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ARTICLE INFO ABSTRACT

Keywords: The convolution potential arises in a wide variety of application areas, and its efficient and accu-
Con"_"l“tion'type nonloc_al P?tential rate evaluation encounters three challenges: singularity, nonlocality and anisotropy. We introduce
Far-field smooth approximation a fast algorithm based on a far-field smooth approximation of the kernel, where the bounded do-
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main Fourier transform, one of the most essential difficulties, is well approximated by the whole
space Fourier transform which usually admits explicit formula. The convolution is split into a
regular and singular integral, and they are well resolved by trapezoidal rule and Fourier spectral
method respectively. The scheme is simplified to a discrete convolution and is implemented effi-
ciently with Fast Fourier Transform (FFT). Importantly, the tensor generation procedure is quite
simple, highly efficient and independent of the anisotropy strength. It is easy to implement and
achieves spectral accuracy with nearly optimal efficiency and minimum memory requirement.
Rigorous error estimates and extensive numerical investigations, together with a comprehensive
comparison, showcase its superiorities for different kernels.

1. Introduction

Nonlocal potentials, which are given by a convolution of a translational invariant Green function with a fast-decaying smooth
function, are common and have wide-ranging applications. Examples include the Newtonian potential in cosmology, the Poisson po-
tential in electrostatics, plasma physics and quantum physics [1-5]. The efficient and accurate calculation of these nonlocal potentials
is a prominent and vital area of research in the science and engineering community. In this paper, we focus on the evaluation of
convolution-type nonlocal potential

D(x) = / U —y)p(y)dy = / T0pke™*dk, x e R?, (1.1
R4 R4

1
(2x)d
where d is the ambient dimension, the density p(x) is a fast-decaying smooth function, the kernel U(x), a given radially symmetric
function, is usually singular at the origin, and (k) = [ f (x)e~¥*dx is Fourier transform of f(x).

There are three major challenges for this convolution-type potential evaluation.

1. Singularity: The kernel and its Fourier transform are both singular, and sometimes the singularity of U (k) are even stronger.
2. Nonlocality: The potential value at a fixed target point x depends on the density and kernel at every source point y.
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\begin {equation}\label {convolution} \Phi (\bx ) =\int _{\mathbb {R}^d} U(\bx -\by ) \rho (\by ) {\rm d} \by =\frac {1}{(2 \pi )^d} \int _{\mathbb {R}^d} \widehat {U}(\bk ) \widehat {\rho }(\bk ) e^{i \bk \cdot \bx }{\rm d}\bk ,\quad \bx \in \mathbb {R}^d,\end {equation}


$d$
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\begin {equation}U(r) := \frac {1}{r} = \frac {1}{r} \operatorname {Erf}\left (\frac {r}{\varepsilon }\right ) + \frac {1}{r} \operatorname {Erfc}\left (\frac {r}{\varepsilon }\right ) := U^\varepsilon (r) + (U-U^\varepsilon )(r),\end {equation}


\begin {equation*}\operatorname {Erf}(x)=\frac {2}{\sqrt {\pi }} \int _0^x e^{-t^2} {\rm d} t \quad \mbox {and} \quad \operatorname {Erfc}(x) = 1\!-\!\operatorname {Erf}(x)\end {equation*}
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\begin {equation}\label {ApproxProp} \scalebox {0.96}{\boxed { \begin {aligned} &(a)~U^{\varepsilon }(\bx )~ \mbox { is } \textit {smooth} \mbox { and } \textit {radially symmetric}. \\[0.3em] &(b)~\int _{R_0}^{\infty }|(U - U^{\varepsilon })(r)| r^{d-1} {\rm d}r \le \varepsilon _{\rm {tol}}, ~\mbox {where}~ \varepsilon _{\rm {tol}}\ll 1~ \mbox {is the desired error tolerance}. \end {aligned}}}\end {equation}
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\begin {equation}\label {RegInt-Exp} \Phi ^{\rm {R}}(\bx ) = \int _{\mathbb {R}^d} U^{\varepsilon }(\bx -\by ) \rho (\by ) {\rm d} \by \approx \int _{\bR _L} U^{\varepsilon }(\bx -\by ) \rho (\by ) {\rm d}\by , \quad \bx \in \bR _{L}.\end {equation}
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Fig. 1. Cigar-shaped (left) and pancaked-shaped (right) densities.

3. Anisotropy: The density may be highly anisotropic. For example, in lower-dimensional confined quantum systems [1,6], its
compact support extends much shorter in one or two directions, as shown in Fig. 1 with the “cigar-shaped” and the “pancake-
shaped” densities.

Since the density decays rapidly enough, it is reasonable to assume that the density is compactly supported (to a fixed precision)
in a bounded domain. In computational practice, we truncate the whole space to a rectangular domain D := ij:l[—L ;»L;1 and
discretize it with equally spaced points in each direction. The smooth density p(x) is well approximated by Fourier spectral method
with spectral accuracy, achieving nearly optimal efficiency thanks to implementation using discrete Fast Fourier Transform (FFT)
[71.

The numerical problem is to compute the convolution ® on uniform grid from discrete density values given on the same grid. The
scheme is expected to achieve spectral accuracy with great efficiency, and capable of dealing with highly anisotropic density case.

Over the past decade, several fast and accurate methods have been developed based on Fourier spectral method. The NonUniform
Fast Fourier Transform (NUFFT)-based method [8-10], the first accurate fast algorithm, was implemented via the NUFFT algorithm.
Later, the Gaussian-Summation method (GauSum) [11], emerged as the first purely FFT-based algorithm, dealt with the singularity
using a summation-of-Gaussian (SOG) approximation of the kernel that is done away from the origin. In 2016, a much simpler method,
the kernel truncation method (KTM), is proposed by Vico et al. [12], where they remove the singularity by truncating the kernel within
a radially symmetric domain. In KTM, one has to zero-pad the density by a factor, that is no small than Vd+1 [13-15], in each
spatial direction so as to capture the unpleasant oscillations brought by the discontinuous kernel truncation. Unfortunately, both
memory requirement and computation costs scale linearly with the anisotropy strength, and it places a huge burden in higher space
dimension, especially the three-dimension problem.

