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Cip+ Colp, AL A REL O, Co AURIT 42 0 B IFALEIL (2.8); 1 Ap A LA i A5
MOTE AR A B A SRR, EE AT S0 (18] ARHEERE 0L, 4 REER
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JEE B B0 TSN, R AT R ) SELIEE DX ) 23 41 0 RS /N— 28, B 6 < i {3,
AR IR H Q e VR Z: H% FS 5 0308 3 AR PR R Ak B 52 4 T LI SO B -6
HEAT, STIEIOR FERUBCR SEBR IR BOE AT 472K
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U P, AR TR B S X Q b S ek B, 12 DX e B 5 R R B AR
BOGE, REAs THERUFERE R @dWgEEBI A (11, FATRMER, P
FEUW RAZ R EAEA FRIX I (5 R $AgiE 3, A% ek BE s A i E I AN R WA 1 -5
PR AN 75 A% o B EA T AT, 9] S s E AR IR 2 A 5 DI, R T B A1) A = 2k R A 5k 46
YW1 BRULH AT DL S i 5 5K
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WL R EL U (x) RERZREE = 4R Bo = {x € R?| |x| < G} LRy, B
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= g
Hr, xpe (x) R=HEER Be ERI7RTEREL, BP0 HAR
G = max |x —y| = 2VdL.
x,yEQ

UG(X) XBg (X)7 X € R37 (215)

Hi Paley-Wiener 538 37 AT 411, 7% o6 510 8 L A8 0 2 6 W B R B4 57, B U e
Coo(RY). AT BT 60, = 20 P A 5 1 L A By

Ue (k) = %ﬁkm k € R®. (2.16)
SO, A7 A AT S0 B AR T S B AR, B
1 T ~ ik-x
d(x) = [Ug * p] (x) = @ /R3 Uq(k) pk)e >dk, x e Q. (2.17)

BRI REAEE T, BRFENS5IATIIOZMIRE, A (2.16) PRIZEE
cos([k|G) ZBEESE G KRR SRS, &2 RAB/NSEA LI ERE B BRAIAE
B ORI, HEAEXHERAE T 3T A XE S SR HIRE SR, TN
XHE RIAS 25K T BESCBE SRS B, 3X S5 T O W 3 2 ) 1) o B X3k, e iy B 1) SR A DA 2R 4
7 I AT F I A PR R A Bk oA T L 40 R I8 4E S, B BAASUE GBI
) HER WA IR RERCR.

FTFEALT LR N T HHE R LT (23], £, F. Vico 257 2016 4E 12 f5 1, SRATHER
Wi 7 it B = A RO AL S, R FHCY S = 4 AT ERERERE I, SRmERE - E P R =
AT M ERAIE 10716-10715 (RS RE. 2B b, AT LIE B S B IE IR B T4 Sopy = Vd+1 B
B S /NTF Sope IF 2 EOKEBEE R, MTHUCK & PR HRCR. ZESChREE N, A
Wi FH, B

Sopt = [Vd+1]. (2.18)

AR, X F 4 =45, U G40 A Sope = 33 5% IR BRE R 550, —
HERI R AR AE AR D FRTHUA Sope = 2.5. 6 TR AEIH P F 10 HARHE SO FRI U HRTF, P45
A0 130

TEIRMIOE, AR (2.17) RIELSI K - FEIE A R B HI0, St d R LS
F FET i, MM A O(N log N), 808 LA IR U . AR 7 vE 3R i)
B 5 M ARSC I ELAT DU A AL B Vico 28 A 12 g5 TR WS BRI 7
%, AR, A SIS 3. (A —3E2&, Wigner-Coulomb JFEH iR AR/ & F
A FE L T 50 (460l BT LA PR R AT 77 1 b B, s 34 bR B TR S R AE AT 2 P b 5
WG AT BE R (BN AR IEAR) BB, JBOR T RS LA I KV 7E A

