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Abstract

This paper aims to introduce a novel adaptive multigrid method for the elastic-
ity eigenvalue problem. Different from the developing adaptive algorithms for the
elasticity eigenvalue problem, the proposed approach transforms the elasticity eigen-
value problem into a series of boundary value problems in the adaptive spaces and
some small-scale elasticity eigenvalue problems in a low-dimensional space. As our
algorithm avoids solving large-scale elasticity eigenvalue problems, which is time-
consuming, and the boundary value problem can be solved efficiently by the adaptive
multigrid method, our algorithm can evidently improve the overall solving efficiency
for the elasticity eigenvalue problem. Meanwhile, we present a rigorous theoretical
analysis of the convergence and optimal complexity. Finally, some numerical exper-
iments are presented to validate the theoretical conclusions and verify the numerical
efficiency of our approach.
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1 Introduction

The large-scale elasticity eigenvalue problem is a fundamental problem in the study of
vibrations in elastic structures. However, studies of efficient algorithms for solving this
problem are scarce compared to those for solving other types of eigenvalue problems.
The corresponding conclusions can be found in [16, 22, 25, 33, 39, 47, 50] and the
references therein. Therefore, we investigate an efficient numerical algorithm for the
following elasticity eigenvalue problem:

—divo(u) = Au, in £2,
{u:O, on d52. (1.1

Here, u = (uy,...,uy)! is the desired vector function of displacement, o (u) is the
symmetric Cauchy stress tensor satisfying

o(u) =2pe(a) + A(V-wl,

where ® and A denote Lamé constants, £(u) = %(Vu + Vu?®) denotes the linear strain
tensor, and I denotes the identity matrix.

The multigrid method is a well-known optimal algorithm that can derive the opti-
mal error estimates with linear computational complexity. For elliptic boundary value
problems, the theoretical results are well developed. In [54], Xu presented a uniform
framework for analyzing the multigrid method, domain decomposition method, and
other iteration methods. Thus far, studies on the multigrid method have been mainly
focused on boundary value problems. For eigenvalue problems, there exists no cor-
responding multigrid method that can obtain optimal solutions. In [55], a two-grid
method was proposed for solving eigenvalue problems by combining two meshes of
different scales. The optimal error estimates could be obtained by adjusting the mesh
sizes appropriately. In [29, 56], a multigrid method was designed on the basis of the
shift-inverse technique. The optimal approximations could be obtained through solving
anearly singular boundary value problem in each multigrid space. A recently designed
multilevel correction method [12, 27, 30, 34, 35, 52] extended the two-grid method
to multigrid method, which needs to solve only some boundary value problems in
the multigrid spaces and some small-scale eigenvalue problems in a low-dimensional
space.

For the elasticity eigenvalue problem, we often derive a singular eigenfunction
when the computing domain is non-convex or the equation has a jump coefficient.
In such cases, we need to adopt the adaptive finite element method (AFEM) which
has been widely used to solve singular partial differential equations. The AFEM
was first proposed by Babuska in [2, 3]. Since then, a mature theoretical system has
been developed. In [46], Nochetto, Siebert, and Veeser reviewed existing findings on
adaptive algorithms. Cascon [9] proposed the most widely used version of the adaptive
algorithm. For further details on the AFEM for elliptic boundary value problems,
readers may refer to [17, 24, 26, 4345, 48] and the references therein. The AFEM is
also an efficient technique for solving eigenvalue problems. Dai et al. [14] presented
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the convergence and optimal complexity analysis by establishing connections between
the boundary value problems and the eigenvalue problems. More details about AFEM
for eigenvalue problems can be foundin [8, 18,20, 21,28, 32, 38, 42] and the references
therein.

It is worth mentioning that the multigrid method and the AFEM have close con-
nections, as the adaptive mesh refinement technique has been confirmed to be fully
compatible with the multilevel mesh structure. On the basis of such connections,
Brandt [4, 7] designed a type of multilevel adaptive technique (MLAT). Subsequently,
McCormick [40] investigated the fast adaptive composite (FAC) grid method. For fur-
ther details on the adaptive multigrid method, readers may refer to [13, 23, 41, 49, 51]
and the references therein. Many adaptive multigrid algorithms have been developed
for solving linear elasticity problems [5, 15, 31, 37]. However, studies on the elasticity
eigenvalue problem are relatively scarce.