Following the kernel truncation line, Greengard et al. [16] proposed the anisotropic truncated kernel method (ATKM), where the
kernel was effectively truncated within an anisotropic double-sized rectangular geometry. The computation of the Fourier transform,
defined on the anisotropic domain, is even more challenging and successfully precomputed via the near-field approximation SOG that
is performed much closer to the origin compared with GauSum. Even though GauSum and ATKM achieve nearly optimal efficiency
with minimum memory requirement for both isotropic and anisotropic cases, they are technically challenging in implementation.
Moreover, in practice, there are cases where high-accuracy computation is of great importance or even unavoidable, for example, the
fine structure of vortices and the dynamics in context of the Bose-Einstein condensates [1,17], therefore, it renders the necessity of
new computational methodology.

It is worthy to point out that once the kernel is approximated by U¢(x) at the far field with great accuracy, the Fourier transform
of residual kernel (U — U¥¢) is quite close to its counterpart that is defined on bounded domain. It is more favorable if the far-field
approximation U*¢ is smooth. As is noticed in classical Ewald summation method [18-21], the Coulomb kernel is split into far-field
and local parts as follows

U =L = Vit (5) + L Erfe (5) = US(r) + (U - US)(r), (1.2)
r r & r &
where

X
Erf(x) = i’/ e“'zdt and Erfc(x) = 1-Erf(x)
\r Jo
are the error and complementary error functions and ¢ is a positive parameter to be chosen later. The far-field part U¢ is smooth and
accurately represents the kernel 1/r at far field, because Erf(r/¢) ~ 1 with more than 16 digits accurate when r > 6¢. The remaining
near-field part (U — U¢), though singular, is compactly supported.

With such far-field smooth approximation U¢, we split the potential into a regular integral ®®(x) and a singular integral ®5(x) as
follows

ox) = / U (x - y)p(y)dy + / (U - U )x - y)o(y)dy
R4 R4

1= oR(x) + 5 (x). (1.3)

Both integrals are well-defined simply because integrand of ®R(x) is smooth and (U — U¢) € L'(R?).

The regular integral ®R(x) is well resolved by trapezoidal rule, and the resulting summation is implemented with nearly optimal
efficiency thanks to FFT. We choose to integrate the singular integral potential ®5(x) by switching to Fourier space following exactly
the same way of ATKM [16]. Fortunately, the required bounded domain Fourier transform of (U — U¢) can be replaced by the whole
space Fourier transform, which admits analytical explicit formula, with high accuracy, thus waiving the use of technically complicated
quadrature. Such methodology can be easily extended to anisotropic density case, and it achieves an anisotropic strength-independent
memory requirement and computation complexity. Moreover, the numerical quadrature of each integral can be reduced to discrete

2
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convolutions, therefore, our method is finally simplified into one discrete convolution by combining them two. The tensor generation
procedure is very simple, highly efficient (involving only FFT) and independent of the anisotropy strength.

Apart from the Coulomb kernel shown above, our method is applicable to a large class of radially symmetric kernels as long as
they grow no faster than exponential functions, that is,

o0
/ U] rd=2 e <00, 5> 0,
Ry

where Ry 1= nllind{ZL ;}- The far-field smooth approximation (FSA) function U* only needs to satisfy the following two properties
j=le

(a) U%(x) is smooth and radially symmetric.

o 1.4
(b) (U = US)(r)|r?~1dr < &, where £, < 1 is the desired error tolerance.
Ry

Such approximation can be realized with help of some special functions, including the error and smooth window functions [22], and
we shall provide details later in Section 4.

The paper is organized as follows. In Section 2, we present a detailed description of the regular and singular integral evaluation,
the discrete convolution structure and its extension to anisotropic case. Error estimates are given in Section 3. In Section 4, we
propose a simple way to construct far-field smooth approximation. Extensive numerical results are shown in Section 5 to illustrate
the performance in terms of accuracy and efficiency. Some conclusions are drawn in Section 6.

2. Numerical method

In this section, we first focus on computation of the nonlocal potential generated by isotropic density, and discuss the anisotropic
case later. For simplicity, we assume that the density function p is compactly supported in a square domain R; = [-L, L]¢, which is
discretized with N equally spaced grid points in each spatial direction. We fix h = 2L /N as the mesh size, and the uniform mesh grid
set is denoted

T = {(x],xz,-n,xd) x; € (ht, £ ==N/2, NJ2-1}, j = 1,~--,d}. 2.1)
Following the previous discussion, we shall illustrate the computation of ®R(x) and ®5(x), and present a detailed analysis in terms of
accuracy and efficiency.

