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Abstract. In this paper, an efficient time-splitting Fourier spectral method is pro-
posed to simulate the dynamics of spin-orbit coupled spin-1 Bose-Einstein conden-
sates (SOC spin-1 BECs). We split the Hamiltonian into a linear part, which consists
of the Laplace and SOC terms, and a nonlinear part that includes all the remaining
terms. The linear subproblem is integrated analytically in phase space by solving an
ordinary differential system of constant coefficient matrix. While, for the nonlinear
subproblem, it is proved the coefficient matrix is actually time-independent in phys-
ical space, therefore, the nonlinear subproblem can be integrated exactly. Based on
such two-step splitting, we construct high-order schemes to simulate the dynamics.
Our method is spectrally accurate in space and high order in time. It is efficient,
explicit, unconditionally stable and simple to implement. In addition, we derive
some dynamical properties for SOC spin-1 BECs. Extensive numerical results are
presented to confirm the accuracy and efficiency, illustrate the dynamical properties
at discrete level, and show interesting physics of SOC spin-1 BECs, such as the SOC
effects and different wave patterns.
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1 Introduction

Since its experimental realizations in 1995 [1,[14], the Bose-Einstein condensate (BEC)
has stimulated great excitement in the physical community and regains vast interests
in atomic and molecular physics as well as condensate matter physics. In particular,
the spin-orbit coupling (SOC), which was found that plays a crucial role in Majorana
fermions [34]], spintronic devices [22], spin Hall effect [19] and topological insulators
[17], has been successfully induced in recent experiments in a neutral atomic BECs
by dressing two atomic spin states with a pair of lasers [25-27]. These experiments
triggered a strong activity in the area of spin-orbit-coupled cold atoms and a number
of exciting phenomena have been discovered. The spin-1 BECs with isotropic spin-orbit
coupling and rotation have been also studied [24,39].

It is well known that, in the mean field regime, the spin-F (F € IN) BEC can be
well described by a system of 2F +1 coupled Gross-Pitaevskii equations (GPEs) when
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the temperature T is much smaller than the critical temperature T.. Thus the spin-orbit
coupled spin-1 BEC can be described by the macroscopic complex-valued vector wave
function ¥ =% (x,t) = (1 (x,t),Po(x,t),p_1(x,t))7 satisfying the GPEs

. o [ hz 2 ,Bl
ihospr (x,t) = _—%V +V+Boo+B1E: | ¢ 1-1-71: yo—Lotpo,
oo (x,t) = —hiJrVﬂLﬁOP ¢O+E[F p1+F-p_1]—y(Lop_1+Liy)
YT am N/ B B (RY
, W, B -
ihop_q(x,t) = —%V +V+Bop—pB1FE: 1I771+ﬁF+1P0—7L11P0,

¥(x,0) :¢2(x), (=1,0,—1,

where x = (x,y,z) " € R? is the Cartesian coordinate vector, t is time, 7 is the Planck

constant, m is the atomic mass. By = 4”h ‘(ao+2az) and B = 4”h i-(a2—aop) are constants
expressed in terms of the s-wave scattermg lengths ap and az for a scattering channel
of total hyperfine spin 0 (antiparallel spin collision) and spin 2 (parallel spin collision),
respectively. p=p1+po+p-_1 is the total density with py = |¢p,|* (¢=1,0,—1) being the
density of each spin component. Ly = h(idy+9y) and Ly =T(idx—9,) are the spin-orbit
coupling operators, v is the spin-orbit coupling strength. V(x) is a given real-valued
external trapping potential determined by the type of system under investigation. In
most BEC experiments, a harmonic potential is chosen to trap the condensates, i.e.,

V(x)= ;(w x> +wyy +w222> (1.2)

where w, (v=x,y,z) are dimensionless constants representing the trapping frequencies
in v-direction. The wave function is normalized according to

1= Y )=

(=-1

where N is the total number of particles in the condensate. The spin vector F= [Fx,Fy,FZ] T=
[FHfY, TN f, ¥, ¥H £ ] T, where Y™ is the conjugate transpose of ¥ and

L (010 ;[0 -1 0 10 0
fi=— |1 0 1), f,=—|1 0 -1|, £=(00 0. (@3
V2o 1 0 SRAVEET 00 —1

To be more detailed, we have

Fx = = + + +
\f[llflllﬂo Po(p1+9-1)+P-190],
1

F, = \f[ Prpo+Po(P1—v—1)+P_1t0],
E = [p1P—[p_1f

with f the conjugate of function f and F; =F, £iF,.
By introducing t — t/ wy,, with wy, =min{wy,wy,w. }, x = xas with as = \/h/ (mwy,),
Wy — VN /a’? (£=1,0,—1), and applying the dimension reduction strategy for a



disk-shaped condensation (i.e., wy ~ wy and w; > wy) [10], the d-dimensional (d=2 or
d=3) dimensionless GPEs of reads as

, 1 c
Zatll)l(x,t>: —2V2_|_V—|—C0p—|—C1FZ:| ¢1+71§F_1P0—’)/L01/J0,

\%[hwl#—w1]—7(Lo¢1+L1¢1>, .