In this study, a new type of multilevel correction adaptive multigrid method is
designed for solving the elasticity eigenvalue problem on the basis of our recent
advances in the multilevel correction method [27, 30, 35, 53, 57] and adaptive multi-
grid method. Different from the developing AFEMs for eigenvalue problems, we do
not need to solve eigenvalue problem directly in adaptive spaces in the new adaptive
method, which is the key to improving efficiency. The main strategy is to transform
the elasticity eigenvalue problem into some elasticity boundary value problems in the
adaptive finite element spaces and some small-scale elasticity eigenvalue problems in
alow-dimensional space. Though the AFEM can generate optimal mesh, we still need
to solve the elasticity boundary value problem directly in each adaptive space. Since
there exist many repeated mesh elements between two adjacent mesh levels, the actual
computational work is still very large. To improve efficiency, we adopt the adaptive
multigrid method for the associated elasticity boundary value problems. Further, the
dimension of the small-scale elasticity eigenvalue problem is fixed and small in solv-
ing process; thus, the computation time is negligible if the size of the mesh becomes
increasingly smaller after some refinement steps. As our method avoids solving large-
scale elasticity eigenvalue problems, it improves the overall solving efficiency of the
elasticity eigenvalue problem. Finally, we also present the rigorous theoretical analysis
of its convergence and optimal complexity.

The overall structure of this paper is as follows. In Sect. 2, we review the classical
AFEM for the elasticity boundary value problem. Section 3 introduces our novel
adaptive multigrid method for solving the elasticity eigenvalue problem. Section 4
presents the corresponding convergence analysis. Section 5 describes some numerical
experiments conducted to verify the solving efficiency and validate the theoretical
analysis of our approach. Finally, Sect. 6 concludes the paper.

2 Preliminaries of classical AFEM for the elasticity boundary value
problem

In this section, we review the classical AFEM for solving the elasticity boundary

value problem. The presented conclusions will be used in our analysis of the elasticity
eigenvalue problem. The standard notation for Sobolev space will be used in this paper.
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Let 2 C R%(d = 2, 3) be a bounded domain with Lipschitz continuous boundary.
The symbol x < y means that x < Cy.
In this study, we first consider the elasticity boundary value problem:

—divo(u) =f, in£2,
{u:O, on d52. 2.1
Here, f = (f1,..., fd)T is the vector function of mass forces. For linear plane strain,
the Lamé constants satisfy
A Ev d E 2.2)
= ———— an = — .
S GRS Y T =20+

where v and E denote the Poisson coefficient and the elasticity modulus, respectively.
For simplicity, we use the symbol (-, -) to denote the L?-inner product in L?(£2),
[L2(£2)]1¢, or [L?(£2)]9%¢, as required, and we use || - [|o.¢ to denote the norm induced
by (-, -) hereafter.
The weak form of the linear elasticity boundary value problem (2.1) is defined as
follows: Findu € V := (HO1 (£2))¢ such that

a(u,v) =(f,v), VvelV, 2.3)
where
a(a,v) = ZE(e(u), eW) +A(V-u,V-v). 2.4)
In [19], it has been proven that a(-, -) satisfies
a(v.v) z calVllif @, a.v) < Calullielviie, YuveV., (25
implying that we can define the energy norm as follows:
ulle, = va(,u), YaeV. (2.6)
Now, we introduce the classical AFEM for solving the elasticity boundary value
problem (2.3). First, let .7; be a regular mesh which is a decomposition of the com-
puting domain 2 [14, 20]. Then we use Sy C HOl (£2) to denote the corresponding
finite element space, and denote Vi = (Sp)<.
Then, the classical finite element scheme is to solve the following discrete elasticity
boundary value problem: Find u; € Vj such that
a(ug, vi) = (£, vi), Vvi € V. 2.7
For the bilinear form a(-, -), let us define a projection operator P, : V — Vi by

au— Pyua,vp) =0, Vv eV (2.8)

@ Springer



An efficient adaptive multigrid method for the elasticity...

Then, we can obtain u; = Pru and
| Prulla,2 < ullg,2, YuelV. (2.9)

To derive a new adaptive mesh after solving (2.7), we need to use the a posteriori
error estimator. Following the proce@gre of the classical AFEM (see, e.g. [9, 43, 44)),
we first define the element residual Zr (uy) and the jump _Zx (uy) as follows

Zr(w) =t +divo(u), forT € %,
Jew) = =) v —o@) v = o) vl for E € &,

where & denote the set of interior faces for d = 3 (edges ford = 2) of F;,vg =v ™,
E denotes the common side of elements 71 and 7~ with outward normals v* and
V™, respectively.

On the basis of the two definitions, the local error estimators on each mesh element
T € 9 are defined by:

M T) = hi | Zr@ollr + Y. hel ZE@lg g
Eeé,ECOT

o8 (wes T) := W3l — Pr)Zr (wo)llg 7

+ Y held = Pe) Jr@OI} g

Eeéy,ECOT

where Py and Pg denote the L?-projections to polynomials of some degree on 7' and
E.
Next, for a submesh .7/ C .7, the global error estimators are defined by:

Mew; 7= ) Wi T) and 65 7)== Y osei(wes 7).
TeT' TeJ'

The procedure of the adaptive finite element method can be described as follows:
Solve — Estimate — Mark — Refine.