2.1. Evaluation of the regular integral ®R (x)

Due to the compact support of the density, we have

dR(x) = /d Ut(x — y)p(y)dy ~ / Us(x-y)p(y)dy, xe€R;. (2.2)
R R,
The above integral is well approximated by applying the trapezoidal rule quadrature [7], and the resulting summation is reduced to
a discrete convolution of tensor and the discrete density. The discrete convolution structure can be efficiently accelerated using FFT
within O(d(2N)? 1og(2N)) float operations [14]. For simplicity, we only present the detailed scheme for 2D case and extension to 3D
case is straightforward. Define the index set

Iy={(nmeZ*-N/2<nm<N/2-1}. (2.3)
To be exact, we obtain

<1>R(x,,,ym) ~ h? z U* ((n —nh, (m— m')h) P(Xyrs Vor)

' .mHely

. (1)
= 2 Tnfn’,mfm’ pn/,m/, (24)
' .mHely

where p,s . := p(x,,,s) and the tensor T,,(l,,), is given explicitly as

T = 1> U(nh, mh).
2.2. Evaluation of the singular integral ®5(x)

To compute ®5(x) within R, , we first reformulate it as

OS(x) := / U - U*)(x = y)p(y)dy ~ / (U - U*)(x = y)p(y)dy
R4 R;
= / U - U*)y)p(x—y)dy = / U = U*)(y)p(x - y)dy. (2.5)
x+R; Ryp

3
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The last identity holds true because the density is compactly supported in R; . To be specific, for any x € R;, we have
YERy \(x+Ry) = x-y¢R; = jpx-y)=

To integrate Eqn. (2.5), one needs to obtain a good approximation of p(x) over R3;, because, for any x € R; and y € R,;, we have
X —y € Ry;. It is natural to first zero-pad the density from R; to R;; and then construct a Fourier series approximation therein.
Thanks to periodicity of Fourier basis, a two-fold zero-padding to R,; is sufficient to guarantee spectral accuracy [11,14], and it
reads as follows

pn@) =Y B e zERy, (2.6)
keA

where A = {k := %(kW Jkg) €57 Z kj=-=N,~ ,N-1,j=1,-.,d} denotes the Fourier mesh grid. The Fourier coefficients are
defined as

P = z pzpe @, keA 2.7)

2 N )”
As is shown earlier, the periodic extension of py(z) is also a spectral approximation over R;;, therefore, after substituting py for p
in (2.5), we obtain

oS(x) ~ / (U - USXy)pyx - y)dy,

[ [ w-vomeay| i o
ken LRy

= ) WK p ™, xeRy, (2.8)
keA

where W (k) denotes the Fourier transform of (U — U®) over R,; and is given explicitly

wk = [ (U-Uye *Vdy. (2.9)
Ryp
Usually, the above Fourier transform does not admit explicit analytical expressions, therefore, one has to design appropriate
numerical quadrature. For example, Greengard et al. [16] proposes a fast and accurate quadrature by utilizing the Gaussian-sum
approximation [23]. In fact, we can approximate W (k) by the Fourier transform of (U — U¥¢) due to the second property of Eqn. (1.4).
That is,

W (k) ~ / U - US)(y) ey, (2.10)
Rd

With a suitable parameter ¢, we can control the approximation error as small as any prescribed precision. The above whole space
integral is well-defined since (U — U¢) € L'(R?). Since (U — U?) is radially symmetric, its Fourier transform (2.10) is also radially
symmetric [12] and given explicitly below

2 [S(U = U Jokr) rdr,  d=2,
U —UsK) = o ik (2.11)
4 [ U -US) BED 2 dr, d =3,

where k = |k| and J,(r) is the Bessel function of first kind with index 0. For common kernels, including Poisson, Coulomb and Bihar-
monic kernels, Eqn. (2.11) has analytical expressions. For a more general kernel, one may resort to numerical integration, e.g., the
Gauss-Kronrod quadrature, so to obtain an accurate approximation of the Fourier transform.

Remark 1 (Parameter choice of ¢ for isotropic case). The parameter ¢ is chosen to satisfy condition (b) of Eqn. (1.4). Roughly
speaking, € < R;/5.85 (R,/8.65) yields about 16 (34) digits of accuracy for 3D Coulomb potential. Numerical experience suggests that
we can set € = 1 to achieve 34 digits for L = 8 (R, = 2L = 16). A detailed derivation is provided in Appendix B.

The quadrature (2.8) is given on uniform mesh grid and can be rewritten as a discrete convolution of a tensor and the discrete
density. The tensor is actually the inverse discrete Fourier transform of vector {W(K)}ien € ceM’ To be exact, let us take the 2D
case as an example. Define the Fourier modes y, = and Hy = Z. Plugging Eqn. (2.7) into Eqn. (2.8) and switching the summation
order, the ®5 on a uniform grid can be rewritten as

21
CDS(xn»J’m) ~ 2 W(llp»/‘q) Pk o TN (Pram)
(P.Q€ELy Ny

= Z [ 1 Z W up, Hy) e%[p("’"/)”("”ml)] Pt it

2
(n',m"ely 2N) P.9EL N

=) T b (2.12)

n—n' ,m—
(o' .m"EeLy
where the tensor Tf,,), can be computed out once for all within @4 N? log(4N?)) float operations using iFFT.

4
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2.3. Discrete tensor structure

As pointed out in [12], the KTM can be rewritten as a discrete convolution of a tensor and the discrete density. In fact, for any real-
valued kernel function, the potential evaluation algorithm discretized on uniform grid can be rewritten as such a discrete convolution,
including the aforementioned NUFFT [8,10], ATKM [16] and GauSum method [11]. Once the tensor 7 has been generated, all
algorithms share the same efficiency. The differences lie in the memory requirement and efficiency of the tensor generation procedure,
and whether they are dependent on anisotropy strength.

In our method, both the regular integral potential ®® and the singular integral potential ®° can be written as discrete convolutions
(i.e., (2.4) and (2.12)). Then it can be simplified to a single discrete convolution as follows

BN ) = D Tt Pt (2.13)

' .mHely

where the tensor T, ,, = T,fl,,)7 + Tﬁ), is given explicitly as

221 (pnrqm)
D Wy ppedn Hm, (2.14)
(P.9EIy N

T, = h* Ut (nh, mh) + a le)z
The tensor generation procedure is simple and efficient, and it involves purely iFFT transform on vectors of length (2N)?. Note
that the tensor T is axis-symmetric, i.e., T_, ,, =T, ,, = T, _,, due to the symmetry of U and U*, therefore, we can further reduce the
memory requirement to 1/4 of its original size. Once the tensor is available, the discrete convolution (2.13) can be implemented using
purely FFT/iFFT and pointwise multiplication on vectors of length (2N)“. For clarity, we present detailed step-by-step algorithm using
the 1D case in Algorithm 1, and extension to 2D/3D case is straightforward. We refer the reader to [12,14] for more details.

