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Abstract Graph sampling is a very effective method to deal with scalability issues when analyzing large-
scale graphs. Lots of sampling algorithms have been proposed, and sampling qualities have been quantified
using explicit properties (e.g., degree distribution) of the sample. However, the existing sampling techniques
are inadequate for the current sampling task: sampling the clustering structure, which is a crucial property
of the current networks. In this paper, using different expansion strategies, two novel top-leader sampling
methods (i.e., TLS-e and TLS-i) are proposed to obtain representative samples, and they are capable of
effectively preserving the clustering structure. The rationale behind them is to select top-leader nodes of most
clusters into the sample and then heuristically incorporate peripheral nodes into the sample using specific
expansion strategies. Extensive experiments are conducted to investigate how well sampling techniques
preserve the clustering structure of graphs. Our empirical results show that the proposed sampling algorithms
can preserve the population’s clustering structure well and provide feasible solutions to sample the clustering
structure from large-scale graphs.
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1 Introduction

A graph is a generic data structure that can characterize complex relationships between the entities in the
networks. For instance, in online social networks, users can be represented by nodes, and communication
associations or friendships can be represented by links. Nowadays, in various applications, “big” graphs
are becoming ubiquitous and prevalent. For example, in the Facebook network, daily active users have
increased to 1.84 billion, and the total number of monthly active users has reached close to 2.70 billion
users (as of December 2020). Analyzing such large-scale graphs has become of great significance in
various kinds of applications (e.g., abnormal connections in social media). To understand the structures
of these real-world graphs in various scenarios, effective and efficient graph mining algorithms (e.g.,
sampling, clustering, and classification, among other algorithms) are in great demand. However, there
has been a dramatic increase in “big” graphs, which poses huge challenges to researchers in the fields of
graph mining. Moreover, the corresponding techniques typically exhibit high computational complexity.
Therefore, effectively processing these big graphs is becoming a crucial issue for data scientists. One
feasible solution to these problems is to sample a representative subgraph and explore the inherent
structures or characteristics.

We consider the sampled graph as a representative if the sampled graph preserves the selected properties
of the original graph. Here, the simple node-level properties (e.g., distributions of degree, betweenness
centrality, and closeness centrality are commonly investigated by researchers, but sampling influences on
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Figure 1 (Color online) A tiny example of sampling the clustering structure.

the intrinsic clustering structure have been overlooked, which is a prevailing characteristic of real-world
graphs. As shown in Figure 1, the objective of the sampling is to take a subgraph of the original graph in
such a way that the sampled subgraph is representative of the original graph by considering the clustering
structure. The basic principle is that if the sample truly represents the original graph in terms of the
clustering structure, the clustering structure on the sampled should be well extended to the unsampled
nodes. Therefore, it provides a feasible solution in large-scale graph analysis and becomes an important
procedure for inferring potential properties in the original graph.

Consequently, there are two research challenges we should address: (i) The first challenge is to con-
struct an effective sampling method on large-scale graphs and ensure that the sample represents the
perspective of clustering structures. A sample is representative if it has the original graph’s selected
properties. Furthermore, a sample is representative if it preserves the selected properties of the original
graph. Existing sampling methods, however, are inadequate for keeping the inherent clustering structure.
(ii) The second challenge is to evaluate the representativeness of the clustering structure of the sample.
There are some studies on how to evaluate the sample quality, but their results are far from solving the
problem. To meet these challenges, our main contributions are as follows.

e We devise two novel top-leader sampling algorithms, which are subject to equal-sized expansion (TLS-
e) and internal-priority expansion (TLS-i), respectively. These two algorithms can yield representative
samples and preserve the clustering structure effectively. The rationale is to take top-leader nodes in each
cluster to the sample and then heuristically incorporate the peripheral nodes satisfying the expansion
strategies into the subgraph.

e We design the methodology to measure how the sampled graph’s clusters with the ground-truth of
the original graph can quantitatively differ and utilize effective metrics to evaluate the sampling quality
from diverse perspectives.

e Experiments are conducted to investigate how sampling influences the clustering structure of graphs,
and empirical results have shown that proposed sampling algorithms (i.e., TLS-i and TLS-e) can maintain
the intrinsic clustering structure when sampling from large-scale graphs. Furthermore, we found that
TLS-i is more suitable for sampling from graphs in which the distribution of cluster sizes is diverse, and
TLS-e is the opposite.

2 Related work

Graph sampling has been widely studied, and it is of great interest to researchers in a wide range of
fields. Although several types of graphs may be studied in each field, the key point has been on devising
sampling methods to sample representative subgraphs from larger graphs and using subgraphs to simplify
downstream tasks (e.g., classification [1] and clustering [2]). Therefore, the related work consists of two
parts: (a) sampling methods; (b) sampling the clustering structure.

2.1 Sampling methods

To preserve specific graph properties for domain-specific objects, lots of sampling approaches have been
adopted. In [1, 3], these sample methods can approximately be classified into three types: node-based,
edge-based, and traversal-based sampling.



2.1.1 Node-based sampling

The widely-used induced random vertex (IRV) sampling [4] chooses nodes from the original graph to
the desired size with equal probability, and then it includes existing edges among the selected nodes
from the population into the sampled counterpart. The strategy is uncomplicated in approximating the
direct properties of nodes, e.g., degree distribution, but the connectivity is unlikely to be retained. Some
advanced node-based sampling methods are proposed [1], for example, random page-rank node (RPN)
and random degree node (RDN) choose sampled nodes according to page-rank weights and node degrees,
respectively.