) [ 1 c
i0P_1(x,t) = —§V2+ V‘l‘COP_Cle] Y1+ \%Fﬂbo — Lo,

. [ 1
i01Po(x,t) = —2V2+V+cop] Yo+

Y0 =92(x), xER?, (=101,

NBo _ 4nN(ag+2a;)

where ¢ = aShwy, 3a s 1= aé\;ﬁ}m = 47TN:(;27110) s Lo= iax+ayr Li=idy _ay/ and
2,24 2.2
1 [ rexs+sy°, d=2,
V(x)zz{ ; , Zyz \ (1.5)
VXS Yy oz, d=3,
with v, = 3—; (v=x,y,z).
Note that the CGPEs can be written in the following compact form
. 1
10 Y=HY:= [(—2A+V—|—cop)13+c113-f —')/S] Y, (1.6)

where H is the Hamiltonian with I3 the 3 x 3 identity matrix and

E %F, 0 0 Ly O
F-f= %a 0 %F, , S=|L; 0 Ly].
0 %a —F, 0 L; O

There have been extensive mathematical and numerical studies on single com-
ponent BECs. Most of them are concerned about the existence and computations of
ground states as well as the properties of dynamics [5,7-9]]. For the spinor BECs with-
out SOC, the popular normalized gradient flow method [4}/11] and the time-splitting
method [10,30,31] have been successfully applied to simulate the ground states and
dynamics, respectively. In particular, efficient compact two-step time-splitting meth-
ods have been developed to simulate the dynamics of single component BECs [5, 6],
spin-1 BECs [28] and spin-2 BECs [29] without SOC. Meanwhile, Gawryluk et al. pro-
posed a unified two-step split operator method (SOM) [16] for computing dynamics
of spinor BECs without and with dipolar interactions, and of degenerate Fermi gases.
These methods take the Laplace and the remaining parts of the Hamiltonian as the first
and second splitting operators, respectively. For the spinor BECs with SOC, a project
gradient flow method was proposed to compute the ground states of the SOC spin-1
BEC [36]. And, a first-order standard Lie time-splitting Fourier spectral method, which
is composed of four subproblems at each time step, was developed to simulate both
the dynamics of SOC spin-1 BECs [20] and SOC spin-2 BECs [2].

It is worthwhile to point out that the proper way of splitting is interesting and im-
portant in terms of accuracy and efficiency. In this paper, we aim to carry out a compre-
hensive investigation of an efficient numerical method to simulate the dynamics of the
SOC spin-1 BEC. Numerically, the most challenges lie in how to split the Hamiltonian
into proper parts and solve the corresponding subproblems accurately and efficiently.
In particular, if the Hamiltonian can be split into two parts with each corresponding
subproblem being solved exactly and efficiently, it will be very convenient to construct
high-order schemes for the CGPEs (1.4), thus reduce the computational costs to a great



extent. To this end, we propose a high-order time-splitting Fourier spectral method to
solve CGPEs (1.4). Actually, inspired by the splitting strategy proposed for the spin-1
BECs without SOC [28], we group the Laplace and SOC terms together as the linear
part and denote it by A as follows

1

and leave the remaining part of the Hamiltonian as the nonlinear part, denoted by 5,
as follows

B= (V+C0p)13+C1P-f.

In this way, the corresponding subproblem can be efficiently and exactly solved in ei-
ther Fourier or physical space, regardless of the potential V(x). Our method is spec-
trally accurate in space and high order in time. It is efficient, explicit, unconditionally
stable and simple to implement. Meanwhile, the total computational cost is CNotlog(Niot)
with Ny, being the total grid number.

The rest of the paper is organized as follows. In Section 2, some dynamical proper-
ties of the spin-orbit coupled spin-1 BEC are demonstrated. In Section 3, we propose
the efficient and exact time-splitting Fourier spectral method to numerically solve the
CGPEs (1.4), and based on this, construct high order schemes to simulate the dynamics
of SOC spin-1 BECs. In Section 4, extensive numerical results are presented to investi-
gate the convergence order, efficiency and to demonstrate the dynamical properties of
SOC spin-1 BECs. Finally, conclusions are drawn in Section 5.

2 Dynamical properties

In this section, we demonstrate dynamical laws of mass, energy, magnetization and
condensate width of the SOC spin-1 BEC (L.4). These dynamical laws are briefly pre-
sented and can be used as benchmarks for testing our numerical methods. From here
after, we denote R(f) the real part of the function f in this paper.

Mass and energy. Define the mass and energy of the spin-orbit coupled spin-1 BEC

as 1
N(t):N(‘y(.,t));:/W Y [g[2dx, 2.1)

(=—1

and

1
e = ertn=[ | ¥ (GIVRPvoomE) 3 @2

—
—|—% <|F+|2+ |Fz|2) —'Y(Lolpoq_]l+L0¢71¢0+L1¢1¢70+L1¢01ﬁ,1) dx.

It is easy to check that the SOC spin-1 BEC (1.4) has two important invariants [20]: the
mass (or normalization) of the wave function and the energy per particle, i.e.,

N ) =N(¥(,0))=1,  E(Y(.1)=E(¥(.0)). (2.3)

Magnetization. The magnetization of the spin-orbit coupled spin-1 BEC (1.4) reads
as

1
M=M (D)= Y [ tpelx ) dx

=1

= [, [l oD =11 ()] ax.

(2.4)



By direct calculations, we obtain

d/\;lt(t):d/ 1) 2 =1 (x, 1) [*] dx

_273%/ (D + 0y ) o — 1 (D + 10, ) o] dx

(2.5)

Thus the magnetization is conserved (i.e., M (t) =M(0)) for v=0, while this conserva-
tion cannot be guaranteed if y #0.
Condensate width. The condensate width of BEC at the direction of a is 0, =1/ 0 ()

(t>0, a=x,y or r=+/x%+y?) is defined by
1
= Y Sue(t) (2.6)
t=—1
with .
Su(t) = /Rd 2| (x, 1) dx. 2.7)
In particular, when d =2, we have the following lemma for its dynamics.

Lemma 2.1. Suppose ¥ (x,t) be the solution of the (1.4) with the radially symmetric harmonic
trap (1.2), i.e., yx="yy:="y, it holds

d25,(t) _ d?.(t) | d°6,(t)
T TR T2 (2.8)
= 47707 (H)+4E (¥ (-0)) +G (1, ¥ (1))

with
Gl ) =47 [ 210+
+ix (10,1 — P10y P_1) — iy (P10xP1 —P_10xP_1) | dx

where 6,(t):=06x(t)+0,(t), 5 =06,(0)+0,(0) and 5 =06+(0)+0y(0). Furthermore, if d=2,
v =0 and the initial data ¥Y°(x) is radially symmetric, we have for t >0,

(1)
_1 igyoz) [1—cos(2,4)] +6.% cos(27,t) i in(2y,t).  (29)

Thus, in this case the condensate widths o, (t) and oy (t) are periodic functions with frequency
doubling trapping frequency.