U4 P8 B B LA BRI 45 1) SR, AT TR B R M R R 1 PR B XK Q = R I
PEATEEIE B, I A ey e AT IE . R T DA R AR R AR T ok Q =
R, bHIREHS, EBFSE R, o ARARTIZ B8 B b 98 35 45 1) S sk i Bk ik, sk 7 1)
WAL RS F S; WA
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AR T T15 S5 ST T 45 17 ERRISE v B0, SRR WK R 1 47 T 4
W2 FBOMHRCRIRT. 96058 1, 2018 4EH Greengard 242 Hi )4 1) SPEAZ BT 73 B o,
TN THUR S = 2 BVATPRUESL SRS L, HF FL PR R 1) PR B BETEoR. AR Hu et
WWTIT 125, AET SR A& 1 [P  E AE 1 = HE B B, AT SRR R S MU 57 ~ 30%:
R IR ) VLR BT, WARTF SO R JERIN o7 5 B T,

2 = [ U=y ay= [ Ulyplx-y) dy.

= [R Uy)p(x—y) dy, x€RL,. (2.:20)

AHERIL, RGeS 2 SR A Rar~y b A8 HL -2 B30 0 gt T DA ORUEAT S5 KR 32, R4
MMERE K B AR A x € Ry RIS y € Ropy KL, x —y € Rapy #WOL. EHER, 1 ERTH
SR R R BT S 1) A5 KNI Ry, SEBR -, 0 o 248 4 HEL - R BT 1 0
FESHVE T, FAT1 58 4 AT LAAE RS DX a4 L 0, B

p(z) = Zﬁk elkz, z € Roz, (2.21)
k

Hoof ko= (8, B, G R O 1 LA

Y1’ ’ Yd

N 1

Pk p(z)e"*?dz, (2.22)

" Rozsl Jro,
i [Ropy| = AL)T [0, v BB MHIAsHe (2.22) ATLUEAREIE AR BBOFFIE FFT
I3 N [T 25 R T 7 92 %A% o 10 45 ) R P BRI IR ST, WA B i R A4 S T
35 FE B I 45 ) S JUAT S8, 9T A A T RS L7 B A S 3, LA s B 5 4% 1) S
BT

35 I S8 L I8 (2.21) RRAFIBBIA R (2.20) o, BATSBEIN T AR

D(x) = /R Uly)p(x —y)dy ~ Y _ pie’™™ ( /R
2L~ k

U(Y)eik'ydy> :

” 2Ly (2.23)
= Ur(k) pr €,
k
Hor, Un(k) Aok BO7e A S DK 8 i LA e, g S
Ur(k) = /R Uly)e ™ ¥dy. (2.24)

AN T2 SR AT Sk, o B ARl B DL T TEIA TS BT BARE TR (2.24)
FEFIE ERAFRER, EAESERR N IR+ T 4T, SRR T AR AR A EoE H AR ER, B
BT EAVUFTCEAE VA BRI A SE et 5, R AN (2.24) BRmis B R A
B R PR SEBR b, BeATT AT DL m A ik Sl s R R 5, Bk

Ur(k) = /R [U(y) — Ugs(y)le”™¥dy + / Uas(y)e *¥dy, (2.25)

Ror~

LM TS S 3 [21].
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—HIAEE T Ur(k), R M AT =PRI AT Se i, B (1) oS4 e ek e HL 2R
e p(k); (i) 75 Ur(k) 5 p(k) B3RM; (1) 755 Ur(k)p(k) 808 B - 22805 £ 75 ©.

3. BREMR

T SCHER B 25 BRG BUPR MR P, B pR ORI e AR 2 WA T |, AR R Rt
TERIRE I WAS EREATSRAE. SChn b, BATTRDR AL 35 R B O B I e PER ST fe FLAE 2016
4, F. Vico SEICE [42] iR, N AT 0t T B L A3t HnT S0t A iR B s
JERNHEAS d A3 R BE SR, WSRO PRE T AT o R K BE 1) B () FET S, (213042
SRR O(29N log(29N)) HLERA 0 k3R BT 56. X ORI SV 1) O (SN log(SUN))
(S 7 d =3P MR F T  T), THEERA T RIER T

FROBTIER I, R S R BOR B, W SRAER 2T WA% B, AL H T S A B T
WAL KR T B SR B, b a4 ROT S IE B 2 i S B S B P R
AR A (Y 22 S A AR IRAE SR B, B AR RO AR AR B T A IR BERIAR.

