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ARTICLE INFO ABSTRACT
Keywords: In this paper, we propose an exponential supplementary variable method, ingeniously merg-
Exponential supplementary variable methods ing the supplementary variable method initially conceived for gradient flows Gong et al.(2021),

Complex-valued Hamiltonian partial
differential equations

Lawson Runge—Kutta methods
Prediction-correction techniques

Hong et al. (2023) with the Lawson transform methodology Hochbruck and Ostermann (2010),
to preserve multiple conserved quantities for complex-valued Hamiltonian partial differential
equations. We first reformulate the original system by introducing several supplementary scalar
variables, which are equal to zero on the analytical level, to enforce the multiple conservation
laws. Then, leveraging the Lawson transform framework, we develop a novel class of highly effi-
cient high-order exponential integrators utilizing prediction and correction Lawson Runge-Kutta
schemes. The multiple conservation laws are preserved on the discrete level by solving a set of
scalar algebraic equations, which can be efficiently computed via iterative methods. The proposed
methods manifest a better numerical performance in terms of accuracy, efficiency and long-term
simulation. To substantiate their precision, effectiveness, and overarching excellence, we apply
these methods to the Gross—Pitaevskii equation, multi-component Gross-Pitaevskii equations and
Schrodinger-Poisson equation, showcasing their prowess in simulating intricate dynamics such
as the evolution of a quantized vortex lattice within a rotating Bose-Einstein condensate.

1. Introduction

Complex-valued Hamiltonian partial differential equations (PDEs) have a wide range of applications in the fields of science and
engineering. They provide the mathematical framework for a diversity of physical phenomena, extending from fluid mechanics and
quantum mechanics to nonlinear optics [4]. The general form can be articulated in the following manner

0,z = S(z)i, (1.1)
6z*

where z = z(x,1) is a complex-valued function, (x,1) € D x (0,T] ¢ R? x R, S(z) is a structured skew-Hermitian operator, variable
z* is the complex conjugate of z and % denotes the variational derivative of the Hamiltonian energy £ with respect to z*. Within
Hamiltonian systems, it is typical to have at least one, and frequently multiple, conserved quantities that align with the preservation of
energy, momentum, and other analogous physical principles. Consequently, there is a strong imperative to devise numerical methods
capable of maintaining these conserved quantities.
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$\frac {\partial u}{\partial t}=(\frac {\partial }{\partial x})^{\alpha }\frac {\delta {G}}{\delta u}$


\begin {equation}\label {eq:HPDEs} \partial _t z = \mathcal {S}(z) \frac {\delta \mathcal {E}}{\delta z^\ast },\end {equation}


$z = z({\textbf x},t)$


$({\textbf x},t)\in \mathcal {D}\times (0,T] \subset \mathbb {R}^d \times \mathbb {R}$


$\mathcal {S}(z)$


${z}^\ast $


$z$


$\frac {\delta \mathcal {E}}{\delta z^\ast }$


$\mathcal {E}$


$z^\ast $


$L^2(\mathcal {D})$


\begin {equation*}(f,g)=\int _{\mathcal {D}}{f}({\textbf x}) ~{g}^\ast ({\textbf x}){\rm d}{\textbf x},\end {equation*}


${f}({\textbf x}),~{g}({\textbf x})\in L^2(\mathcal {D})$


${g}^\ast (\textbf x)$


$g(\bx )$


$L^2(\mathcal {D})$


$\|f\|=\sqrt {(f,f)}$


\begin {equation}\label {eq:hamiltonian-equation} \partial _t z = \mathcal {L}z+\mathcal N[z],\end {equation}


$z = z({\textbf x},t)$


$\mathcal L$


$\mathcal N[z]$


\begin {equation}\label {TCL} \frac {{\rm d}}{{\rm d} t}\mathcal E=0, \quad \frac {{\rm d}}{{\rm d} t}\mathcal M=0,\end {equation}


$\mathcal E = \mathcal E[z]$


$\mathcal M = \mathcal M[z]$


\begin {equation*}{\Re }\left (\mathcal Lz+\mathcal N[z], \frac {\delta \mathcal E}{\delta z^\ast }\right )=0, \quad {\Re }\left (\mathcal Lz+\mathcal N[z], \frac {\delta \mathcal M}{\delta z^\ast }\right )=0.\end {equation*}


\begin {equation}\label {eq:SVM-reformulation} \left \lbrace \begin {aligned} &\partial _t z = \mathcal {L}z+\mathcal N[z]+\alpha _1g_1[z]+\alpha _2g_2[z],\\ &\frac {{\rm d}}{{\rm d}t}\mathcal E=0,\ \frac {{\rm d}}{{\rm d}t}\mathcal M=0, \end {aligned}\right .\end {equation}


$\alpha _1$


$\alpha _2$


$g_1[z]$


$g_2[z]$


\begin {equation*}Z=\exp (-t{\mathcal L})z,\end {equation*}


\begin {equation}\label {eq:ESVM-Formulation} \left \lbrace \begin {aligned} &\partial _t Z = \exp (-t{\mathcal L})\mathcal N[z]+\alpha _1\exp (-t{\mathcal L})g_1[z]+\alpha _2\exp (-t{\mathcal L})g_2[z],\\ &\frac {{\rm d}}{{\rm d}t}\mathcal E=0,\ \frac {{\rm d}}{{\rm d}t}\mathcal M=0,\ z=\exp (t{\mathcal L} )Z. \end {aligned}\right .\end {equation}


$\mathcal L$


\begin {equation}\label {equMatr} J[z]=\left (\begin {array}{@{}cc@{}} {\Re } \left (g_1[z], \frac {\delta \mathcal E}{\delta z^\ast }\right )& {\Re } \left (g_2[z], \frac {\delta \mathcal E}{\delta z^\ast }\right )\vspace {1mm}\\ {\Re } \left (g_1[z], \frac {\delta \mathcal M}{\delta z^\ast }\right )& {\Re } \left (g_2[z], \frac {\delta \mathcal M}{\delta z^\ast }\right ) \end {array} \right ).\end {equation}


$J[z]$


\begin {equation*}\left ( \frac {\delta \mathcal E}{\delta z} \right )^\ast = \frac {\delta \mathcal E}{\delta z^\ast }, \quad {\Re }\left (\mathcal Lz+\mathcal N[z], \frac {\delta \mathcal E}{\delta z^\ast }\right )=0,\end {equation*}


\begin {equation*}0 = \frac {{\rm d}}{{\rm d}t}\mathcal M = 2\alpha _1 {\Re }\left (g_1[z], \frac {\delta \mathcal M}{\delta z^\ast }\right ) + 2\alpha _2 {\Re }\left (g_2[z], \frac {\delta \mathcal M}{\delta z^\ast }\right ).\end {equation*}


$J[z]{\bm \alpha }={\textbf 0}$


$\alpha _1=\alpha _2=0$


$J[z]$


$g_1[z]=\frac {\delta \mathcal E}{\delta z^\ast }$


$g_2[z]=\frac {\delta \mathcal M}{\delta z^\ast }$


$\frac {\delta \mathcal E}{\delta z^\ast }$


$\frac {\delta \mathcal M}{\delta z^\ast }$


$g_1[z]=\frac {\delta \mathcal E}{\delta z^\ast }$


$g_2[z]=\frac {\delta \mathcal M}{\delta z^\ast }$


\begin {equation*}J[z]=\left (\begin {array}{@{}cc@{}} \|\frac {\delta \mathcal E}{\delta z^\ast }\|^2& {\Re }\left (\frac {\delta \mathcal M}{\delta z^\ast },\frac {\delta \mathcal E}{\delta z^\ast }\right ) \vspace {1mm}\\ {\Re }\left (\frac {\delta \mathcal E}{\delta z^\ast },\frac {\delta \mathcal M}{\delta z^\ast }\right )& \|\frac {\delta \mathcal M}{\delta z^\ast }\|^2 \end {array} \right ).\end {equation*}


$\frac {\delta \mathcal E}{\delta z^\ast }$


$\frac {\delta \mathcal M}{\delta z^\ast }$


$t$


$\textbf x$


$\text {i}=\sqrt {-1}$


$\psi =\psi ({\textbf x},t)$


$\Delta $


$\Omega L_z=-\text {i}\Omega (x\partial _y-y\partial _x)$


$\beta $


$\psi _0({\textbf x})$


\begin {equation}\label {trap-harmonic} V({\textbf x}) = \frac {1}{2}\left ( \gamma _x^2 x^2 + \gamma _y^2 y^2 \right ),\end {equation}


$\gamma _x >0 ,\gamma _y>0$


$x$


$y$


\begin {equation}\label {GP-Hamiltonian-system} \partial _t \psi =\mathcal L \psi + \mathcal N[\psi ],\end {equation}


$\mathcal L=\frac {{\rm i}}{2}\Delta $


$\mathcal N[\psi ]=-{\rm i}\big [V({\textbf x})-\Omega L_z+\beta |\psi |^2\big ]\psi $


\begin {equation}\label {GPE-H-energy} \mathcal {E}[\psi ] = \int _{\mathbb {R}^2}\left (-\frac {1}{2}|\nabla \psi |^2-V|\psi |^2 -\frac {\beta }{2}|\psi |^4+\Omega {\psi }^\ast L_z\psi \right ){\rm d}{\textbf x},\end {equation}


$\mathcal {M}[\psi ]=\int _{\mathbb {R}^2}|\psi (\bx ,t)|^2 {\rm d}{\textbf x}$


\begin {equation}\label {GP-MSVM-Formulation} \left \lbrace \begin {aligned} &\partial _t \Psi = \exp (-\frac {{\rm i}t}{2}\Delta )\mathcal N[\psi ]+\alpha _1 \exp (-\frac {{\rm i}t}{2}\Delta )g_1[\psi ]+\alpha _2 \exp (-\frac {{\rm i}t}{2}\Delta )g_2[\psi ],\\\
&\frac {{\rm d}}{{\rm d}t}\mathcal E=0,\quad \frac {{\rm d}}{{\rm d}t}\mathcal M=0,\quad \psi (\bx ,t)=\exp (\frac {{\rm i}t }{2}\Delta )\Psi (\bx ,t), \end {aligned}\right .\end {equation}


\begin {equation*}g_1[\psi ] = \frac {\delta \mathcal E}{\delta {\psi }^\ast }= \left (\frac {1}{2}\Delta -V({\textbf x})+\Omega L_z-\beta |\psi |^2\right )\psi ,\qquad g_2[\psi ]=\frac {\delta \mathcal M}{\delta {\psi }^*}=\psi .\end {equation*}


\begin {align}\label {SP-GP-equation} \text {i}\frac {\partial }{\partial t}\psi =\Big [-\frac {1}{2}\Delta +V({\textbf x})-\Omega L_z+\alpha \Phi (|{\psi }|^2)+\beta |\psi |^2\Big ]\psi .\end {align}