2.1.2  FEdge-based sampling

Random edge (RE) sampling [3] generates an induced subgraph where each edge is chosen independently
and uniformly at random. The sample is a partially induced subgraph, where no edges are added on
existing nodes in the sample. Thus, it makes the sampled graph very sparsely connected. Another
variant named induced random edge (IRE) first chooses numerous edges from the original graph and
adds incident nodes. Then, it incorporates edges from the original graph among the chosen nodes if
edges have not been sampled. Both samplings can produce disconnected samples and do not preserve
the clustering structure well.

2.1.3  Traversal-based sampling

Traversal-based sampling can be divided into two subcategories: sampling without replacement and with
replacement. Depth first (DF) and breadth first (BF) sampling [4] are two basic sampling without
replacement methods. Both start from a randomly selected node and then select nodes in depth- and
breadth-first order, respectively. In both samplings, once the starting node is randomly chosen, the rest
of the procedure is deterministic, and it makes the sample very sensitive to the initial seed node. Snow
ball (SB) sampling [3] selects a fixed number of neighbors to visit in each loop, but it becomes worse
from boundary bias such that many sampled nodes in the final loop lose their neighbors. Forest fire (FF)
sampling is a recursive process where a seed node is picked and starts to burn outgoing edges and nodes at
the other end get “burned”. In each iteration, the picked node selects z of its outgoing neighbors, where
x is geometrically distributed with the mean Z = p;/(1 — py), and py is the forward burning probability.
The iteration continues until the target size is reached.

For sampling with replacement, random walk (RW) sampling [1] is a well-known method in social
network analysis. It begins from a randomly chosen node and picks the neighboring node by simulating
a random walk on edges. However, it does not work well in disconnected or loosely connected graphs
because the location of the starting node’s components cannot be sampled. To solve this problem, random
jump (RJ) [3] sampling was proposed, and it gives some probability that the node can randomly jump to
any node in the graph, such that it does not get stuck into a local optimum. Also, Metropolized random
walk (MRW) [1, 3] sampling is a variant of the Markov chain Monte-Carlo algorithm, and its aim is to
draw samples from the target uniform distribution p(u), where p(u) = 1/N, N is a normalizing constant,
we do not have a priori knowledge. Thus, MRW sampling removes the bias of the RW sampling algorithm
so that the target distribution is uniform.

2.2 Sampling the clustering structure

The purpose of this study is distinct from those in the literature. Unlike conventional sampling methods,
which concentrate on sampling nodes’ properties of a graph, we focus on sampling a graph to preserve
non-trivial structural properties (e.g., topological or organizational properties). Though a considerable
amount of work on sampling that exists in the complex network and social sciences, most sampling
techniques are not specially designed to preserve the essential structural property, i.e., clustering struc-
ture [2,5]. However, the clustering structure of a graph is of importance since they are often associated
with common/latent characteristics (e.g., affiliation, role, and common interest).

Leskovec et al. [3] investigated a series of sampling algorithms to sample from large-scale graphs and
evaluate various graph properties of interest. They reported that RW and FF samplings perform better
than competing sampling algorithms on basic properties. However, experimental measurements only con-
sider the basic properties (e.g., in-degree, out-degree, connected components, and hop-plot distribution),
which is insufficient to guarantee that the sample is representative regarding the inherent clustering



structure. The work in [6] only assessed which samples are representative of explicit or simple graph
properties (e.g., the degree distribution), and it cannot reflect the topology structure as much as possible.
Ref. [7] put forward two sampling algorithms based on the idea that the sample with good expansion
property tends to be more representative of the clustering structure than others. Ref. [8] proposed a graph
sampling based on graph Fourier transform (FGFT). By showing the equivalence of a shifted A-optimal
criterion and a function of an ideal low-pass (LP) graph filter, a new sampling method is proposed to
minimize the new objective to select sampled nodes greedily. Furthermore, Ref. [9] proposed the SInetL
method to deal with the Internet topology specifically. They resolved the Internet topology by employing
two normalized Laplacian spectral features and fulfilled a marked reduction in the size of the topology
using sampling and merging of these graphs. The number of nodes can be reduced using the proposed
method in these graphs effectively while preserving their essential properties. Ref. [10] propounded a
sampling approach that is oriented to contextual structures’ preservation and employs a graph represen-
tation model to extract the contextual structures. A general graph sampling framework called GraphSDH
is proposed by [11] using the vertex-centric graph model. They derived a stratified sampling method that
was based on vertex-degree and a hierarchical optimization scheme based on sampling position analysis.
It substantially accelerates the PageRank computation.

The focus of this work is to design sampling algorithms that represent the inherent clustering structure
in the original graph. Generally, there are three main aspects differentiating our work from previous
studies on graph sampling: (i) Traditional sampling methods focus on acquiring unbiased estimates
related to explicitly measurable node properties, such as degree distributions and clustering coefficients.
By contrast, we concentrate on the use of sampling to preserve non-trivial structural properties (i.e.,
clustering structure) of the graph itself. Such properties are usually considered difficult to identify or
measure even with full access to the entire graph. (ii) Unlike most existing research, we analyze the
advantages of certain sampling biases and leverage these biases to preserve structural properties. (iii) We
exploit the sampling technique as an essential procedure for mining tasks on the sampled graph.

