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METHOD FOR DIPOLAR BOSE-EINSTEIN CONDENSATES WITH
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Abstract. We propose high-order compact splitting Fourier spectral methods to compute the
dynamics of dipolar Bose--Einstein condensates (BECs) with arbitrary-angle rotation. The Hamil-
tonian is split into a linear part that consists of the Laplace and rotation and a nonlinear part that
includes all the remaining terms. For the linear subproblem, we factorize the linear operator into
a product of simple suboperators using the exact classical-quantum correspondence and semigroups
decomposition, and these suboperators are integrated exactly in either physical or phase space.
Importantly, we first derive explicit formulas for the splitting coefficients originally obtained by nu-
merically solving a nonlinear system. The nonlinear part is solved exactly in physical space, and
the convolution-type nonlocal potential with a singular kernel is computed via the Far-field Smooth
Approximation (FSA) method with spectral accuracy. This ``compact"" splitting, involving only two
operators, significantly simplifies the design of high-order schemes. Our method achieves high-order
temporal precision and spectral spatial accuracy with near-optimal efficiency, and it is explicit, easy
to implement and unconditionally stable. In addition, we derive some dynamical properties and
conduct a comprehensive investigation, including accuracy confirmation, property verification, inter-
action of quantized vortices, and dynamics under honeycomb potential.

Key words. Bose-Einstein condensate, arbitrary-angle rotation, nonlocal potential, dynamics,
high order operator splitting scheme
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1. Introduction. The experimental achievement of Bose--Einstein condensation
(BEC) of dilute gases in 1995 [3] opened a new era in atomic, molecular, and optical
physics and quantum optics and offered an incredible glimpse into the macroscopic
quantum world. Later, the observation of quantized vortices [1], a hallmark of the
superfluid nature of BEC, garnered widespread attention and sparked extensive re-
search on rotating BEC. Early experiments mainly focused on cold atomic gases,
whose properties are primarily governed by isotropic and short-range interatomic in-
teractions. With advancements in experimental techniques, BECs of dipolar quantum
gases, such as 52Cr [17], 164Dy [25], and 168Er [2], have been successfully realized.
These systems, characterized by anisotropic and long-range magnetic/electric dipole-
dipole interactions (DDI), have spurred great enthusiasm within the atomic physics
community.

Early experiments on rotating BEC focused on systems rotating along the
z-axis. However, real-world applications may demand rotation at arbitrary angles.
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B1078 XIN LIU AND YONG ZHANG

Fig. 1. Intuitive picture for a dipolar BEC with arbitrary-angle rotation (left) and two particles
interacting via the dipole-dipole interaction (right), where r = | x| denotes the distance between two
dipoles [20].

For example, a BEC confined by a rotating harmonic trap whose the rotation axis
is not aligned with any of its principle axes and arbitrary-angle rotation of the po-
larization of a dipolar BEC have been investigated in [28, 27]. In addition, when
the rotation axis differs from the alignment of dipoles (commonly along the z-axis
due to an external field), as shown in Figure 1, the interplay between rotational dy-
namics and DDI can give rise to several intriguing phenomena. Consequently, BECs
with arbitrary-angle rotation represents a fascinating subject in the field of quantum
physics [27, 28, 31, 32].

At temperatures T much lower than the critical temperature Tc, the properties of
BEC in a rotating frame with long-range DDI are well described by the macroscopic
complex-valued wave function \psi (x, t). The evolution of the wave function is governed
by the three-dimensional (3D) Gross-Pitaevskii equation (GPE) with an angular mo-
mentum rotation term and DDI. In dimensionless form, the 3D GPE is expressed as
follows [5, 6, 31, 33]:

i\partial t\psi (x, t) =

\biggl[ 
 - 1

2
\Delta + V (x) + \beta | \psi | 2 + \lambda \Phi (x, t) - \Omega \cdot \bfitL 

\biggr] 
\psi (x, t),(1.1)

\Phi (x, t) = (Udip \ast | \psi | 2)(x, t),(1.2)

\psi (x,0) =\psi 0(x).(1.3)

Here, x = (x, y, z)\top \in \BbbR 3, t is the time, and \ast represents the convolution operator
with respect to the spatial variables. The vector \Omega = (\omega x, \omega y, \omega z)

\top \in \BbbR 3 represents
the angular velocity vector and the angular momentum operator \bfitL = x \wedge ( - i\nabla ) =
(Lx,Ly,Lz)

\top with

Lx = - i(y\partial z  - z\partial y), Ly = - i(z\partial x  - x\partial z), Lz = - i(x\partial y  - y\partial x).

The constant \beta represents the strength of short-range two-body interactions in the
condensate with \beta > 0 corresponding to repulsive interaction and \beta < 0 to attractive
interaction. The parameter \lambda characterizes the strength of the long-range DDI, and
Udip denotes the long-range DDI potential, defined as

Udip =
3

4\pi | x| 3

\biggl[ 
1 - 3(x \cdot n)2

| x| 2

\biggr] 
=

3

4\pi | x| 3
\bigl[ 
1 - 3cos2(\theta )

\bigr] 
, x\in \BbbR 3.(1.4)

Here, n = (n1, n2, n3)
\top \in \BbbR 3 is a given unit vector, representing the dipole axis (or

dipole moment), and \theta is the angle between the dipole axis n and the vector x.
We consider that the dipoles are polarized along the z-axis by an external field, i.e.,
n= (0,0,1)\top . V (x) is a given real-valued external trapping potential, determined by
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DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1079

the type of system under study. In most BEC experiments, a harmonic potential is
employed to trap the condensate, i.e.,

V (x) =
1

2
(\gamma xx

2 + \gamma yy
2 + \gamma zz

2),(1.5)

where \gamma v (v = x, y, z) is the trapping frequencies in the v-direction. The trapping
frequencies can be very different in different directions, forming an anisotropic trap,
such as those in disk-shaped and cigar-shaped condensates [5].

For BECs with rotation axis aligned along the z-axis, extensive mathematical
and numerical studies on the dynamics have been conducted, and we direct readers to
[4, 5, 6, 7, 8, 9, 12, 35, 13, 14, 18] for detailed information. On the numerical front, the
time-splitting Fourier spectral method is widely used due to its stability, efficiency,
and easy implementation, and it has been successfully adapted to dipolar and rotat-
ing BECs. The presence of the rotation term, giving the form of variable coefficients
multiplied by the differential operator, introduces some difficulties. To overcome such
difficulties, several successful techniques have been developed. For example, the ro-
tation term is diagonalized automatically by employing special coordinate systems,
such as polar/cylindrical coordinates [6, 7] or specific domains, such as disk domains
[35]. In Cartesian coordinates, Bao et al. [9] applied the alternating direction implicit
(ADI) technique to handle the angular momentum term and developed a second-order
spectrally accurate method. In [8], a rotating Lagrangian coordinate (RLC) method
was presented for rotating dipolar BEC, where the rotation term automatically van-
ishes. This facilitated the use of operator splitting methods or exponential integrators
to develop high order schemes, such as exponential Runge-Kutta methods and Lawson
methods [12].

However, one needs to switch back to the original Cartesian coordinates since
physics experiments focus on the real-time dynamics in the rotating frame, i.e., the
evolution of wave function \psi governed by the GPE (1.1)--(1.3). The coordinate trans-
form is commonly implemented through Fourier spectral interpolation and its compu-
tation boils down to a summation of Fourier series at nonuniform grid. Naive direct
summation requires \scrO (Nd+2) complexity, where N is grid points per spatial direction.
Although the summation can be accelerated by the NonUniform Fast Fourier Trans-
form (NUFFT) algorithm, which reduces the complexity to CNd log(N), the prefactor
C is super large. Therefore, the coordinate transform bottlenecks the simulation effi-
ciency. To overcome this bottleneck, Liu et al. [23] proposed an efficient and accurate
method based solely on FFT/iFFT pairs. Recently, Bernier et al. [10, 11] proposed
the exact splitting method (ESM) for the Laplace-rotation-potential subproblem, but
the splitting coefficients are obtained by solving a nonlinear system using an itera-
tive method. Fortunately, Liu et al. [21] derived explicit formulas of coefficients for
ESM in the Laplace-rotation subproblem by a simple block-by-block matrix matching.
However, their work focused on the dynamics of rotating spin-1 BECs with rotation
axis fixed along the z-axis, and the proposed scheme therein cannot be applied to
an arbitrary-angle rotation case. It is worth emphasizing that the aforementioned
methods all achieve spectral accuracy in the spatial direction.

While there are quite few studies on the development of numerical methods for
dynamic simulation for dipolar BECs with arbitrary rotation axis. In this article,
we aim to design high-order numerical schemes with high efficiency in the original
Cartesian coordinates. To this end, there are two major challenges ahead.