$\Phi $


$|\psi |^2$


$U({\bf x})=-\frac {1}{2\pi }\ln (|{\bf x}|)$


\begin {align}\label {SP-Conv} \Phi (|{\psi }|^2) = U({\bf x})*|\psi ({\bf x},t)|^2=[U*\rho ]({\bf x}).\end {align}


\begin {equation}\label {SP-Hamiltonian-system} \partial _t \psi =\mathcal L \psi + \mathcal N[\psi ],\end {equation}


$\mathcal L=\frac {\rm i}{2}\Delta $


$\mathcal N[\psi ]=-{\rm i}\big [V({\textbf x})-\Omega L_z+\alpha \Phi (|\psi |^2)+\beta |\psi |^2\big ]\psi $


\begin {equation}\label {SP-H-energy} \mathcal {E}[\psi ] = \int _{\mathbb {R}^2}\left (-\frac {1}{2}|\nabla \psi |^2-V({\bf x})|\psi |^2-\frac {\alpha }{2}\Phi |\psi |^2 -\frac {\beta }{2}|\psi |^4+\Omega {\psi }^\ast L_z\psi \right ){\rm d}{\textbf x},\end {equation}


$\mathcal {M}[\psi ]=\int _{\mathbb {R}^2}|\psi (x,t)|^2 {\rm d}{x}$


\begin {equation}\label {SP-MSVM-Formulation} \left \lbrace \begin {aligned} &\partial _t \Psi = \exp (-\frac {{\rm i}t}{2}\Delta )\mathcal N[\psi ]+\alpha _1 \exp (-\frac {{\rm i}t}{2}\Delta )g_1[\psi ]+\alpha _2 \exp (-\frac {{\rm i}t}{2}\Delta )g_2[\psi ],\\\
&\frac {{\rm d}}{{\rm d}t}\mathcal E=0,\quad \frac {{\rm d}}{{\rm d}t}\mathcal M=0,\quad \psi (x,t)=\exp (\frac {{\rm i}t}{2}\Delta )\Psi (x,t), \end {aligned}\right .\end {equation}


\begin {equation*}g_1[\psi ] = \frac {\delta \mathcal E}{\delta {\psi }^\ast }= \left (\frac {1}{2}\Delta -V({\textbf x})+\Omega L_z-\alpha \Phi -\beta |\psi |^2\right )\psi ,\qquad g_2[\psi ]=\frac {\delta \mathcal M}{\delta {\psi }^*}=\psi .\end {equation*}


$\mathcal {L}$


$e^{t \mathcal {L}}$


$\mathcal {L}=\frac {{\rm i}}{2}\Delta $


$e^{t \mathcal {L}}\psi $


$\mathcal {L}= \frac {{\rm i}}{2}\Delta -{\rm i}V(\bx )+{\rm i}\Omega L_z$


$b_i,a_{ij}\ (i,j=1,\ldots ,s)$


$c_i=\sum _{j=1}^sa_{ij}$


$s$


\begin {equation}\label {shm:lawson-RK-method} \left \{ \begin {aligned} &z_{ni} = \exp (c_i\tau \mathcal {L}) z^n + \tau \sum _{j=1}^{s}a_{ij}\exp \left ((c_i-c_j)\tau \mathcal {L}\right ) \mathcal N[z_{nj}],\\ &z^{n+1}=\exp (\tau \mathcal {L}) z^n + \tau \sum _{i=1}^{s}b_i \exp ((1-c_i)\tau \mathcal {L}) \mathcal N[z_{ni}]. \end {aligned} \right .\end {equation}


$\mathcal L=0$


$p$


$p$


$b_i,a_{ij}\ (i,j=1,\ldots ,s)$


$c_i=\sum _{j=1}^sa_{ij}$


$s$


$z_{ni}^{(0)} = \exp (c_i \tau \mathcal {L})z^n$


$M$


$z_{ni}^{(\ell +1)}$


$\ell =0$


$M-1$


\begin {equation}\label {eq:prediction-scheme} z_{ni}^{(\ell +1)} = \exp (c_i\tau \mathcal {L}) z^n + \tau \sum _{j=1}^{s}a_{ij}\exp \left ((c_i-c_j)\tau \mathcal {L}\right ) \mathcal {N}[z_{nj}^{(\ell )}].\end {equation}


$z^{n+1,(M)}$


\begin {equation}\label {eq:correction-scheme} z^{n+1,(M)}=\exp (\tau \mathcal {L}) z^n + \tau \sum _{i=1}^{s}b_i \exp ((1-c_i)\tau \mathcal {L})~\mathcal {N}[z_{ni}^{(M)}].\end {equation}


$z^{n+1}$


$z^{n+1,(M)}$


\begin {equation*}z^{n+1}=z^{n+1,(M)}+\mathcal O(\tau ^{M+2}).\end {equation*}


$M\ge 1$


$M\ge 3$


$\bma = (\alpha _1,\alpha _2) \in \mathbb R^2$


$b_i,a_{ij}\ (i,j=1,\ldots ,s)$


$c_i=\sum _{j=1}^sa_{ij}$


$z^n$


$z^{n+1}$


$z_{ni}^{(0)} = \exp (c_i \tau \mathcal {L})z^n$


$z_{ni}^{(\ell +1)}$


\begin {equation*}z_{ni}^{(\ell +1)} = \exp (c_i\tau \mathcal {L}) z^n + \tau \sum _{j=1}^{s}a_{ij}\exp \left ((c_i-c_j)\tau \mathcal {L}\right ) \mathcal {N}[z_{nj}^{(\ell )}], \quad \ell =0, \ldots ,M-1.\end {equation*}


$z^{n+1}$


\begin {equation}\label {eq:ESVM-correction} \left \{ \begin {aligned} &k_{i}=\mathcal N[z_{ni}^{(M)}]+\alpha _1^ng_1[z_{ni}^{(M)}]+\alpha _2^ng_2[z_{ni}^{(M)}],\\ &z^{n+1}=\exp (\tau \mathcal {L}) z^n+\tau \sum _{i=1}^{s}b_i \exp \big ((1-c_i)\tau \mathcal {L}\big )~k_{i}, \end {aligned} \right .\end {equation}


$\alpha _1^n,\alpha _2^n$


$t_{n+1}$


$\hat {z}^{n+1}=\exp (\tau \mathcal {L}) z^n+\tau \sum _{i=1}^{s}b_i \exp \big ((1-c_i)\tau \mathcal {L}\big )\mathcal N[z_{ni}^{(M)}]$


\begin {align}\label {Mnonlinear-equality1} &F_1(\tau ,\bmb ):=~ ~\mathcal E[\hat {z}^{n+1}+\beta _1\gamma _1^n+\beta _2\gamma _2^n]-\mathcal E[z^{n}]=0,\\\label {Mnonlinear-equality2} &F_2(\tau ,\bmb ):=\mathcal M[\hat {z}^{n+1}+ \beta _1\gamma _1^n+\beta _2\gamma _2^n]-\mathcal M[z^{n}]=0,\end {align}


$\bmb =(\beta _1,\beta _2)^{\top }$


${\bf F}(\tau ,\bmb )=(F_1(\tau ,\bmb ),F_2(\tau ,\bmb ))^{\top }$


$z^{n+1}(\bx )$


$\bmb $


$\textbf 0$


$\bmb $


\begin {align*}\bmb ^{(\ell +1)}=\bmb ^{(\ell )}-[(J_\bmb {\bf F})(\tau ,\bmb ^{(\ell )})]^{-1}{\bf F}(\tau ,\bmb ^{(\ell )}),\quad \bmb ^{(0)}= {\textbf 0},\ \ell =0,1,\ldots ,\end {align*}


\begin {align*}(J_\bmb {\bf F})(\tau ,\bmb ):=\left (\begin {array}{@{}cc@{}} \frac {\partial F_1}{\partial \beta _1}(\tau ,\bmb )& \frac {\partial F_1}{\partial \beta _2}(\tau ,\bmb )\vspace {1mm}\\ \frac {\partial F_2}{\partial \beta _1}(\tau ,\bmb ) & \frac {\partial F_2}{\partial \beta _2}(\tau ,\bmb ) \end {array} \right ).\end {align*}


$\bmb $


${\protect \bm  {\beta }}$


$(J_\bmb {\bf F})(0,{\textbf 0})$


$\tau ^*>0$


$\bmb =\bmb (\tau )$


$\tau \in [0,\tau ^*]$


${\bf F}(\tau ,\bmb )$


\begin {equation*}{\bf F}(0,{\textbf 0})={\textbf 0},\quad \Big |(J_\bmb {\bf F})(0,{\textbf 0})\Big |\not =0,\end {equation*}


$\tau ^*>0$


${\bf F}(\tau ,\bmb )={\textbf 0}$


$\bmb =\bmb (\tau )$


$\bmb ({\textbf 0})={\textbf 0}$


${\bf F}(\tau ,\bmb (\tau ))={\textbf 0}$


$\tau \in [0,\tau ^*]$


\begin {equation*}(J_\bmb {\bf F})(0,{\textbf 0})= \left (\begin {array}{@{}cc@{}} 2{\Re } \left (g_1[z^n], \frac {\delta \mathcal E}{\delta z^\ast }[z^n]\right )& 2{\Re } \left (g_2[z^n], \frac {\delta \mathcal E}{\delta z^\ast }[z^n]\right )\vspace {1mm}\\ 2{\Re } \left (g_1[z^n], \frac {\delta \mathcal M}{\delta z^\ast }[z^n]\right )& 2{\Re } \left (g_2[z^n], \frac {\delta \mathcal M}{\delta z^\ast }[z^n]\right ) \end {array} \right ) = 2J[z^n].\end {equation*}


$p$


$|(J_\bmb {\bf F})(0,{\textbf 0})|\not =0$


$\hat p$


$\hat p=\min \{p,M+1\}$


$\hat {z}^{n+1}$


\begin {equation}\label {eq:ESVM-hat-z-n} \hat {z}^{n+1}=\exp (\tau \mathcal {L}) z^n+\tau \sum _{i=1}^{s}b_i \exp \big ((1-c_i)\tau \mathcal {L}\big ) \mathcal N[z_{ni}^{(M)}].\end {equation}


\begin {equation}\label {eq:ESVM-hat-z} \hat {z}^{n+1}=z(t_{n+1})+\mathcal {O}(\tau ^{\min \{p,M+1\}+1}).\end {equation}


\begin {equation*}\mathcal E[\hat {z}^{n+1}]=\mathcal E[z(t_{n+1})]+\mathcal {O}(\tau ^{\min \{p,M+1\}+1}),\end {equation*}


\begin {equation*}\mathcal M[\hat {z}^{n+1}]=\mathcal M[z(t_{n+1})]+\mathcal {O}(\tau ^{\min \{p,M+1\}+1}).\end {equation*}