Algorithm 1 Fast implementation of one-dimensional discrete convolution.
N/2-1
j=—N/2

Output: Compute T := FFT(T) with T = [Ty, Ty oo Ty Topgs o s Ty 1
1: Compute F := FFT(F) with F = [/_y 3. ... fn/2-1.0.....0] € R?V.

Input: Given {7} and {f;}

2: Compute ® :=TF by pointwise multiplication.
3: Compute o= iFFT(<T>), and set &y = o : N).

2.4. Anisotropic density

We assume that the density is compactly supported in an anisotropic rectangle R’i = H;Ll [—Ly;, Ly;1, which is also the domain
of interest. We define the anisotropy vector by y = (7, -+, v,). The magnitudes of the y; reflect the anisotropy strength along the j-th
direction. Without loss of generality, we take y; = 1, y; < 1 for j =2,--,d and define the anisotropy strength as y, := H;I: . 7,-_]~ For
simplicity of presentation, the density is sampled on a uniform mesh grid with the same number of grid points in each spatial direction
(denoted by N) with mesh grid h; =2Ly;/N.

We adapt it to the anisotropic density case and derive a similar discrete convolution structure. The difference is that the rectangular
domain becomes anisotropic as RZ ;, and the parameter R, is now

R, = 1i~¥d{2Lyj}'

=1,
To be specific, the discrete convolution tensor for d = 2 reads as

1 np nq Ly
T, = hihyUs(nhy, mhy) + ——— W(—,—)ezzv" am) 2.15
o = iRl @n)? (M)gIzN 2Ly 2L 1)

where W (k), the Fourier transform of (U — U¢) over R; 1+ is given explicitly

W (k) = / , W~ US)(y)e XY dy. (2.16)
RZL

Similar to the isotropic case, W (k) can be approximated by the Fourier transform of (U — U*¢) due to the second property of Eqn. (1.4)
with a suitable ¢.

Remark 2 (Parameter choice of ¢ for anisotropic case). The choice of parameter ¢ follows exactly the same principles as shown in
Remark 1. Roughly speaking, e < 2L min{y;}/5.85 (2L min{y;}/8.65) yields about 16 (34) digits of accuracy for 3D Coulomb potential.
The parameter ¢ decreases as the anisotropy strength increases. Numerical experience suggests that we can set ¢ = 0.4 to achieve 34
digits of accuracy for 3D Coulomb potential with anisotropy strength y = (1, 1, y3) for y3 = 1,1/2,1/4,1/8 and L = 12, where the value
of ¢ is determined by the smallest y; = 1/8.
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Fig. 2. Slice plot of U¢ (left) and the error (U — U¢) (right) for Coulomb kernel U = 1/r.

For the anisotropic case, our method remains effective and can be reformulated as a single discrete convolution. The tensor
generation follows the same procedure as in the isotropic case and involves only FFT/iFFT transforms on vectors of length (2N)?.
Once the convolution tensor is computed in the pre-computation step, the subsequent operations involves FFT/iFFT transforms and
pointwise multiplications on vectors of length (2N)¢. Consequently, we conclude that our method effectively avoids the additional
cost associated with the anisotropy strength.

Remark 3 (Comparison of the tensor generation procedure). The memory requirement and computational costs for our method
(denoted by FSA hereafter), KTM, GauSum and ATKM are O(SN%) and O(S N log(S N?)) respectively, with the only differences lying
in the zero-padding factor .S. For FSA, GauSum and ATKM, S = 2¢ for both isotropic and anisotropic cases. While, in KTM, we take
S = 3¢ for isotropic case and

d d
s=[]s, s := [+7;'a +[[H"1 (2.17)
j=1 k=2

for anisotropic case [14], where [-] is the rounding up function. For example, in the tensor generation procedure, a double-precision
computation on a 256> grid requires a minimum 1 GB memory for our method while the KTM requires around 3.4 GB, with the
reduction factor being around 71%. In addition, the implementation of our method is as simple as that of KTM.

Remark 4 (Parallelizability). Our method is based on FFTs and pointwise multiplications. Therefore, it can be parallelized in a
straightforward manner, and its parallelizability is essentially the same as that of the FFT. Parallel implementations, such as multi-
threaded FFTs (OpenMP-enabled FFTW/MKL), distributed-memory FFT libraries (MPI-based), GPU-accelerated FFTs, can further
enhance the efficiency of our method.

3. Error estimates

In this subsection, we choose to present the error estimates, which mainly consist of errors coming from trapezoidal rule dis-
cretization, the density approximation, and Fourier transform of the kernel on rectangular domain. For more details, we refer the
readers to Appendix A.

Theorem 1. For smooth density p(x) that is compactly supported in RyL, the following estimates
||(1) - <l)N ”Loo(Ri) < N+ Etols

hold true for any positive integer m > 0.

4. Far-field smooth approximation

Notice that the smooth approximation is done far away from the origin, i.e., [R, ), and Erf(r/¢) ~ 1 with more than 16 (34) digits
of accuracy for r > 6¢ (8.7¢), as shown in Fig. 2 for the Coulomb kernel, we can define the approximation as U¢(r) := U(r) Erf(r/e).
Such approximation satisfies the requirement (b) of Eqn. (1.4) and a rigorous derivation is provided in Theorem 2 below. It is easy
to implement in practice.