The first challenge lies in the proper treatments of the rotation with arbitrary-
angle (ArbRotation). The ADI technique can be adapted to this scenario by splitting
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B1080 XIN LIU AND YONG ZHANG

the angular momentum into three parts, and one can easily construct a second-order
scheme (see (4.3) on page 51 in [26]). However, it is somewhat tedious to design
high-order schemes. Recently, an orthogonal coordinate transformation method is
proposed to simulate the arbitrary-angle rotating BECs without dipolar interactions
[30], where they introduce a coordinate transformation to make the arbitrary-angle
rotation aligned with the z-axis and apply the RLC method [8]. It is possible to
construct high-order schemes, but the computational efficiency is not competitive
when computing real-time dynamics because the coordinates' switch from orthogonal
to Cartesian coordinates at every time step is time-consuming in simulation. In
this paper, we aim to design an exact time splitting scheme with explicit splitting
coefficients for the ``Laplace + arbitrary-angle rotation"" subproblem, which allows for
an efficient implementation using purely FFT and easy adaptation to other relevant
rotating systems. The ESM [10] is still applicable, but the coefficients are determined
by a nonlinear system. Following the same ideas as shown in [21], we succeeded
in deriving explicit formulas for coefficients by transforming the nonlinear system
into linear equations through an elaborative block-by-block matrix matching. For
example, for \Omega = (\omega x,0,0)

\top , the following splitting scheme holds true:

ei\tau [\Delta /2+\omega xLx] = e - i\tau (\zeta 2y
2+\zeta 3z

2)e - \tau \xi 3z\partial yei\tau \nabla 
\top K\nabla e - \tau \eta 3y\partial ze - i\tau x

\top Px(1.6)

with suitable coefficients \zeta 2, \zeta 3, \xi 3, \eta 3 \in \BbbR and matrices K, P \in \BbbR 3\times 3. Each subopera-
tor can be accessed numerically efficiently, achieving spectral accuracy in phase space
or exact computation in physical space. The resulting explicit coefficients makes the
scheme (1.6) quite user-friendly and easy to implement.

The second challenge is the fast and accurate evaluation of 3D DDI (1.2). Lack
of accuracy may cause spurious oscillations or significant loss of accuracy in the long-
time dynamics. It is therefore imperative to develop an accurate and efficient DDI
solver. Since the interaction kernel Udip and its Fourier transform are both singu-
lar, it is crucial to handle these singularities properly to guarantee high accuracy.
Over the past decades, several fast spectral methods based on the Fourier spectral
method have been developed, including the NUFFT-based algorithm [19], Gaussian-
Summation method (GauSum) [15], Kernel Truncation Method (KTM) [34], Aniso-
tropic Truncated Kernel Method (ATKM) [16], and the newly developed far-field
smooth approximation (FSA)-based method [24]. All these methods are spectrally
accurate and efficient. Among them, the FSA-based method stands out as the op-
timal one because it ingeniously addresses the challenges of singularity, nonlocality,
and anisotropy and achieves spectral accuracy with nearly optimal efficiency and min-
imum memory requirement. Therefore, we adopt the FSA-based method as the DDI
solver in this article.

In this paper, we split the GPE (1.1) into a linear subproblem

i\partial t\psi (x, t) =

\biggl[ 
 - 1

2
\Delta  - \Omega \cdot \bfitL 

\biggr] 
\psi (x, t) :=\scrH lin\psi (x, t)(1.7)

and a nonlinear subproblem

i\partial t\psi (x, t) =
\Bigl[ 
V (x) + \beta | \psi (x, t)| 2 + \lambda \Phi (x, t)

\Bigr] 
\psi (x, t) :=\scrH non\psi (x, t).(1.8)

We derive an explicit and exact time integrator (2.3) for the Laplace-ArbRotation
linear subproblem (1.7) and will refer to it hereafter as the Explicit-Exact-Integrator
(EEI). In EEI, the wave function is approximated by the Fourier spectral method
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DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1081

and integrated exactly in the phase space. For the nonlinear subproblem (1.8), we
can integrate it exactly in the physical space with an FSA-based solver for DDI evalu-
ation. To sum up, each subproblem can be efficiently and exactly solved in either the
physical or phase space, and it significantly simplifies the design of high-order time
marching schemes. Hereafter, we refer to such splitting with only two operators as
``compact"" splitting.

This paper is organized as follows. In section 2, we propose an efficient and
robust splitting Fourier spectral method to simulate the dynamics and prove that it is
unconditionally stable. In section 3, we derive some dynamical laws for some physical
quantities. Detailed spatial/temporal convergence tests for the DDI and wave function
are presented in section 4, together with some interesting numerical results. Finally,
some conclusions are drawn in section 5.

2. Numerical method. In the presence of a confining potential V (x), the den-
sity \rho = | \psi | 2 is usually smooth and decays exponentially. This allows us to approxi-
mate \psi on a truncated regular domain rather than the whole space \BbbR 3. For simplicity,
we assume that \rho is compactly supported within a cubic domain RL = [ - L,L]3 and
discretize the domain with N (N \in 2\BbbZ +) equally spaced grid points per spatial direc-
tion. Let h= 2L/N denote the mesh size, with the physical index and uniform mesh
grid set defined as

\scrI N :=
\Bigl\{ 
(j, k, \ell )\in \BbbZ 3

\bigm| \bigm| \bigm|  - N/2\leq j, k, \ell \leq N/2 - 1
\Bigr\} 
,

\scrT N :=
\bigl\{ 
xjk\ell := (xj , yk, z\ell )

\top := (jh, kh, \ell h)\top , (j, k, \ell )\in \scrI N
\bigr\} 
.

In our method, the Hamiltonian is split into two parts: the linear operator \scrH lin

(Laplace-ArbRotation terms) and the nonlinear operator \scrH non. Once the DDI is ob-
tained, this splitting enables an exact, efficient, and simple evaluation of the nonlinear
subproblem in physical space since the density \rho is conserved. To achieve this, the
FSA-based method proves highly effective for 3D DDI calculation and offers spec-
tral accuracy, nearly optimal efficiency, and minimum memory cost. For the linear
subproblem, we construct an exact and explicit integrator (EEI). The key idea is
to factorize the semigroup generated by Laplace-ArbRotation terms into a product
of semigroups, each corresponding to a differential operator that can be efficiently
computed. The details are provided in subsection 2.1.

To be exact, we denote the time sequence as tn = n\tau for n = 0,1, . . . with a
given time step \tau > 0. The solutions to the linear and nonlinear subproblems, start-
ing from t = tn, are expressed as \psi (t) = e - i(t - tn)\scrH \mathrm{l}\mathrm{i}\mathrm{n}\psi n and \psi (t) = e - i(t - tn)\scrH \mathrm{n}\mathrm{o}\mathrm{n}\psi n,
respectively. High-order operator splitting schemes can be constructed as follows [36]:

\psi n+1 =

\left[  m\prod 
j=1

e - iaj\tau \scrH \mathrm{l}\mathrm{i}\mathrm{n}e - ibj\tau \scrH \mathrm{n}\mathrm{o}\mathrm{n}

\right]  \psi n,
where aj , bj \in \BbbC are suitably chosen coefficients. For the second-order Strang split-
ting, we set m = 2, a1 = a2 = 1

2 and b1 = 1, b2 = 0, while the fourth-order Yoshida

scheme uses m = 4 with coefficients a1 = a4 = 1
2(2 - 21/3)

, a2 = a3 = 1 - 21/3

2(2 - 21/3)
, and

b1 = b3 =
1

2 - 21/3
, b2 = - 21/3

2 - 21/3
, b4 = 0.

2.1. Exact temporal integrator for linear subproblem. The exact solution
to the following linear problem:
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B1082 XIN LIU AND YONG ZHANG\left\{     i\partial t\psi (x, t) =

\biggl[ 
 - 1

2
\Delta  - \Omega \cdot \bfitL 

\biggr] 
\psi (x, t), tn \leq t\leq tn+1,

\psi (x, tn) =\psi n(x), x\in RL

(2.1)

can be formally expressed as

\psi (x, t) = ei(t - tn)[\Delta /2+\Omega \cdot \bfitL ]\psi n(x).(2.2)

The operator ei\tau [\Delta /2+\Omega \cdot \bfitL ] cannot be directly accessed with both accuracy and effi-
ciency. To address this, we factorize it into a product of seven suboperators exactly
(see Theorem 4, p. 24 in [10] or Theorem 1, p. 14 in [11]), as shown below:

ei\tau [\Delta /2+\Omega \cdot \bfitL ] = e - i\tau (\zeta 1x
2+\zeta 2y

2+\zeta 3z
2)e - \tau (\xi 1y+\xi 2z)\partial xe - \tau \xi 3z\partial yei\tau \nabla 

\top K\nabla e - \tau \eta 1x\partial y

\times e - \tau (\eta 2x+\eta 3y)\partial ze - i\tau x
\top Px,

(2.3)

with suitable coefficients \zeta 1, \zeta 2, \zeta 3, \xi 1, \xi 2, \xi 3, \eta 1, \eta 2, \eta 3 \in \BbbR and matrices K, P \in \BbbR 3\times 3.
Clearly, each suboperator can be accessed numerically with great efficiency in either
physical or phase space.

It appears unlikely that explicit expressions for such coefficients can be derived
because doing so requires solving a nonlinear system that involves complicated matrix
exponentials (see section 4.2 in [10]). In fact, such a nonlinear system can be turned
into a series of linear equations through an elaborative block-by-block matrix match-
ing. This observation allows us to successfully derive explicit and exact formulas for
the coefficients, as presented in the following Theorem 1.