$z(t_{n+1})$


\begin {equation*}z(t_n)=z^n,\ \mathcal E[z(t_{n+1})]=\mathcal E[z^n],\ \mathcal M[z(t_{n+1})]=\mathcal M[z^n].\end {equation*}


\begin {equation*}\mathcal E[\hat {z}^{n+1}]-\mathcal E[z^n]=\mathcal {O}(\tau ^{\min \{p,M+1\}+1}),\ \mathcal M[\hat {z}^{n+1}]-\mathcal M[z^n]=\mathcal {O}(\tau ^{\min \{p,M+1\}+1}).\end {equation*}


${\bf F}(\tau ,\bmb )$


$\bmb ={\textbf 0}$


\begin {equation*}{\bf F}(\tau ,\bmb )={\bf F}(\tau ,{\textbf 0})+(J_\bmb {\bf F})(\tau ,{\textbf 0})\bmb +\mathcal {O}(|\bmb |^2),\end {equation*}


\begin {equation*}{\bf F}(\tau ,{\textbf 0})=(\mathcal E[\hat {z}^{n+1}]-\mathcal E[z^n],\mathcal M[\hat {z}^{n+1}]-\mathcal M[z^n])^{\top }=\mathcal {O}(\tau ^{\min \{p,M+1\}+1}),\end {equation*}


\begin {equation*}(J_\bmb {\bf F})(\tau ,{\textbf 0})=(J_\bmb {\bf F})(0,{\textbf 0})+\mathcal {O}(\tau ).\end {equation*}


\begin {equation}\label {eq:ESVM-beta1-beta2} \beta _1=\beta _1(\tau )=\mathcal {O}(\tau ^{\hat {p}+1}),\ \beta _2=\beta _2(\tau )=\mathcal {O}(\tau ^{\hat {p}+1}),\ \hat {p}=\min \{p,M+1\}.\end {equation}


$z^{n+1}-z(t_{n+1})=\mathcal {O}(\tau ^{\hat {p}+1})$


$\alpha _1$


$\alpha _2$


\begin {equation}\label {eq:ESVM-alpha1-alpha2} \alpha _i^n = \mathcal {O}(\tau ^{\hat {p}}),\quad i = 1,2,\end {equation}


$\hat {p}$


$\alpha _i^n = C_i(z^n) \tau ^{\hat {p}} + \mathcal {O}(\tau ^{\hat {p}+1})$


$z^n = z(t_n) + \mathcal {O}(\tau )$


\begin {equation}\label {eq:ESVM-alpha1-alpha2-3} \alpha _i^n = C_i(z(t_n)) \tau ^{\hat {p}} + \mathcal {O}(\tau ^{\hat {p}+1}),\end {equation}


$\hat {p}$


$b_i,a_{ij}\ (i,j=1,\ldots ,s)$


$c_i=\sum _{j=1}^sa_{ij}$


$\psi ^n$


$\psi ^{n+1}$


$\psi _{ni}^{(0)}=\exp (c_i \tau \frac {\rm i}{2}\Delta )\psi ^n$


$\psi _{ni}^{(\ell +1)},\ \ell =0,\ldots ,M-1$


\begin {equation}\label {LI-SVM-scheme1} \left \{ \begin {aligned} &\psi _{ni}^{(\ell +1)}=\exp (c_i\tau \frac {\rm i}{2}\Delta ) \psi ^n+\tau \sum _{j=1}^{s}a_{ij}\exp ((c_i-c_j)\tau \frac {\rm i}{2}\Delta ) k_{j}^{(\ell +1)},\\ &k_{i}^{(\ell +1)}= -{\rm i}\big (V({\textbf x})-\Omega L_z+\beta |\psi _{ni}^{(\ell )}|^2\big )\psi _{ni}^{(\ell )}. \end {aligned} \right .\end {equation}


$\psi ^{n+1}$


\begin {align}\label {LI-SVM-scheme2} \left \{ \begin {aligned} & k_{i}=-{\rm i}\big (V({\textbf x})-\Omega L_z+\beta |\psi _{ni}^{(M)}|^2\big )\psi _{ni}^{(M)}+\alpha _1^ng_1[\psi _{ni}^{(M)}]+\alpha _2^ng_2[\psi _{ni}^{(M)}],\\ &g_1[\psi _{ni}^{(M)}]=\Big [\frac {1}{2}\Delta -V({\textbf x})+\Omega L_z-\beta |\psi _{ni}^{(M)}|^2\Big ]\psi _{ni}^{(M)},\ g_2[\psi _{ni}^{(M)}]=\psi _{ni}^{(M)},\\ &\psi ^{n+1}=\exp (\tau \frac {\rm i}{2}\Delta ) \psi ^n+\tau \sum _{i=1}^{s}b_i \exp ((1-c_i)\tau \frac {\rm i}{2}\Delta ) k_{i}, \end {aligned} \right .\end {align}


$\alpha _1^n,\alpha _2^n$


\begin {equation*}\mathcal E[\psi ^{n+1}]=\mathcal E[\psi ^{n}],\ \mathcal M[\psi ^{n+1}]=\mathcal M[\psi ^{n}].\end {equation*}


$\mathcal {D}=[-L,L]^2$


$h=2L/N,\ N\in 2\mathbb {Z}^+$


$\mathcal {O}(N^2\log N^2)$


\begin {align*}&\mathcal {I}_N=\{(j,k)\in \mathbb {Z}^2\big | ~0\le j\le N-1,\quad 0\le k\le N-1\},\\[0.2em] &\Lambda _N=\{(p,q)\in \mathbb {Z}^2\big | -(N/2-1)\le p,~q\le N/2\},\\[0.2em] &\mathcal {G}=\{{\bf x}_{jk}:=(x_j,y_k) \big | x_j = -L+jh,\quad y_k = -L+kh,\quad (j,k)\in \mathcal {I}_N\},\end {align*}


$\psi _{j,k}(t)$


$\psi ({\bf x}_{jk},t)$


${\bf x}_{jk}\in \mathcal {G}$


$\psi $


\begin {align*}\psi (x,y) \approx \sum _{(p,q)\in \Lambda _N}\widehat {\psi }_{p,q}~e^{{\rm i}v_p^x(x+L)}e^{{\rm i}v_q^y(y+L)},\end {align*}


\begin {align*}\hat {\psi }_{p,q}=\frac {1}{N^2}\sum _{(j,k)\in \mathcal {I}_N}\psi ({\bf x}_{jk})e^{-{\rm i}v_p^x(x_j+L)}e^{-{\rm i}v_q^y(y_k+L)},\end {align*}


$v_p^x=\pi p/L,\ v_q^y=\pi q/L$


$\Delta \psi ,~ y\partial _x\psi ,~ x\partial _y\psi $


$e^{t \mathcal {L}}\psi $


$\big (\mathcal L=\frac {\rm i}{2}\Delta \big )$


\begin {align}&\Delta \psi ({\bf x}_{jk})\approx \sum _{(p,q)\in \Lambda _N}-\Big [(v_p^x)^2+(v_q^y)^2\Big ]\widehat {\psi }_{p,q}e^{{\rm i}v_p^x(x_j+L)}e^{{\rm i}v_q^y(y_k+L)},\\ &(y\partial _x)\psi ({\bf x}_{jk})\approx y_k\sum _{(p,q)\in \Lambda _N} ({\rm i}v_p^x)~\widehat {\psi }_{p,q}~e^{{\rm i}v_p^x(x_j+L)}~e^{{\rm i}v_q^y(y_k+L)},\\ &(x\partial _y)\psi ({\bf x}_{jk})\approx x_j\sum _{(p,q)\in \Lambda _N} ({\rm i}v_q^y)~\widehat {\psi }_{p,q}~e^{{\rm i}v_p^x(x_j+L)}~e^{{\rm i}v_q^y(y_k+L)},\\ &(e^{t \mathcal {L}})\psi ({\bf x}_{jk})\approx \sum _{(p,q)\in \Lambda _N}~e^{-t\frac {{\rm i}}{2}\big [(v_p^x)^2+(v_q^y)^2\big ]}\widehat {\psi }_{p,q}e^{{\rm i}v_p^x(x_j+L)}e^{{\rm i}v_q^y(y_k+L)}.\label {expfft}\end {align}
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$\psi _1({\textbf x},t),\psi _2({\textbf x},t)$


$\beta _{1l}$


$\beta _{2l}$


$\psi _{1}^{0}({\textbf x})$


$\psi _{2}^{0}({\textbf x})$


\begin {equation}\label {ext-trap-harmonic} V_j(\bx ) = \frac {1}{2}\left ( \gamma _{x,j}^2 x^2 + \gamma _{y,j}^2 y^2 \right ),\quad j=1,2,\end {equation}


$\gamma _{x,j} >0 ,\gamma _{y,j}>0$


$x$


$y$


$z=\left [\psi _1,\psi _2\right ]^{\top }$


\begin {align*}\partial _t z=\mathcal {L}z+\mathcal N[z],\end {align*}


\begin {align*}&\mathcal {L}=\left [\begin {array}{@{}cc@{}} \frac {{\rm i}}{2}\Delta & {\rm i}\lambda \\ {\rm i}\lambda & \frac {{\rm i}}{2}\Delta \\ \end {array} \right ],\quad \mathcal N[z]=\left [\begin {array}{@{}cc@{}} -{\rm i}\big (V_1({\textbf x})-\Omega L_z+\sum _{l=1}^2\beta _{1l}|\psi _l|^2\big )\psi _1\\ -{\rm i}\big (V_2({\textbf x})-\Omega L_z+\sum _{l=1}^2\beta _{2l}|\psi _l|^2\big )\psi _2\\ \end {array} \right ].\end {align*}


$\mathcal {M}[z]:=\sum _{j=1}^2\int _{\mathbb {R}^2}|\psi _j({\textbf x},t)|^2{\rm d}{\textbf x}$


\begin {align}\label {CGP-MSVM-Formulation} \left \lbrace \begin {aligned} &\partial _t Z = \exp (-{\mathcal L} t)\mathcal N[z]+\alpha _1\exp (-{\mathcal L} t)g_1[z]+\alpha _2\exp (-{\mathcal L} t)g_2[z],\ z=\exp ({\mathcal L} t)Z,\\ &\frac {d}{dt}\mathcal E[z]=0,\ \frac {d}{dt}\mathcal M[z]=0, \end {aligned}\right .\end {align}


\begin {equation*}g_1[z] = \left [\begin {array}{@{}cc@{}} (\frac {1}{2}\Delta -V_{1}({\textbf x})+\Omega L_z-\sum _{l=1}^2\beta _{1l}|\psi _l|^2)\psi _1+\lambda \psi _2\\[0.3em] (\frac {1}{2}\Delta -V_{2}({\textbf x})+\Omega L_z-\sum _{l=1}^2\beta _{2l}|\psi _l|^2)\psi _2+\lambda \psi _1\\ \end {array} \right ],\quad g_2[z] = \frac {\delta \mathcal M}{\delta {z}^*}=\left [\begin {array}{@{}cc@{}} \psi _1 \\ \psi _2 \\ \end {array} \right ].\quad \end {equation*}