Theorem 2 (Far-field approximation). For d-dimensional radially symmetric kernel U(r) that satisfies |, R°: U@ 142 18 dr < 0
(6 > 0) and its approximation

U*(r) = U(r) Erf (£> (4.1)

. 2 . . . .
where error function Erf(r) = \/i; Jo e~ dt, there exists a positive constant &, > 0 such that following estimate

o0
/ (U =UHE)| ri " dr<ey, Y0<e<e (4.2)
Ry
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Table 1
Far-field smooth approximation and the corresponding Fourier transform for com-
mon kernels.

U U=(r) (U =Te)Kk)
. | -1 1 ” 1 - Lize2
Poisson 2D: 2 In(r) = [Ine) + 3 E((5)] mll-ei]
2D L L Brf(r L Erf(ke
Coulomb 2 2 K g G )' 262
3D: - EErf(f) ﬁ[l_ef;ks]
1,22
. = _ - 1E(2y_ Z16te T (164K Htet)
Biharmonic 2b: 57 [1n(r) l] br [ln(r)+ i 1] 8 —m,:(:sz:a 24itet)
- r r —8+e 7 +2k%e2+k e
3D: - & Brf(2) T a—

holds true.

Proof. Using asymptotics of complementary error function Erfc(x) = 1 — Erf(x), we obtain

Erfe(x) = 2 /°° e dr = 2 /°° et gy = ie‘"2 /°° e~ =0+ gy
Vr Jx v Jx Vr x

x2 ® ef2x(tfx)dt - Llefxz.

2 _
< —e
Vr x N

Then, we have

s ) © r2
/ WU = U0 dr = / [U ()|~ Erfe (r/e)dr < ——= / |U@)|ri2e 2 dr.
Ry N

Ry
Function f(¢) := [, R°;’ U@ ri2 e*/¢* dr is monotone increasing and bounded. Using dominated convergence theorem, we obtain

242

[se]
lim f(e) = lim f(g,) := lim f(6/k) =/ U@ r¥2 lim e & dr=0,
-0 k—oc0 k— oo Ry k—oo

Therefore, there exists €, > 0 such that estimate (4.2) holds true for any ¢ < ¢,. O

As for the smoothness requirement, i.e., condition (a) of Eqn. (1.4), the approximation (4.1) is not necessarily smooth for all
kernels. For non-smooth cases, we can first set U¢(r) to be 0 for r ~ 0 and U(r)Erf(r/¢) for r > R, then connect the two regions
smoothly via a smooth vanishing window function [22]. To be specific, we set

US(r) = U(r) Exf <£> [1 - .f(r)], (4.3)

where £(r) = 0 if formula (4.1) is smooth, otherwise, set £(r) to be a smooth vanishing window function. Such construction mechanism
works for almost all kernels, but it may not be the simplest one for certain kernels. For example, for the 2D Poisson kernel U(r) =
—i In(r), we choose the following approximation function

Uf(r):—i[ln(r)+%E] (5)] (4.4)

where E|(r) := [r ® t~le~!dr is the exponential integral function [24].

With the above-mentioned smooth approximations, the Fourier transform of (U — U¥¢) is reduced to one-dimensional integral
(2.11). Here we summarize the corresponding analytical expressions for different common kernels in Table 1, from which we can
observe that the corresponding Fourier transform is smooth and non-oscillatory, as against the annoying oscillatory Fourier transform
in KTM.

The parameter ¢ is chosen to satisfy condition (b) of Eqn. (1.4), and it depends on kernel U, far-field approximation U¢, R, and
£,1- A detailed derivation is provided in Appendix B, using which we can set £ = 1 (0.4) for the isotropic (anisotropic) density case
for the 2D/3D Coulomb and 2D Poisson potentials when £,,; = 10716 and L = 12.

Remark 5. In computational practice, we shall choose a relatively large ¢ for better numerical accuracy. Even though the integrand
of regular integral (2.2) is smooth for any fixed & on the continuous level, for a smaller ¢, it requires a finer mesh so to capture
the sharp variations near the singularity on the discrete level. The quantitative relation can be obtained from the error estimate of
the trapezoidal rule, which varies with the kernel. Roughly speaking, the relation is approximately 4 < e. This is because the m-th
derivative of U*® typically scales like e, and the trapezoidal rule error behaves as Ch™ ¢~ with m € Z*+.

5. Numerical results

In this section, we shall investigate the accuracy (in both double and quadruple precision) and efficiency for different nonlocal
potentials evaluation with isotropic and anisotropic densities. The computational domain Rz is discretized uniformly in each spatial

7
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direction with mesh size h;, and we define mesh size vector as h = (hy, -+, h,). For simplicity, we shall use & to denote the mesh size
if all the mesh sizes are equal.
The numerical error is measured in following norm
- Dyl MAXyer [PX) — Pp(X)]

B

11l max,er, O]

where @y, is the numerical solution on mesh grid 7;, and ®(x) is the exact solution. In the following examples, the potential ®(x) can
be computed analytically.

5.1. The Coulomb potentials in 2D/3D
Example 1. Here, we consider the 2D/3D Coulomb potentials with the following two types of source density
¢ Case I: Isotropic/anisotropic density

O/ d=2,

p(x) =
P AL

The corresponding 3D Coulomb potential can be computed analytically as [11]

oy Ix|
] Erf (%), r3=1,
D(x) = 2y -
2 T, 02U+
1/3;I © e O e dl, 73 # 1.