Proof. Noticing (2.6)-(2.7) and taking (1.4) into account, we have

45, ] ]
dlt(t) B /]Rd o (Biprpr + 10,1 ) dx

= —i/ [“z(iaﬂlil)lﬁl —“2(—i3t1/31)1/f1] dx
]Rd

: 2.10)
- /w {m(l’bla“lpl —P10aypr) +icra® (Poyr -1 — Y5 p-1)

— 'yazlpl (Ox 419y ) o — 'yoczl/}l (0x— iay)lpo] dx.



Similarly, we obtain

ddy,o(t ) o ) o
o) L [m(%amo—tpoam)+21c1w2<¢3¢1¢-1—¢%¢1¢-1>
— oo (dx —idy ) P1 — ya* o (0 +idy ) P (2.11)
—7a2¢0(ax+iay)¢1 —70(21/30(8x —iay)lp1] dx
d&a,;(t) :/]Rd [i“(lﬁlaal/_f1—11713a¢1)+i01“2(l/3(2)¢11/)1 — o1y 1)
(2.12)
—’)/0621,0—1 (9x+19y) o —’Y“le—l (0x _iay)lpo} dx
Combining (2.10)-(2.12), one obtains
dd, (t
1 [ oo
+2ya <¢11ﬁ0(8x+i8y)a+¢0¢1(8x—i8y)1x (2.13)
—|—l/)01/_),1 (ax+i8y)zx+1/301/),1 (8x —iay)ﬂc> :| dx.
dzé, (t d
dt2( ): R th (“" $19aP1 — 1 alPl))
d
+dt<m T,ana% EbOauﬂPO))
d
+d<llx P_ 1a¢x¢ 1— 77[7 1alep )) (2.14)
;(2')/04 P10 (0x +10y )+ Poipy (9x —i0y )

—1—1/]01,5_1 (ax—i—iay)ﬁé—i—i,bolp_l (ax—iay)lx)>:| dx
=I+I1I4+111+1V.

Differentiating the above equation with respect to t, plugging into each parts of
(2.14) and applying the integration by parts, we obtain

I::/Rd [ia(at¢1aall31+1/)1aat1/_)1—atl/_naal/h—lﬁlaatlpl)]dX

:/W [2“ <(iat¢1)aall71+(—iat¢’1)aa¢1> + <¢1(iat¢1)+¢1(—iaﬂ/}1)>} dx
:—2’)/%504,1(t)+/w [2|aalp1|2—2c0a|¢1|2aap_2Cla|¢1,23aFZ (2.15)
— V201 R (F_poipr) —2V2c1aR (Y109 F— + F- 19410
~27R((Log)) ~410R (L)) d



II::—Z'yf(Sa,o(t)—l—/]Rd [2|8alp0]2—200a|¢0|28ap
+2v/2¢1aR (Fy 1000+ F-_10430) +c1|Fia | (2.16)

—29R((Loyp—1)Po+ (L1y1) o) —4yaR ((LolP—l +L1¢1)aal/)o) ] dx,

III::—2735“,,1(t)+/]Rd [ZIBW112—260“\1,01128“p+2611x\¢1128apz
—\/§C1§R(F+lpol/_),1)—Zﬁcla%(¢,1woaaF+ —|—F+l/_l,1aal[]0) (2.17)

~29R((Lago)f1) 1R (L)),

d - . - ,
IV::a/]Rd [Z'yoc <¢1¢0(8x+18y)a+¢0¢1(8x—zay)zx

—|—1P()1P,1 (8x +i8y)(x+1,l_7o¢,1 (Bx - lay)lx> ] dx
(2.18)

—4yR /R (i~ )a [(l[)oaal/_ll—i—l/)laal/_)o)
+7 (“(Lo¢—1)¢—1 +a(Lotpr) 1 — (Lowx) [1po]* — (Llfx)ll’l@—l) } dx.

Summing (2.15)-(2.18), we obtain

426, () ) ! 2, o 2 2
gz =2+ | 12 3 [0ty [T+ eop e P e By

j=-1

—29R((Loo) 1) —2yR((Lop—1)Po+ (L1gp1) o) —2yR((L1tpo)P-1)

—|—G(zx,’y,‘f’)] dx,

(2.19)
with

Gi(a,7,Y)=—4yaR [(Lolpo)aalﬁl +(Lop—1+L11)0atpo+ (Lllﬁo)aalp—l}
+47§R[<iax—ay>w<<¢oaw1+¢1aa¢o>
1 (w(Laga)a (Lo — (L) [ (am)pa) ) |

Hence, we have

d25,(t) _ d*0x(t) N d?6,(t)
dt2 dt? dt2

1
= —4925,(t)+ [2 Vi P+ V(x) ]
o0+ [ 122 (V0f+vwlef)
+2cop? +2¢1 |E[*+2¢1 |Fo [ —29yR ((Lotpo ) 1) (2.20)
—29R((Loyp—1)Po+ (Lap1) o) —2yR((L1po) 1)
+G1(x,7,¥)+G (y,'y,‘F)] dx

= 49202 (t) +4E(¥(-0)) +G (7, ¥ (1))



with
G(7Y)=Gi(x,7,¥Y)+Gi1(y,7,¥)

R [ [ (20 gl

+ix (10yh1 —p-10yP-1) —iy (P19x P —lP—laxlﬁ—l))} dx

As a result, when v =0, we have G(0,¥) =0. Thus the ¢,(¢) given in is the unique
solution of the second order ODE with the initial data J,(0) =0% and 6, (0) =5,

Furthermore, if ¥°(x) is radial symmetric, the solution ¥(x,t) is also radial sym-
metric since 7y =y,, which implies that [5]

The proof is completed. O

3 Numerical method

In this section, we present a two step time-splitting method to solve the CGPEs for
studying the dynamics of SOC spin-1 BEC.