\begin {align*}\mathcal {L}=\mathcal P^{\top }\Lambda \mathcal P,\quad \mathcal P=\frac {1}{\sqrt {2}}\left [\begin {array}{cc} 1 & 1 \\ 1 & -1 \\ \end {array} \right ],\quad \Lambda =\left [\begin {array}{@{}cc@{}} \frac {\rm i}{2}\Delta +{\rm i}\lambda & \ 0 \\ \ 0 & \frac {\rm i}{2}\Delta -{\rm i}\lambda \\ \end {array} \right ],\end {align*}


\begin {align*}\exp (t\mathcal {L})&=\frac {1}{2}\left [\begin {array}{@{}cc@{}} 1 & 1 \\ 1 & -1 \\ \end {array} \right ]\left [\begin {array}{@{}cc@{}} \exp (t\frac {\rm i}{2}\Delta +t{\rm i}\lambda ) & \ 0 \\ \ 0 & \exp (t\frac {\rm i}{2}\Delta -t{\rm i}\lambda ) \\ \end {array} \right ]\left [\begin {array}{@{}cc@{}} 1 & 1 \\ 1 & -1 \\ \end {array} \right ]\\ &=\left [\begin {array}{@{}cc@{}} \exp (t\frac {\rm i}{2}\Delta )\cos (t\lambda ) & {\rm i}\exp (t\frac {\rm i}{2}\Delta )\sin (t\lambda )\\ {\rm i}\exp (t\frac {\rm i}{2}\Delta )\sin (t\lambda )& \exp (t\frac {\rm i}{2}\Delta )\cos (t\lambda ) \\ \end {array} \right ].\end {align*}


$e^{t\mathcal {L}}$


$\beta =100$


$\Omega =0.93$


$\gamma _{x} =\gamma _{y} = 1$


$L=14$


$N=896$


$\tau =\frac {1}{2000}$


$\beta _{11}=\beta _{22}=200$


$\beta _{12}=\beta _{21}=100$


$\Omega =0.9$


$\gamma _{x,1}=\gamma _{y,1}=0.9,$


$\gamma _{x,2}=\gamma _{y,2}=1.1$


$\lambda =0$


$|\psi _1({\textbf x},t)|^2$


$|\psi _2({\textbf x},t)|^2$


$|\psi _1({\textbf x},t)|^2$


$|\psi _2({\textbf x},t)|^2$


$b_i,a_{ij}\ (i,j=1,\ldots ,s)$


$c_i=\sum _{j=1}^sa_{ij}$


${\psi }^n$


${\psi }^{n+1}$


${\psi }_{ni}^{(0)}=\exp (c_i \tau \frac {\rm i}{2}\Delta )\psi ^n$


${\psi }_{ni}^{(\ell +1)},\ \ell =0,\ldots ,M-1$


\begin {equation*}\left \{ \begin {aligned} &{\psi }_{ni}^{(\ell +1)}=\exp (c_i \tau \frac {\rm i}{2}\Delta )\psi ^n+\tau \sum _{j=1}^{s}a_{ij}\exp ((c_i-c_j) \tau \frac {\rm i}{2}\Delta )k_{i}^{(\ell +1)},\\ &k_{i}^{(\ell +1)}= -{\rm i}\left (V({\textbf x})-\Omega L_z+\alpha \Phi _{ni}^{(\ell )}(|\psi _{ni}^{(\ell )}|^2)+\beta |\psi _{ni}^{(\ell )}|^2\right )\psi _{ni}^{(\ell )}. \end {aligned} \right .\end {equation*}


${\psi }^{n+1}$


\begin {equation*}\left \{ \begin {aligned} & k_{i}=-{\rm i}\left (V({\textbf x})-\Omega L_z+\alpha \Phi _{ni}^{(M)}(|\psi _{ni}^{(M)}|^2)+\beta |\psi _{ni}^{(M)}|^2\right )\psi _{ni}^{(M)}+\alpha _1^ng_1[\psi _{ni}^{(M)}]+\alpha _2^ng_2[\psi _{ni}^{(M)}],\\ &g_1[\psi _{ni}^{(M)}]=\left (\frac {1}{2}\Delta -V({\textbf x})+\Omega L_z-\alpha \Phi _{ni}^{(M)}(|\psi _{ni}^{(M)}|^2)-\beta |\psi _{ni}^{(M)}|^2\right )\psi _{ni}^{(M)},\ g_2[{\psi }_{ni}^{(M)}]={\psi }_{ni}^{(M)},\\ &{\psi }^{n+1}=\exp (\tau \frac {\rm i}{2}\Delta ){\psi }^{n}+\tau \sum _{i=1}^{s}b_{i}\exp ((1-c_i)\tau \frac {\rm i}{2}\Delta ) k_{i}, \end {aligned} \right .\end {equation*}


$\alpha _1^n,\alpha _2^n$


\begin {equation*}\mathcal E[{\psi }^{n+1}]=\mathcal E[{\psi }^{n}],\quad \mathcal M[{\psi }^{n+1}]=\mathcal M[{\psi }^{n}].\end {equation*}


\begin {equation}\label {SP-parameters} \Omega =0.9,\ \alpha =1,\ \beta =100,\ \gamma _x=\gamma _y=1,\ L=12,\ N=192,\end {equation}


$\psi ({\textbf x},0)=\sqrt {2/(15\pi )}\exp (-|{\bf x}|^2/2)$


$M=2$


$M=4$


$\tau =10^{-4}$


$T=1$


$T=20$


$\tau _0 =1/178$


$\tau _0 =1/290$


$T=1$


$T=20$


$T$


$T$


$\frac {1}{160}, \frac {1}{275}, \frac {1}{274}$


$\frac {1}{296}$


$T=1$


$T=1$


$T=1$


$\alpha _1^n$


$\alpha _2^n$


$\alpha _1^n$


$\alpha _2^n$

mailto:gongyuezheng@nuaa.edu.cn
mailto:zz2048@ynufe.edu.cn
mailto:Zhang_Yong@tju.edu.cn
https://doi.org/10.1016/j.jcp.2025.114402
https://doi.org/10.1016/j.jcp.2025.114402
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2025.114402&domain=pdf

Y. Gong, C. Jiang and Y. Zhang Journal of Computational Physics 544 (2026) 114402

Numerical schemes that conserve invariants or first integrals have been shown to be extremely beneficial for studying the long-
time behavior of dynamical systems. Such schemes are commonly called energy-preserving or integral-preserving methods [5,6].
Over the past few decades, numerous energy-preserving methods have been developed for Hamiltonian ordinary differential equa-
tions (ODEs), including discrete gradient (DG) methods [7], averaged vector field (AVF) methods [8], energy-preserving variant of
collocation methods [9] and Hamiltonian boundary value methods [10], etc. It is natural to generalize the energy-preserving algo-
rithms from Hamiltonian ODEs to Hamiltonian PDEs through appropriate spatial discretization. Furihata [11] extended DG methods
to Hamiltonian PDEs and introduced discrete variational derivative methods. Celledoni et al. [12] utilized the AVF method to give
a systematic energy-preserving scheme for Hamiltonian PDEs. Additionally, specific projection techniques were proposed to devise
structure-preserving schemes that maintain multiple invariants [13,14]. However, the dominant linear operator of the complex-valued
Hamiltonian PDE:s is usually skew-Hermitian with eigenvalues of very large modulus. Traditional energy-preserving methods cannot
contain the full information of the linear operator, and they may suffer from a very severe time step limitation and can not guarantee
convincing results in the long-time simulations.

In [3], it was pointed out that another type of time integration scheme called exponential integrators could address this problem
well. There has been great interest in devising energy-preserving exponential integrators over the past few decades. The most natural
way is to first rewrite the original system in an equivalent form using the Lawson transform [15] or variation-of-constants formula,
and then apply a classical integrator for the equivalent system [16,17]. For example, Celledoni et al. [18] presented a class of high-
order symmetric exponential integrator schemes. Bhatt et al. [19] derived exponential Runge-Kutta (RK) schemes to preserve the
decay rates exactly for both linear and quadratic invariants. Recently, by modifying the integrator theory, Mei et al. [20] derived a
fourth-order energy-preserving exponential AVF scheme. These existing schemes are usually fully implicit and nonlinear, and there
is no existing theory on the convergence of the iterative algorithm for now.

Compared with fully implicit schemes, linearly implicit methods only require to solve a linear system. Thus, the computational cost
is significantly reduced. In addition, the theory on the convergence of iterative algorithm for the linear equations are well established.
Combining the quadratic polarization approach presented in Dahlby and Owren[5] with the exponential integrator, a multistep
linearly implicit energy-preserving exponential scheme is presented for polynomial Hamiltonian PDEs [21]. One disadvantage of
such method is that it is not valid for general Hamiltonian PDEs and usually cannot conserves multiple invariants. Based on the idea
of energy quadratization (EQ) approaches [22,23] firstly proposed for developing efficient energy stable schemes of gradient flows
and the Lawson transformation, Jiang et al. [24] presented a high-order linearly implicit energy-preserving exponential scheme for the
nonlinear Schrédinger equation, where the energy conservation law was achieved with respect to a modified quadratic energy. More
recently, Li et al. [25] presented a class of energy-conserving exponential Rosenbrock methods for oscillatory Hamiltonian systems,
which conserved only a single quantity. However, the search for bona fide efficiently high-order exponential integrator methods that
allow for multiple conserved quantities is still ongoing.

In [26,27], Cheng and Shen proposed a new Lagrange multiplier (LM) approach for gradient flows where they successfully
achieved unconditional energy stability. Later, Gong et al. [1,2] promoted it further and introduced supplementary variable method
(SVM), wherein the gradient flow problem was reformulated into a constraint-free system by introducing some supplementary
variables whose number is the same as the inherent dissipation laws and constraints. The dissipation laws are given explicitly
thanks to the supplementary variables, therefore, it is more convenient and flexible to develop high-order schemes for gradient
flows.

Despite such great success in gradient flows, there are quite few literature focusing on Hamiltonian systems, for example, the
Bose-Einstein condensation (BEC) [28]. So far as we known, Antoine, Shen and Tang combined SAV and LM for the nonlinear
Schrodinger equation [29], wherein the numerical mass and energy preservation are guaranteed for a very small time step, thus the
long-time simulation is quite challenging in terms of efficiency. In fact, on the one hand, it seems quite natural to adapt SVM for BEC
problems since conserved quantities, e.g., mass and energy, can be viewed as equality-type constraints. On the other hand, similar to
traditional energy-preserving methods, a direct naive extension of SVM does not make full use of the dominant linear operator, which
is essentially the main source rendering highly oscillatory property and shall enforce a prohibitively small CFL condition number.
To alleviate the stringent time step restriction, as pointed out in Hochbruck and Ostermann [3], Besse et al. [30], an inclusion of the
dominant linear operator via the ‘exponential integrator’ is of great importance, and will help improve not only numerical stability
but also the accuracy, efficiency and long-time simulation performance.