Theorem 1. The coefficients of exact splitting (2.3) for ei\tau [\Delta /2+\Omega \cdot \bfitL ] are given
explicitly by

\zeta 1 =
(\omega 2
y + \omega 2

z)

2f(\omega x)
m, \xi 1 =

g( - \omega x, \omega y, \omega z)f(\omega x)
f(\omega z)

, \eta 1 = - g(\omega x, \omega y, \omega z)
f(\omega x)

,(2.4)

\zeta 2 =
(\omega 2
x  - \omega 2

z)

2f(\omega z)
m, \xi 2 = - g(\omega x, \omega z, \omega y)f(\omega z), \eta 2 =

g(\omega x, \omega z, \omega y)

f(\omega z)
,(2.5)

\zeta 3 = - 1

2
(\omega 2
x + \omega 2

y)m, \xi 3 =
g(\omega z, \omega y, \omega x)f(\omega z)

f(\omega x)
, \eta 3 =

g(\omega z, \omega y, - \omega x)
f(\omega z)

,(2.6)

K =
1

2
(\Theta 

(2)
 - \tau ,\bfitxi )

\top W (\Theta (2)
\tau ,\bfiteta )

\top , P =
1

2\tau 2

\Bigl( 
W\top \Theta 

(1)
\tau ,\bfitxi \Theta (2)

\tau ,\bfiteta  - I3

\Bigr) 
,(2.7)

where m = 1 - cos(| \Omega | \tau )
(| \Omega | \tau )2 , f(\omega i) = cos(| \Omega | \tau ) + \omega 2

im\tau 
2, g(\omega x, \omega y, \omega z) = \omega x\omega ym\tau +

\omega z
sin(| \Omega | \tau )

| \Omega | \tau , \bfitxi = (\xi 1, \xi 2, \xi 3), \bfiteta = (\eta 1, \eta 2, \eta 3), W = e\tau A with

A=

\left(  0 \omega z  - \omega y
 - \omega z 0 \omega x
\omega y  - \omega x 0

\right)  , \Theta (1)
\tau ,v :=

\left(  1 \tau v1 \tau 2v1v3 + \tau v2

0 1 \tau v3
0 0 1

\right)  ,

\Theta (2)
\tau ,v :=

\left(  1 0 0

\tau v1 1 0
\tau v2 \tau v3 1

\right)  
with v= (v1, v2, v3), and I3 is the 3\times 3 identity matrix.
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DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1083

Proof. Using exact classical-quantum correspondence, the exact splitting of dif-
ferential operators can be established through the exact splitting at the semigroup
level generated by operators (see Proposition 4, p. 16 in [10]). We rewrite the exact
operator splitting in (2.3) as

e - \tau p
w

= e - \tau p
w
1 e - \tau p

w
2 e - \tau p

w
3 e - \tau p

w
4 e - \tau p

w
5 e - \tau p

w
6 e - \tau p

w
7 ,(2.8)

where the Weyl quantization is defined as pwm := z\top Qmz with z = (x\top , - i\nabla \top )\top .
Specifically,

pw = - i(\Delta /2 +\Omega \cdot \bfitL ) = z\top 
i

2

\biggl( 
0 A\top 

A I3

\biggr) 
z := z\top Q z with A=

\left(  0 \omega z  - \omega y
 - \omega z 0 \omega x
\omega y  - \omega x 0

\right)  ,

pw1 = i(\zeta 1x
2 + \zeta 2y

2 + \zeta 3z
2) = z\top i

\biggl( 
D 0
0 0

\biggr) 
z := z\top Q1 z with D=diag\{ \zeta 1, \zeta 2, \zeta 3\} ,

pw2 = (\xi 1y+ \xi 2z)\partial x = z\top 
i

2

\biggl( 
0 M\top 

\bfitxi 

M\bfitxi 0

\biggr) 
z := z\top Q2 z with M\bfitxi =

\left(  0 \xi 1 \xi 2
0 0 0
0 0 0

\right)  ,

pw3 = \xi 3z\partial y = z\top 
i

2

\biggl( 
0 U\top 

\bfitxi 

U\bfitxi 0

\biggr) 
z := z\top Q3 z with U\bfitxi =

\left(  0 0 0
0 0 \xi 3
0 0 0

\right)  ,

pw4 = - i\nabla \top K\nabla = z\top i

\biggl( 
0 0
0 K

\biggr) 
z := z\top Q4 z,

pw5 = \eta 1x\partial y = z\top 
i

2

\biggl( 
0 M\top 

\bfiteta 

M\bfiteta 0

\biggr) 
z := z\top Q5 z with M\bfiteta =

\left(  0 0 0
\eta 1 0 0
0 0 0

\right)  ,

pw6 = (\eta 2x+ \eta 3y)\partial z = z\top 
i

2

\biggl( 
0 U\top 

\bfiteta 

U\bfiteta 0

\biggr) 
z := z\top Q6 z with U\bfiteta =

\left(  0 0 0
0 0 0
\eta 2 \eta 3 0

\right)  ,

pw7 = ix\top Px= z\top i

\biggl( 
P 0
0 0

\biggr) 
z := z\top Q7 z.

Then, we only need to focus on

e - 2i\tau J6Q = e - 2i\tau J6Q1e - 2i\tau J6Q2e - 2i\tau J6Q3e - 2i\tau J6Q4e - 2i\tau J6Q5e - 2i\tau J6Q6e - 2i\tau J6Q7 ,

(2.9)

where J6 denotes the fundamental symplectic matrix given by J6 := ( 0 I3
 - I3 0 ). Using

the definition of the matrix exponential, we evaluate (2.9) explicitly term by term and
derive

\Biggl( 
e\tau A \tau e\tau A

0 e\tau A

\Biggr) 
=

\Biggl( 
I3 0

 - 2\tau D I3

\Biggr) \Biggl( 
\Theta 

(1)
\tau ,\bfitxi 0

0 \Theta 
(2)
 - \tau ,\bfitxi 

\Biggr) \Biggl( 
I3 2\tau K

0 I3

\Biggr) \Biggl( 
\Theta 

(2)
\tau ,\bfiteta 0

0 \Theta 
(1)
 - \tau ,\bfiteta 

\Biggr) (2.10)

\times 

\Biggl( 
I3 0

 - 2\tau P I3

\Biggr) 
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B1084 XIN LIU AND YONG ZHANG

=

\Biggl( 
\Theta 

(1)
\tau ,\bfitxi \Theta 

(2)
\tau ,\bfiteta  - 2\tau G12P 2\tau \Theta 

(1)
\tau ,\bfitxi K\Theta 

(1)
 - \tau ,\bfiteta 

 - 2\tau D\Theta 
(1)
\tau ,\bfitxi \Theta 

(2)
\tau ,\bfiteta  - 2\tau G22P  - 2\tau DG12 +\Theta 

(2)
 - \tau ,\bfitxi \Theta 

(1)
 - \tau ,\bfiteta 

\Biggr) 

:=

\Biggl( 
G11 G12

G21 G22

\Biggr) 
,

where the second matrix on the right-hand side of (2.10) is e - 2i\tau J6Q2e - 2i\tau J6Q3 , and the
fourth matrix corresponds to e - 2i\tau J6Q5e - 2i\tau J6Q6 . At first glance, the above equations
seem like a complicated nonlinear system. In fact, we can derive exact and explicit
formulas for these coefficients by solving a linear system through an elaborative block-
by-block matching process. Starting from the relation G22 = e\tau A, we sequentially
compute \zeta 1, \eta 1, \zeta 2, \xi 1, \eta 3, \eta 2, \xi 2, \xi 3, and \zeta 3 by solving linear equations. Next, we
compute K and P directly via matrix inversion using G11 = e\tau A and G12 = \tau e\tau A.
Finally, we verify that G21 = 0 for the derived coefficients.

To be specific, a calculation shows that

e\tau A =

\left(   f(\omega x) g(\omega x, \omega y, \omega z)\tau g(\omega x, \omega z, - \omega y)\tau 
g(\omega x, \omega y, - \omega z)\tau f(\omega y) g(\omega z, \omega y, \omega x)\tau 

g(\omega x, \omega z, \omega y)\tau g(\omega z, \omega y, - \omega x)\tau f(\omega z)

\right)   (2.11)

:=W = (uij)3\times 3.

Using G22 =  - 2\tau DG12 + \Theta 
(2)
 - \tau ,\bfitxi \Theta 

(1)
 - \tau ,\bfiteta = W , we have (I3 + 2\tau 2D)W = \Theta 

(2)
 - \tau ,\bfitxi \Theta 

(1)
 - \tau ,\bfiteta ,

that is,\left\{               

(1 + 2\tau 2\zeta 1)u11 = 1, (1 + 2\tau 2\zeta 1)u12 = - \tau \eta 1,
(1 + 2\tau 2\zeta 2)u21 = - \tau \xi 1, (1 + 2\tau 2\zeta 2)u22 = \tau 2\xi 1\eta 1 + 1,

(1 + 2\tau 2\zeta 1)u13 = - \tau \eta 2 + \tau 2\eta 1\eta 3, (1 + 2\tau 2\zeta 2)u23 = - \tau \xi 1( - \tau \eta 2 + \tau 2\eta 1\eta 3) - \tau \eta 3,

(1 + 2\tau 2\zeta 3)u31 = - \tau \xi 2, (1 + 2\tau 2\zeta 3)u32 = \tau 2\eta 1\xi 2  - \tau \xi 3,

(1 + 2\tau 2\zeta 3)u33 = - \tau \xi 2( - \tau \eta 2 + \tau 2\eta 1\eta 3) + \tau 2\xi 3\eta 3 + 1.

Solving the above equations, we derive the formulas for \zeta 1, \zeta 2, \zeta 3, \xi 1, \xi 2, \xi 3, \eta 1, \eta 2,
and \eta 3, as shown in Eqns. (2.4)--(2.6). Then, using the following relations

G12 = 2\tau \Theta 
(1)
\tau ,\bfitxi K\Theta  - \tau ,\bfiteta = \tau W, G11 =\Theta \tau ,\bfitxi \Theta 

\top 
\tau ,\eta  - 2\tau G12P =W,

we obtain

K =
1

2

\bigl( 
\Theta 

(1)
\tau ,\bfitxi 

\bigr)  - 1
W
\bigl( 
\Theta 

(1)
 - \tau ,\bfiteta 

\bigr)  - 1
=

1

2

\bigl( 
\Theta 

(2)
 - \tau ,\bfitxi 

\bigr) \top 
W
\bigl( 
\Theta (2)
\tau ,\bfiteta 

\bigr) \top 
,

P =
1

2\tau 2
W - 1

\Bigl( 
\Theta 

(1)
\tau ,\bfitxi \Theta (2)

\tau ,\bfiteta  - W
\Bigr) 
=

1

2\tau 2

\Bigl( 
W\top \Theta 

(1)
\tau ,\bfitxi \Theta (2)

\tau ,\bfiteta  - I3

\Bigr) 
.