3 Definitions & problem statement

3.1 Basic notations and definitions

Traditional graph analysis considers the graph-structured data as a static graph!), which is either derived
from edges’ aggregation across all the time or acquired as a snapshot of edges at a special timestamp.
The formal definition is as follows.

Definition 1 (Static graph). A static graph G is defined as G = (V, E), where V is a finite set of nodes
and E CV xV xR is a set of weighted edges, such that N = |V| is the number of nodes, and M = |E)|
is the number of weighted edges. R* denotes the set of positive real numbers. Each weighted edge in
is represented as (u, v, w), where v and v are the two incident nodes of the edge, where u # v and w are
edge weights.

In several real-world graphs, edges in a graph may not have the same weights. For instance, edges
usually are related to weights, which differentiate them in terms of quantity, intensity, and strength.
Thus, if edges have different weights, we treat the graph as a weighted static graph. Otherwise, it is
an unweighted static graph, which is a special case of a weighted graph (i.e., w = 1.0). Furthermore,
with the pervasive use of social networks, there is a dramatic increase of large-scale static graphs, which
is followed by a surge of interest in analyzing such graphs across various disciplines. Therefore, it is
necessary to analyze such graphs, which would provide important insights into their structures and
formation mechanisms.

Definition 2 (Sample). A sample S = (V;, E;) is a sampled subgraph of an original graph G = (V, E),
where E, C E and V; C V such that each node that is noted in E is in V.

Definition 3 (Sampling rate). A sampling rate p is a sample fraction of nodes Vi from V| i.e., p =
[Vsl/IV].

Definition 4 (Clustering). A clustering C is a finite non-empty node-set C = {C1, Cs, ..., Ck}, where
each C; (i € [1,k]) is a subset of V, called a cluster of G, and it holds that (., C = V. Note that
clusters can be either disjoint or overlapped with each other.

1) In this paper, the network and graph can be used interchangeably, and for ease of analysis, undirected graphs are considered
only.
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Figure 2 Problem setting. Assume that S is a sample of a graph G, C(G) is a valid ground-truth of G, and C(S) is a clustering
of S induced by process P, the goal is to preserve the clustering structure C(S) of sample S well with respect to C(G) of G.

Definition 5 (Top-leader). For a graph G, a top-leader I; of a cluster C;(G) is the representative node
of the i-th cluster of C(G), where i (i € [1,k]) denotes the index of i-th cluster.

Definition 6 (Top-leader list). A top-leader list L = {l1,...,l;} is the list of top-leaders of the k
clusters, where I; (i € [1,k]) represents the top-leader of the i-th cluster, whereas k is the number of
clusters in C(G).

Definition 7 (Neighbors). Neighbors N(S) of S denote neighbors of the sample S, i.e., N(S) = {w €
V—Vs | 3Jve S st (vyw) € E}. Specially, when S = {u}, N(S) can be written as N(u) and |N(u)|,
which refers to the degree of node w.

Definition 8 (Important neighbors). Important neighbors H(u) of u denote the neighbors with equal
or higher degree than node w. That is, H(u) = {v | v € N(u) s.t. |[N(v)| = |N(u)|}.

Definition 9 (Expansion factor). The expansion factor X (S) of S is defined as X (S) = %, where
N(S) is the neighbors of S, and |S| is the cardinality of S.

Definition 10 (Extra neighbors). Extra neighbors EN(v,.S) are the set of new neighbors contributed
by node v once it is sampled into S. That is, EN(v, S) = N(v) — N(S)US.

Definition 11 (Internal nodes). Internal nodes IN(S) are denoted by the neighbors of S, which do not
contribute to any new neighbor. That is, IN(S) = {v | v € N(S) s.t. | EN(v, S)| = 0}.

Definition 12 (Activated node). A node v is an activated node if it has not been sampled. We call v
an activated node and say that node v is activated.

Definition 13 (Deactivated node). A node v is a deactivated node if it has been sampled.
3.2 Problem setting

The primary objective is to design a new sampling algorithm to sample large-scale graphs that preserve
the clustering structure. How can we preserve the clustering structure using the sample S from the
original graph G? First, we want the sampled subgraph to contain the top-leader I; € C; from most (or
even all) clusters of the original graph, and also nodes that are tight around the top-leader nodes should
be retained. In this way, it makes the sample preserve the clustering C of the original graph. Second,
the nodes that are grouped together in the sampled counterpart should stem from nodes located in the
same cluster of the original graph. As shown in Figure 2, the problem setting can be formally defined as
follows.

Definition 14 (Cluster-preserving sample). Given a graph G, a clustering method P, a similarity
measurement M|, -], a sample S is a cluster-preserving sample that meets the following criteria:

e S maximizes the similarity, i.e., max M(C(S)),C(G), between the clusters C(G) of G and clusters
C(S) of S. Note that the clusters of the original and sampled ones are obtainable from the known ground-
truth if known. Otherwise, the clusters in G and S are obtained by implementing the same clustering
algorithm P;

e The number of non-empty intersections between V; and each cluster in C(G) is maximized, where
C(G) is the set of clusters on G.