In this paper, we choose to combine SVM and the Lawson transformation method, a typical exponential integrator, so to develop an
exponential supplementary variable method (ESVM). The proposed method allows for preservation of multiple conserved quantities,
similar to SVM, and manifests a better numerical performance due to the adoption of exponential integrator. We analyze the local
existence and uniqueness together with convergence order rigorously, and study three typical complex-valued Hamiltonian PDEs
(1.1), i.e., Gross-Pitaevskii (GP) equation, multi-component GP equations and Schrédinger—Poisson (SP) equation. A comprehensive
comparison with existing structure-preserving methods in terms of the accuracy, efficiency as well as long-time simulation and
applications to simulate a quantized vortex lattice dynamics in a rotating BEC are reported.

Overall, the key novelties of our method are summarized as follows:

1. It produces a new class of high-order exponential integrators, which can preserve multiple invariants, and can be easily extended
to general Hamiltonian PDEs.

2. It involves solving a very small algebraic equation system with variable number equal to the number of conserved quantities, and
such system can be computed by iterative solver efficiently.

3. It allows for a relatively large time step due to the exact integration of the linear part.

2
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The rest of this paper is structured as follows. In Section 2, the ESVM reformulation for complex-valued Hamiltonian PDEs is
introduced. In Sections 3, a novel class of high-order energy-preserving ESVM algorithms is presented and some theoretical results
are given. In Section 4, various numerical experiments are shown to demonstrate the accuracy, efficiency and long-time evolution of
mass and energy conservation laws. Conclusions are drawn in Section 5.

2. ESVM reformulation

In this section, we introduce the ESVM reformulation for general complex-valued PDEs with multiple conserved quantities. For
brevity, we only present the ESVM reformulation for two conserved quantities case, and its extension to multiple conserved quantities
case is trivial.

To begin with, we shall first establish the equivalence between ESVM-reformulated system and the original model. Introduce the
inner product in L?*(D) as

(f.8)= / Fx) g"(x)dx,
D

where f(x), g(x) € L*(D), g*(x) is the complex conjugate of function g(x). Correspondingly, the norm in L?*(D) is denoted by || f|| =
\V(f, f). We rewrite (1.1) as follows

0z=Lz+ Nz], (2.1)

where z = z(x,7) is a complex-valued function, £ is usually a linear skew-Hermitian operator admitting eigenvalues of large modulus
and N'[z] is a nonlinear functional. As stated above, Hamiltonian PDEs admit at least one and often multiple conserved quantities.
Let us assume that the system (2.1) adheres to both energy and mass conservation laws

d d
—&=0, —M=0, 2.2
3 3 M (2.2)
where € = £€[z] and M = M[z] represent the total energy and mass respectively. Therefore, the vector field of (2.1) satisfies
6E oM
R(Lz+Nz) 2= ) =0, R(Lz+ N[ 52) =0,

Applying the SVM reformulation for the system (2.1) with the two conservation laws (2.2), we obtain the following reformulated
system

0,z =Lz + N[z]+ a8, [z] + ap8,[2],

d d 2.3)
—€E=0, =M =0,
dr dr

where a; and «a, are two real supplementary variables, and g;[z] and g,[z] are two complex-valued user-supplied functionals. Next,
using Lawson transformation

Z =exp(—tL)z,
we transform (2.3) into the ESVM reformulation

0,Z = exp(—tL)N[z] + a; exp(—tL)g,[z] + a, exp(—tL)g,[z],

de_0, Ip=0 £)Z @9
=Y gM= , z=exp(tL)Z.

As noted, the Lawson transformation is reversible simply because L is a linear skew-Hermitian operator. It is important to note that
the above ESVM reformulation lays a solid mathematical foundation for developing robust, highly efficient and accurate exponential
structure-preserving algorithms. To check the consistence of (2.4) and (2.1), we introduce the following consistency matrix

Rl 2£)  R(el )

Jlz] = m(gl[z],%) %(gz[Z]’ZTAQ.

(2.5)

Theorem 1. If the consistency matrix J|[z] is nonsingular, the ESVM reformulation (2.4) is equivalent to the original system (2.1).

Proof. By virtue of

() 2. n(eerain £) =0

we induce from the system (2.3) that
d o6& 6E
0=3¢- (— L *)d
dr /D 5z * 5z 4 )™

- (22 () on(en )
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= 2m<£z + Nz] + a;g,[z] + v, 85[z], E)

=2aR (gl[z] ) + 2a29{(g2[z] )

By the same token, we have

0= %M =20R (gl[z] ) + 2a29{<g2[z] M )

From the above two equations, we have J[z]a = 0. It immediately implies a; = a, = 0 if the consistency matrix J[z] is nonsingular.
So, we conclude that SVM reformulation (2.3) is equivalent to the original system (2.1). Since (2.4) is a equivalent formulation of the
SVM Egq. (2.3), we then complete the proof. O

M

6z*

Corollary 1. If we take g[z] = ;= and g[z] = 5 M and further assume that 2 7 and
reformulation (2.4) is equivalent to the ongmal system (2.1).

are linearly independent, then the ESVM

Proof. As g,[z] = ¢ and &zl = we have

Sz* az* ’

1€ éR(‘W )

8z* 8z* 7 §z*
5€ oM 2
R(£.2) 2
6E and ﬁM

The above matrix is nonsingular if and only if ==

J(z] =

O

One typical example of (2.1) is the well-known nonhnear GP equation

o 1 _ 2
Sy=[-38+vo0-QL+plwlly. >0 2.6)

w(x,0)=yp(x), x€ER?

where 7 is the time variable, x is the spatial variable, i = v/—1 is the complex unit, y = y(x,¢) is the complex-valued wave function,
A is the Laplace operator, QL = —iQ(xd, — yd,) represents the angular momentum rotational term, § represents the local interaction
strength, and y,(x) is the initial profile. The external potential is taken as the harmonic potential

Vix) = (r x +7 y ) 2.7)

with y, > 0,7, > 0 being the trapping frequencies in the x and y direction respectively.
The GP Eq. (2.6) can be rewritten as

ow =Ly + Nyl (2.8)
where £ = %A and Ny] = —i[V(x) - QL_ + plw|?|w. It conserves the energy
£l = /R <—%|\7u/|2 Vil - Lt Qw*Lzu/)dx, 2.9)
and total mass M[y] = /RZ |y (x, )|2dx. The ESVM reformulation of (2.6) reads as
0 = exp(— 3 AN Ty ] + ) exp(—2 A)g, [y +ay exp(—2 Ay,
d

d it
aé’ 0, EM =0, yXx1n= exp(EA)‘P(x, 1),

(2.10)

where

_6& _ (1, _ 2 _ M _
alvl= 5= —<2A V) +QL, - fly| )u/, alvl====v.

Another typical example of (2.1) is Schrodinger-Poisson (SP) equation [31]

Sy =|-38+Ve0-0L + a0+ Ay,
AD(X, 1) = —|p(x, D)%, >0, (2.11)
w(x,0) = yy(x), x€R?

which can be reformulated as

.0 1 2 2
iy == 38+ V00 - QL. +a(ly ) + ply ]y (212)

The Poisson potential ® is given explicitly by the convolution of density |y|? and kernel U(x) = —% In(|x]), as follows

Oy ) = UX * lwx 0> = [U * pl(x). (2.13)
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Table 1
The coefficients of Lawson RK method (3.1).

c1 ai o+ arsexp ((c1 — ¢5)7L) | exp(e17L)
cl A oy :
b | o B Cs | as1exp ((cs — 01)7'5) e Gss exp(csTL)
‘ brexp (1 —ec1)7L) -+ beexp ((1 —cs)7L) ‘ exp(7L)

The SP Eq. (2.12) can be rewritten as
oy =Ly + Nyl (2.14)
where £ = %A and Nyl = —i[V(x) - QL, + a®(|w|?) + flw|*]y. Similarly, Eq. (2.12) conserves both energy

1 *
Ely] =/ vy - v - Lot - Ll + op Ly )ax, (2.15)
me \ 2 2 2
and the total mass M[y] = /IRZ | (x,1)|?dx. The ESVM reformulation is given by

¥ = exp(—%A)N [l +a eXp(—gA)gl (W] +a exp(—gA)gz[w],

d d i (2.16)
$E=0. FM=0. y/(x,t):exp(%A)‘I‘(x,t),
with
_ 8 (1, i oM
alvl= 5= (38-V0+L —a®—plul )y, glvl= 3T =v.

Remark 1. As stated in Ref. [30], the choice of £ is somewhat flexible as long as its exponential operator (¢'*) can be computed
efficiently. In this article, we choose £ = %A and efficiently compute e’“y in Fourier space. One may also consider £ = %A iV +
iQL,, and its exponential operator can be computed with great efficiency following a similar exact-splitting Fourier spectral method
as shown in Liu et al. [32]. We shall report the results later in a future work.

3. High-order mass and energy-preserving scheme

In this section, based on the ESVM reformulation (2.4), we will show how to systematically develop highly efficient and high-
order exponential structure-preserving schemes. To start with, we shall recall some common knowledge on prediction-correction
Runge-Kutta scheme.

3.1. Prediction-correction Lawson scheme

In this subsection, we shall collect some common and useful results on a class of semi-discrete Lawson Runge-Kutta (RK) schemes
for system (2.1).

Definition 1 (Lawson RK Method). Let b;,a;; (i,j = 1,...,s) be real numbers and ¢; = Z‘}=1 a;;. An s-stage Lawson RK method is given
by
N

z,; = exp(¢;tL)z" + 7 Z a;; exp ((ci - cj)fll)./\f[znj],
j=1

) (3.1)
2" = exp(rL)z" + ¢ Z by exp((1 — ¢)TLIN [2,].

i=1

In general, the coefficients are displayed as follows [3] (Table 1):

The above Lawson Runge-Kutta method (3.1) shall be reduced to a classical RK method if £ = 0, and the classical method will
be henceforth referred to as the underlying Runge-Kutta method [3]. If the underlying RK method is implicit, the corresponding
Lawson RK method (2) is implicit too. In numerical practice, solving an implicit scheme poses significant challenges since it often
requires to design an iterative solver for the large-scale nonlinear equations, leading to considerable computational costs or even
unexpected divergence. To mitigate such problem, one approach is to utilize the prediction-correction technique, which also facilitates
the development of prediction-correction Lawson RK method.

Theorem 2 (Convergence order [15]). If the underlying RK method is of order p, then the Lawson RK method (3.1) is also of order p.