In the following, we verify G21 = 0 under the above derived coefficients for a consis-
tency check. Specifically, the relation

(2\tau 2D+ I3)W =\Theta 
(2)
 - \tau ,\bfitxi \Theta 

(1)
 - \tau ,\bfiteta 

holds true. Then, it follows that

W\top =W - 1 = (\Theta 
(1)
 - \tau ,\bfiteta )

 - 1(\Theta 
(2)
 - \tau ,\bfitxi )

 - 1(2\tau 2D+ I3).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

10
/1

7/
25

 to
 1

11
.1

86
.4

5.
52

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1085

Taking the transpose of both sides and using the relations (\Theta 
(1)
 - \tau ,\bfiteta )

 - \top = \Theta 
(2)
\tau ,\bfiteta and

(\Theta 
(2)
 - \tau ,\bfitxi )

 - \top =\Theta 
(1)
\tau ,\bfitxi , we obtain

W = (2\tau 2D+ I3)
\top (\Theta 

(2)
 - \tau ,\bfitxi )

 - \top (\Theta 
(1)
 - \tau ,\bfiteta )

 - \top = (2\tau 2D+ I3) \Theta 
(1)
\tau ,\bfitxi \Theta (2)

\tau ,\bfiteta .

This implies that

G21 = - 2\tau D\Theta 
(1)
\tau ,\bfitxi \Theta 

(2)
\tau ,\bfiteta  - 2\tau W

\biggl[ 
1

2\tau 2

\Bigl( 
W\top \Theta 

(1)
\tau ,\bfitxi \Theta 

(2)
\tau ,\bfiteta  - I3

\Bigr) \biggr] 
= - 1

\tau 
(2\tau 2D+ I3)\Theta 

(1)
\tau ,\bfitxi \Theta 

(2)
\tau ,\bfiteta +

1

\tau 
W = - 1

\tau 
W +

1

\tau 
W = 0.

Proof is completed.

The suboperators in (2.3) are well approximated using the Fourier spectral method
with great efficiency because of FFT/iFFT pairs [29]. Specifically, the spectral ap-
proximations of wave function \psi in the \alpha -direction (\alpha = x, y, z) are given as follows:

\psi (x, y, z)\approx 
N/2 - 1\sum 
p= - N/2

( \widehat \psi yz)p ei\nu x
px, ( \widehat \psi yz)p = 1

N

N/2 - 1\sum 
j= - N/2

\psi (xj , y, z) e
 - i\nu x

pxj ,

\psi (x, y, z)\approx 
N/2 - 1\sum 
q= - N/2

( \widehat \psi xz)q ei\nu y
q y, ( \widehat \psi xz)q = 1

N

N/2 - 1\sum 
k= - N/2

\psi (x, yk, z) e
 - i\nu y

q yk ,

\psi (x, y, z)\approx 
N/2 - 1\sum 
s= - N/2

( \widehat \psi xy)s ei\nu z
s z, ( \widehat \psi xy)s = 1

N

N/2 - 1\sum 
\ell = - N/2

\psi (x, y, z\ell ) e
 - i\nu z

s z\ell ,

where \nu xp = (2\pi p)/(2L), \nu yq = (2\pi q)/(2L) and \nu zs = (2\pi s)/(2L). The scheme (2.3) is
then discretized as follows:

\psi 
(1)
jk\ell = e - i\tau x

\top 
jk\ell Pxjk\ell \psi njk\ell (x, y, z)-physical,

\psi 
(2)
jks = e - i\tau (\eta 2xj+\eta 3yk)\nu 

z
s (
\widehat 
\psi 
(1)
jk )s (x, y)-physical, z-phase,

\psi 
(3)
jqs = e - i\tau \eta 1xj\nu 

y
q (
\widehat 
\psi 
(2)
js )q x-physical, (y, z)-phase,

\psi 
(4)
pqs = e - i\tau \bfitnu 

\top 
pqsK\bfitnu pqs(

\widehat 
\psi 
(3)
qs )p (x, y, z)-phase,

\psi 
(5)
pq\ell =

\sum 
s\in \scrJ 

\psi (4)
pqs e

i\nu z
s z\ell z-physical, (x, y)-phase,

\psi 
(6)
pk\ell =

\sum 
q\in \scrJ 

e - i\tau \xi 3z\ell \nu 
y
q \psi 

(5)
pq\ell e

i\nu y
q yk (y, z)-physical, x-phase,

\psi 
(7)
jk\ell =

\sum 
p\in \scrJ 

e - i\tau (\xi 1yk+\xi 2z\ell )\nu 
x
p \psi 

(6)
pk\ell e

i\nu x
pxj (x, y, z)-physical,

\psi n+1
jk\ell = e - i\tau (\zeta 1x

2
j+\zeta 2y

2
k+\zeta 3z

2
\ell )\psi 

(7)
jk\ell (x, y, z)-physical.

(2.12)

where \bfitnu pqs = (\nu xp , \nu 
y
q , \nu 

z
s )

\top , \scrJ = \{  - N/2, . . . ,N/2 - 1\} , and \psi njk\ell denote the numerical
approximation of \psi (xj , yk, z\ell , tn) for (j, k, \ell )\in \scrI N .

Remark 2.1 (Efficiency). The coefficients \zeta 1, \zeta 2, \zeta 3, \xi 1, \xi 2, \xi 3, \eta 1, \eta 2, \eta 3,K, and P
depend solely on the angular velocity vector\Omega and the time step \tau . Once these param-
eters are determined, the coefficients can be calculated once for all in the precomputa-
tion step. For the computational costs, (2.12) needs 3\bfitN 2 pairs of one-dimensional
FFT and iFFT, and the complexity is \scrO (N3 log(N)).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

10
/1

7/
25

 to
 1

11
.1

86
.4

5.
52

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



B1086 XIN LIU AND YONG ZHANG

Remark 2.2. In the special case where the rotation axis is aligned with the po-
larization axis (z-axis), i.e., \omega x = \omega y = 0, our method for the Laplace-ArbRotation
subproblem aligns with the scheme introduced in [21].

2.2. Exact computation of nonlinear subproblem with FSA for DDI. In
this subsection, we introduce an exact solution to the following nonlinear subproblem\Biggl\{ 

i\partial t\psi (x, t) =
\bigl[ 
V (x) + \beta | \psi | 2 + \lambda \Phi 

\bigr] 
\psi (x, t), tn \leq t\leq tn+1,

\psi (x, tn) =\psi n(x), x\in RL.
(2.13)

We demonstrate that the density \rho = | \psi | 2 is time-invariant, that is, \rho (x, t)\equiv \rho (x, tn) :=
\rho n for any time t \in [tn, tn+1]. It can be proved by multiplying (1.1) by \=\psi and taking
the imaginary part, i.e., \partial t\rho = (\partial t\psi ) \=\psi + \psi (\partial t \=\psi ) = 2 Im[(i\partial t\psi ) \=\psi ] = 0. Therefore,
\Phi (x, t)\equiv \Phi (x, tn) = [Udip \ast \rho n](x) := \Phi n for t \in [tn, tn+1]. Clearly, the nonlinear ODE
(2.13) becomes a linear one, and the exact solution reads as follows:

\psi (x, t) = e - i(t - tn)[V (x)+\beta | \psi n| 2+\lambda \Phi n]\psi n(x).(2.14)

The primary challenge lies in achieving an accurate and efficient computation of the
DDI \Phi (x). In fact, the DDI can be reformulated as

\Phi (x) = [Udip \ast \rho ](x) = - \rho (x) - 3

\biggl[ 
1

4\pi | x| 
\ast \partial nn\rho 

\biggr] 
(x) := - \rho (x) - 3[U \ast \rho 1](x),

where \partial n = n \cdot \nabla , \partial nn = \partial n(\partial n), and the 3D Coulomb kernel reads as U(x) := 1
4\pi | x| .

Therefore, the DDI can be computed via the 3D Coulomb potential with the source
term \rho 1 := \partial nn\rho , where the function \rho 1 can be readily obtained using the Fourier
spectral method (see section 2 in [29]).

The FSA-based method proves highly effective for the nonlocal potential calcu-
lation and offers spectral accuracy, nearly optimal efficiency, and minimum memory
cost [24]. The basic idea is to split the potential into a regular integral and a singular
integral using the 3D Coulomb kernel's far-field smooth approximation

U\varepsilon (r) :=U(r)Erf
\Bigl( r
\varepsilon 

\Bigr) 
=

1

4\pi r
Erf

\Bigl( r
\varepsilon 

\Bigr) 
,(2.15)

where Erf(x) = 2\surd 
\pi 

\int x
0
e - t

2

dt is the error function, and \varepsilon is a positive parameter that

will be chosen later. The far-field smooth approximation (FSA) function U\varepsilon satisfies
the following two properties:

(a) U\varepsilon (x) is smooth and radially symmetric,

(b)

\int \infty 

R0

| (U  - U\varepsilon )(r)| rd - 1dr\leq \varepsilon tol, where \varepsilon tol \ll 1 is the desired resolution,

(2.16)

where R0 = 2L.
To be precise, we have

\Phi 1(x) :=

\int 
\BbbR d

U(x - y)\rho 1(y)dy

=

\int 
\BbbR d

U\varepsilon (x - y)\rho 1(y)dy+

\int 
\BbbR d

(U  - U\varepsilon )(x - y)\rho 1(y)dy

:= \Phi R
1 (x) +\Phi S

1(x).(2.17)
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DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1087

The regular integral is well resolved using the trapezoidal rule. For the singular in-
tegral, we approximate the density \rho 1 on a bounded domain by a Fourier spectral
method following the same way as the ATKM [16]. Fortunately, due to the second
property of (2.16), the required bounded domain Fourier transform of (U - U\varepsilon ) can be
well approximated by the whole space Fourier transform, which has an analytical ex-
plicit formula, thus waiving the requirement of a technically complicated quadrature.