4 Proposed sampling method

Based on the definition of the cluster-preserving sample, two new top-leader sampling (i.e., TLS-e and
TLS-i) methods are presented, which are capable of producing representative subgraphs and retaining



clustering structure commendably. Notably, both proposed algorithms are mainly composed of two
phases:

e In the first phase, it initializes k£ nodes, each of which plays a representative role in its corresponding
cluster accordingly. That is, initializing of the k top leaders.

e In the second phase, it iteratively expands each cluster by adding eligible peripheral nodes using the
specific expansion criterion that needs to be satisfied until the sample reaches the desired size.

By including these top leaders and their surrounding nodes, we expect to yield a representative sample:
(1) to accommodate most or all the clusters in the graph, and (2) to be a condensed representation of
the clustering structure of the original graph. More specifically, we introduce a new local top-leader
initialization method, and then two expansion strategies, which are respectively subjected to TLS-e and
TLS-i, are given in detail.

4.1 Initialization of top-leaders

Since the initialization of top-leaders plays an important role in sampling the clustering structure, we
discuss existing methods used in the selection of initial top-leaders and present a new local top-leader
initialization method.

4.1.1 Euxisting global top-leaders

The global top-leader initialization method [12] only selects top-k nodes with the highest degrees to be
top-leaders of clusters in the initialization step. The reason is that top-leaders are usually located at
the central part of their clusters. That is, peripheral nodes have a higher probability of connecting with
top-leaders than peripheral nodes in the same cluster. However, when it is employed in real-world graphs
where degrees of nodes are remarkably diverse and follow the power-law distribution [13], the selected
top-leaders are global representative nodes instead of local representative nodes. In fact, the degrees of
top-leaders in small clusters are probably less than some ordinary nodes in the big one, which shows that
top-leaders of small clusters cannot be selected using this global method. Thus, we need an alternative
initialization method to solve this problem.

4.1.2  Local top-leaders

Mall et al. [12] have proved that the top-leader selection is NP-hard. Therefore, it motivates us to develop
a heuristic approximation approach for this task. Meanwhile, Ref. [14] proposed a top-leader selection
method. The method selects high degree nodes, which are not directly connected to top-leaders. However,
it is too rigorous since many top-leaders of clusters in real-world graphs should have a “connection” with
each other, though some of them may not be strongly connected. For instance, in the US presidential
election 2016, Donald Trump and Hillary Clinton are obviously leaders for the Democratic and Republican
Parties, respectively. If we consider the relationships between members in two parties, it is unrealistic
that party leaders do not connect with each other. For this reason, we put forward a more lenient local
top-leaders initialization method. We assume that a top-leader should not have more than k£ —1 neighbors
whose degrees are higher than its own degree (k is the number of clusters). That means it may connect
other top-leaders of larger clusters (namely, the neighborhood constraint). If the number of neighbors
with higher degrees for top-leaders is more than k — 1, it means this node cannot be a top-leaders of all
k clusters, and there are k nodes with higher degrees, which can be classified into the top-leader list.
Furthermore, top-leaders should share few common neighbors compared with others (namely, common
neighbor constraint). We define the number of common neighbors as ¢ (¢ = 3 is a good rule of thumb
from the perspective of the experiment). Therefore, these nodes that meet the following criteria are
given higher priority to be selected as top-leaders of clusters, i.e., each top-leader should satisfy the three
constraints simultaneously.

(i) Each top-leader should have as high degrees as possible (i.e., degree constraint).

(ii) The number of neighbors with higher degrees for top-leaders should be no more than k& —1 (i.e.,
neighborhood constraint).

(iii) Top-leaders should share few common neighbors with each other (i.e., common neighbor con-
straint).

As shown in Algorithm 1, the initialization method is simple yet effective. Firstly, we sort the node-set
V in a descending order using their degree centrality. Secondly, for each node from the sorted queue



Sorted_V, the method picks the first top-leader with the highest degree, and then we pop up the next
node to check whether it satisfies the constraints (i.e., neighborhood and common neighbor constraint).
If satisfied, we add the node to the top-leader list L until k£ top-leaders are found. This process executes
iteratively until the target number £ is reached. This method allows for possible edge connections among
top-leaders, and it can find local top-leaders more accurately. Additionally, we tune on selecting top-
leaders into a larger cluster number ¢ x k, where ¢ (¢ > 1) is a constant, and we observe similar behavior
in terms of sample quality.

Algorithm 1 Initialization of k top-leaders

Input: Nodes set V in G; number of clusters k; common neighbor constraint €; desired sample size n.

Output: Set of top-leaders L = {l1,l2,...,lx}.
1: Sorted.V <« sort the nodes in V by the degree from largest to smallest;
2: L+ 0

3: while |L| < k do

4: Pop up a node v from Sorted_V with maximized [N (v)| in G;
5: if L =0 then

6: L+ LU{v};

7 else

8: if Vie Ls.t. [NU)NN(v)| <eand|H(v)| <k—1then
9: L+ LU {v};

10: end if

11: end if

12: Sorted-V «+ Sorted-V — {v};
13: end while
14: Return: L.

4.2 Sampling expansion strategies

After the initialization of k top-leaders, we decide which nodes in neighbor nodes N(S) of S can be
preferentially chosen in each loop of the sampling process. The selection directly impacts the properties
of the sample being formed. Hence, we propose two expansion strategies to expand peripheral nodes of
each cluster into the sample.