Scheme 3.1 (Prediction-Correction Lawson RK method). Let b;,4; ; @i=1...9 be real numbers and ¢; = Z;=1 a;;. An s-stage
prediction-correction Lawson RK method is defined as
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¢ Prediction: let zfg) =exp(c;7L)z" and M be a given positive integer, we explicitly calculate sz*l) from # =0 to M — 1 as follows
N
zEf“) =exp(¢;tL)Z" + 1 Z a;; exp (Ce; - Cj)Tﬂ)./\/‘[ZE;')]. (3.2

Jj=1
e Correction: we update z'+1-(M) a5
s
LM = exp(rL)z" + 1 Z b;exp((1 — ¢;)TL) .N'[zy’.\/”]. 3.3)
i=1
By a similar argument as the proof of Theorem 3.1 in Ref. [2], we obtain the following theorem.
Theorem 3. Assume that z"*' and z"*'“M) are solutions to Eq. (3.1) and Scheme 3.1 respectively, we have
mL L) (M2

z

Remark 2. For sake of clarity, we list some typical and also very important examples, including the second and fourth order schemes,
for later discussion.

¢ A second-order prediction-correction Lawson RK method (M > 1) is

1 1 T

2 ‘ 5 ‘ exp(ﬁﬁ)
‘ exp(5L) ‘ exp(7L)

¢ A fourth-order prediction-correction Lawson RK method (M > 3) reads as

5% i (=) exp(=¢7L) | exp (5 = )7L)
35 | G+ e(Fr0) i exp (3 + §)7L)
sexp ((3+2)7L) sexp ((3 — ?)Tﬁ) ‘ exp(7L)

3.2. High-order ESVM

As is well-known, it is quite challenging for Lawson RK methods or prediction-correction Lawson RK methods to conserve general
invariants. To address this issue, we choose to introduce a class of high-order ESVM methods by applying prediction-correction
strategy to system (2.4). The essence lies in how to effectively determine the complementary parameter vector & = (a;, a,) € R? and
guarantee the accuracy at the same time on both the semi and full-discrete level.

Scheme 3.2 (ESVM Scheme). Let b;, q; j@i=1...9 be real numbers and ¢; = Z;=1 a;. Starting from a given z”, we compute z"*!
in two steps.

(Z+1)

. iteratively as

¢ High-order prediction: let zfﬁ) = exp(¢;7L)z", compute z
N
20D =exp(e,rL)z" + 7 Y ayexp (¢, = e)rL) N2, £=0,.., M- 1.

J=1
« High-order correction: update z"*! as follows

M M M
ki = N1221+ alig [200] + allg, 2],

1 ni 2 ni
s 3.4
2 = exp(eL)z" + 7 Y byexp (1 = ¢)rL) k;,
i=1
with suitable parameters af, af such that the energy and mass conservations
El" = £[2"], M™M= M[z"), (3.5)

hold true at ¢, ;.

Note that ESVM framework allows for a novel class of efficient exponential energy-preserving algorithms. In the following, we
discuss the strategy on how to implement it efficiently. Firstly, Eq. (3.4) is rewritten as

2l = gl By + bary. By =7af, p, =raj, (3.6)
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with 21 = exp(£)z" + 7 Y5, byexp ((1 — ¢)rL) N'[z*] and

N
y; = 2 b; exp ((1 - c,-)r[i)gj[z;?'l)J, j=12.
i=1

Inserting (3.6) into Eq. (3.5), we have
Fi(z,p) = EL2" + By} + pory] - E[2"] =0, (3.7)
Fy(z,B) := MIZ™ + By} + Boyy] — M[2"] =0, (3.8)

where g = (f;, f,)" and F(z, B) = (F,(z, B), F5(z, B))". Instead of solving the fully implicit RK scheme for the unknown function z"*!(x),
the algebraic equation of variable # is much cheaper to solve and can be computed efficiently via Newton iteration by taking 0 as
the initial guess for B. The specific Newton iteration scheme reads

B = B0 1P BN ). pO =0, ¢=0.1.....
where the Jacobian is given explicitly

% (7, B j’,%(r, B)

9p
UgB)(@. B) 1= 45, oF, :
AL T Y

Inspired by ideas proposed in Hong et al. [2], Calvo et al. [33], we investigate the existence and uniqueness of § in Egs. (3.7) and
(3.8), and analyze the convergence order in local truncation error.

Theorem 4 (Local existence and uniqueness of B). If the Jacobian (J4F)(0, 0) is nonsingular, there exists a t* > 0 such that the algebraic
Egs. (3.7) and (3.8) define a unique function p = () for all = € [0, 7*].

Proof. Considering the smoothness of F(r, #) and condition
F(0,00=0, |(/5F)0.0)| #0,

using the implicit function theorem, there exists a z* > 0 such that the equation system F(z, ) = 0 defines a unique smooth function
B = B(r) satisfying p(0) = 0 and F(z, B(r)) =0 for all € [0,7*]. O

Remark 3. It is not difficult to check that

(gl 2 121)  2R(glz] 1)

’oz* ’ 6z*

2R (g2, 2Hz1) 2R (o[22 )

’ z* 7 6z*

(JgF)(©0,0) = =2J[z"].

This indicates that the condition for the existence and uniqueness of solution in discrete scenario remains consistent with that in
continuous context.

Remark 4. It is worthy to point out that Cheng, Shen and Wang [34] presented unique solvability and a detailed error analysis of
Lagrange multiplier scheme for gradient flows. While, due to the multiple supplementary variables and Lawson Runge-Kutta method,
a complete and detailed error analysis of ESVM is somehow challenging and technically involved, and we shall report it in a future
article.

Theorem 5 (Convergence order in local truncation error). If the underlying RK method is of order p and |(J F)(0,0)] #0, then the ESVM
Scheme 3.2 is of order p, where p = min{p, M + 1}.

Proof. We note that £"*! satisfies

2 = exp(rL)2" + T z byexp ((1 = e)rL) N [zM]. (3.9)

i=1
According to the local truncation error analysis and using Theorems 2 and 3, we have

2 = 2(1,,,,) + @M (3.10)
By the Taylor expansion, we then obtain

E[2"] = E[2(ty, )] + O(rmn(PMFL+L)
and

MIE™ ] = MI2(ty4)] + O,
Since z(z,,) is the local solution of (2.1), it satisfies

z(t,) = 2", E[z(t,. ] = E[2"], Mlz(t,,)] = M[2"].
Thus, we have

8[2n+1J _ 5[Z"J — O(Tmin(p,M+1)+1)’ M[2n+11 _ M[Z"J — O(Tmin{p,M+l)+l).

7
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Meanwhile, we expand F(z, §) at g = 0 as
F(z, ) = F(z,0) + (J4F)(z,0)8 + O(| 1),
where
F(z,0) = (E[2"] = E[2"], M[2™'] = M[2"])T = O(min(pM+11+1y
(JgF)(z,0) = (J5F)(0,0) + O(7).
This implies
By = Bi(1) = OGP, By = pr() = O(P*), p=min{p, M + 1}. (3.11)
Thus, using Eqs. (3.6) and (3.10) and (3.11), we have z'*! — Z(t,y1) = oY, O

Remark 5 (Estimates on the magnitudes of supplementary variables «; and a,). According to Eq. (3.11), we obtain the following
estimates

a'=0G"), i=1,2, (3.12)

which means both variables approach zero with the same integer order p.

In fact, we can rewrite (3.12) as ' = C;(z")r? + O(z?*!). By assumption that z" = z(,) + O() in the global error analysis, we then
have

a' = Ci(zt, )P + 0P, (3.13)

which implies immediately that the convergence orders are both p.
4. Numerical results

In this section, we begin with the classical single-component nonlinear GP Eq. (2.6) arising from the BEC simulation, and employ
our mass- and energy-conserving ESVM schemes for it. Then, we present a series of numerical examples to measure the accuracy and
efficiency of our proposed schemes, in comparison with existing structure-preserving numerical methods. Additionally, we extend
the ESVM approach to multi-component GP equations. Finally, we present the mass- and energy-conserving ESVM schemes for the
SP equation, and compare them with the SVM schemes.

4.1. Single-component GP equation

In this subsection, we employ the ESVM approach to solve the single-component GP Eq. (2.6), resulting in the following semi-
discrete system

Scheme 4.1 (Semi-discrete ESVM Scheme). Let b;,q;; (i,j = 1. ..., ) be real numbers and ¢; = Z;zl a;;. From a given wave function
w", we update y”+! in two steps.

(Z+1)

¢ High-order prediction: let y/(o) = exp(ci'r%A)y/”, compute

ni

,¢=0,...,M — 1 iteratively as

. s .
£+1 i i £+1
lI/,(u' = eXP(CiTEA)‘I/” + T; a;; exp((¢; — Cj)TEA)k; ) an

£+1 . ¢ ¢
k? = —1(V(X)—QLZ +ﬂ|y/}5[)|2)y/()‘

ni

 High-order correction: update y"*! by

(M)

ki ==i(Ve - QL. + v Py, b

M
+ajg M1+ a8y,

M 1 M M M M
alvi"1= [38-veo+aL. - v Plul. elwl 1 =wi",

(4.2)

. s .
i i
ptl = exp(‘riA)u/” +7 g{ b; exp((1 — c,-)rEA)ki,

with suitable parameters af, af such that the energy and mass conservations
Ely™ ' = Ely"l, Mly"™ '] = Mly"].

Due to presence of the external trapping potential, the wave function is usually smooth and decays exponentially fast at the far field.
Therefore, it is reasonable to truncate the whole space into a bounded rectangular domain D = [—L, L]?, that is usually discretized
uniformly in each spatial direction with the same mesh size h =2L/N, N € 2Z*, and impose periodic boundary conditions. Then,
we can readily apply the Fourier spectral method [35,39] to approximate the wave function and achieve spectral accuracy with a

8
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nearly optimal efficiency of complexity O(N?2log N?) thanks to discrete Fast Fourier transform (FFT). For simplicity, we define the
physical index, Fourier index and grid points sets as

Iy={G.heZ?[0<j<SN-1 0<k<N-1},

Ax=l(p.g) € 22| = (N/2=1) < p. ¢ < N/2).

C=(x; 1= (xj,yk)‘xj =—L+jh y,=-L+kh (j.k)€Iy).

and denote y; , (#) as the numerical approximation of y(x;,, ) for x;, € G. We then employ the Fourier spectral approximation in space
for (4.1) and (4.2). To be specific, the spectral approximation of wave function y reads as follows

R - oy
v(x,y) =~ 2 Ypaq ewp(HL)ewq(HL),
(P.EAN

and the Fourier coefficient is given by

L1 —ivX(x;+L) —iv) (y+L)
Yoa = N2 2 w(Xje T e g
(eI

where u; =np/L, vz = zq/L. The terms Ay, yd,y, xd,y and Ly (£ = %A) are approximated as follows

~ Xy .Y
T I Y (G e A A A (4.3)
(P.9)EAN
~ 0¥ (x i’
GOV Ry D ((0)) By € PO Qi (4.4)
(p-9EAN
~ X oY
(Xay)lll(xjk) ~x Z (iu;) Do U +D) ewq(yk+L)’ (4.5)
(p.9)EAN
@wor Y e (AR CAY 9,8 D D) (4.6)
(P.9)EAN

Remark 6. The approximation (4.6) implies that exponential operator ¢’* can be efficiently implemented in the Fourier space.
If homogeneous Dirichlet or Neumann boundary conditions are specified, we employ sine/cosine pseudo-spectral method [35] for
spatial discretization, and the exponential operator e'* is computed efficiently by combining the matrix diagonalization method with
the discrete sine/cosine transform.

