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Abstract. In this note, we introduce the 2k-th crank moment puor(—1,n) weighted by
the parity of cranks and show that (—1)"ugr(—1,n) > 0 for n > k& > 0. When k = 0, the
inequality (—1)"por(—1,7n) > 0 reduces to Andrews and Lewis’s inequality (—1)"(M.(n)—
M,(n)) > 0 for n > 0, where M.(n) (resp. M,(n)) denotes the number of partitions of n
with even (resp. odd) crank. Several generating functions of pgx(—1,n) are also studied
in order to show the positivity of (—1)"uar(—1,n).
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1 Introduction

Dyson’s rank [8] and the Andrews-Garvan-Dyson crank [4] are two fundamental statistic-
s in the theory of partitions. They provide combinatorial explanations for Ramanujan’s
famous congruences of the partition function p(n), where p(n) counts the number of parti-
tions of n. A partition of a positive integer n is a finite nonincreasing sequence of positive
integers (A1, A2, ..., A.) such that >/ | A\; = n. For a partition A = (A1, Ag,..., Ar), the
rank of A, denoted by 7(\), is the largest part of A minus the number of parts. The

crank [4] is defined by
A, if ny(\) =0,
c(\) =

w(A) —ny(N), if ny(A) >0,

where n1(A) is the number of ones in A and p(\) is the number of parts larger than nq(\).
For n > 1, let M(m,n) denote the number of partitions of n with crank m, while for



n<1,weset M(0,1) =—1, M(0,0) = M(—1,1) = M(1,1) =1, M(m,n) = 0 otherwise.
The generating function for M (m,n) is given in [9, 10].

C(z,q) := Z ZM(m,n)zmq”

m=—oo n=0

_ (4 @)oo
(245 9)oo (27145 @) o

(@D n:z_oo 1 — 2q

Here and throughout the paper, we adopt the standard notation on g-series [1].

: = 1 — aq™ a: —%
(a’7Q)OO _T]L;J(:)<1 q )7 ( 7Q)n - (aqn;q)oo'

We let M.(n) (resp. M,(n)) denote the number of partitions of n with even (resp. odd)
crank. The first study of M.(n) — M,(n) was done by Andrews and Lewis [5]. By setting
z=—11n (1.1), we get

< e — (@D
HZ:O(M6<R) M,(n))q ——(_q;q)go'

Andrews and Lewis proved that

Theorem 1.1 (Andrews-Lewis). Forn >0, (=1)"(M.(n) — M,(n)) > 0.

In [7], Choi, Kang and Lovejoy established congruences and asymptotic properties
satisfied by M.(n) — M,(n).

Analogous to the symmetrized rank moments defined by Andrews [3], Garvan [11]
introduced the symmetrized crank moments in the study of the higher order spt-function.
To be more specific, the k-th symmetrized crank moment g (n) is defined as follows.

i = 3 (" ET ) (L)

m=—00

From the symmetry M(m,n) = M(—m,n), it is clear that psi1(n) = 0. As for an even
symmetrized moment po(n), Chen, Ji and Shen [6] gave a combinatorial interpretation
of par(n) by introducing k-marked Dyson symbols.

In this paper, we introduce the crank moments weighted by the parity of cranks.

-1 = 3 (" umarmn. (12)

m=—0oQ



When k£ = 0, it reduces to
MO(_Ln) = Me(n) - Mo(”)'
Furthermore, uor(—1,n) is a linear combination of the twisted crank moments My (—1,n)

introduced by Rhoades [12] as given by

o)

My(=1,n) = > (=1)"m*M(m,n). (1.3)
For example,
1 1
,U,4<—1,Tl) = ﬂM4< 17”) - ﬂM2< 1,77,)

In [12], Rhoades established the congruences and asymptotic properties satisfied by
M, k (—17 n) .

The main objective of this note is to show the following positivity property of
(=1)"par(=1, 7).
Theorem 1.2. Forn >k >0, (—1)"ua(—1,n) > 0.