Due to the trapping potential, the wave function decays to zero exponentially fast
at the far field. Thus in practical computation, we truncate the problem into a suf-
ficiency large bounded computational domain D with periodic boundary conditions.
To simplify the presentation, we will present the specific discrete scheme for the 2-
dimensional (2D) case. Generalized to the 3-dimensional (3D) case is straightforward
and the results remain valid without modifications. We choose the domain D:=[— L,L]Z,
the spatial mesh size h=(2L)/N for N an even positive integer. The numerical results
show that L should be chosen larger when the atom interaction parameter cy, the SOC
strength parameter 7y and the evolution time T increase. Define the Fourier, physical
index and grid points sets respectively as

In = {@mezﬂogjgN—Logng—1}

_ 2| _N N . N N_
In = {(nq)eZ’ ZSPSZ 1, 2§q< 1},
G = {(xpyx):==(-L+jh—~L+kh), (jk)€Tn}.

For a given time step 7>0, we define the time sequence as t,=n7t for n=0,1,.... Let ‘I’;?k

be the numerical approximation of ¥ (x;,yx,tn) for (j,k) € Zy,n >0. The wave function
is well approximated by Fourier spectral method. To be exact,

pe(x)~ = Y Prpg et p=10,-1, (3.1)
(M €Tn

where 1, =27p/(2L), p;=2mq/(2L). The Fourier coefficients

(MW 2L /qbe —ipp(x+L) p=iptg(y+L) 4

are well approximated by applying trapezoidal rule to the above integral as follows

—~ 1 i (x :
~ § . o i+L),—i +L
(Pglpqw N2 (Pﬁ,]k e pp( j )6 #q (yk ),
(j,k)EIN



which can be accelerated by the discrete Fast Fourier Transform (FFT) within O(N?logN?)
float operations. In the following, we shall focus on the numerical computation of the
linear and nonlinear subproblem in details.

3.1 Exact integrator of the linear subproblem

The first step of the time-splitting method is to solve the linear subproblem

Y (xt)=AY(xt), t,<t<tyi1,
{ Hh)=A¥(xt) +1 o)

Y(x,t,)=%", x€D,

where A is the Laplace-SOC operator given below
A= 1A I oL
=(—= —v( L 0L ).
( 2 ) 7(01L1 00>

Taking Fourier transform at both sides of (3.2), for any fixed Fourier mode (p,q) € Tn,
we obtain the constant coefficient linear ODE system in the phase space below

a
- A .
0 7c 3

A~ ~ ~ o~ T . .
where ¥ g (t) = (1,9 (t), Po,pq (1), —1,p(t)) , a=p3+pg, b=pp—ipy and c = pp+ip,.
Obviously, the solution to (3.3) reads as

~

G ()= A, (1) = Wi (1) Fpg(ta),  ta <t <tnp1. (3.4)

The matrix W), is reduced to identity matrix I3 for (p,q) = (0,0) since a=b=c=0.
For nonzero Fourier modes, i.e., (p,q) # (0,0), due to A is a Hermitian matrix, i.e.,
(A)H= A, similar to the trick of diagonalizing the matrix [2,20,28], we can diagonalize
A explicitly using a unitary matrix U (i.e., UU" = U"U = I3) to a real diagonal matrix,
such that A=UAU". Thatis,

<
|~
|~

E zﬁ 2\/;1 A] 0 O
U= o - |, A=|0 A 0
“Vm nA A 0 0 4

with Ay =7, A2 =5 —v/2a and A3 = 5 ++/2a. Direct calculations yields

oM (=)

, A 0
Wy(H)=e A=y o e o UM
0 0 E—MS(t—fn)

o

(3.5)
—ia(t—tn)

=e 2 [A1 +cos (\/ﬂy(t—tn» Ar—

\/;fusin (@’y(t—%)) Aa] ,

1 b 1
5 0 —x 5 0
A= 0 0 0 A>=10 1 0
1 1
% 0 2 w 0 2

with

o

= 0b o0
A3=C0b.
0 c O

Now, the solution to the linear subproblem (3.2) can be obtained.
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Lemma 3.1. Assume ¥ (x,t) is the solution of (3.2), then it holds

Z | Wia (E)F g ()] erberBleitaluct), g, <p <y, (36)
(P 7ETN
where W, (t) are given by (3.5).
Proof. Taking and (3.4)-(3.5) into account, Lemma [3.1is proved. O

Then we consider the conservation property of total mass at the discrete level. De-
fine the discrete I>-norm of ¥ (x) = (¢} (x), 5 (x),¥" 1 (x)) " on the interval D= (—L,L)2

as
%J( L T el 67)
l=—1(jk)eln

with ¢, the approximation of ¢, (x;,yx,tn) (£ =1,0,-1).

Lemma 3.2. The solution (3.6) to the fist subproblem of the time splitting method is uncondi-
tionally stable for the GPEs in 2D space, that is,

¥ ONe=11¥"2, Vit [tntni].