4.2.1 Fqual-size expansion

Salehi et al. [15] derived that when comparing simple node-level properties, e.g., average degree, in a
sampled counterpart with the original graph, an equal number of nodes from each cluster is required
in order to obtain the optimal result. However, we need to verify this claim on the inherent implicit
property: the clustering structure. Thus, the first strategy is to choose an equal number of nodes from
each cluster in the original graph. That is, we sample the same number of nodes from each cluster,
such that each cluster does not terminate its sampling expansion until its size reaches B = [#]. The
pseudocode for this strategy is presented in Algorithm 2. Initially, we add top-leaders I; into the i-th
cluster C; (i € [1,k]). Next, we select the neighbor v, which is an activated node, of the cluster C; such
that the |[EN(v,C;)| (i.e., the number of new neighbors provided by v is minimized once it is sampled
into S). This expansion condition ensures that the newly sampled node v is the peripheral node that
connects tightly to its top-leaders and sparsely links to other clusters, and then we set the node v to
deactivated node. If the cluster size reaches B, we start a new cluster expansion. Note that if the cluster
does not have any activated node to be sampled, it becomes an isolated component, and we need to stop
expanding this cluster, causing its cluster size to be less than B. Thus, we need to determine whether
the target sample size is satisfied. If not, we iteratively add unsampled nodes into V; in descending order
of degree until |Vy| = n is satisfied. Finally, we obtain all the sampled nodes V;, and then select all the
edges Fs that are incident to these sampled nodes from the edge set E.

4.2.2  Internal-priority expansion

One important factor that impacts the performance of equal-size expansion is the homogeneity of cluster
sizes. In real-world graphs, however, the distribution of cluster sizes is diverse and approximately follows
a power law distribution [13]. Therefore, it does not guarantee whether that assumption of an equal
number of samples from each cluster is suitable for preserving the clustering structure. Thus, a defect
of Algorithm 2 is that the requirement of equal cluster size is too rigorous and unrealistic in real-world



Algorithm 2 Top-leader sampling algorithm with the TLS-e

Input: Graph G = (V, E); desired sample size n; number of clusters k; set of initial top-leaders L = {l1,12,...,1x}.
Output: Sampled subgraph S = (Vs, E;); clustering C = {C1,Ca,...,Ck}.
C + 0, activated nodes + V — L;
: for all l; € L do
C; +— C; U {li};
end for
for all C; € C do
while |C;| < [£] do
if no more activated node is found then
###{An isolated component};
Continue;
else

® NPT wh

== =
N = O ©

v « activatednodes s.t. min,en(c;) [EN(v, C5)l;

C; +~— C; U {'U};

Set v to deactivated node;

end if
end while
: end for
Ve~ C1UC2U---UCg;
: if |Vs| < n then
Iteratively add nodes to Vs in descending order of degree until |Vs| = n satisfied;
: end if
: for all e = (u,v) € E s.t. {u,v} C Vi do
E; + Es; U {e};

: end for
: Return: S.
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Figure 3 (Color online) Schematic diagram of related definitions.

graphs. To overcome this demerit, we propose a more realistic strategy (i.e., internal-priority expansion)
to sample on real-world graphs, which have diverse cluster sizes. The basic rationale is when expanding
nodes from the neighborhood of a cluster C; (i € [1, k]), we can add the nodes that are tightly connected
with the cluster by minimizing |[EN(v,C;)|. Since |EN(v,C;)| refers to new neighbors contributed to a
cluster C; by v if it is added, the node with lower |[EN(v, C;)| value can expand the core part of the cluster
and help to find potential internal nodes of each cluster. Here, we consider those nodes at IN(C;) (i.e.,
nodes with |EN(v, C;)| = 0) as internal nodes in cluster C;, and they do not provide any new neighbors
for C;. These internal nodes of each cluster should be sampled into the subgraph to preserve the inherent
clustering structure of the original graph.

The pseudocode for the internal-priority strategy is presented in Algorithm 3. Initially, we add top-
leaders [; into the i-th cluster C;. Thereafter, it is divided into two phases. In the first phase, we add
eligible nodes to each cluster C; in each iteration. Specifically, if the cluster C; has potential internal
nodes in its neighbors, all will be added into the sample and labeled with C;. Otherwise, the neighbor
node which provides the least new neighbors should be sampled. In the second phase, the number of nodes
might be greater than the desired size n after the first phase, so we iteratively prune out the sampled node
with the minimum degree until the target number n is satisfied. Compared to the equal-size strategy, the
main advantage of internal-priority expansion strategy is that clusters are not fixed to equal sizes, and
the size of each cluster depends on potential internal nodes in their own neighbors.