(+Dy /1473
and the 2D Coulomb potential is given analytically as [11]
o 2 —ﬁ
Iy n=l

d(x) = ¥

2o
S22 -5
1o poo e 02D o 00T

V70 V241, /2473

where Iy(x) is the modified Bessel function of the first kind [24].

dr, 1 #1,

e Case II: Shifted density p(x) = py(X) + py(x — Xy), where p,(x) is generated by taking the Laplacian of the potential ®((x) =

(220202792 /62 .
oy r)/o Jie.,

4x2 4y 42 4 2
P00 = =A@y(x) = B0 - - - 2 - Sk S ),

c* y;‘ ot o2 y32 o2

The corresponding 3D Coulomb potential analytically reads as
D(x) = Dp(x) + Pp(x — X).

Table 2 presents errors of the 2D/3D Coulomb potentials in double and quadruple precision for isotropic and anisotropic densities.
For isotropic case, i.e., y, = 1 or y3 = 1, we consider Case I with L =8, ¢ = \/ﬁ and ¢ = 1. For anisotropic case, we consider Case
Iwith L =8, 6 =+/12, £=05, h=y/4 and Case Il with L =12, 6 = /0.8, £ =04, x, = (1,1,0) and h = y/8, where y = (1,y) for
d=2andy=(1,1,y) ford = 3.

From Table 2, we can conclude that our method achieves spectral accuracy for both isotropic and anisotropic cases. Note that it
can reach 10~3* for quadruple-precision version when the tensor T in (2.13) is generated with high precision. For ATKM, one needs
to develop a high-precision black-box version. This is possible but technically challenging and involves more Gaussian terms to reach
a smaller tolerance.

Example 2. Comparison with KTM and ATKM. To compare the performance of FSA, KTM and ATKM, we choose densities in Case
II of Example 1 with ¢ = 0.5. The computation is split into two parts: the pre-computation part (Precomp): computation of the tensor
f“k for KTM and FSA or U g for ATKM [16], and the execution part (Execution). The algorithms were implemented in FORTRAN
and run on a single core of a 3.00GHz Intel(R) Xeon(R) Gold 6248R CPU with a 36 MB cache in Ubuntu GNU/Linux with the Intel
compiler ifort.
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Table 2
Errors of the 2D/3D Coulomb potentials for isotropic and anisotropic densities
in Example 1.

Isotropic density

h=1 h=1/2 h=1/4 h=1/8
2D  double 1.3856E-02  2.9648E-08  2.8012E-16  5.6025E-16
3D double 2.0681E-02  2.5036E-06  5.5511E-16  6.9389E-16
quad 2.0681E-02 2.5036E-06 4.8161E-18 2.4195E-34
Anisotropic density
y=1 y=1/2 y=1/4 y=1/8
2D  Casel 4.1758E-16 ~ 2.5550E-15  1.5455E-15  1.8119E-15
Case I 3.7007E-16 ~ 5.3559E-15  5.1651E-15  3.9372E-15
3D Casell 6.0077E-16  6.0289E-16  8.0178E-16  1.2020E-15

Case II (quad) 6.9529E-34 6.9676E-34 1.5629E-33 2.7787E-33

Table 3
The performance of KTM and FSA for isotropic den-
sity.
NY =192 3 TPrecomp(x) Teecution($)
KTM 3.3502E-16 6.41 2.24
FSA 3.3394E-16 2.84 2.24
Table 4
The accuracy comparison of KTM, ATKM and FSA at a larger error level.
Ni=96" y=1 ry=1/2 y=1/4 y=1/8
KTM 5.51505E-06 5.40040E-06 4.41505E-06 3.96247E-06
ATKM 5.45321E-06 5.21110E-06 4.54769E-06 3.72487E-06
FSA 5.45318E-06 5.21106E-06 4.54756E-06 3.72418E-06

Table 3 presents the errors £ and CPU time for KTM and FSA in isotropic density case. Table 4 presents a larger error level for KTM,
ATKM and FSA methods with different values of y. Fig. 3 shows the CPU time of pre-computation part versus different anisotropy
strengths y, for KTM, ATKN and FSA. We do not present the execution time because the subsequent computations are the same, once
the pre-computation is completed.

From Table 3 and Fig. 3, we can see that: (i) The pre-computation of FSA is the fastest for both isotropic and anisotropic cases. This
is because both FSA and ATKM require FFT on vectors of length (2¢)N?, whereas KTM requires FFT on vectors of length SN¢ with
the zero-padding factor S > 2¢ (taken as (2.17)) growing linearly with the anisotropy strength y + [14]. The complicated evaluation
of kernel’s Fourier transform over the rectangle domain in ATKM results in a slightly degraded efficiency. (ii) The CPU time of FSA
and ATKM are independent on the anisotropy strength y,. In contrast, the time for KTM exhibit a linear growth with respect to y,.
Consequently, we can conclude that FSA performs better in terms of efficiency.

5.2. The Poisson potential in 2D

Example 3. We consider the 2D Poisson potential with the following two types of source density

« Isotropic density: we take Gaussian p(x) = e X*/o% The corresponding 2D Poisson potential could be analytically integrated as
[16]

2
d(x) = —"7 [E,(Ix[?/6?) + 2 In(|x])].

¢ Anisotropic density: we take

42 42 2 2
o) = —a0x) = o - - - 2 Sy ),
c A

2
The corresponding 2D Poisson potential reads as ®(x) = eI,

Table 5 presents errors of the 2D Poisson potentials for isotropic and anisotropic densities. For isotropic case, the parameters are
chosen as L =8, o = v/1.2 and ¢ = 1. For anisotropic case, we choose L =10, 6 = 1.2, ¢ =0.4 and h = (1,y,)/8.

9
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Fig. 3. Timing results of the pre-computation part versus increasing anisotropy strength y, with N = 192%.