It should be noted that Theorem 1.1 is the case & = 0 of Theorem 1.2. To prove
Theorem 1.2, we first establish the following explicit generating function for por(—1,n)
with the aid of Andrews’s k-fold generalization of g-Whipple’s theorem [2, p.199, Theorem
4].

Theorem 1.3. For k > 0, we have
(_l)kqn1+n2+---+nk

_ (@9
Zu% ~1,n)q 3 (e Ty s ()

( 4 q)oo np>ng_12>-->n1>1

We next show that the above generating function (1.6) is equivalent to the following
form which plays crucial role in the proof of Theorem 1.2.

Theorem 1.4. For k > 0, we have

(@9 (=1)™ma(ma —maq) - -+ (my — my—1)g™*
Z“”“ ~Lmt =T 2 (T—gm) (I —gm)--(L—qm)

mE>mpg_1>-->m1>1

(1.5)

The paper is organized as follows. In Section 2, we first introduce the generalized crank
moments figr(z,n). When z = 1, pg(z,m) corresponds to the crank moment pior(n) and
when z = —1, pg(z,n) is the crank moment po,(—1,n) weighted by the parity of cranks.
Then we establish the generating function of p9x(2,n), and hence we derive a generating
function of por(—1,n) stated in Corollary 2.2. In Section 3, we first derive the generating
function of por(—1,n) in Theorem 1.3 by applying Andrews’s k-fold generalization of ¢-
Whipple’s theorem. Then we show the generating function in Theorem 1.4 is equivalent
to the generating function in Theorem 1.3. In Section 4, we show Theorem 1.2 follows
from Theorem 1.4 and Jacobi’s triple product identity:.
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2 The generating function of (2, n)

We define pox(z,n) as

= (m+k—1
= ™M . 2.1
e = 3 (")) 1)
When z = 1, pogx(z,n) corresponds to pgr(n). When z = —1, ugk(z,n) coincides with

por(—1,n). We have the following generating function for pox(z,n).

Theorem 2.1. We have

k+1qn(k+1) kaan )

S n 1 = n—1 Z n <
HZ:OM%(Z,”)Q = (q; q)oo ;(—1) q( )(1 —q )<(1 — an)2k+1 + (1 _ Z—lqn)2k+1
(2.2)

Proof. As in the proof of [11, Theorem 2.2|, we have

o0 Zk-Jrl o 2k 1
S e = o (5) ¢

n=0
Zk:—i—l —1 2k _ L »
~ @) > ( : )(k — D)k =2)--- (k= j) O (z,9)
P\ J
k—1 [e9) n— . —n n
1 (k— 1)2%_j 3 (—1)n1q(3)+@k=n(q _ )
(q; q)oo = ] — (1 _ an)Qk—]-i-l
n#0
_ 1 i (_1)n—1q(g)+2kn(1 - qn>z2k (1 N Z—lq—n )k_l
(¢ @)oo “—. (1 — zqn)2+1 (1 —2qm)~!
n#0
1 0 n k+1 n(k+1) —k nk
- (gD - (s ),
(¢ @)oo == (1 =zt - (1 —z71gn)
Thus we have completed the proof of Theorem 2.1. |
Set z = —1in (2.2), we get
Corollary 2.2. For k>0
- 1 - - ) +nk (1 — qn)2
por(—1,n)q" = —1)ntk lq(2)+ —_— 2.3
; #(=Ln) (¢ 0)oo ;( ) (14 gm)2+t (23)



3 Proof of Theorems 1.3 and 1.4

In this section, we first prove that Theorem 1.3 follows from Corollary 2.2 and Andrews’s
k-fold generalization of ¢-Whipple’s theorem and then show that Theorem 1.3 is equivalent
to Theorem 1.4. Recall that Andrews’s k-fold generalization of ¢-Whipple’s theorem |2,
p.199, Theorem 4] is stated as follows. For k > 1,