Proof. According to (3.4), we have Vt € [t,,t,11], ‘T’pq(t) = e‘i(t_t")A with (A)H = A.
Therefore

(‘T’pq(t))H\?pq(t)z (‘?; ) ‘qu, te [tn,tnia)-

By using the identities
T etk )i/ M2k )/N 0, k—h#mM or ky—lh#nN, (3.8)
(jk)ETN MN, kl—llzﬂ’lM & kQ—ZQZTIN,
and
Y elhah)p/Mpi2nlke-)i/N 0, F=h#mM or kp=hL#nN,
(p.9)ETN MN, kl—llzmM & kz—lzZnN,
with m and 7 being integers, it yields
¥ (1)11%
“ LYl
(2L)? Nzéffl]k €Iy ]
2
N2 2 Y| X etrbitbettucttly, Z Y [fep®)
t==1(k)€In |(Pa)ETN t==1(pg)eTy
. H_. . o
= X (qu(t)> Y= ). (‘%) g (3.10)
(pa)€Tn (pa)€Ty
2
1
_ 2 y wn qu‘ =Y ¥ | ¥ eimlyrheimtui by
t==1(pg)eTn t==1(pg)eTn |(ik)€Ix
Z 3 2 [
NZ (=21(j k) ey ’ (2L)*”

which implies [|[¥(¢) ||z =¥" ||z, V t € [tn, tn+1]- O
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3.2 Exact integrator of the nonlinear subproblem

The second step is to solve the nonlinear subproblem

i0/¥ (x,t)=B(Y) Y(x,t), ty<t<tyi1, (3.11)
Y(x,t,)=Y", x€D, '
where )
E E 0
B:(V—i—Cop)Ig—f—Cl %ﬂ 0 %F— =B+ Bs.
0 %a —F,

Fortunately, the coefficient matrix B is actually time independent, i.e., B(t) =B(t,),Vte
[t4,tn+1]. Noticing the facts that f,(v=x,y,z) and B are all Hermitian matrices, i.e.,

f'=fu  B"=B,

and they satisfy the commutating relations [fy, f,] := fufy — fyfx =ifz, [fy, fz] =ifx and
[fz, fx] =ify, we obtain the following lemma.

Lemma 3.3. Assume ¥ (x,t) is the solution to (3.11)), then the coefficient matrix B('¥) (3.11)
is independent of time t, that is

BY()=B(¥"), Bo(¥(t)=Bo(¥"), V bty <t <tppr.
Proof. Tt is sufficient to prove d;p =0 and d;F, =0 (v=x,y,z). We have
3p=0,(¥"Y) = (0, ¥ ¥ +¥Ho, ¥ =i (‘PHBHat‘I’—‘YHBat‘Y) —0,
and
OF, = (YA =1¥"BfY—iY"f,BY
= Y [F-£f]Y = iy [Fefo+ Fy fy+Efo fu] ¥
= ot (B [fo Y+ B [fy AIY +EXNE A]Y) =0, v=xyz.

These imply that the total density p(‘¥ (t)) =p(¥"), the spin vector F, (¥ (t))=F,(¥") is
conserved, B(¥(t))=B(Y") and Ba(¥(t)) =B2(¥"), V tn <t <t,41. O
It is clear that equation (3.11) becomes a linear ordinary differential system and the
exact solution is given explicitly in the following lemma.
Lemma 3.4. Assume that ¥ (x,t) is the solution to subproblem (3.11)), then
¥ (x,t) = et (VHeor™) | cog (¢ (F—t, )| F"[) ¥ — ‘Fln|sin(cl (t—ta)|E") B |, (3.12)
where matrix BY := By (Y (tn)).
Proof. Obviously, the exact solution of (3.11) reads as follows
‘P(X,t) :efi(tftn)B"lIﬂfl :efi(tftn)(V+C0p”)eficl (t*tn)leijn. (313)

One finds that the eigenvalues of B; are |F"|,—|F"| and 0. The associated eigenvectors
are v}, v and v} = \F”]*12*% (—Fﬁ,\@FZ",FJ’Z)T. In fact, we can expand the wave func-
tion vector ¥" with respect to the above eigenvectors as ¥" = 10} +a05 +a305. It is
easy to prove that a3 = (¥",v}) =0 by substituting the explicit formula of &} as follows

w = (¥08) =[P gLV Ry F V)

= [P (=g (@rws+ g0y ) s (97 P = 19" P) +9™ (Wi s + 95 ™)
= 0.
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Therefore, we have ¥" =10 +a2v5. Since BE' =13,, we obtain

—icq(t—ty) Bogn non .n eiert=tm|F"] 0 0 1) n n
e altTib2gn = (v],v5,0%) 0 gttt o ) | @7 ) (a10] +az0})
0 0 0/ \ (v8)H

=
~

— (Xle*icl(tftﬂ)u:n‘vn_k“ eicl(tftn)u:”'()g

= cos(c(t— )|F”|)‘I’”—|F—’sm(c1( ta)|F"|) B5Y

This completes the proof. O

Similarly, the solution to the nolinear subproblem (3.11) preserves the conservation
property of total mass on the discrete level.

Lemma 3.5. Suppose ¥ (x,t) is the solution to subproblem (3.11)), then
FOle=1¥"p, Yt Eltntni].

Proof. Since B" is a Hermitian matrix, therefore, its eigenvalues are all real. Then we
have
e (t) 1% = [le= =B |12 = ¥ |2, (3.14)

which completes the proof. O

We remark that, using Lemma3.2land Lemma[3.5) we can see that our time-splitting
Fourier spectral method is unconditionally stable.

3.3 Algorithms for the time-splitting Fourier spectral method

In this subsection, we construct high-order time marching schemes to implement the
time-splitting Fourier spectral method. Denote ‘P( )=e =t AP and ¥ () =it By
the solutions of the subproblems (3.2) and (8.11)), respectively. In principle, splitting ap-
proximations of higher order accuracy can be constructed as [35]

\Ijn+l — (ﬁeiufTAeibfTB> '\IJ’]’I’ (315)

j=1

where the coefficients a; and b; (j=1,---,m) are chosen properly. The classical second-
order Strang splitting [5,7] is m=2, a1 =a,=1/2, by =1, b, =0. And, one of the most
frequently used fourth-order symplectic time integrators is m =4, that is

1 21/3
M=03=7— g3 02="5 57 a3 =0,
(3.16)
1 b 1-21/3
b:b :7’ pu— :7‘
LR Y T TV E R A Y I TV

In practice, from time t=t, to t =t,1, we combine the splitting steps via the stan-
dard Strang splitting and present detailed step-by-step algorithm proposed in Algo-
rithm (1| The algorithm for the Yoshida fourth-order scheme [8,15,35] can be similarly
proposed, here we skip it for brevity.