FATEL = A7 25451 158 W] 5 ) R BRI B, AR BAT12% RS PR A 7 v v 4 1) R
FPERR BT A 1 T e U H. R e B (e B I AR R 8 ORI, BRI

_ 1 e
p(kpq) ~ (SN)2 Z Pn’ m’€ sn (pn'+4q ), (p, q) S ISN» (31)
(n’,m’")e In

B ppr e = p(@nr, Y ), FRESH R FAEZS A BATT [0 #RRAH R 9, BLARBITEPREE & LT

={(n1,-- ,na)| = N;/2<n; <N;/2-1,j=1,...,d}. (3.2)
il (3.1) RAFIBIA (2.23) H, FEAZBSKFNY 5, Hf1F32]
@n,m = Z Tn—n',m—m’ Pn’ m/’s (n,m) S IN7 (33)

(n',m")EIN
Hop T, JEW0F X 45k &

1 —~ (TP TG\ i2x(pntam
o Sy <pq§z5NU (SL SL) SR (n,m) € Toy, (3.4)
AL X [ 6 (U (k)} SEAT 0 B AR 5. S0t 45 ) LR BB 5T, BB 3
LECIRCYD s €z AP VAN LIS TR/ /AN V29

1 S1N/2—1  SN/2—1

—~ p Tq —"(g—-‘,—%)
RN Z Z UG< , ) e'N ) (35)
S15:N p=SIN/2 gm SN2 S1Ly1’ SoLys
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AHERI, KB PR bR BEAN R I B S R B R AR B By FESCBit o, BANFE
RAFE—ASEA SN K ) B I HPEAT 0 LR e ZERIRS 20 i IR D0 R, akitR
AL, DI HATT AT LA FRR L B AR W AR BB A SISO AR, DU R 2210 O . — e ol
T, LR SR R o B, FOXS I 1 B 5K B R S AR R, B T = Ty Ty =
Ty FUFHBEXSFRYE, BoATTAT LU 3K A2l 7 SRt — P BRAR B EOR K 1/4

RIS 48) NUFET J5k, i s dE AN 45 e Se s b ik A ar DR 7 35 ok 205 Ry
HCED FEBHOKE OB MRITRTIR T, IrA Sk v HSeR AR AR R Y. 22 507E T ik R A A
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TIARRB R, WA HREER, YR IR T 5 % ) SRR AR, PR A SE HUEL
AL SR B AR, REAE TR SERE S AP R

4. RES
AR G PR ET T AR T ASE IR RS S A 30, AR B5 B PRe DU 7 A 1, A 448
LT A T AL ek B IR ZEAG T BRI, A e B A B R LR 2 T ORI TR R 5
(4 L A . AR ROA e B A IHER], BARA 3515 27 3R (30]. D4 Z0m iR 2,
MBI T EL

[ = Pnlloor, = I® = PNLeo(m,) = sup [(P - Pn)(x);
xeR

1/2
[ —Pnl2r, = [|® — PNn|lL2rL) = </R (@ — ‘I’N)(X)|2dx> :
L

H @ (x) RXAF R E ©(x) Kl M7 daEsr, N2 REAT B HUR K EH. H%
VRO, BEALHY N AR 2 18] B s iR B B TR A2 18] 5 1) B B B s S
TR

1/2
1ol Ry = ( 3 ||aap||%,RL) :
|la|=m
d
A ZEIRER o = (01, 00) €2, o = 3 03, 0% = 053 - 02 FICREAVE A < B K
FHon A<cB, HpHEH c> 0 HANEET N.
7 P AT 7 - B U SR B, B I T e B 20 3 25 3
T 4.1, X BA EFOH IO R R p(x), B S A R X S, B
supp{p} € R, WA AT 856 TR sk B 22 4 i
10%® — (9%®) y[loor, s N2 710D |l g,
[0%® — (0°®) x|lo,r, s N~V gl g, ,

Hetm > 4, (0%0)n = [U * (9%pn)] RAXFLHEETFH 0P EMHEIE. 24 o = 0 I, Fefi]
ATt

_ _4a _
|@ — nllcor, S N2 |pli [® - Pnll2r, SN "[plmR,-

i 41 HE RO E MR A, BATA EAERE B A RBOAE, TR AT E
BB IEMPERRFR m AT DR ENE R0 € OB P BB A TR L. AR R B R AR
BOSHEOUZA IR IENPERS, A S H e DU A B R

AUER] B 4.1, BT B 2 s 8] Pl LS T R R Al o, BAR AR T
G1E: 8

5132 4.1. FHIREL u(x) € Hy(Q), K m > d/2, NGRS EAGEI uy (x), X
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JELBR B0 A G0 1) 8 P S
10%(u — un)lloce s N™"=2710D 1], 0. 0 < |a| <m,

10%(u — un) 2z s N~ Pjulyq, 0 <laf <m,

BAb H(Q) JEEA m I i e s .