Table 5
Errors of the 2D Poisson potentials for isotropic and anisotropic den-
sities in Example 3.

ot h=2 h=1 h=1/2 h=1/4
Py 2.1786E-01  1.3761E-03  5.5617E-09  4.9577E-16
. n=1 n=1/2 n=1/4 n=1/8
An
ISOUOPY 4 5510E-16  2.2204E-16  6.2728E-16  1.5016E-15

5.3. The 3D/quasi-2D dipole-dipole interaction (DDI)

Example 4. We consider the following two cases
The 3D DDI. The kernel is given as

3 m-n-3(x-m)x-n)/|x|?
4x Ix|3 ’

U(x) = x € R3,

where n, m € R? are unit vectors representing the dipole orientations, and the 3D potential is reformulated as [1,10]

O(x) = —(m - m)p(x) - 3 * (OpmP)s

L
4r|x|
where 0, =m -V and d,,, = 0,(9,). In fact, the potential can be calculated via the 3D Coulomb potential with source term 0y, p,

which can be easily computed numerically via Fourier spectral method [7]. We consider 3D DDI with the following two types of
source density

 Isotropic density: we take Gaussian p(x) = e X*/5* The corresponding 3D DDI can be given explicitly as

o’y/x Erf(|x|/a))

@(x) = —(m - n)p(x) — 30mn< 4 x|/

¢ Anisotropic density: we take

42 4P 42 4 2 -2ieh
p(X)—(_y4__———4+—2+y27)e [ .

The corresponding 3D DDI can be given explicitly as

Y
®(X) = —(m - N)p(x) — 30,5 (e_ 2 )

10
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Table 6
Errors of quasi-2D/3D DDI with isotropic and anisotropic densities
in Example 4.

Isotropic density

h=2 h=1 h=1/2 h=1/4

quasi-2D 2.0847E-01 7.4038E-03 2.2647E-07 5.0826E-15
3D 2.2087 3.3668E-02 8.5098E-07 7.5667E-15

Anisotropic density (y = 1/4)

h=1 h=1/2 h=1/4 h=1/8

3D 5.4333E-02 7.3190E-04 9.8878E-11 1.8948E-16

Table 7
Errors of 3D DDI with m=n=1[0,0,1]" under different
anisotropy strengths y in Example 4.

y=1/16 y=1/8 y=1/4 r=1/2
1.7833E-16  1.8046E-16  1.8948E-16  4.5703E-16

The quasi-2D DDI. The kernel is given as [1,25]

—s2/2
Ux) = —E(a,u,,l -n2V?) 13 - ¢ ds
2 @2r)3? I VX2 + 7252
3 ~
1= =3 @nn, —mVDUX, xERY

where >0, V2 = A, n; = (n,ny)", Oy, =n, -V, and oy 5, =0y, (0, ). The quasi-2D DDI can be reformulated as a convolution of
U and an effective density p as follows

~ 3 ~
Ox)=U * [— E(aﬂﬂu —n§v2)]p =U *p.

For a Gaussian density p(x) = eX*/o* and dipole orientation n = (0,0, 1), the quasi-2D DDI are given explicitly as

2 pe 2
D(x) = —%e’ﬁﬂ/ U(te 7 [(—o% + 12 + zz)lo(@) - 2rtIl(2—r2t)]dt,
o2 0 [o2

o2
where I, and I, are the modified Bessel functions of order 0 and 1 respectively.

In our computation, unless otherwise specified, the parameters are chosen L =12, ¢ = \/ﬁ and ¢ = 1. Table 6 shows errors
of the quasi-2D DDI, computed with n =1/ \/ﬁ and n = (0,0,1)T and the 3D DDI with different mesh sizes h := (yh, h, h) for
isotropic and anisotropic densities. For isotropic case, we choose L = 8 and dipole orientations n = (0.82778,0.41505,—0.37751)T, m =
(0.3118,0.9378,—0.15214)T, while for anisotropic case, we choose ¢ = \/ﬁ, & = 0.4 and dipole orientations m = n = [0,0,1]T. Table 7
presents errors of 3D DDI with mesh size 4 = 1/8, under different anisotropy strengths y.

From Table 6 and Table 7, it can be concluded that our method achieves spectral accuracy for both isotropic and anisotropic cases.

5.4. The Biharmonic potentials in 2D/3D
Example 5. Here, we consider the 2D/3D Biharmonic potentials with kernel given by

1 2 _
— & IxPan(xh - 1), d=2,

Ux) = .
& X1, d=3.
We take Gaussian p(x) = % \/Tl " eX*/2/% and the corresponding Biharmonic potentials can be analytically integrated as
o
2 2
(P +o% 2 )+ (2 +207)[Ei (- &) —2In(n)], d=2,
d(x) = 5
| 2 7 -
LB ()2 +0) +oy/2 ], d=3,

where Ei(x) = [*_e*/s ds is the exponential integral.

Table 8 presents errors of the 2D/3D Biharmonic potentials computed with L = 12, 6 = 1/1.2 and ¢ = 1. From these results, we
can see that our method achieves spectral accuracy.

11
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Table 8
Errors of the 2D/3D Biharmonic potentials in Example 5.

h=2 h=1 h=1/2 h=1/4

2D 2.1351E-01 2.6558E-05 5.8860E-12 1.2938E-15
3D 3.4293E-01 2.6307E-04 1.1065E-10 1.0623E-15

Table 9
Errors of the 2D/3D Yukawa potentials in Example 6.
h 2 1 172 1/4
A=2 1.7460E-01 4.5096E-03 4.3501E-08 5.2274E-16
2D A=3 1.1428E-01 4.4972E-03 6.4647E-08 1.1345E-15
A=4 7.7673E-02 3.9413E-03 8.0102E-08 2.6201E-15
A=2 2.4997E-01 6.8294E-03 7.3633E-08 1.1680E-15
3D A=3 1.6538E-01 6.6018E-03 1.0223E-07 1.8163E-15
A=4 2.6416E-02 5.7507E-03 1.2274E-07 1.4125E-15
Table 10
Errors of the Davey-Stewartson nonlocal potential in Exam-
ple 7.
hoo12 1/4 1/8 1/16

& 2.2057E-02 6.5495E-04 3.9396E-09 3.1099E-15

5.5. The Yukawa potentials in 2D/3D

Example 6. Here, we consider the 2D/3D Yukawa potentials with convolution kernel
1 —

37 Ko(Alx), d =2,

UKx) =

_L Al =
ey e s d=3.