For the evaluation of the regular integral \Phi R
1 (x), using the compact support of

density and applying the trapezoidal rule, we obtain

\Phi R
1 (xj , yk, z\ell )\approx h3

\sum 
(j\prime ,k\prime ,\ell \prime )\in \scrI N

U\varepsilon 
\bigl( 
(j  - j\prime )h, (k - k\prime )h, (\ell  - \ell \prime )h

\bigr) 
\rho 1(xj\prime , yk\prime , z\ell \prime )

:=
\sum 

(j\prime ,k\prime ,\ell \prime )\in \scrI N

T
(1)
j - j\prime ,k - k\prime ,\ell  - \ell \prime \rho 1,j\prime ,k\prime ,\ell \prime ,(2.18)

where \rho 1,j\prime ,k\prime ,\ell \prime := \rho 1(xj\prime , yk\prime , z\ell \prime ) and the tensor T
(1)
j,k,\ell is given explicitly as

T
(1)
j,k,\ell = h3 U\varepsilon (jh, kh, \ell h).

For the evaluation of the singular integral \Phi S
1(x), using the fact that the density

is compactly supported in RL, we have

\Phi S
1(x)\approx 

\int 
RL

(U  - U\varepsilon )(x - y)\rho 1(y)dy=

\int 
R2L

(U  - U\varepsilon )(y)\rho 1(x - y)dy.(2.19)

To integrate (2.19), one requires obtaining a good approximation of \rho 1(x) over R3L.
A natural way is to first zero-pad the density from RL to R3L and then construct
a Fourier series approximation therein. In fact, a two-fold zero-padding to R2L is
sufficient to guarantee spectral accuracy with the help of the periodicity of the Fourier
basis [15, 22]. To be specific, the approximation reads as

(\rho 1)N (z) :=
\sum 
\bfitnu \in \Lambda 

( \widetilde \rho 1)\bfitnu ei\bfitnu \cdot z, z\in R2L,(2.20)

where \Lambda := \{ \bfitnu := (\nu p, \nu q, \nu s) =
\pi 
2L (p, q, s) \in 

\pi 
2L\BbbZ 

d
\bigm| \bigm| (p, q, s) \in \scrI 2N\} denotes the Fourier

mesh grid, and the Fourier coefficients read as

( \widetilde \rho 1)\bfitnu =
1

(2N)3

\sum 
z\bfp \in \scrT 2N

\rho 1(zp)e
 - i\bfitnu \cdot z\bfp , \bfitnu \in \Lambda .(2.21)

By substituting (\rho 1)N for \rho 1 in (2.19), we have

\Phi S
1(x)\approx 

\int 
R2L

(U  - U\varepsilon )(y)(\rho 1)N (x - y)dy(2.22)

=
\sum 
\bfitnu \in \Lambda 

\biggl[ \int 
R2L

(U  - U\varepsilon )(y)e - i\bfitnu \cdot ydy

\biggr] 
( \widetilde \rho 1)\bfitnu ei\bfitnu \cdot x

:=
\sum 
\bfitnu \in \Lambda 

W (\bfitnu ) ( \widetilde \rho 1)\bfitnu ei\bfitnu \cdot x, x\in RL,(2.23)

where W (\bfitnu ) is the Fourier transform of (U  - U\varepsilon ) over R2L, i.e.,

W (\bfitnu ) =

\int 
R2L

(U  - U\varepsilon )(y)e - i\bfitnu \cdot ydy.(2.24)
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B1088 XIN LIU AND YONG ZHANG

Unfortunately, the above bounded domain Fourier transform lacks explicit ana-
lytical expressions. Therefore, one has to develop suitable numerical quadratures. For
instance, Greengard et al. [16] proposed an efficient and accurate quadrature based on
the Gaussian-sum approximation. In fact, we can approximate W (\bfitnu ) by the Fourier
transform of (U - U\varepsilon ) on the whole space using the second property of (2.16). That is,

W (\bfitnu )\approx 
\int 
\BbbR d

(U  - U\varepsilon )(y) e - i\bfitnu \cdot yd y.(2.25)

By choosing an appropriate parameter \varepsilon , we can control the approximation error as
small as any desired precision. The above whole space integral is well-defined because
(U  - U\varepsilon )\in L1(\BbbR 3). The Fourier transform of (U  - U\varepsilon ) is radially symmetric [34] and
is explicitly given as follows:

\widehat (U  - U\varepsilon )(\bfitnu ) = 4\pi 

\int \infty 

0

(U  - U\varepsilon )(r)
sin (| \bfitnu | r)

| \bfitnu | r
r2 dr=

1

| \bfitnu | 2
\Bigl[ 
1 - e - 

1
4 | \bfitnu | 

2\varepsilon 2
\Bigr] 
.(2.26)

Remark 2.3 (Parameter choice of \varepsilon ). The parameter \varepsilon is selected to satisfy condi-
tion (b) of (2.16). Roughly speaking, \varepsilon <R0/5.85 achieves about 16 digits of accuracy.

The quadrature (2.23) can be reformulated as a discrete convolution structure by
plugging (2.21) into (2.23) and switching the summation order, that is,

\Phi S
1(xj , yk, z\ell )

(2.27)

=
\sum 

(p,q,s)\in \scrI 2N

W (\bfitnu pqs)( \widetilde \rho 1)\bfitnu pqs
e

2\pi i
2N (pj+qk+s\ell )

=
\sum 

(j\prime ,k\prime ,\ell \prime )\in \scrI N

\Biggl[ 
1

(2N)3

\sum 
(p,q,s)\in \scrI 2N

W (\bfitnu pqs) e
2\pi i
2N

\bigl[ 
p(j - j\prime )+q(k - k\prime )+s(\ell  - \ell \prime )

\bigr] \Biggr] 
\rho 1,j\prime ,k\prime ,\ell \prime 

:=
\sum 

(j\prime ,k\prime ,\ell \prime )\in \scrI N

T
(2)
j - j\prime ,k - k\prime ,\ell  - \ell \prime \rho 1,j\prime ,k\prime ,\ell \prime .

The tensor is actually the inverse discrete Fourier transform of vector \{ W (k)\} k\in \Lambda \in 
\BbbC (2N)3 , and it can be computed once for all within \scrO (9N3 log(9N3)) float operations
using iFFT.

To sum up, the quadratures of both parts can be rewritten as discrete convolutions
(i.e., (2.18) and (2.27)). Then, our method can be simplified to a single discrete
convolution as follows:

(\Phi 1)N (xj , yk, z\ell ) :=
\sum 

(j\prime ,k\prime ,\ell \prime )\in \scrI N

Tj - j\prime ,k - k\prime ,\ell  - \ell \prime \rho 1,j\prime ,k\prime ,\ell \prime ,(2.28)

where Tj,k,\ell = T
(1)
j,k,\ell + T

(2)
j,k,\ell .

The tensor generation process is efficient and easy to implement. Once the
tensor is generated, the discrete convolution (2.28) can be implemented using only
FFT/iFFT operators and pointwise multiplications on vectors of length (2N)3. For
further details, we refer the reader to [22, 34].

Remark 2.4. The above discussion can be easily adapted to the anisotropic case
with minor modifications. For detailed information, see section 2.4 in [24].
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DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1089

Remark 2.5 (Different dipole orientations). When the two dipoles are not polar-
ized along the same axis, the kernel is given by

Udip(x) =
3

4\pi 

m \cdot n - 3(x \cdot m)(x \cdot n)/| x| 2

| x| 3
,

where n and m \in \BbbR 3 are unit vectors representing the dipole orientations [19]. The
corresponding 3D DDI is reformulated as

\Phi (x) = - (m \cdot n)\rho (x) - 3
1

4\pi | x| 
\ast (\partial nm\rho ),

where \partial m = m \cdot \nabla and \partial nm = \partial n(\partial m). In fact, the DDI can be computed via the
3D Coulomb potential with the source term \rho 1 := \partial nm\rho , where the function \rho 1 can
be obtained using the Fourier spectral method. Therefore, our method can also be
extended to this case with ease, and the results of the accuracy test are presented in
Table 3.

2.3. Numerical stability. In this subsection, we prove that our method is un-
conditionally stable, which implies that the mass conservation holds at a discrete level.
To this end, we define the discrete l2-norm of \psi n as \| \psi n\| l2 = (h3

\sum 
(j,k,\ell )\in \scrI N

| \psi njk\ell | 2)
1
2 .

Lemma 1 (Numerical stability). The compact splitting Fourier spectral method
is unconditionally stable, i.e., for any h and \tau , we obtain

\| \psi n\| 2l2 = \| \psi 0\| 2l2 .

In other words, the mass is conserved at discrete level.

Proof. For the nonlinear subproblem (2.14), it is clear that

\| \psi n+1\| 2l2 = \| e - i\tau [V+\beta | \psi n| 2+\lambda \Phi n]\psi n\| 2l2 = \| \psi n\| 2l2 .

While for the linear subproblem (2.12), we have

\| \psi (1)\| 2l2 = h3
\sum 

(j,k,\ell )\in \scrI N

| e - i\tau x
\top 
jk\ell Pxjk\ell \psi njk\ell | 2 = \| \psi n\| 2l2 .