In this study, we consider two ESVM schemes—specifically, the second-order (ESVM2) and fourth-order (ESVM4) versions—for
demonstration purposes. To evaluate their performance, these are compared against several benchmark methods of matching orders:
the SVM2/SVM4 schemes [2], Gauss2/Gauss4 integrators [6], Besse-Dujardin-Lacroix exponential integrators (BDL2/BDL4) [30],
and the Crank-Nicolson (CN2) method [28].

To quantify the numerical errors, we denote the numerical approximation of y(-,7,) as y”

iy which is obtained with mesh size i

and time step z, and define the discrete />-error and convergence order as

5" (1) = I t,) = wlyll, - Order =1n (&,)/e5" (1)) /1n( /).

The errors of mass and energy are measured as follows
en(ty) = |M" = MO/ 1M, ee(t,) = |€" = €°1/1€°|.

In the following, we shall consider the rotating GP Eq. (2.6) with

Q=09, =100, yy =y, =1, 4.7)
and the initial condition
2 .
y(x,0) = T(X +iy)exp (= +)7)). (4.8)
T

To compute the aforementioned equation in practice, we choose M =2 for the ESVM2/SVM2 schemes and M =4 for the
ESVM4/SVM4 schemes. The fixed-point iteration is employed to solve the fully-implicit schemes with a very strict convergence toler-
ance 10~'*. In the accuracy confirmation and efficiency performance investigation, all numerical errors are calculated using N = 1282
on D = [-16, 16]? such that the errors coming from spatial discretization are negligible. All simulations are run using MATLAB R2015b
on a Win10 machine with Intel Core i7-9700 and 32 GB memory.

Example 1 (Accuracy confirmation). In this example, we compare the accuracy performance of different methods in the temporal
direction. The reference solution is obtained by ESVM4 with a very small time step = = 107,

9
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Table 2
Temporal accuracy and convergence at T = 1 in Example 12,

Second-order scheme

7, = 1/260 7,/2 7,/4 7,/8
ESVM2 e;'h(T =1) 2.862E-03 7.117E-04 1.776E-04  4.439E-05
Order - 2.008 2.002 2.001
SVM2 e;'h(T =1 * 4.625E-03  1.158E-03  2.896E-04
Order - - 1.998 2.000
BDL2 e;h(T =1) 2729E-03 6.837E-04 1.710E-04  4.276E-05
Order - 1.997 1.999 2.000
Gauss2 e;h(T =1) 1.808E-02  4.595E-03  1.152E-03 2.881E-04
Order - 1.976 1.996 1.999
CN2 e;'h(T =1) 1.665E-02  4.228E-03  1.059E-03  2.649E-04
Order - 1.977 1.997 1.999

Fourth-order scheme

7, =1/170 7,/2 7,/4 7,/8
ESVM4 ez"'(T =1) 3.782E-06  2.130E-07  1.315E-08  8.191E-10
Order - 4.150 4.018 4.005
SVM4 e;'h(T =1 * 6.980E-06  4.376E-07  2.737E-8
Order - - 3.996 3.999
BDL4 e;'h(T =1) 3.275E-06  2.061E-07  1.290E-08  8.066E-10
Order - 3.990 3.998 4.000
Gauss4 e;’h(T =1) 1.101E-04 6.976E-06  4.375E-07  2.737E-08
Order - 3.980 3.995 3.999

a Here « represents numerical divergence of the iteration procedure for solv-
ing the nonlinear equation.

Table 3
Temporal accuracy and convergence at T = 20 in Example 1.

Second-order scheme

7o = 1/260 79/2 70/4 7/8
ESVM2 e;h (T =20) 9.379E-02 2.706E-02 7.215E-03 1.812E-03
Order - 1.794 1.907 1.993
SVM2 e;‘h(T =20) * 6.567E—02 1.957E-02 5.100E-03
Order - - 1.747 1.940
BDL2 e;h (T =20) 8.952E-02 2.616E-02 7.017E-03 1.766E—03
Order - 1.775 1.898 1.990
Gauss2 e;" (T =20) 2.190E-01 6.459E-02 1.934E-02 5.049E-03
Order - 1.762 1.740 1.938
CN2 e;‘h(T =20) 1.966E-01 5.889E-02 1.812E-02  4.753E-03
Order - 1.739 1.701 1.931
Fourth-order scheme
7, =1/180 7,/2 7,/4 7,/8
ESVM4 e;‘h(T =20) 6.901E-04  4.005E-05  2.449E-06  1.522E-07
Order - 4.107 4.031 4.009
SVM4 e;h (T =20) * 1.496E-04 9.322E-06 5.821E-07
Order - - 4.004 4.001
BDL4 e;‘h(T =20) 6.106E-04  3.871E-05  2.428E-06  1.518E-07
Order - 3.980 3.995 3.999
Gauss4 e;h (T =20) 2.303E-03 1.482E-04 9.298E-06 5.816E-07
Order - 3.958 3.994 3.999

Temporal errors and convergence orders are displayed in Tables 2 and 3, from which one can observe the following: (i) ESVM2,
SVM2, BDL2, Gauss2 and CN2 are all second-order in time, while ESVM4, SVM4, BDL4 and Gauss4 are fourth-order. (ii) Exponential
methods are more accurate than the other classical ones when compared in terms of the error magnitudes. (iii) High-order schemes
produce much more accurate solutions and the ESVM schemes are more robust than SVM schemes. To be more specific, SVM2 diverges
at a larger time step 7, = 1/260 for T =1 and T = 20, and SVM4 diverges at a larger time steps 7, = 1/170 and 7, = 1/180 for T =1
and T = 20, respectively.

Furthermore, Fig. 1 illustrates the maximum allowable time steps for various numerical schemes as functions of the final time T'.
Specifically, any step size exceeding these thresholds causes solution divergence or numerical instability. As evident from the plot,

10



Y. Gong, C. Jiang and Y. Zhang

Journal of Computational Physics 544 (2026) 114402

0.008 0.008
0.007F —u $0-007 e wsvamr
—— SVM4
- - - 4— BDL4
0.0061’ 10.006 | o Gaussa
- .\ﬁ\_,§*__l —o— ESVM2
SVM2
0.005 | ¥0.005 | —=— BDL2
i Gauss2
—*— CN2
0.004 § 0.004
0.003 0.003
0.2 0.4 0.6 0.8 1
T

Fig. 1. Maximum time steps versus time 7" in Example 1.
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Fig. 2. The curves of F,(r, f) = 0 & F,(r, ) = 0 for the ESVM & SVM schemes in Example 1.

ESVM4 permits significantly larger time steps than SVM4, BDL4, and Gauss4; similarly, ESVM2 supports substantially larger steps
than both SVM2 and BDL2. In fact, whether the algebraic system defined by (3.7) and (3.8) has real roots plays a critical role in
determining the applicability of both ESVM and SVM schemes. Fig. 2 demonstrates that when time steps surpass their respective
maxima, the zero contours of (3.7) and (3.8) fail to intersect at the origin (0, 0).

To compare the accuracy performance with other existing methods, we present in Fig. 3 the numerical errors of the wave function
at time 7 = 1 obtained using different time steps. The results show that the ESVM schemes can achieve the desired accuracy even
with larger time steps. Moreover, compared to the SVM methods, ESVM schemes demonstrate superior numerical stability.

Finally, Fig. 4 displays the evolution and convergence orders of the supplementary variables o and af for the ESVM2 and ESVM4
schemes. The plotted results confirm two key points: (i) these variables remain consistently close to zero, and (ii) ESVM2 exhibits
second-order accuracy in time, whereas ESVM4 achieves fourth-order accuracy in time. These findings are in excellent agreement
with the theoretical predictions made in Remark 5.

Example 2 (Computational efficiency). In this example, we compare the computational efficiency of different numerical schemes
by investigating the dependence of accuracy variation on CPU time elapsed (measured in seconds).

11
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Fig. 3. Accuracy versus time steps at 7 = 1 in Example 1.
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Fig. 4. The evolution (top row) and convergence order (bottom row) of the supplementary variables af &af for the ESVM2 & ESVM4 schemes in
Example 1.

Fig. 5 shows the errors e;h plotted against computational time elapsed. It is evident that ESVM requires the least CPU time among
all compared methods for any given precision. For example, targeting an error around 1.7 x 10, the CPU times needed by ESVM2,
SVM2, BDL2, Gauss2, and CN2 are 809, 1919,756, 1111 and 1160 seconds, respectively. Meanwhile, the fourth-order variants (ESVM4,
SVM4, BDL4, Gauss4) demand substantially less computation time: 39, 93,285 and 184 seconds, respectively.

Example 3 (Long-time evolution of conservation laws). In this example, we investigate the preservation of two conserved quanti-
ties: mass and energy. We first show the variation of numerical errors e, and e, for different time steps , then present the long-time
evolution for different numerical schemes where the time ¢ reaches as large as 10°. To this end, the wave functions are computed
with mesh grid N = 642 on domain D = [-20, 20]2.

Fig. 6 shows the preservation of mass and energy versus different time steps z, while the long-time evolution is displayed in Fig. 7.
From these figures, we draw the following conclusions: (i) All numerical schemes conserve mass, with SVM and ESVM demonstrating
significantly lower error magnitudes and superior roundoff stability compared to other methods. (ii) Only SVM, ESVM and CN2
conserve the original energy. Notably, the energy error of CN2, whose magnitude strongly depends on the accuracy of fixed-point
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Fig. 5. Accuracies versus CPU times for Eq. (2.6) in Example 2.
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Fig. 6. Preservation of mass (left) and energy (right) for different time steps in Example 3.

iterations used to solve nonlinear equations, is at least three orders of magnitude larger than that of SVM/ESVM. (iii) In long-time
simulations, SVM and ESVM exhibit exceptional superiority in preserving both mass and energy. Surprisingly, a linear increase in mass
and energy errors occurs for CN2 as the simulation progresses, likely due to accumulated fixed-point iteration errors and roundoff
propagation. For all other schemes, both e, and e, show the expected growth over time.