Remark 3.1 (Efficiency). For each time step, by the adopt of FFT in spatial, the compu-
tation costs of the second-order Strang splitting and the fourth-order Yoshida splitting
scheme are 8Njo; +3Nipt10g(Nior) and 16Nyt +6Niorlog(Nior ) respectively.
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Algorithm 1 Second-order splitting Fourier spectral method
1: Solve ODEs (3.11) by (3.12) for half time step 7/2 with initial data given at t =t,,.

2: Solve ODEs by for one step 7 starting with the data obtained from step 1.

3: Solve ODEs (3.11) by (3.12) for half time step 7/2 again with the initial data ob-
tained from step 2.

Remark 3.2 (Arbitrary high-order schemes). It is simple to construct arbitrary high-
order schemes based on (3.15) since both subproblems can be exactly integrated.

We point out that the only time discretization error of above second- and fourth-
order time-splitting scheme are the splitting errors, which are second and fourth order
in T for any fixed mesh size h > 0, respectively. Also, the schemes are explicit and
unconditionally stable.

4 Numerical experiment

In this section, we first test the accuracy and efficiency of our numerical method for
computing the dynamics of SOC spin-1 BECs (1.4). Then, we study the dynamical
properties, including the energy, mass, magnetization and condensate widths. Finally,
we apply our method to investigate some interesting phenomena. All algorithms were
implemented in Matlab (2022a) and run on a 1.60GH Intel(R) Core(TM) i5-8265U CPU
with a 6 MB cache in Windows. From here after, we adopt the length, time, and energy
units as as = \/h/ (mwy), ts =1/ wy, and hw,,, respectively.

4.1 Accuracy and efficiency test

In this part, the numerical error is measured in following norm:

_ gm® - e 1,01 41
e lgn®)lp " @b

where I,D,Sfl ) (t) is the numerical solution at time f obtained with mesh size / and time
step T, Pm (t) is the “exact” solution. Hereafter, we denote the second-order time-
splitting Fourier spectral method based on the Strang splitting as TS2, and the fourth-
order time splitting method based on the Yoshida scheme as TS4.

To investigate the convergence, let ¢, (t) represents the numerical solution by the
TS4 with very fine mesh size h=1/64 and small time step 7= 10~4, and assume it to
be a sufficiently good representation of the exact solution at time t. Meanwhile, the
efficiency performance of our TS2 and TS4 can be tested by investigating the compu-
tational costs, in terms of computational time, as a function of the total grid number.

Example 4.1. In order to show the accuracy of TS2 and TS4, set d =2, D = [—8,8]2,
V(x)=3(x24+y?), cg=100, c; =—2, 7 =0.5. Choose ®°(x) with || ®°[|. =1, e.g.,

o 0.3343 0.8812 o _ 03343
lpl_ \/% \/E (P(X), l/)—l_ \/E (P(X),

with ¢(x) = e~ (*+1°)/2 Then compute the numerical errors by TS2 and TS4, respec-
tively, for

P(x), Y= (4.2)

e Casei:Tt=10"*and h=1/2,1/4,1/8,1/16.



14

Table 1: Spatial discretization errors at time t=0.4 in Example [4.1]

h 1/2 1/4 1/8 1/16
TS2

& 2.14E-01 3.95E-03 4.23E-08 791E-10

&o 1.53E-01 2.94E-03 2.90E-08 4.84E-10
E 1 2.10E-01 3.83E-03 4.23E-08 7.87E-10

TS4

& 2.14E-01 3.95E-03 5.99E-08 4.06E-12

&o 1.53E-01 2.94E-03 3.35E-08 3.88E-12
&1 2.10E-01 3.83E-03 6.14E-08 3.67E-12

Table 2: Temporal discretization errors at time t=0.4 in Example
T 1/40 1/80 1/160 1/320 1/640
TS2

&1 4.94E-03 1.21E-03 3.03E-04 7.59E-05 1.89E-05
rate 2.01 2.00 2.00 2.00

&o 3.00E-03 7.43E-04 1.85E-04 4.63E-05 1.15E-05
rate 2.00 2.00 1.99 2.00
Eq 4.94E-03 1.21E-03 3.03E-04 7.59E-05 1.89E-05
rate 2.01 2.00 2.00 2.00

TS4

&1 6.22E-04 4.09E-05 2.59E-06 1.63E-07 1.02E-08
rate 3.92 3.97 3.99 3.99

&o 3.78E-04 2.56E-05 1.63E-06 1.03E-07 6.45E-09
rate 3.88 3.99 3.99 3.99
E 1 6.22E-04 4.09E-05 2.59E-06 1.63E-07 1.02E-08
rate 3.92 3.97 3.99 3.99

e Caseii: h=1/64and 7=1/40,1/80,1/160,1/320,1/640.
Table [1}j2] list the spatial errors and temporal errors of Example [4.1] at time t = 0.4

for the 2D CGPE, from which we can conclude that TS2/TS4 is second/fourth order
accurate in time and spectrally accurate in space. A higher order operator splitting
scheme is possible because both subproblems can be integrated exactly.

Example 4.2. To study the efficiency of TS2 and TS4, let d =2, D =[-8,8]2, t=10"3,
V=21(x2+y?), c0=100, c; =2 and y=1.2. The initial data is chosen as

1
Pl =y)=9° = ﬁﬂx), (4.3)

with ¢(x) = e~ (**¥)/2_ Then we observe the computational time at =1 by TS2 and
TS4 for N =64/128/256/512, respectively.