As shown in Figure 3, for ease of understanding, a schematic diagram of the definitions is given. The
algorithm includes two stages: the initialization of top-leaders and sampling expansion. (a) Initialization
of top-leaders. It initializes k vertices (here, we set k = 2), and the selected vertices are the top-leader in



Algorithm 3 Top-leader sampling algorithm with the TLS-i

Input: Graph G = (V, E); desired sample size n; number of clusters k; set of top-leaders L = {l1,l2,...,l;}.
Output: Sampled subgraph S = (Vs, E;); clustering C = {C1,Ca,...,Ck}.
1: C + 0, activated nodes + V — L;
2: for all l; € L do
3: C;+— C;U {li};
4: end for
5: while |V;| < n do
6: for all C; € C do
7: if no more activated node is found then
8: ###{An isolated component};
9: Continue;
10: else
11: if IN(C;) # 0 then
12: Internal_nodes < IN(Cj;);
13: C; + C; U Internalnodes;
14: Set Internalnodes to deactivated nodes;
15: else
16: v < activatednodes s.t. min,en(c;) |EN(v, Ci)|;
17: C; < C; U {v};
18: Set v to deactivated node;
19: end if
20: end if

21: end for

22: end while

23: Vs« C1UC2U---UCy;

24: if |Vs| > n then

25: Iteratively remove nodes from V; in ascending order of degree until |V;| = n satisfied;
26: end if

27: for all e = (u,v) € E s.t. {u,v} CV, do

28: E; + Es; U {e};

29: end for

30: Return: S.

corresponding clusters. As shown in Figure 2, vertices 2 and 5 are added to the top-leader list. (b) Sam-
pling expansion. Here, we expand the sample according to the proposed internal-priority expansion
criterion until the target number of vertices n is reached (here n = 5). According to the internal-priority
criterion, vertices 4, 6, 7, and 1 are included in the sampled counterpart. Then, the corresponding edges
are attached to the vertices to obtain the sample.

5 Time complexity

In this section, the time complexities of TLS-e and TLS-i algorithms are analyzed. For ease of analysis,
we consider a connected graph, where there are no isolated nodes and connected components.

In the local top-leader initialization, the sorting operation maintains the node queue in descending
order of the nodes’ degree. The minimum time required to perform this sorting is O(N x log(N)), and
in the worst case, finding the initial k& top-leaders in the queue is O(k x N), where N is the number of
nodes in the original graph.

For the TLS-e, we set the size of the current cluster b; (i € [1,k]) is size (size < [%]), where n is the
target number of nodes in the sample. Assume that the average degree of each node in the original graph
is d, and the average ratio of external degree to total degree is p. In the equal-size expansion, for each
cluster b;, the time complexity of finding the neighbor that minimizes the |EN(v, ;)| is size x d X u, and
the number of loops is [#]. Thus, the total time complexity of TLS-e is about O(k x size x d x u x [£]),
which is less than O((%)?).

Similarly, for the TLS-i, we set the iteration time of reaching the desired sample size to iter, so the
complexity of finding internal nodes for each cluster b; is O(size(b;) X d X u X iter). We cannot obtain the
number of iterations and size size(b;) of the current cluster exactly. However, the worst case is that for
each cluster in each loop, only one neighbor of cluster b; is selected, so after each inner loop, k£ new nodes

are added to the sample, so the maximum iteration that can reach the target size is [#]. Meanwhile,
the size for each cluster should be equal-size (size < [%]). Thus in the worst case, the time complexity

n

is approximately O((%)?).
As a whole, the total time complexities of TCI-i and TCI-e algorithms are both dominated by the
sorting operation in top-leader initialization, which costs O(N x log(N)). Thus, the proposed sampling



methods run in quasi-linear time and can be used to sample from graphs at a scale.

6 Experiments and analysis

A series of experiments are introduced to assess the sample quality of different sampling strategies on
keeping their structural properties. First, we briefly described the experimental setup and the benchmarks
employed. Then, we conducted empirical experiments to evaluate the sample quality using multiple
metrics and reported average performances over 5 different runs.

6.1 Experimental settings

Experiments are performed on a powerful server that runs Linux CentOS. Every run utilizes a single
kernel with at most 32 GB main memory and 2.40 GHz CPU. The top-leader sampling with TLS-e and
TLS-i is implemented by Python 2.72). For comparison, this paper considers a variety of graph sampling
algorithms, including: SInetL [9], GraphSDH [11], XSN (snowball expansion sampler) [7], MRW [1],
induced random node (IRN) [4], IRE [4], metropolis subgraph (MS) [6], and RW [16] sampling. It is
worth noting that XSN is the only method that distinctively samples the clustering structure, and the
sampled graph S is formed progressively such that the expansion factor X (5) is maximized. Random
walk cannot directly run on graphs with multiple connected components since it is easy to fall into dense
clusters and get stuck. A variant of this method chooses a new node randomly if the “random walker”
does not find new nodes until a fixed number of iterations are reached. Here, the threshold 100 x |V|
is employed, which is proposed in [3]. For MS sampling, it yields samples to diminish the distinction
of the basic property between the sampled counterpart and original graph, and we employed the degree
distribution in our experiment.

6.2 Datesets

In our experiments, classical Lancichinetti Fortunato Radicchi (LFR) [17] synthetic graphs are used since
the clustering structures are explicitly known. Besides, we test on real-world networks where the ground
truth relies on the available meta-data. Meanwhile, the meta-data and clustering structures are highly
correlated [18,19].

6.2.1 Synthetic networks

Since real-world graphs with clear ground-truth information are yet rare, synthetic networks that generate
the clustering structure and hidden ground-truth have been widely used, and it has gained popularity
in literature. LFR benchmark proposed in [17] has been widely used to generate artificial graphs. The
LFR is based on the planted partition model, and it is capable of yielding synthetic graphs where the
node degree and cluster size follow the power-law distributions. The parameter setting of LFR . is briefly
introduced in this section. The mixing parameter p is critical and shows the average proportion of the
external degree to the total degree for each node. When p is set small, the clustering structure of the
synthetic graph is more distinct. In our study, we choose LFR parameters based on the report in [20] to
simulate real-world networks. Many LFR synthetic networks are generated, where p ranges from 0.15 to
0.55 with the interval of 0.1, and other parameters are given in Table 1.