5. HELER

A TG DIZARWT 712 M), MR B . 3R A4 ) Sk 25 BEAS TEEA T8, AL fir R
MBI 45 AR JE7E Matlab (2016a) Hrszs K, #4E &5 & Ubuntu GNU/Linux, CPU %5 &
3.00GH Intel(R)Xeon(R)Gold 6248R. FATEE 1A e KAE TGO SCT A R 22, B

g.o 12 = ®Pulli=  maxxer; [2(x) — Pu(x)|

- , 5.1
B maeer, |B00)] (51

Horh @, i MAERATRIRE Th RSO, ©(x) R, T B Ll =248 o hr 3 A ) 8
LR

Bl 5.1, SHECRHFRRER Ux) = o SRR RIS EREL po(x) =
e @0/ 5 5 0,y <1, TATTAT LAFREY = A R AT ik 5 (1

3
g ﬁ |X|

Ef(-), —1,

axl g s

— 22442 _ 22
P00 = Y30 /°° ¢ T D " . (5:2)
) 73;6 )
4 o (t+D)Vt+32

Horb Brf (2) = -2 [ e ¥ dt RUEEH P BAIHH T B
o 1A I: &1 SEAEBIEREL p(x) = po(x), FEERHA (x) = Bo(x).
o &R 1L FRMEBEREL p(x) = po(x) + po(x — x0), MFEA (x) = Po(x) + Po(x — X0).

F 1 ERARRTIHEAEIE 1 b4 R R B0 R, W s = 1,0 = V12,
L =8. TR [ T BRI, KA E TS HA L=12,0=2h=
37 B L MSHCh L = 16,0 = 2,%0 = (2,2,0),h = 7, HHIH VPR BT E K T
BUSC1/2 B85y AP BATAT DI RN T 4518 () PIREZ 40N 2 BLARIEVH SRS RE, DUf%
TIEARTUARE, T A5 FIEF R, (1) BT S 5 BBt 45 17 S P i S 94 A 2k
.

AHEEERCR, BAHER 2 HRoR TR EIA A /AN sk i ) A7 T B A o
BERERS, EFXTIORNETE 1 & 1 W PR G B, AR BB ER L = 8,0 = V12 %
B b= 1/16. S5 R 23 A 8 20 P IR], B AR ik i T sl IR A (e L i A i
U (k) HRHT), FUSEIEHATI N, BSSEHE FET/AFFT T b A . BeA )R
FEP 1 A JRoR T B SRS A T RO I 1 B 45 ) S 2 P PO AR AL

M 2 WTDUAE Y, X He ST 5 % I DA RS 4, IRIEF SR I T S IR R
BEARG T R AT 7 ik B P A R SR ST, SXRRA, BATT AT A RS AE N A SE e A bt
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FTBOR B AL SR . (Rt R 3, — BAEBU TS AR R T B IOK R, Sk AT 3870 IO RE
I 5 % 1) SRR TEOR, THEREN T B AP RE F R  FET/AFFT, 7R PR ]
T a4, SRR A G FETE I M AR R B AR ST B, X R A AR 1 (K R
B T 3 ST A5 FA AN 5 ) S A AT 5 o, iR R A pS e R tho T U5 45 fi) S 5
ToK, WA TR KA ST A AR EUBAR €.

x 1 ZHECHBHERMIRE: FEORMEEE (LF) MZEAFEEE (TR)

h 2 1 1/2 1/4
S=2 4.2908E-01 1.0283E-01 1.0276E-01  1.0276E-01
S=3 42117E-01 2.9848E-03  1.8552E-08  3.7007E-16
S=4  4.2046E-01 2.9596E-03  2.0106E-08  3.7007E-16