Example 4 (Applications to BEC). In this example, we apply the ESVM4 scheme to simulate the dynamics of GP equation. For
the rotating GP Egs. (2.6) and (2.7), the initial wave function is obtained by computing the ground state using the preconditioned
conjugate gradient method [36,37], with parameters set to § = 100, Q = 0.93 and y, =y, = 1. Subsequently, we evolve the system
under modified parameters: § = 100, Q = 0.93, y, = 1.5, y, = 1, utilizing a spatial discretization of N = 896 and time step z = 1/4000
on the two-dimensional domain D = [—14, 14].

Fig. 8 illustrates the contour plots of the density function p(x,7) := |w(x,1)|? at different times and the relative errors of mass
and energy, from which we can see that our scheme conserves the mass and energy very well with errors approaching machine-
precision.
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4.2. Applications to multi-component GP equations

In this subsection, we extend the ESVM approach to multi-component GP equations (mGPE), as described by
. 0 1 : 2
s = ( At -QL + ;ﬁlzhﬂzl )W1 — Ay,
9 1 2 R (4.9)
isv= ( — A+ -QL, + Z}, Bl )sz - Ay,
¥1(%,0) = y(X), ¥2(x,0) = w)(X),

where y (X, 1), w,(X, 1) are complex-valued wave functions, f;; and p,, are local interaction strength, and y/?(x) and y/g(x) are the initial
profiles. The external potential is taken as

Vo =(R 2422 i=12, (4.10)
withy, ; > 0,7, ; > 0 being the trapping frequencies in x and y direction respectively.
Denoting z = [y, WZ]T, the mGPE (4.9) is reformulated into
0,z=Lz+ Nlz],
with

co |38 ] g [H0Ae =L+ S i) |
Al —i(h® - QL + Yo, fylwi?)w,

2
The mGPE system (4.9) conserves both the energy

2 2
1 . 1 . .
Elz] = /Rz > [—§|Vllfj|2 = Vilw,I* + Quj Ly, - 5 > ﬂ,;lw,lzlu/jlz] + AW v, + Wi )dx,
Jj=1 I=1

and the total mass M[z] := ZJ2.=1 Jre lw; (%, D[?dx.

z10 " .

—16 —16
10 (0] 2 4 6 8 10 10 0 2 4 6 8 10

Fig. 9. The density functions |y, (x, 1) (top row) & [y, (x, )|? (middle row) and mass & energy errors (bottom row) in Example 5.
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Following a similar procedure as proposed in Section 2, the ESVM reformulation of Eq. (4.9) is

0,Z = exp(—ﬁt)N[z] + oy exp(—L1)g,[z] + a, exp(—L1)g,[z], z =exp(LN)Z,
d f1a— 0 d Mizl =0 (4.11)
o [z] =0, o [z] =0,

where

e[l = (%A -n®+QL; - 212:1 BulwiPwy + Ay, olz] = SM [W] ]
1 - ’ 2 - o :
(GA=Va(0 +QL. = T, bylwi v + Aw 2w

Remark 7. Noticing that

L=PTAP, P=

Sil-

i .
1 1 A= §A+1/1 _ 0 ’
1 -1 0 LA —ik
2
we then have

[ 17 [expetia +4in 0 11
exp(iL) = = P O
211 -1 0 exp(tzA—tl/l) I -1

_ exp(t%A)cos(tA) iexp(tizA) sin(tA)
- iexp(t%A)sin(M) exp(t%A)cos(M) '

It is easy to see that the action of operator e'* on fast-decaying smooth vector-valued functions can be implemented accurately and
efficiently by Fourier spectral method together with the discrete Fast Fourier Transform (FFT).

Example 5 (Applications in multi-component BECs). In this example, we focus on the dynamics of mGPE (4.9). For the rotating
mGPE (4.9) with the potential function (4.10), the initial wave functions are chosen as the ground state computed numerically using
the preconditioned conjugated gradient method with parameters g = 100, Q = 0.93 and y, =y, = 1 in Eq. (2.6). In practice, we take

L=14,N=28%andr = 2(:%, and apply ESVM4 to simulate dynamics of mGPE (4.9) with parameters f;; = f,, = 200, f;, = f,; = 100,
Q=097 =7,1=097,,=7,,=11and 1 =0.

Fig. 9 shows the contour plots of the density functions |y, (x,#)|> (top row) & |y, (x,7)|> (middle row) at different times, and
mass & energy errors (bottom row), from which we can observe clearly that the mass and energy are both preserved quite accurate
around machine-precision.

4.3. ESVM scheme for the SP equation

In this subsection, we employ the ESVM approach to solve the SP Eq. (2.12), and the corresponding semi-discrete ESVM scheme
is given by

Scheme 4.2 (Semi-discrete ESVM Scheme). Let b;, g; @ j=1...5 be real numbers and ¢; = 25:1 a;;. From a given wave function
w", we update y"*! in two steps.

¢ High-order prediction: let y/,(l?) = exp(ci'r%A)y/”, compute q/f“), ¢=0,...,M — 1 iteratively as

. s .
¢ i i
1,/'(1’:'*'” = exp(c,-rEA)\//" +7 2 a;; exp((¢; — cj)riA)kl(.fH),

3 Jj=1

7+1 . ‘ (4 4 ‘
KD = <i(Voo - QL. + @ (ul ) + Ay 1wl

ni
 High-order correction: update y"*! by

. M M M M M M
ki ==i(V0 - QL+ a0l (y 1) + ol 1y + el + dhgalw )

ni

M 1 M M M M M M
ailvi)"1= (38 -Veo+ QL. a1y D) - plw P Jui". salv 1= v,

ni

. s .
1 1
"t = exp(z S A" + 7 ; by exp((1 = ¢)7 3 )k,

with suitable parameters o}, @) such that the energy and mass conservations

Ely™! = Elw"l, My = Mly"].
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Table 4
Temporal accuracy and convergence rate of ESVM & SVM scheme at 7 = 1 and
T =20 in Example 6.

Final time T =1

75 = 1/290 70/2 7,/4 7,/8
ESVM2 e;h(T =1 1.139E-05  2.846E-06 7.115E-07 1.779E-07
Order - 2.000 2.000 2.000
SVM2 e;” T=1 * 1.141E-05 2.852E-06  7.130E—07
Order - - 2.000 2.000
7, =1/178 70/2 7,/3 7,/4
ESVM4 e;‘h(T =1 3.646E-10 2.281E-11 4.543E-12 1.479E-12
Order - 3.999 3.979 3.901
SVM4 e;h(T =1 * 9.080E-10 1.760E-10  5.568E-11
Order - - 4.047 4.000
Long time: final time T = 20
7,=1/290  1/2000 1/4000 1/8000
ESVM2 e;h(T =20) 2.740E-04  5.760E—06 1.440E-06  3.600E-07
Order - 2.000 2.000 2.000
SVM2 e;‘h(T =20) * 1.405E-05 3.514E-06 8.785E—-07
Order - - 2.000 2.000
7,=1/178  1/1000 1/1200 1/1400
ESVM4 e;h(T =20) 6.927E-08 6.916E-11 3.347E-11 1.823E-11
Order - 4.003 3.980 3.943
SVM4 e;‘h(T =20) * 2.959E-10 1.428E-10 7.714E-11
Order - - 3.997 3.993

In the following, we shall consider the SP Eq. (2.11) with
Q=09 a=1,$=100, 5, =y,=1, L=12, N =192, (4.12)

and the initial condition w(x,0) = 1/2/(157) exp(—|x|?/2). In computation practice, we choose M = 2 for the ESVM2/SVM2 schemes,
and M = 4 for the ESVM4/SVM4 schemes. The Poisson potential (2.13) is computed by the kernel truncation method with optimal
zero-padding factor [38].

Example 6 (Accuracy confirmation). In this example, we compare the accuracy performance of ESVM schemes with its SVM
counterparts in the temporal direction. The reference solution is obtained by ESVM4 with a very small time step 7 = 1074,

Table 4 shows temporal errors and convergence orders, from which one can observe the following: (i) ESVM2 and SVM2 are
all second-order in time, while ESVM4 and SVM4 are fourth-order. (ii) ESVM schemes are more robust than SVM schemes. That is,
SVM4 and SVM2 diverge at a larger time step 7, = 1/178 and 7, = 1/290 for T =1 and T = 20, respectively, while ESVM scheme is
convergent.

To compare the numerical stability, we present the maximum time step, larger than which the numerical simulation will diverge
or even blow up, versus different final time 7" for ESVM, SVM schemes in Fig. 10. We can clearly observe that the maximum time step
size of the ESVM schemes is much larger than that of the same order SVM schemes. To be more specific, the maximum time steps for

111 1 _
ESVM4, SVM4, ESVM2 and SVM2 are 160 75° 713 and To¢ as T=1.
0.008 0.008
0.006 ESVMA 10.006
- —+—SVM4
ESVM2

0.004 | == SVM2 | 0004
0.002 ' ' ' 0.002

0.2 0.4 0.6 0.8 1

T

Fig. 10. Maximum time steps versus time T in Example 6.
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Fig. 11. Accuracies versus time steps (top row) and CPU time (bottom row) at T = 1 in Example 6.
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Fig. 12. The evolution (top row) and convergence order (bottom row) of the supplementary variables a} & o for ESVM2 & ESVM4 in Example 6.
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Fig. 13. Mass & energy preservation for ESVM2 & ESVM4 in Example 6.

To show efficiency superiority of ESVM, we present the accuracies versus time steps and CPU time at 7' = 1 in Fig. 11, from which
one can observe that (i) For a fixed accuracy, the time step size of ESVM scheme is much larger than that of same order SVM schemes.
(ii) For a given time step, ESVM scheme provides much smaller numerical error than the ones achieved by SVM scheme. Additionally,
it is more efficient than the SVM ones.

Finally, we show the evolutions (top row) and convergence orders (bottom row) of the supplementary variables o} and ) provided
by ESVM scheme in Fig. 12, and present the relative errors of mass and original energy obtained by ESVM/SVM scheme in Fig. 13.
The results clearly indicate that (i) the supplementary variables remains close to zeros, and the supplementary variables in ESVM2
and ESVM4 exhibit second-order accuracy and fourth-order accuracy in time, respectively. (ii) ESVM/SVM scheme conserves the

mass and original energy very well with numerical errors approaching machine-precision.

5. Conclusions

In this paper, we have proposed ESVM approach for complex-valued Hamiltonian PDEs, which provides a robust mathemati-
cal framework for developing efficient high-order exponential energy-preserving algorithms. The core idea involves rewriting the
original model, coupled with conservation laws, into a structurally stable, extended system based on the Lawson transformation.
Subsequently, utilizing high-order prediction-correction methods in time and spectral methods in space, we construct a class of fully
discrete exponential schemes that preserve multiple conserved quantities. Ample numerical results are presented to confirm the
accuracy, efficiency and long-time evolution of mass and energy conservation laws for the GP equation, along with applications to
rotating multi-component BECs and Schrodinger-Poisson equation. The proposed method can be easily extended to compute dynamics
of relevant BECs, such as the rotating dipolar and spinor BECs.
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