1 1 _
qaz, —qaz, by, c, v, by, Ches qa" akqgnt*k

a’
h+4P2k+3

_ (ag; @)n(agq/brcs; @)n
(aq/bx; @)n(aq/ck; @n
(aq/bict; @)m, (aq/baca; @)m, (aq/bk—1Ck—1; Qmy_,
2 (@ Qi (@ @)ma (% Dmiy

X
mi,...,mp_1>0
(b2; Dy (i @Dy (035 Dmmrems (€35 Q) mytmo
(aq/br; @)ma (agq/cr; Qmy (aq/b2; Qi +ms (aq/ 25 Q)i +ms
o (b5 @y ety (Ck3 Qmrteotmp s (@™ Qmyteotmp s
- (aq/bk=1; Qmygmp 1 (0G0 Cl15 Q) tegmy,y (ORCRGT™/ Q5 @)y ety

(aq>mk_2+2mk_3+~~~+(k—2)m1 qm1+m2+~--+mk_1

(baca)™ (b3cz)™+m2 - -+ (by_y oy )™Mt tm—a

X

(3.1)
We are now in position to give a proof of Theorem 1.3.

Proof of Theorem 1.3: In (3.1), replacing k by k + 1, setting b, = ¢; = —1 for
1<i<k+1,a=1 and putting n — oo, after simplification, we obtain

0 22k+2(_1)nq(n;1)+kn

L+ Z (1 + qn)2k+1

n=1

kmi+(k—1)mo+--+my

(92 T (=L@, (LD (LD gt @
(—¢:9)% (=@ 0)2, (G D ims (G D fmg sty

mi,...,mk >0

(3.2)

If we make the substitution ny = mq, no = mqy+ms, ..., np = mqy+mo+---+my, then
the right hand side of (3.2) becomes

(¢; 9)% 5 (L), (—=1;9)7, -~ (=L q)5, ginettm

(D%, o0, Tsnm0 (@ a7 (a5, - (=6 )7,

14,
a%’ —@%, GQ/bla GQ/Clv Tty GQ/bka CLQ/Ck, aqn+1 bl.”bkcln.ck

)



Thus (3.2) can be written as

0 22k+2<_1)nq(";1)+1m
1
+; (1_|_qn)2k+1

_ @9k T (=190, (=L @), -~ (ZLi @), @72

(G D%, on Tsmz0 (@5 (a0, - (=697,

(3.3)

Now let us examine the term n; = 0 on the right hand of (3.3), that is

.42 _1- 2 (_1. 2 .. (_1- 2 notnz+--+ng
(G 0% , on Sosnso (=05, ()%, - (—x:9)7,
Using (3.3) for k replaced by k — 1, we see that (3.4) is equal to

(1_|_qn)2k71

n=1

Hence

(; )% 5 (L9, (=1;9)7, -~ (=1;q)5 gmtnettm

(GD% o0 Thsns (=05, (—a:0)%, - (—x9)7,

© o2k+2(_1\n ("3")+kn 00 92k (__ 1\, (5)+hn
D% (5 ) - (e B

n=1

92 (1) 1q( )+l~m(1 — )2
)2k+1

n=1

Multiplying both sides of (3.5) by (—1)*/(q; ¢)so, by Corollary 2.2 and the standard alge-
braic manipulation, we obtain (1.6). This is complete the proof of Theorem 1.3. 1

To estimate the sign of uor(—1,7n), we need to reform (1.6) in Theorem 1.3 to (1.7) in
Theorem 1.4.

Proof of Theorem 1.4: By Theorem 1.3, it suffices to show that for k£ > 0,

(_1)kqn1+n2+...+nk
nkznkg”'ZMZl (1 -+ qn1)2(1 + qn2)2 - (1 + an)Q

(1 —gm)(1—qm2)---(1—qm)

