z,q) instead of
g2(w,q) in [17]. It also should be noted that gs(x,q) has the following relation with the
generating function R(z;q) for N(m,n), see [26, (3.2)].

(1+2)R(zq) = (1 = 2) + 22(1 = 2)g2(, 9)- (5.7)

In [26], the author use the notation K(w,q) to express R(z;q) and H(z,q) to express

92(z, q).
The following two identities on m(z,q, z) are also required in the proof of Theorem
1.9.

m(z,q,2) =a 'm(z",q, 27", (5.8)
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T2(21 ) 20; )7 (2201
m(l’, q, Zl) - m(l‘, q, ZO) = — ZO 1‘?(21‘/207. q)] (?20?17 Q) .
J(203 0)j (215 0)J (2203 0)5 (2215 q)

see [17, Proposition 3.1, Theorem 3.3].
We are now in a position to give a proof of Theorem 1.8.

Proof of Theorem 1.8. From Theorem 1.1, we have

[e.9]

> (N(0,6,3n +2) + N(1,6,3n + 2) — N(2,6,3n + 2) — N(3,6,3n + 2))q"

n=0

413 2 i (=g 43

- 1+ g3ntl - JoJs.6

_ —205(~q,¢%). 5.10
R A 92(—4,4") (5.10)

Replacing ¢ by ¢® in (5.6) and setting x = —¢, we have

92(=4,4°) = q"'m(q.4°, —q), (5.11)
and by (5.3), we deduce that
p(q) = 92(=q, ¢%). (5.12)
Together with the following identity in [30, p. 63]
3J3

w(q) +2p(q) = Todis (5.13)

we find that (5.10) can be transformed as follows:

[e.9]

> (N(0.6,3n +2) + N(1,6,3n + 2) — N(2,6,3n +2) — N(3,6,3n + 2))q"
n=0

_ %(w(q) +2p(q)) — 2p(q)

4 2

= §W(Q) + gp(q),

which is (1.16). Thus we complete the proof of Theorem 1.8. |
We finish this paper with the proof of Theorem 1.9.
Proof of Theorem 1.9. (1) We first show (1.18). By Theorem 1.2, we see that

> (N(0,10,5n 4 1) + N(1,10,5n + 1) — N(4,10,5n + 1) — N(5,10,5n + 1))q"
n=0
. 2J4,10J§,10J§0 _ me*]j’,lo']é,lo 3J§,10J32,10J5,10Jfo

Ji 295 1073,10

95 12 13 q T
J? 29510770 Ji2Jd510
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n 5n +5n

5.14
J5 0 Z 1 + q5n+2 (5.14)
We claim that the following identity holds.
1 (—1)ngPtom 1 Js 1. T3 Jo10
Z (=1) q5n+2 _ ——q_1¢( )+ 5/107410 1070,10/510 (5.15)
J510 S I+gq 2 2qJa5J210  Ja10J210031003.10
Identity (1.18) can be derived by plugging (5.15) into (5.14).
From the definition of go(z, q), we find that
1 o (_1)nq5n2+5n 0
y” > T g = 9200, (5.16)
Letting ¢ — ¢° and setting z = —¢? in (5.6) yields
92(=a*,¢°) = q*m(q ¢"°, —¢*). (5.17)
Replacing ¢ by ¢'°, putting 2; = —¢?, 20 = ¢* and x = ¢ in (5.9), it follows that
25 Jo.10
m(q,q'"°, —¢%) — m(q, ¢, ¢*) = — 2070107510 (5.18)
J2,10J2,1073,103,10
Substituting (5.18) into (5.17) and by (5.4), we derive that
1 Js 0. T3 Jo10
2 5 1 5J10J4,10 1070,1075,10
—q°,q4°) = —=q ¢(q) + + = —. 5.19
g2l ) 2 (@ 2qJa 52,10 J210J2,103,1073.10 ( )

Hence, combining (5.19) and (5.16), we obtain (5.15). This completes the proof of (1.18).
(2) Analogue to the above process, we proceed to show (1.19). By Theorem 1.3, we
see that

> (N(1,10,5n + 1) + N(2,10,5n 4 1) — N(3,10,5n + 1) — N(4,10,5n + 1))q"
n=0

. 8quJ170J5,10 8q2<]?0<]12’10<]52710 16q3¢]160,]26710 oo n 5n +5n

~ 76 74 75 1 672 73 E:
P 2d51072 10 Ji2d2,1073,10 J7 Ji 1005 10 J510 S 1+q5n+2

(5.20)

Then the desired identity (1.19) can be immediately obtained when substituting (5.15)
into (5.20).

(3) Finally, we show (1.20). Similarly, using Theorem 1.3, we derive that

> (N(1,10,5n 4 4) + N(2,10,5n + 4) — N(3,10,5n + 4) — N(4,10,5n + 4))q"

n=0
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SJfoJ:’?,lo 4Ji10(]f,10<]§,10 1692J§o

32q2Jf0 Jg,lo 32q3<]i30<]ﬁ10

) - 274 74 272 12
J1,2J1710J4,10 J1J1,2J10 J1J1,2J3,10J4,10
oo n, 5n2+5n

2 Z (—1)"q
1+q5n+4

o
5,10 n

To prove (1.20), it is necessary to show that

6 T4
S 1100500 Jiad210310

3 —
J10JO,10J5,10

1 i (_1>nq5n2+5n B _qulqb( ) B J5J10J2’10
1 + q5n+4 2

J500 2J15J410

Ji10J1,10d1,107 4,10

We then obtain (1.20) upon substituting (5.22) into (5.21).