Using the following identities:

N/2 - 1\sum 
s= - N/2

e
2\pi i\ell s

N =

\Biggl\{ 
0, \ell \not =mN,

N, \ell =mN,
m\in \BbbZ ,

we obtain\sum 
(j,k,s)\in \scrI N

| \psi (2)
jks| 

2 =
\sum 

(j,k,s)\in \scrI N

\bigm| \bigm| e - i\tau (\eta 2xj+\eta 3yk)\nu 
z
s (
\widehat 
\psi 
(1)
jk )s

\bigm| \bigm| 2

=
1

N2

\sum 
(j,k,s)\in \scrI N

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
N/2 - 1\sum 
\ell = - N/2

\psi 
(1)
jk\ell e

2\pi i\ell s
N

\bigm| \bigm| \bigm| \bigm| \bigm| \bigm| 
2

=
1

N

\sum 
(j,k,\ell )\in \scrI N

| \psi (1)
jk\ell | 

2.

Similarly, we have

\| \psi (7)\| 2l2 = h3
\sum 

(j,k,\ell )\in \scrI N

| \psi (7)
jk\ell | 

2 = h3N3
\sum 

(p,q,s)\in \scrI N

| (\widehat \psi (3)
qs )p| 2 = h3N2

\sum 
(j,q,s)\in \scrI N

| \psi (3)
jqs| 

2

= h3N
\sum 

(j,k,s)\in \scrI N

| \psi (2)
jks| 

2 = h3
\sum 

(j,k,\ell )\in \scrI N

| \psi (1)
jk\ell | 

2 = \| \psi (1)\| 2l2 .
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B1090 XIN LIU AND YONG ZHANG

To sum up, we can prove that the following relation

\| \psi n+1\| 2l2 = \| \psi (7)\| 2l2 = \| \psi (1)\| 2l2 = \| \psi n\| 2l2
holds true.

3. Dynamical properties. In this section, we introduce some quantities, in-
cluding mass, energy, angular momentum expectation, and center of mass. Their
dynamical laws are briefly outlined and can be used as benchmarks for validating our
method. Detailed proofs are provided in the appendixes.

Mass and energy. The time-dependent GPE (1.1)--(1.3) conserves two impor-
tant quantities: the mass of the wave function and the energy per particle, i.e.,

\scrN (t) :=\scrN (\psi (\cdot , t)) :=
\int 
\BbbR 3

| \psi (x, t)| 2 dx\equiv \scrN (\psi (\cdot ,0)) = 1, t\geq 0,(3.1)

and

\scrE (t) := \scrE (\psi (\cdot , t)) =
\int 
\BbbR 3

\biggl[ 
1

2
| \nabla \psi | 2 + V | \psi | 2 + \beta 

2
| \psi | 4 + \lambda 

2
\Phi | \psi | 2  - \=\psi (\Omega \cdot \bfitL )\psi 

\biggr] 
dx(3.2)

\equiv \scrE (\psi (\cdot ,0)), t\geq 0.

The detailed proof is provided in Appendix A.
Angular momentum expectation. The angular momentum expectation of the

time-dependent GPE (1.1)--(1.3) is defined as \langle \bfitL \rangle (t) :=
\bigl( 
\langle Lx\rangle (t), \langle Ly\rangle (t), \langle Lz\rangle (t)

\bigr) \top 
with

\langle L\alpha \rangle (t) =
\int 
\BbbR 3

\=\psi (x, t)L\alpha \psi (x, t)dx, \alpha = x, y, z, t\geq 0.(3.3)

The angular momentum expectation can be used to measure the vortex flux. Its
dynamics are described by the following lemma, with a detailed proof provided in
Appendix B.

Lemma 2. For GPE (1.1)--(1.3) with harmonic potential (1.5), the dynamics of
angular momentum expectation is governed by the following ordinary differential equa-
tions (ODEs):

d\langle Lx\rangle (t)
dt

= (\gamma 2y  - \gamma 2z )

\int 
\BbbR 3

yz| \psi | 2dx - \omega y\langle Lz\rangle + \omega z\langle Ly\rangle  - \lambda i

\int 
\BbbR 3

(Lx\Phi )| \psi | 2dx,(3.4)

d\langle Ly\rangle (t)
dt

= (\gamma 2z  - \gamma 2x)

\int 
\BbbR 3

zx| \psi | 2dx+ \omega x\langle Lz\rangle  - \omega z\langle Lx\rangle  - \lambda i

\int 
\BbbR 3

(Ly\Phi )| \psi | 2dx,(3.5)

d\langle Lz\rangle (t)
dt

= (\gamma 2x  - \gamma 2y)

\int 
\BbbR 3

xy| \psi | 2dx - \omega x\langle Ly\rangle + \omega y\langle Lx\rangle  - \lambda i

\int 
\BbbR 3

(Lz\Phi )| \psi | 2dx.(3.6)

This demonstrates that the angular momentum expectation entry \langle L\alpha \rangle is conserved
under certain parameters, that is,

\langle Lx\rangle (t)\equiv \langle Lx\rangle (0), t\geq 0, when \gamma y = \gamma z, \omega y = \omega z = 0 and \lambda = 0,

\langle Ly\rangle (t)\equiv \langle Ly\rangle (0), t\geq 0, when \gamma z = \gamma x, \omega z = \omega x = 0 and \lambda = 0,

\langle Lz\rangle (t)\equiv \langle Lz\rangle (0), t\geq 0, when \gamma x = \gamma y, \omega x = \omega y = 0 and \lambda = 0.

Center of mass. The center of mass is defined as

xc(t) =

\int 
\BbbR 3

x| \psi (x, t)| 2dx, t\geq 0.(3.7)

In particular, we have the following Lemma for its dynamics, and the proof can be
found in Appendix C.
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DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1091

Lemma 3. For the GPE (1.1)--(1.3) with harmonic potential (1.5), the dynamics
of the center of mass satisfies the following second-order ODEs:

\"xc(t) - 2A \.xc(t) + (A2 + S)xc(t) = 0, t > 0,(3.8)

xc(0) =

\int 
\BbbR 3

x| \psi 0| 2dx, \.xc(0) =Axc(0) +

\int 
\BbbR 3

Im( \=\psi 0\nabla \psi 0)dx,(3.9)

where A= (
0 \omega z  - \omega y

 - \omega z 0 \omega x
\omega y  - \omega x 0

) and S =diag\{ \gamma 2x, \gamma 2y , \gamma 2z\} .

4. Numerical result. In this section, we first test the spatial spectral accu-
racy for the DDI evaluation. Then, we verify the spatial and temporal accuracies for
the wave function evolution. Subsequently, we explore the dynamical laws, including
the evolution of mass, energy, angular momentum expectation, and center of mass.
Finally, we investigate some interesting phenomena, such as the evolution of quan-
tized vortices and dynamics of BEC under a honeycomb potential. In the following
examples, we choose the computational domain RL = [ - 8,8]3 if not stated otherwise.

4.1. DDI evaluation. Here, we verify the spatial spectral accuracy of the FSA-
base method. The numerical error is measured in the following norm:

eDDI := \| \Phi  - \Phi N\| l2/\| \Phi \| l2 =
\sqrt{} \sum 

xjk\ell \in \scrT N

| \Phi (xjk\ell ) - \Phi N (xjk\ell )| 2
\bigg/ \sqrt{} \sum 

xjk\ell \in \scrT N

| \Phi (xjk\ell )| 2,

where \Phi N is the numerical solution on mesh grid \scrT N , and \Phi is the exact solution.

Example 1 (DDI). We consider 3D DDI with the following two types of source
density:

\bullet Isotropic density: we take Gaussian \rho (x) = e - | x| 2/\sigma 2

. The corresponding
3D DDI can be given explicitly as

\Phi (x) = - \rho (x) - 3\partial nn

\biggl( 
\sigma 2

\surd 
\pi 

4

Erf(| x| /\sigma )
| x| /\sigma 

\biggr) 
,

where Erf(x) = 2\surd 
\pi 

\int x
0
e - t

2

dt is the error function.
\bullet Anisotropic density: we take

\rho (x) =

\biggl( 
 - 4x2

\gamma 4\sigma 4
 - 4y2

\sigma 4
 - 4z2

\sigma 4
+

4

\sigma 2
+

2

\gamma 2\sigma 2

\biggr) 
e - 

x2/\gamma 2+y2+z2

\sigma 2 .

The corresponding 3D DDI can be given explicitly as

\Phi (x) = - \rho (x) - 3\partial nn

\Bigl( 
e - 

x2/\gamma 2+y2+z2

\sigma 2

\Bigr) 
.

Table 1 presents errors of 3D DDI on the computational domain RL = [ - 12\gamma ,12\gamma ]
\times [ - 12,12]2 with different mesh sizes h := (\gamma h,h,h) for isotropic and anisotropic
densities. For the isotropic case, we choose \sigma =

\surd 
1.2 and \varepsilon = 1, while for the

anisotropic case, we choose \sigma =
\surd 
0.8 and \varepsilon = 0.4. Table 2 presents errors of 3D DDI

with mesh size h= 1/8 under different anisotropy strengths \gamma , including cases where
\gamma \ll 1 and \gamma \gg 1. From Table 1 and Table 2, it can be concluded that our method
achieves spectral accuracy for both isotropic and anisotropic cases. Table 3 shows
errors of 3D DDI with different dipole orientations n= (0.82778,0.41505, - 0.37751)\top 

and m = (0.31180,0.93780, - 0.15214)\top , as described in Remark 2.5. From Table 3,
it can be concluded that our method also achieves spectral accuracy when the two
dipole orientations are different.
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B1092 XIN LIU AND YONG ZHANG

Table 1
Errors of 3D DDI with isotropic and anisotropic densities in Example 1.