3 1 1/2 1/4 1/8

Case I  3.3307E-16 5.4171E-15  4.8932E-15  3.8102E-15
Case II  5.1902E-16  5.6243E-15  5.3014E-15  4.1688E-15
S (3,3,3)  (25,25,4) (25,25 7) (25,25, 12.5)

® 2 BEHAEERBEOREEEFENZHECMUBRMBERNR

i S LG FEBAT
W4# (Gb) ) (8) W# (Gb) ) (8)
- 3 4.4 59.80 2.3 19.31
9.0 158.58 2.3 19.32
- 3.4 12.53 7.0 61.18
8.0 32.96 16.3 167.00

45

T T T
---@- Tensor — PreComp
40 + |[—%— Tensor — Execution YiTy)
—---- NoTensor — PreComp

35| —A— NoTensor — Exzecution 435

CPU Time (s)

« s 8 1 12 1 1
vf
P 1 AR M SRR 5 45 ) SRR vy B9 R
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EfRRHER, [ 1 PR CKE - BUTE EAE v = 2 WRBIRMERIFAREE, H
% BB BATER S h ARVPREZ 40 N THUK 1/2 BREE, THEFERE v, = 2 IR EI AR
WHATRET. b b, BRFER R TAE v, = 2 52 25 e v, = 1 BUEA 27

GO H I T R Ik ET ek, ARJR TR 1 Sk P58 A PRI AT Tk 45 P e L o4
7 RSB G T A P PR BRI, R R 1) PR R TR DX I A6 B B A P 5T U . ATl
JBUT H AT R B SR A AS, AAEE T AR A R AR S BT R A A A
HRIT, FE KGR, SRR AL R4S 1r) S P B 00 77 i 20 S 64T T 0T I8

BERAVE BA B ECE IR GH, IS5 H T DUE P B 1 g b Ao L -2, 7
RIS BEI) R I SRR B e, BS54 ) bk S ek, JUHEAS— P, B
iy B, A S GiRESCEL, FHEC & bR LTS N AT G ARG M B, 7 ks B R
MRS, BlAnAEvH S BRI O - 2 PRI HBER A B S M Bh A3 € T Bogoliubov-de
Gennes [ 5 A W K% SR R 517 (0 b 3 140 285, 255 g8 ) B A 1 PR A7 5 SRR S 4
W, R AT T i A B A e, B T 1% 25 1) SRR N T I R R A
AT et T B B, B G e S B B PR PR RO S R AT ] — LB 51 B A
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FAST EVALUATION OF CONVOLUTION-TYPE NONLOCAL
POTENTIAL

Zhang Yong
(Center for Applied Mathematics, Tianjin University, Tianjin 300072, China)

Abstract

Convolution-type nonlocal potentials are quite common and important in many science
and engineering fields. Efficient and accurate evaluations of such potentials often bottleneck
the real time simulations. The convolution kernel is usually singular or discontinuous at
the origin and/or at the far field. The density is a smooth fast-decaying function, and is
naturally well approximated by Fourier spectral method on a bounded rectangular domain,
which is uniformly discretized in each spatial direction, with a nearly optimal complexity of
O(Nlog N) that is inherited from the discrete Fast Fourier Transform. In some cases, there
exists a strong spatial anisotropy in the density. Nonlocality, singularity and anisotropy
are three challenges in convolution evaluation. The numerical problem is to compute the
convolutions accurately and efficiently on such uniform mesh grid.

In this article, we mainly review the state-of-art fast integral algorithms, including the
NonUniform-FFT based method (NUFFT), Gaussian-Sum based method and Kernel Trun-
cation method. All these methods achieve spectral accuracy with a FFT-like complexity
O(Nlog N), and can be rewritten as a discrete convolution structure. The discrete convo-
lution structure helps deal with strong anisotropy perfectly using a pair of FFT and inverse
FFT(FFT) on a twofold zero-padded density. Rigorous error estimates and extensive nu-
merical results are shown to confirm the accuracy, efficiency and anisotropy performance.

Keywords: Convolution-type nonlocal potential; Singular integral; Smooth and fast-

decaying density; Discrete convolution structure; Fourier spectral method.
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