mE>mpg_1>--->m1>1



In general, we wish to show that for m > 0 and £ > 0,

q(m+1 np+ng_1+---+ni

(=1
2 (L4 gm)? (14 gm2)? - (14 g™)?
(=

ng>ng_1>->n1>1

_ (3.7)
_ 3 L= (my — m)(my —ma) - - - (mg — my—1 g™
R, (1 _ qml)(l _ me) e (1 _ qu) )
which turns to (3.6) when m = 0.
We proceed by induction on k. It is trivial for £ = 0. For k = 1, it follows that
Z _q(m+1)n1
ni\2
ol (1 +q 1)
= Z g™ Z (—=1)™myg™™
ni>1 mi1>1
Z m1m1qm+m1
m1>1 1 o qm+m1
- Z )" (= m)g™
mi>m 1 B qml
Thus (3.7) holds when k£ = 1.
Following the same argument as above, we could derive the following identity.
Z _q(m+1)n2 _ Z (_1)m1fm(m1 _ m)qmlnl (3 8)
n2)2 _qm : :
na>ni (1 +q 2) mi>m 1 q '

We assume that (3.7) holds for any positive integer k — 1. It will be shown that it also
holds for k. Exchanging the order of summation, we get

(_ 1)kq(m+1)nk+nk71+'"+n1

D E e e e

np>ng_1>-->n1>1

(_1)k—1qn1+"'+nk—1 _q(m+1)nk
- Z (14gm)2--- (14 gm-—1)2 Z (

ng )2
Ng—12-2n121 Mg 2Nk—1 L+a k)
Z (_1)k—1qn1+...+nk,1 Z (_1)m1—m(m1 - m>qm1nk,1 b (3 8)
2... ng—1)2 _
Np_1>>n1>1 <1 + qﬂl) <1 + q * 1> mi1>m 1 qml

= Z (_1)m1*m(m1 - m) Z (—1)kilq(m1+1)nk71+nk72+"-+n1

—qgm ni\2 ... ng_1)2
mi>m 1 q ! Ng_1>Ng_o>>n1>1 (1 +q 1) (1 +q k 1)
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mg

_ (=)™~ (my —m) (=)™ ™ (my —my) -+ - (Mg — my_1)g

N mlz>m 1 o qml mk>mk—§>m2>m1 (1 - qm2) o (1 o qu)

_ (=)™ ™(my —m)(mg —my) - - (Mg — My—1)q™*
2 (1—gm)(1—qm2)--- (1 —gm) ’

where the penultimate step follows by the induction hypothesis. Thus (3.7) holds for k,
which implies (3.6) holds for k. Therefore we have completed the proof of Theorem 1.4.

mEp>mp_1>-->mp>m

4 Proof of Theorem 1.2

In this section, we aim to prove Theorem 1.2 with the aid of Theorem 1.4.

Proof of Theorem 1.2. Replacing ¢ by —¢ in (1.7), we find that

Z(—l)nﬂzk(—la”)qn
_ (=0 —9) Z my(mg —my) -+ (my, — mg_1)q™* (4.1)

1= (=gm™)A = (=q)m2) - (1= (=q)™)
By the standard algebraic manipulations of the infinite products, we see that

(=4 =)
(; —q)%

(¢ —9)%

mp>mpg_1>>m1>1

= (40" (¢*; ¢*)oo(=q;¢*)%,  (by Euler’s partition theorem)

= (=4 ¢ Z q”2 (by Jacobi’s triple product identity)

n=—oo

= (40" (1 + 2Zq"2> :

Hence (4.1) becomes

(e}

> (1) par(—1,n)g"
_ 2 my(ma —ma) - (M — mi-1)q™ (=43 ¢)oo
- (1 22 ) DN (e e e e L e

mE>mpg_1>--->m1>1

Given my > myp_1 > --- > mq > 1, define

I (=4 0)
n;)le,WQ ----- m, (m)q™ : (1—(=q)™)(1 — (—q)™)--- (1 — (—q)™)"




In the above sum, if m; is odd, then the term in the denominator can be canceled by
(—¢; ¢*) o, since the m; are all distinct. Thus, we deduce that fiu, m,. m,(m) > 0 and
fmimo....m,(0) = 1, which impies (—1)"por(—1,n) > 0 for any nonnegative integer n > k.
Thus, we have completed the proof of Theorem 1.2. |
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