Isotropic density

h= 2 h= 1 h= 1/2 h= 1/4

n= [0,0,1]\top 9.8224E-01 1.2809E-02 1.2673E-06 2.1021E-15

n= 1\surd 
3
[1,1,1]\top 3.0243E+00 5.1071E-02 2.2608E-06 1.6395E-15

Anisotropic density (\gamma = 1/4)

h= 1 h= 1/2 h= 1/4 h= 1/8

n= [0,0,1]\top 7.4342E-02 7.8062E-04 1.0355E-10 2.5596E-16

n= 1\surd 
3
[1,1,1]\top 1.3888E+00 5.3973E-03 2.0272E-10 8.2313E-15

Table 2
Errors of 3D DDI with n= [0,0,1]\top under different anisotropy strengths \gamma in Example 1.

\gamma = 1/16 \gamma = 1/8 \gamma = 1/4 \gamma = 1/2 \gamma = 8 \gamma = 16

1.1340E-16 1.6908E-16 2.5596E-16 5.7182E-16 4.0101E-15 6.5721E-15

Table 3
Errors of 3D DDI with different dipole orientations in Example 1.

h= 2 h= 1 h= 1/2 h= 1/4

2.4930 4.8379E-02 2.1322E-06 1.3589E-15

4.2. Accuracy confirmation. Here, we test the temporal and spatial conver-
gence. For simplicity, we denote the second-order/fourth-order compact splitting as
CS2/CS4. The numerical error is calculated in the following norm:

eh,\tau (t) := \| \psi ref(t) - \psi (h,\tau )(t)\| l2 / \| \psi ref(t)\| l2 ,

where \psi (h,\tau )(t) is the numerical approximation at time t obtained with mesh size h
and time step \tau , and \psi ref(t) is the reference solution at time t. The corresponding
temporal convergence rate is defined as follows:

rate := log(eh,\tau /eh,\tau /2)/ log(2).

Example 2 (linear case). We test the temporal accuracy for linear subproblem
solver EEI (2.12). We consider the following nonradially symmetric initial value

\psi 0(x) =
1

\pi 3/4
x2 e - 

| \bfx | 2
2 ,

and the exact solution is expressed explicitly as

\psi (x, t) =
1

\pi 3/4

x21(t) - t2 + it

(1 + it)7/2
e - 

1
2(it+1)

| x| 2 ,

where x1(t) = x cos(| \Omega | t) + sin(| \Omega t| )
| \Omega | (\omega yz  - \omega zy) +

1 - cos(| \Omega | t)
| \Omega | 2 \omega x(\Omega \cdot x).

Table 4 presents the temporal errors of EEI at time t= 1 with h= 1/4 and \tau = 1
for various \Omega . The results clearly demonstrate that the EEI is exact in time.

Example 3 (nonlinear case with/without DDI). We verify the spectral ac-
curacy in space and high-order temporal convergence. To this end, we choose \Omega =
(0.1,0.3,0.5)\top , \beta = 10, and the initial data \psi 0(x) = (x+ iy)e - | x| 2/2/\pi 3/4.
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DYNAMICS OF ARBITRARY-ANGLE ROTATING DIPOLAR BECS B1093

Table 4
Temporal errors eh,\tau at time t= 1 for the EEI method in Example 2.

\Omega (0.2,0.4,0.5)\top (0,0.4,0.2)\top (0.7,0.4,0.3)\top (0.7,0,0.6)\top 

eh,\tau 6.9231E-16 6.6777E-16 6.2787E-16 6.4059E-16

Table 5
Numerical errors of CS2 and CS4 at time t= 0.3 in Example 3.

Temporal direction

\tau 1/20 1/40 1/80 1/160

\lambda = 0 2.1457E-04 5.3421E-05 1.3341E-05 3.3338E-06

rate 2.0060 2.0015 2.0006
CS2 \lambda = 15/2 1.9175E-04 4.7796E-05 1.1940E-05 2.9838E-06

rate 2.0043 2.0011 2.0005

Spatial direction

h 1 1/2 1/4 1/8

\lambda = 0 2.2891E-02 4.5467E-04 2.2500E-08 4.0938E-13

\lambda = 15/2 1.8344E-02 1.6892E-04 1.0112E-09 4.1119E-13

Temporal direction

\tau 1/20 1/40 1/80 1/160

\lambda = 0 2.3710E-06 1.4459E-07 8.9930E-09 5.6149E-10

rate 4.0355 4.0070 4.0015
CS4 \lambda = 15/2 2.9574E-06 1.8182E-07 1.1319E-08 7.0681E-10

rate 4.0237 4.0057 4.0013

Spatial direction

h 1 1/2 1/4 1/8

\lambda = 0 2.2891E-02 4.5467E-04 2.2500E-08 7.6492E-13

\lambda = 15/2 1.8344E-02 1.6892E-04 1.0112E-09 7.6486E-13

To verify the convergence of CS2/CS4, let \psi ref denote the numerical reference
solution computed using CS2/CS4 with very fine mesh size h0 = 1/16 and small time
step \tau 0 = 10 - 4. Spatial errors are calculated using the same time step \tau 0, and temporal
errors are computed using the fixed mesh size h0.

Table 5 presents the temporal and spatial errors of CS2 and CS4 at time t= 0.3.
From this table, one can see that CS2/CS4 exhibits the spatial spectrally accuracy and
second/fourth order temporal convergence. A higher order operator splitting scheme
is straightforward to design since both subproblems can be integrated exactly.

4.3. Dynamical properties verification. Here, we investigate the dynamical
laws, including the evolution of mass, energy, angular momentum expectation, and
center of mass.

Example 4 (dynamics of mass, energy, and angular momentum expecta-
tion). Here, we set \beta = 10, and choose the initial value as

\psi 0(x) =\varphi (x - x0), \varphi (x) =
1

\pi 4/3
(x+ iy)e - 

| \bfx | 2
2 .(4.1)

We take x0 = (0.5,0.3,0.4)\top and study the following five cases
\bullet Case i: \Omega = (0.4, 0, 0)\top , \bfitgamma = (1.1, 1, 1)\top , \lambda = 0,
\bullet Case ii: \Omega = (0.4, 0, 0)\top , \bfitgamma = (1.1, 1, 1)\top , \lambda = 15,
\bullet Case iii: \Omega = (0, 0.4, 0)\top , \bfitgamma = (1, 1.1, 1)\top , \lambda = 0,
\bullet Case iv: \Omega = (0, 0, 0.4)\top , \bfitgamma = (1, 1, 1.1)\top , \lambda = 0,
\bullet Case v: \Omega = (0.1, 0.2, 0.3)\top , \bfitgamma = (1, 1, 1)\top , \lambda = 0,

where \bfitgamma := (\gamma x, \gamma y, \gamma z)
\top .
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Fig. 2. Evolution of energy \scrE (t), mass \scrN (t), and angular momentum expectation entries
\langle L\alpha \rangle (t) (\alpha = x, y, z) for Case i--Case v in Example 4.

In Figure 2, we show the dynamics of energy \scrE (t), mass \scrN (t), and angular mo-
mentum expectation entries \langle L\alpha \rangle (t) (\alpha = x, y, z) obtained numerically using CS4 with
h = 1/8 and \tau = 10 - 2 over the interval t \in [0,30]. The results demonstrate that our
method conserves the mass very well during the simulation, and these numerical ob-
servations align well with the analytical results.

Example 5 (dynamics of center of mass). Here, the initial data are taken as
(4.1) with x0 = (1,1,1)\top . We take \beta = 50 and \lambda = 15 and study the following three
cases:

\bullet Case i: \bfitgamma = (1,1,1)\top , \Omega = (0,0,0)\top , (0.5,0,0)\top , (1,0,0)\top , (\pi ,0,0)\top ,
\bullet Case ii: \bfitgamma = (1,1,1)\top , \Omega = \pi (0,0,1)\top , \pi \surd 

2
(1,1,0)\top , \pi \surd 

2
(1,0,1)\top , \pi \surd 

3
(1,1,1)\top ,

\bullet Case iii: \Omega = (3,4,5)\top , \bfitgamma = (1,1,1)\top , (1.05,1,1)\top , (1,1.05,1)\top , (1,1,1.05)\top .

Figures 3--5 depict the trajectory of the center of mass xc(t) and the evolution of
its coordinates, calculated by the CS4 scheme with h= 1/8 and \tau = 10 - 2 for different
\Omega and \bfitgamma . In addition, the numerical results are compared with those obtained by
solving the ODEs in (3.8)--(3.9).