6.2.2 Real-world networks

We have considered various graphs derived from real-world networks, and they can approximately be
categorized into two: large and small networks. The first five datasets are small and accurately labeled
networks, which consist of Football, Karate, Dolphin, Polblogs, and Polbooks. They are widely-used to
measure the accuracy of the clustering structure®). The rest are larger networks, and it is impossible (or
very time-consuming) for some of them to process in their entirety unless we take a sample on them. The
corresponding meta-data of them serve as the genuine ground truth since they are highly correlated with
the clustering structure. Only the top 5000 ground-truth clusters from each network are employed since

2) The source codes of proposed methods are implemented and can be found at https://github.com/bigdataTU/sampling-
clustering_structure.
3) All the small networks and ground-truth information can be found at http://www-personal.umich.edu/~mejn/netdata/.



Table 1 Default setting of LFR synthetic networks

Variable Parameter meaning Value range
N The number of nodes [1000, 10000]
w The mixing parameter 0.35
D The average degree 25
maxD The maximum degree N/10
exp; Exponent of the node degree distribution —2
expy Exponent of the cluster-size distribution -1
maxC The maximum cluster-size N/10
minC The minimum cluster-size 50

Table 2 Basic structural information of real-world large graphsa)

Network \4l |E| # comps C CC Density
Football 115 613 1 12 0.403 0.094
Karate 34 78 1 2 0.571 0.139
Dolphin 62 159 2 2 0.259 0.084
Polblogs 1224 16718 1 3 0.320 0.022
Polbooks 105 441 1 2 0.487 0.081
LFR-1000" 1000 12470 1 13 0.210 0.0249
DBLP 93432 335520 392 5000 0.708 0.00009
Friendster 220015 4031793 669 5000 0.442 0.00017
LiveJournal 84438 1521988 1464 5000 0.730 0.006
Orkut 731514 21992510 42 5000 0.247 0.00008
Youtube 39841 224235 639 5000 0.198 0.0003
LFR-10000" 10000 124237 1 29 0.3696 0.0025

a) |E|: number of edges; |V|: number of nodes; # comps: the quantity of the connected components; CC: the average
clustering-coefficient; C: number of clusters; *: synthetic graph.

the quality degrades considerably after the top 5000, and they are acquired from the SNAP datasets®.
All graphs used are undirected and unweighted, and the basic structural information of them is shown in
Table 2.

6.3 Evaluation methodology & metrics

Although sampling techniques have been evaluated in some literature [4], the sampling evaluation focuses
on the basic node-level properties, such as node degree, closeness, and clustering coefficient distribu-
tions. However, basic node-level properties and corresponding measures of their representativeness are
inadequate enough to evaluate how well the clustering structure of the original graph is preserved by the
sample. Therefore, the evaluation methodology and metrics are described briefly on how to quantitatively
assess the quality of sampling clustering structure.

6.3.1 FEwvaluation methodology

First, we obtain the clusters of the original graph to serve as the ground-truth by executing a high-quality
clustering algorithm if it is not known, and then perform the same algorithm on the samples generated
by these sampling baselines. It is worth noting that two accurate clustering algorithms, i.e., Infomap [21],
and Blondel [22] are employed to generate clusters and serve as the ground-truth. Second, we evaluate
the clustering quality of the subgraph that is produced by each sampling method using multiple metrics
to validate the methods’ effectiveness. Furthermore, the clustering quality of the subgraph made using
each sampling approach is assessed by multiple sample quality metrics to verify the effectiveness and
feasibility of algorithms.

6.3.2 Sample quality metrics

Concisely, we selected several sampling quality metrics to measure how representative the sample is
regarding the clustering structure. Because precision and recall are viewed as two significant parts of

4) Network information can be obtained at http://snap.stanford.edu/data.



the clustering quality, each part should be individually processed without losing its properties. For this
reason, firstly, we used §-precision and d-recall [2] to assess the sampling quality of the clustering structure
between the original graph and sampled subgraph. The parameter § is a predefined purity threshold, and
it dominates the matching level between clusters of original graphs and those of the sampled subgraph.
We suppose that if the matching level is not less than 4, two clusters are regarded as a right match.
A good d-precision score implies that the acquired clusters of G4 represent the ground-truth clusters of
G more exactly. Meanwhile, a good d-recall score indicates that ground-truth clusters of G are more
successfully covered using the acquired clusters of Gg.

Secondly, for comparison, we have exploited several widely used quality metrics for assessing clusters
in the graph. Two supervised metrics, i.e., normalized mutual information (NMI) [23] and adjusted
rand index (ARI) [23], are used for assessing the clustering quality in the sampled graph. Furthermore,
we considered two popular unsupervised metrics, including modularity [24] and conductance [25], to
measure the clustering outcomes of the sampled counterpart. It should be noted that these metrics are
only designed to evaluate the clustering quality on the entire graph, but not especially on the sample. For
comparison, we used these metrics on the subgraph G(V;) of G to guarantee that it possesses the same
node-set as the sample. Based on these quality metrics, sampling results on these networks are given in
detail.