To this end, we consider the Gaussian source p(x) = e IxIP/ "2, which generates the exact potential

252
CR
Wrot A [Erfc(—5+A—”)—92"Erfc(£+£)], d=2,
2 4xr c 2 c 2
D(x) =
o _r2+52 2
Jo Ko@) se o2 Iy (57) ds, d=3.

Table 9 presents errors of the 2D/3D Yukawa potentials for different A, computed with L = 12, 6 = v/1.2 and ¢ = 1. From these
results, we can see that our method achieves spectral accuracy.

5.6. The Davey-Stewartson (DS) nonlocal potential
Example 7. In the DS equation, the nonlocal potential can be given by a convolution as follows
1
() = = 5- In(x|) * (Opp)
T

For a Gaussian density p(x) = rce"‘2|"|, the DS nonlocal potential is given explicitly, in polar coordinates, as [11]

s(20
D(r,0) = —[% + C(;Erz ) (1 + a2 - e”zrz)]e_”2’2.

Table 10 shows errors of the Davey-Stewartson nonlocal potential computed with L = 8 and ¢ = 1. From these results, we can see
that our method achieves spectral accuracy.

5.7. The Helmholtz potential
Example 8. Here, we consider the 3D Helmholtz potentials with convolution kernel

ellr
U(x) = — with r = |x|,
4rnr

12
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Table 11
Errors of the Helmholtz nonlocal potential in Example 8.

h 1 1/2 1/4 1/8

A=1 3.6014E-02 4.0497E-06 1.0253E-13 6.3870E-16
A=5 1.3074E-01 1.1282E-04 8.4923E-12 1.4303E-15
A=10 1.4465 2.6800E-01 1.5045E-09 2.3156E-14

IxI?

with the Gaussian density p(x) = e 207, and the exact potential reads as [12]

1
o3(2n)3/?

52,2 ) _ 52
Bx) = e F Re |- Erf [ L20HA)|
4rxr \/56

Table 11 shows errors of the Helmholtz nonlocal potential computed with L =8, 6 = 1/0.4 and ¢ = 1. From these results, we can
see that our method achieves spectral accuracy. We also remark that a larger 1 makes the kernel more oscillatory, thus requiring a
smaller mesh size h for adequate resolution.

6. Conclusions

Based on a far-field smooth approximation of the kernel, we presented a simple spectral fast algorithm with nearly optimal memory
requirement O(2¢ N?) and computational cost @(2¢ N¢ log(2¢ N%)) for calculating nonlocal potentials in both isotropic and anisotropic
cases. The smoothed kernel U¢ approximates the kernel at the far field with great accuracy, and it leads to an explicit radial symmetric
substitute for the Fourier transform of (U — U¥¢) on bounded domain. We split the potential into two parts, and each quadrature has
discrete convolution structure. By combing both convolution structures, our method can be simplified to a single discrete convolution
with explicit tensor formulation, which can be accelerated by FFT on a double-sized vector. It is worthy to emphasize that the tensor
generation is very simple, efficient and independent of the anisotropy strength. The performance superiorities of our method were
showcased with common potentials, including the Coulomb, Poisson, Biharmonic, Yukawa, Helmholtz, Davey-Stewartson nonlocal
potentials and DDI.
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Appendix A. Error estimates

For the regular integral ®R(x), the error arises from the trapezoidal rule, which is spectrally accurate because the integrand is
smooth and decays exponentially [7]. For the singular integral ®5(x), we have

|E0] = | / (U = UHY)px = y)y = 3, (U = U)Rpe™™
RZL keA
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<| /RQL(U — U~ o)X~ Yy + | EA (W - (U/_\Ue))(k);keik.x 1,

The error I, is of spectral accuracy because (U — U¢) € L'(R?) [14]. For I,, we obtain

bepa| [ WUy YIS [ - vy
keA Rd \R;L e Rd \R;L
< / U — US)y)ldy = 591 / U - U dr S e
RY\By, Ry

d
where By is a ball centered at the origin with radius R, and 8§91 = 277 /T(d /2). Therefore, our method can achieve spectral accuracy
with a suitable .

Appendix B. The choice of parameter ¢

The parameter ¢ is chosen to guarantee condition (b) of Eqn. (1.4) is satisfied, and it varies with the kernel. For the 3D Coulomb

kernel U(r) = 1/(4xr), we have

°° 1 [® r 1 @
/ U -USP)| P dr=— | rErfe (-)dr = —52/ sErfc (s)ds
Ry 4z Jg, € 4r Ro/e

o)
= R(z)[L/ SErfC(S)dS] := R3f(c). wherec := Ry/e.
4rc? J.

We choose ¢ such that f(c)R? < g,y, i.€., f(¢) < £,/ Rg. Clearly, f(c) is monotonically decreasing and the critical value of ¢ depends
on R, and ¢,;. For example, for R, = 24, we can set ¢ > 5.85 (8.65), i.e., € < R;/5.85 (R, /8.65) to achieve 16 (34) digits of accuracy.
Similarly, for the 2D Coulomb and Poisson potentials, we can set ¢ < R,/5.64 and € < R,,/5.75 respectively to guarantee 16 digits of
accuracy.
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