From the definition of gs(z, q), we note that

e n ,5n2+5n

1 + q5n+4

J5,10 n

Letting ¢ — ¢° and setting z = —¢* in (5.6) yields

1 Z (=1)"q = go(—q*, ).

92(—q", %) = ¢ *'m(q?, ¢"°, —¢").

On the other hand, by letting ¢ — ¢'°, 2 = ¢® and 2 = —¢~* in (5.8), we obtain

m(¢® ¢ —q ) =q

Combining (5.24) and (5.25) yields

m(q_37 q107 _q4)

92(—q", %) = ¢ 'm(¢®, ¢"°, —q7?).

Replacing ¢ by ¢'°, putting 2, = —¢™*, 20 = ¢ and z = ¢3 in (5.9), it follows that

C]Jio’ojo,mjs,lo

m(q®, ¢, —q7*) —m(¢®,¢", q) =

J1,10J1,1004,007 4,10

Substituting (5.27) into (5.26) and by (5.5), we derive that

~ J5Jw0d2,0

35 —
J10J0,10J5,10

92(—q*,¢°) = —%Q_WJ(CI)

2Ji5J110  Ji10J110010 410

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

Thus (5.22) follows from (5.23) and (5.28). This completes the proof of Theorem 1.9. 1

Acknowledgments. We wish to thank the referee for valuable suggestions. This work
was supported by the National Science Foundation of China.

31



References

1]
2]

[13]

G.E. Andrews, The Theory of Partitions, Cambridge University Press, Cambridge, 1998.

G.E. Andrews, The ranks and cranks of partitions moduli 2,3, and 4, J. Number Theory
85 (2000) 74-84.

G.E. Andrews and F.G. Garvan, Ramanujan’s “lost” notebook VI: The mock theta con-
jectures, Adv. Math. 73 (1989) 245-255.

A.O.L. Atkin and S.M. Hussain, Some properties of partitions. II, Trans. Amer. Math. Soc.
89 (1958) 184-200.

A.O.L. Atkin and P. Swinnerton-Dyer, Some properties of partitions, Proc. Lond. Math.
Soc. 66 (1954) 84-106.

K. Bringmann and B. Kane, Inequalities for differences of Dyson’s rank for all odd moduli,
Math. Res. Lett. 17 (2010) 927-942.

S.H. Chan, Generalized Lambert series identities, Proc. London Math. Soc. 91 (2005) 598—
622.

Y .-S. Choi, Tenth order mock theta functions in Ramanujan’s lost notebook, Invent. Math.
136 (1999) 497-569.

D. Choi, Weakly holomorphic modular forms of half-integral weight with nonvanishing
constant terms modulo ¢, Trans. Amer. Math. Soc. 361 (2009) 3817-3828.

S. Corteel and J. Lovejoy, Overpartitions, Trans. Amer. Math. Soc. 356 (2004) 1623-1635.
F.J. Dyson, Some guesses in the theory of partitions, Eureka (Cambrige) 8 (1944) 10-15.

F. Garvan, New combinatorial interpretations of Ramanujan’s partition congruences mod
5, 7, 11, Trans. Amer. Math. Soc. 305 (1988) 47-77.

F.G. Garvan and J. Liang, Automatic proof of theta-function identities, http://qseries.
org/fgarvan/qmaple/thetaids/autotheta.pdf Aug. 2016.

B. Gordon and R.J. McIntosh, A survey of classical mock theta functions, In: K. Alladi
and F. G. Garvan, Partitions, g-Series, and Modular Forms, Developmental Mathematics
23 (2012) 95-144.

D. Hickerson, A proof of the mock theta conjectures, Invent. Math. 94 (1988) 639-660.
D. Hickerson, On the seventh order mock theta functions, Invent. Math. 94 (1988) 661-677.

D. Hickerson and E. Mortenson, Hecke-type double sums, Appell-Lerch sums, and mock
theta functions, I, Proc. Lond. Math. Soc. (3) 109 (2014) 382-422.

C. Jennings-Shaffer, Overpartition rank differences modulo 7 by Maass forms, J. Number
Theory 163 (2016) 331-358.

R.P. Lewis, On the ranks of partitions modulo 9, Bull. London Math. Soc. 23 (1991) 417—
421.

R.P. Lewis, The ranks of partitions modulo 2, Discrete Math. 167/168 (1997) 445-449.

J. Lovejoy, Rank and conjugation for the Frobenius representation of an overpartition, Ann.
Comb. 9 (2005) 321-334.

J. Lovejoy and R. Osburn, Rank differences for overpartitions, Quart. J. Math. 59 (2008)
257-273.

32



[23] J. Lovejoy and R. Osburn, Ms-rank differences for overpartitions, Acta Arith. 144 (2)
(2010) 193-212.

[24] W.-C. Liaw, Note on the monotonicity of coefficients for some g-series arising from Ra-
manujan’s lost notebook, Ramanujan J. 3 (4) (1999) 385-388.

[25] R. Mao, Ranks of partitions modulo 10, J. Number Theory 133 (2013) 3678-3702.

[26] R. McIntosh, The H and K family of mock theta functions, Canad. J. Math. 64 (2012)
935-960.

[27] S. Ramanujan, The lost notebook and other unpublished papers, Narosa Publishing House,
New Delhi, 1988.

[28] S. Robins, Generalized Dedekind n-products, in: The Rademacher Legacy to Mathematics
(University Park, PA, 1992) 119-128 Contemp. Math. 166 Amer. Math. Soc. Providence
RI 1994.

[29] N. Santa-Gadea, On the ranks of partitions mod 9 and 12, J. Number Theory 40 (1992)
130-145.

[30] G.N. Watson, The final problem: an account of the mock theta functions, J. London Math.
Soc. 11 (1936) 55-80.

[31] S.P. Zwegers, Mock Theta Functions. Thesis Utrecht 2002.

33