Table[8land Figure[I|present the computational time from t=0 to t=1 with time step
T=10"3 by TS2 and TS4 under different total grid number Ni, := N2. It shows that
both the TS2 and TS4 are efficient and the CPU time scales roughly as CNj,¢1og(Niot),
which achieves almost the optimal efficiency.
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Table 3: The CPU times (units of w;,') of TS2 and TS4 in Example

N? TS2 TS4
642 1.53 3.52
1282 6.71 14.74
2562 29.52 66.33
5122 135.66 297.36
- TS2 e
1022 54 7T ]
3S C2Niot 10g(Ntot) /e'// /,/’/
= T s
é //// ////f
o e T
ERT e -7 ,
; //// _ =" C1Niot log(Nior)
5 e T
10° : :
642 Niot 1282 2562 5122

Figure 1. Log-log plot of timing results for TS2 and TS4 versus the total grid number Ny, in Example [4.2]

4.2 Dynamical laws verification

In this subsection, we study the dynamical properties, including the energy/mass/
magnetization conservation and evolution of condensate widths. Hereafter, we take
¢(x) =e~(FH0")/2 D =[-12,12]2, the mesh size /1 =1/16, time step size T=10"3, and
two different types of interactions are considered:

* Case L. With ferromagnetic interaction, e.g., % R, confined in a cigar-shaped trap-
ping potential with parameters: m=1.443x10"2°[kg], a0=>5.387[nm], a,=5.313[nm],
wy =wy, =27 x20[Hz| and w, =27 x 400[Hz]. This suggests to use dimensionless
quantities in for our computations as: d =2, V(x) = 3 (x2+y?), co ~0.0885N,
and ¢; ~ —0.00041N, with N the total number of atoms in the condensate and the
dimensionless length unit a;=2.4116 x 10~°[m] and time unit ¢, =0.007958]s].

* Case II. With antiferromagnetic interaction, e.g., >N, confined in a cigar-shaped
trapping potential with parameters: m = 3.816 x 1072°[kg], ag = 2.646[nm]|, ay =
2911 [nm], wy=wy, =27 x20[Hz] and w, =27 x400[Hz]. This suggests to us to use
dimensionless quantities in for our computations as: d=2, V(x) =1 (x> +12),
co~0.0241N, and ¢1 ~0.00075N, with the dimensionless length unit a; =4.6896 x
10~°[m] and time unit t; =0.007958]s].

In this section, we fix N =10%, and consider the following five types of initial data

1
(a) Y =y) =9y, = ﬁw» (4.4)
(b) ¢9:¢01:¢16?4’(x>' =) (4.4b)
1 1
(c) ¢?=¢8=ﬁ¢<x>, 90 = ﬁcp(x), (4.4¢)
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(d) $1 =921 = (x), 9§ = (x+iy)p(). (4.4d)
(e) Y =175 (x), with ®$(x) = (¢§(x),¢§(x),¢§1(x))T the ground state of (T.4). (4.4e)

Actually, the three component functions 99 (x) (¢ =1,0,—1) of the type () initial data
are the same. The type (b) and type (c) initial data possess two equal component
functions ¥ (x) = ¥°,(x) and ¥?(x) = ¢9(x), respectively. The component function
PJ(x) of the type (d) initial data has a vortex, whereas the type (¢) initial data, i.e., the
ground state of the corresponding SOC spin-1 BEC model, always leads to a soliton-
type evolution. During the following examples, we take the SOC strength parameter
v =0, 1,3, which mean zero, medium and strong SOC strength, respectively. In fact,
both the ground sates of Case I and Case II with oy =1 have stripe patterns, while the
ground sates of Case I with iy =3 possess square-lattice patterns.

Example 4.3. (mass and energy). To observe the evolutions of total/component mass
and total energy, we simulate the dynamics of the SOC spin-1 BEC for Case I
(ferromagnetic) and Case II (antiferromagnetic) with the SOC strength v =1 and the
type (a) initial data, respectively.

—NQ© ‘ ‘ =N
(D) e N (1)
151 No(®) | 151 No(t) |
SN SN
1 1
05¢ ] 0.5¢
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
2 4 6 8 10 2 4 6 8 10
t t

Figure 2: The evolution of total mass NV (¢) and component masses A;(t) ({=1,0,—1) with y=1 for Case
I (left) and Case 1l (right) in Example [4.3]

-8 -7
5 7><10 ‘ ‘ ‘ ‘ . 4 x10
........ Case 1 e Case 1
. —Case IT —Case 11
2} !
- 5 ;
-2
5 -4
2 4 6 8 10 2 4 6 8 10
t t

Figure 3: The evolution of %71 (left) and &,41(t) —En(t) (right) with y=1 for Case | and Case Il in
Example [4.3]

Figure[2|shows the evolution of total mass and component masses for Case I (ferro-
magnetic) and Case II (antiferromagnetic) with the SOC strength y=1 and the type (a)
initial data in Example respectively. Figure {3 shows the evolution of total energy
for Case I and Case II in Example 4.3 by presenting % —1 (left) and &,41(t) —Eu(t)

(right). The numerical results illustrate that the total mass of the SOC spin-1 BEC is
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conserved while its component masses do not necessarily conserve. Meanwhile, the
total energy is approximately conserved with high accuracy at the discrete level, since
our method possesses second or fourth order accuracy in time direction. These results
are consistent with our previous theoretical analysis.

Example 4.4. (magnetization). To observe the evolutions of total magnetization, we
simulate the dynamics of the SOC spin-1 BEC for Case I (ferromagnetic) and Case
II (antiferromagnetic) with the SOC strength v =0, 1 and initial data as type (a)-(c),
respectively.

........ ) e type(a)
- - type(b) - - type(b)

05l —type(c)|. 05/ —type(e))
S o § 0

05/ 1 05}

1 : : : ‘ -1 : ‘ : :
2 4 6 8 10 2 4 6 8 10
; t

........ type(a) - type(a)
- - type(b) - - type(b)
05 —type(c) || 05 —type(c) |

S~
M(t)
N

05} 1 -0.5¢

2 4 6 8 10 ' 2 4 6 8 10
Figure 5: Dynamics of M(t) with =1 for Case | (left) and Case Il (right) in Example[4.4]

Figures[4{5| present the evolution of total magnetization under different SOC strength
and initial data in Examples The numerical results tell that when y =0, the to-
tal magnetizations conserve for both Case I and Case II, despite different initial data.
These results are consistent with our previous theoretical results. However, when 7y #0,
whether the total magnetization conserves depends on different initial data. Actu-
ally, one finds that the total magnetizations are conserved for the initial data such that
P (x) =9, (x). These observations are still open to be verified.