6.4 Overall experimental results

In this subsection, we perform extensive experimentation to explore how sampling algorithms perform
in benchmark graphs using multiple metrics. For small real-graphs mentioned above, researchers have
a good knowledge of the clustering structure, and a relatively large sample rate (p = 0.5) is taken to
verify their sample qualities. But for large graphs, they are comparatively massive at scale, and it is
difficult, even infeasible, to cluster on them computationally. Thus, a 15% sample rate is used to analyze
the performance of sampling approaches. All results obtained on benchmark networks are presented in
Tables 3 and 4. All sampling quality results using Blondel clustering are revealed, and the rest results
using Infomap method show similar results. These notable results are stated as follows.

e Overall, qualitatively similar results are found across all graphs. Specifically, we can observe that
TLS-i performs better than the state-of-the-art algorithms, including SInetL. and GraphSDH methods.
This is because TLS-i sampling can include more internal nodes into clusters that make each cluster more
reliable. By sampling more internal nodes, it incorporates more influential nodes from each cluster into
samples. Therefore, it is capable of producing the cluster-representative samples from the original graph.
The XSN algorithm can add nodes with good expansion to the sampled subgraph. However, it starts
from a single seed node, such that its performance on sparse graphs is not satisfactory. Moreover, we can
observe that MRW sampling shows the poorest results for most of the graphs in terms of preserving the
clustering structure. Our interpretation is that SInetL,, GraphSDH, RW, and IRE sampling are biased
towards high degrees’ nodes, whereas MRW sampling ensure that each node has the equal probability to
be sampled into the sampled subgraph without considering its importance.

e We can observe that relatively good quality scores are obtained in small real-world graphs. It is
because the clustering structures are noticeable using most clustering approaches on these small graphs.
However, for large graphs, they are much more difficult to obtain satisfying clustering outcomes. For
instance, in Youtube and Orkut networks, many detected clusters are not located in any of the meta-data
groups (low recall). Meanwhile, a few clusters of the original graph are not detected well (low precision).
However, in some networks (e.g., LiveJournal and DBLP), a considerable percentage of clusters are
detected well. This finding is consistent with the results of the research [26].

6.5 Impact of cluster sizes

To verify whether the cluster-size distribution has an important impact on the performance of the pro-
posed TLS-i and TLS-e methods, a set of LFR synthetic graphs are generated in which the maximum
cluster-size maxC ranges from 50 to 210 with the interval of 20. We also fixed the minimum cluster size
to 50 and set the mixing parameter to 0.35. Other configuration settings are the same with Table 1.
Meanwhile, Figure 4 shows quality scores of various metrics with synthetic graphs with different maxi-
mum cluster-size maxC'. Each sampling algorithm is executed for 5 trials, and the average score of each
metric is employed. We can observe the following phenomena.
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Figure 4 (Color online) Impact of cluster-size on quality metrics on the LFR benchmarks with various maximum cluster-sizes.
(a) 0.5-precision; (b) 0.5-recall; (¢) NMI; (d) ARI.
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Figure 5 (Color online) Impact curve of quality metrics with the change of sampling rate p on the LiveJournal networks with
Blondel clustering. (a) TLS-i; (b) TLS-e.

In general, when the maximum cluster-size maxC' becomes larger, quality scores of TLS-i increase
slightly, while the performance of TLS-e declined and is inferior to TLS-i. This happens because when
the cluster sizes become more diverse, the internal-priority expansion strategy can incorporate more
internal nodes of each cluster into the sampled graph, and the sample quality is stable. However, TLS-e
requires to sample an equal number of nodes from each cluster and ignore the effect of the cluster-size
distribution. Thus, it is more suitable for graphs with approximately similar cluster sizes and structures.

6.6 Impact of sampling rates

The sample rate p dominates the proportion of the number of nodes between the sampled and original
graph. In this subsection, the impact of the sample rate p on the performance of sampling algorithms is
analyzed. We set the range of the sample rate p from 0.15 to 0.90 with a step size of 0.15.

Figures 5 and 6 demonstrate the result of each measurement on DBLP and LiveJournal networks by
Blondel clustering. We can see that both TLS-i and TLS-e perform well with different sampling rates.
In these large-scale graphs, sample qualities keep stable or even get better with the increase of sampling
rates. The increment is more significant in the graph in which the average clustering-coefficient (shown
in Table 2) is high. This is because a higher average clustering coefficient makes a more precise selection
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Figure 6 (Color online) Impact curve of quality metrics with the change of sampling rate p on the DBLP networks with Blondel
clustering. (a) TLS-i; (b) TLS-e.

of nodes in each cluster, which causes a more competent decision to incorporate each cluster’s influential
nodes.

7 Conclusion and future work

In this paper, we devised two variants of sampling algorithms to yield samples from large-scale graphs
such that sampled subgraphs are representative of the original graph on the clustering structure. The
proposed methods greedily select top-leaders from different clusters and then expand eligible nodes, which
are near the top-leaders. We empirically evaluate the proposed methods compared with the state-of-the-
art sampling algorithms using various quality metrics. Moreover, we demonstrate that the proposed
methods can retain the inherent clustering structure well when sampling is performed on these large-
scale networks.

In future work, we will investigate more options to sample large-scale graphs while preserving multiple
properties simultaneously. Besides, we need to further devise credible quality metrics to assess the sample
quality quantitatively, and these metrics could provide more insights into the sample performance from
different perspectives.
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