From Figures 3--5, we can see that the center of mass remains confined within a
bounded region if the external trap is symmetric, i.e., \gamma x = \gamma y = \gamma z. Furthermore, the
motion is periodic if the angular velocity | \Omega | is rational. When the external trap is not
symmetric, the center of mass is more complicated. In addition, simulations not shown
here for brevity confirm that the dynamics of the center of mass are independent of \beta 
and \lambda . These results are consistent with those obtained by solving the ODE system
in (3.8)--(3.9).
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Fig. 3. Motion of the center of mass xc(t) = (xc(t), yc(t), zc(t))\top for Case i in Example 5. Left:
trajectory xc(t) for t \in [0,100]. Right: time evolution of xc(t) (red solid line), yc(t) (blue dot line),
and zc(t) (black dash line) that are obtained by directly simulating the GPE, where o, \ast , and \bigtriangleup 
represent the solutions to the ODEs in (3.8)--(3.9).
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Fig. 4. Motion of the center of mass xc(t) = (xc(t), yc(t), zc(t))\top for Case ii in Example 5.
Left: trajectory xc(t) for t \in [0,100]. Right: time evolution of xc(t) (red solid line), yc(t) (blue dot
line), and zc(t) (black dash line) that are obtained by directly simulating the GPE, where o, \ast , and
\bigtriangleup represent the solutions to the ODEs in (3.8)--(3.9).
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Fig. 5. Motion of the center of mass xc(t) = (xc(t), yc(t), zc(t))\top for Case iii in Example 5.
Left: trajectory xc(t) for t \in [0,100]. Right: time evolution of xc(t) (red solid line), yc(t) (blue dot
line), and zc(t) (black dash line) that are obtained by directly simulating the GPE, where o, \ast , and
\bigtriangleup represent the solutions to the ODEs in (3.8)--(3.9).
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4.4. Applications. In the following, we study the interaction of quantized vor-
tices and dynamics under honeycomb potential.

Example 6 (dynamics of quantized vortices). Here, we set \Omega = (0.85,0,0)\top ,
\beta = 100, \lambda = 50, and choose the harmonic potential (1.5) with \gamma x = \gamma y = \gamma z = 1. The
initial value is taken as a stationary vortex state computed by the preconditioned
Riemannian conjugate gradient method [31] for the above parameters, with the cor-
responding energy \scrE = 2.5021. The interactions of vortices are investigated for the
following two cases:

\bullet Case i: perturb the external potential by setting \gamma x = 1.4, \gamma y = 0.7,
\bullet Case ii: perturb the rotation term by setting \Omega = (0,0.85,0)\top .

In our simulations, we take RL = [ - 16,16]3, N = 256, and \tau = 10 - 3. Figure 6
presents the isosurface plots of the densities | \psi | 2 = 10 - 3 computed by CS4 at different
times for Case i and Case ii. We see that during the dynamics, anisotropic compres-
sion occurs due to the anisotropic external potential, and the vortices rotate to form
different patterns because of the rotation term.

Example 7 (dynamics under honeycomb potential). Here, we choose \Omega =
(0.1,0.2,0.3)\top , \beta = 10, \lambda = 15/2, and the initial data \psi (x) = (x+ iy)e - | x| 2/2/\pi 3/4.
We study the dynamics under honeycomb potential

V (x) = 10 [cos(\bfitb 1 \cdot x) + cos(\bfitb 2 \cdot x) + cos((\bfitb 1 + \bfitb 2) \cdot x)] ,

where \bfitb 1 =
\pi 
4 (
\surd 
3,1)\top and \bfitb 2 =

\pi 
4 ( - 

\surd 
3,1)\top .

Fig. 6. Isosurface plots of | \psi | 2 = 10 - 3 for the dynamics of quantized vortices for Case i (top
one row) and Case ii (bottom two rows) in Example 6.
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Fig. 7. Isosurface and slice plots of the densities | \psi | 2 = 10 - 3 in Example 7.

In our simulation, we adopt the CS4 scheme with \tau = 10 - 3 and h= 1/16. Figure 7
shows the isosurface and slice plots of the densities | \psi | 2 = 10 - 3 at different times.

5. Conclusions. We developed high-order numerical schemes to simulate the
dynamics of dipolar BEC with arbitrary-angle rotation. The Hamiltonian is split into
a linear part (Laplace and rotation) and nonlinear part (all others terms). The linear
subproblem is integrated exactly by decomposing the linear operator into a product
of seven simple suboperators with analytical splitting coefficients. The nonlinear
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subproblem is solved exactly in physical space, and the DDI is computed using a FSA-
based method with spectral accuracy, achieving nearly optimal efficiency and requiring
minimum memory. Based on such compact splitting, we can easily construct high-
order spectral methods to simulate the dynamics. Our scheme achieves high-order
temporal convergence and spatial spectral accuracy, and it conserves the mass on
discrete level (unconditionally stable). Extensive numerical results demonstrate the
effectiveness in long-time simulations. Furthermore, our scheme is explicit, simple to
implement, and can be easily adapted to rotating dipolar systems, including scalar or
spinor BECs.

Appendix A. Proof of mass and energy conservation.

Proof. To prove mass conservation, we differentiate (3.1) with respect to time t.
Using equation (1.1), we have

d\scrN (t)

dt
=

\int 
\BbbR 3

\partial t\psi \=\psi +\psi \partial t \=\psi dx= 2 Im

\int 
\BbbR 3

i\partial t\psi \=\psi dx

= 2 Im

\int 
\BbbR 3

 - 
\bigl[ 
(\Omega \cdot \bfitL )\psi 

\bigr] 
\=\psi dx= 2 Im

\int 
\BbbR 3

\psi 
\bigl[ 
(\Omega \cdot \bfitL ) \=\psi 

\bigr] 
dx

= 2 Im

\int 
\BbbR 3

 - 
\bigl[ 
(\Omega \cdot \bfitL )\psi 

\bigr] 
\=\psi dx= 0.

Similarly, for energy conservation, we can prove that

d\scrE (t)
dt

=

\int 
\BbbR d

\delta \scrE 
\delta \psi 

\partial t\psi +
\delta \scrE 
\delta \=\psi 

\partial t \=\psi dx= 2 Re

\int 
\BbbR d

\delta \scrE 
\delta \=\psi 

\partial t \=\psi dx

= 2 Re

\int 
\BbbR d

i\partial t\psi \partial t \=\psi dx= 2 Re

\int 
\BbbR d

i| \partial t\psi | 2 dx= 0.

The proof is completed.

Appendix B. Proof of Lemma 2.

Proof. Differentiating (3.3) with respect to t, using (1.1) and integration by parts,
we have

d\langle L\alpha \rangle (t)
dt

=

\int 
\BbbR 3

\bigl[ 
(\partial t \=\psi ) (L\alpha \psi ) + \=\psi L\alpha (\partial t\psi )

\bigr] 
dx

= i

\int 
\BbbR 3

 - (L\alpha V )| \psi | 2  - \lambda (L\alpha \Phi )| \psi | 2 + [(\Omega \cdot \bfitL )\psi ](L\alpha \psi ) + \=\psi [L\alpha (\Omega \cdot \bfitL )\psi ] dx.

When \alpha = x, using LxLy = LyLx + iLz and LxLz = LzLx  - iLy, we have LxV =
i(\gamma 2y  - \gamma 2z )yz and\int 

\BbbR 3

[(\Omega \cdot \bfitL )\psi ](Lx\psi ) + \=\psi [Lx(\Omega \cdot \bfitL )\psi ] dx

= \omega y

\int 
\BbbR 3

(Ly\psi )(Lx\psi ) + \=\psi (LxLy\psi ) dx+ \omega z

\int 
\BbbR 3

(Lz\psi )(Lx\psi ) + \=\psi (LxLz\psi ) dx

= \omega y

\int 
\BbbR 3

(Ly\psi )(Lx\psi ) + \=\psi (LyLx + iLz\psi )dx+\omega z

\int 
\BbbR 3

(Lz\psi )(Lx\psi )+ \=\psi (LzLx - iLy\psi )dx

= i\omega y

\int 
\BbbR 3

\=\psi Lz\psi dx - i\omega z

\int 
\BbbR 3

\=\psi Ly\psi dx= i
\bigl[ 
\omega y\langle Lz\rangle (t) - \omega z\langle Ly\rangle (t)

\bigr] 
.

Then, (3.4) holds. Similarly, for \alpha = y and z, (3.5) and (3.6) hold. The proof is
completed.
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Appendix C. Proof of Lemma 3.

Proof. Differentiating (3.7) with respect to t, using (1.1) and integration by parts,
we obtain

dxc(t)

dt
=

\int 
\BbbR 3

x
\bigl[ 
(\partial t \=\psi )\psi + \=\psi (\partial t\psi )

\bigr] 
dx= - i

\int 
\BbbR 3

\=\psi \nabla \psi +
\bigl[ 
(\Omega \cdot \bfitL )x

\bigr] 
| \psi | 2 dx

=A

\int 
\BbbR 3

x| \psi | 2dx - i

\int 
\BbbR 3

\=\psi \nabla \psi dx=Axc(t) - i

\int 
\BbbR 3

\=\psi \nabla \psi dx,(C.1)

where A= (
0 \omega z  - \omega y

 - \omega z 0 \omega x
\omega y  - \omega x 0

). Differentiating (C.1) with respect to t, we have

d2xc(t)

dt2
 - A

dxc(t)

dt
= - i

\int 
\BbbR 3

(\partial t \=\psi )\nabla \psi + \=\psi \nabla (\partial t\psi )

= - 
\int 
\BbbR 3

(\nabla V )| \psi | 2dx+

\int 
\BbbR 3

\bigl[ 
(\Omega \cdot \bfitL ) \=\psi 

\bigr] 
\nabla \psi + \=\psi 

\bigl[ 
\nabla (\Omega \cdot \bfitL )\psi 

\bigr] 
dx

= - S
\int 
\BbbR 3

x| \psi | 2dx+

\int 
\BbbR 3

\bigl[ 
(\Omega \cdot \bfitL ) \=\psi 

\bigr] 
\nabla \psi + \=\psi 

\bigl[ 
(\Omega \cdot \bfitL )\nabla  - iA\nabla 

\bigr] 
\psi dx

= - Sxc(t) - iA

\int 
\BbbR 3

\=\psi \nabla \psi dx= - Sxc(t) +A
dxc(t)

dt
 - A2xc(t),

where S = diag\{ \gamma 2x, \gamma 2y , \gamma 2z\} . Then, we can get the ODEs (3.8)--(3.9), and the proof is
completed.
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