Example 4.5. (condensate width). To observe the evolutions of condensate widths, we
fix initial data as type (a), then simulate the dynamics of the SOC spin-1 BEC for
Case I (ferromagnetic) and Case II (antiferromagnetic) with the SOC strength =0, 3,
respectively.

Figures [} [7/] show the evolution of the condensate widths with time when 1 takes
different values in Example The experimental results confirm the results of theo-
retical analysis: for both Case I (ferromagnetic) and Case II (antiferromagnetic), when
7 =0, the condensate width evolutions periodically with §, =4, = %&, and when ¢ #0,
the evolution does not show periodicity.
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Figure 6: Dynamics of the condensate widths with y =0 (left) and y =3 (right) in Case | of Example [4.5]

10 | | | | 40
_51 _51
-- 6, -- 4,

S o 1 30 e o, /]

Figure 7: Dynamics of the condensate widths with =0 (left) and =3 (right) in Case Il of Example [4.5]

4.3 Evolution of wave functions

In this subsection, we study the dynamics of wave functions under different SOC
strength and initial data.

Example 4.6. To observe the evolutions of wave functions with different initial data,
we fix the SOC strength o =3, then simulate the dynamics of the SOC spin-1 BEC
for Case I (ferromagnetic) and Case II (antiferromagnetic) with the type (d) and (e)
initial data, respectively.

0.05 0.05 0.05

0.04 0.04 0.04

0.03 0.03 0.03

0.02 0.02 0.02

0.01 0.01 0.01

0.05 0.05 0.05

0.04 0.04 0.04

0.03 0.03 0.03

0.02 0.02 0.02

0.01 0.01 0.01

Figure 8: Contour plots of the density [1|%, [¢o|* and |_1|* (from left column to right column) for Case
I with the type (e) initial data in Example
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Figure 9: Contour plots of the density |11 |%, [p|* and |_1|* (from left column to right column) for Case

Il with the type (e) initial data in Example
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Figure 10: Contour plots of the density [g1]%, |1o|* and |$_1|* (from left column to right column) for the
type (d) initial data (the upper row), and the wave functions of Case | (the middle row) and Case Il (the
bottom row) at t=2 in Example [4.6]

Figures[8land Figure[9]show the evolution of component density functions for Case
I (ferromagnetic) and Case II (antiferromagnetic) with the initial data chosen as the
corresponding ground sates, respectively. It is observed that both the square-lattice
pattern of the ground state solution for the ferromagnetic case and the stripe-pattern
of the ground state solution for the antiferromagnetic case are not changed during the
evolution. Moreover, the numerical results illustrate that the evolutions of SOC spin-1
BECs possess the solitary wave properties if the initial data is chosen as ground states.
Figure[I0|presents the dynamics of the SOC spin-1 BEC for Case I and Case Il with
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an initial data where J(x) has a vortex. It is observed that during the evolution, the
vortex of the initial data disappears and the condensate extends outwards with new
patterns of the wave functions being generated.

Example 4.7. To observe the evolutions of wave functions with different SOC strength,
we fix initial data as type (a), then simulate the dynamics of the SOC spin-1 BEC
for Case I and Case II with the SOC strength =0, 1, 3, respectively.

2 -3 2 -3 L2 -3
1 x10 0 x10 —1 x10
o 61 “ 0 IO
8 8 8
6 6 6
0 0
4 4 4
2 2 2
-10 -10
-10 0 10 -10 0 10
%1073 %1073
8 0.025 8
6 0.02 6
0.015
4 4
0.01
2 0.005 2
%1078 %107 %1078
15 15
12
10
10 10
8
6
5 4 5
2

Figure 11: Contour plots of the density |l[)1\2, |l/)0\2 and [p_1|* (from left column to right column) at £=2
in Examplefor Case | with y=0, 1 and 3 (from upper row to bottom row), respectively.

Figures|11|and Figure[12|show the evolution of component density functions at =2
for Case I (ferromagnetic) and Case II (antiferromagnetic) with different SOC strength.
It is observed that: (1) for both cases, the wave functions of the condensates are no
longer evolved as solitary waves, since the initial data are not taken as the stationary
state of the SOC spin-1 BEC (1.4). However, when y =0, the gaussian type pattern of
the type (a) initial data are not changed during the evolution, with the condensates ex-
tending outwards. (2) when <y #0, for both cases the gaussian type pattern of the initial
data changes continuously and new patterns of the wave functions will be generated
during the evolution. (3) when the SOC strength -y turns larger, the condensate extends
outwards more quickly and the component wave functions possess more wavelets.

5 Conclusions

We proposed an efficient two-step time splitting Fourier spectral method to simulate
the dynamics of SOC spin-1 BECs. The Hamiltonian was split into the linear part, in-
cluding the Laplace and SOC terms, and the nonlinear part (the remaining terms). The
linear and nonlinear subproblems were integrated exactly and explicitly in phase space
and physical space, respectively. Based on such two-step splitting, we constructed the
second and fourth order schemes to simulate the dynamics, noticing that higher-order
schemes can also be easily constructed if necessary. Our method is spectrally accu-
rate in space and high order in time, and it is explicit and unconditionally stable. The
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Figure 12: Contour plots of the density |1h1|%, [¢|? and |p_1|* (from left column to right column) at t=2
in Example for Case Il with y=0, 1 and 3 (from upper row to bottom row), respectively.

dynamical laws of total mass, energy, magnetization and condensate widths were de-
rived and confirmed numerically. The accuracy and efficiency of our method were also
verified by extensive numerical results. Moreover, the method proposed can be read-
ily generalized to simulate spin-F BECs and other related models, such as the SOC
(droplet) dipolar BEC.
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