Specifically, to obtain a new mesh J;y; from 7, we first need to deal with the
elasticity boundary value problem (2.7) on J; to derive an approximation. Then, we
calculate the local error estimators for all mesh elements. Next, we mark some mesh
elements on the basis of the values of local error estimators. We use the bisection of
elements for the marked mesh elements in this paper. Finally, we refine the marked
elements such that the new mesh is still shape-regular and conforming.

To simplify the description of the classical AFEM to solve elasticity boundary value
problem, we introduce the following notations:

— u; = EBVP_SOLVE(f, V}): Solve the elasticity boundary value problem (2.3) in
Vi and return the finite element solution u; € V.
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— u;y = MGEBVP_SOLVE(f, uy, Vi): Solve the elasticity boundary value problem
(2.3) by the multigrid method with initial value ug € Vi in Vj and return the
multigrid approximation u; € V.

— {m(ug; T)}rez; = EBVP_ESTIMATE (u, J%): Compute 7 (u; 7) on each
mesh element T € .

— My = EBVP_MARK(9, i (ug; T), J%): Select a subset . using Dorfler’s
marking strategy defined in [17]; in other words, choose a minimal subset .Z
from .7} satisfying

(g ) = Ok (ug; Ti).

— (Jk+1, Vk+1) = REFINE (%, .#}): Generate anew mesh .7 and finite element
space Vi1 according to . where at least all element of .#} are refined.

The classical AFEM for the elasticity boundary value problem (2.3) is summarized
in Algorithm 2.1.

Algorithm 2.1 Adaptive Finite Element Method.
Given an initial mesh .77 and a refinement parameter 6 € (0, 1). Set k := 1 and
execute the following loops:

. ux = EBVP_SOLVE(, V);

. Amk(uy; T)}re g = EBVP_ESTIMATE (uy, %);
. My = EBVP_MARK@®, i (ug; T), %)

- (Jit1, Vier1) = REFINE( %, A);

. Set k := k + 1 and proceed to step 1.

S O R S R

The theoretical conclusions for the elasticity boundary value problem follow the
classical adaptive finite element theory. Finally, we recall some conclusions on the
AFEM for the elasticity boundary value problem in the following lemmas. The detailed
proofs of the following lemmas are simple extensions of the corresponding results in
subsection 2.1 of [14] by some simple operations.

Lemma 2.1 The following reliability and efficiency of the a posteriori error estimator
hold:

lu—well? o < Culig(ues &) (2.10)
and
Comp(ues ) < llu— w2 o + 05¢; (s ), (2.11)

where the coefficients depend only on the shape-regularity of .

Lemma 2.2 The following estimate about the projection and the oscillation holds

2 P . A . 2 P .
lu = Prully, o + 05¢; (Pew; i) < € inf) (Ihe = vll7 o + 08¢ (vi: Th)).
k k

where C depends only on the shape regularity of the initial mesh .
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Lemma 2.3 The finite element approximate solutions derived from Algorithm 2.1 sat-
isfy the following convergence

= w112 o + Pt e 1z o) < E2(Ila— el o + Pt (wes F)),
(2.12)

wherey > 0 andé € (0, 1) are two constants that depend only on the shape regularity
of meshes and marking parameter 6.

In this paper, we assume that the marking parameter 6 satisfies 6 € (0, 6,) with 6,
being defined in Assumption 5.8 of [9].

Lemma 2.4 Suppose that J; . is derived by refining ., and the two projections Py ,u
and Pru satisfy

2 2 £2 2 -2
lu — Pk,*u”a,g + OSCk,*(Pk,*lB Tx) < & (||ll - Pk“”gyg + 08C; (Pru; %))

with 5‘02 e (0, %). Denote 6 = 0.(1 — 255)%, Then, we can derive the following
estimate

T (Pew; T\ ( Tk s N T0)) = O (Pew; T4).

3 Multilevel correction adaptive multigrid method for the elasticity

eigenvalue problem
This section is devoted to proposing a novel multilevel correction adaptive multigrid
method for the elasticity eigenvalue problem (1.1).

The weak form of the elasticity eigenvalue problem (1.1) can be written as follows:
Find (A, u) € R x V such that

a(u,v) =A(u,v), VveV. 3.1

From [1, 10], the elasticity eigenvalue problem (3.1) has eigenvalues:

D<A <A< - <A <--v, '1im)w.zoo
i—00

and the corresponding eigenfunctions:
up,u, ..., 0, ...,
where (u;, u;) = §;;.
The standard finite element meth_od for (3.1) is to solve the following discrete
elasticity eigenvalue problem: Find (A, ux) € R x Vi such that

a(lig, vg) = Ak(, i), Yvg € Vi (3.2)
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From [1, 10], the discrete elasticity eigenvalue problem (3.2) has eigenvalues:
0 <y <ho2<-<hn
and the corresponding eigenfunctions:
Wi 1, Ug 2, -, U NS

where (Wi ;, U ;) = 6; j, 1 < i, j < Ni (N is the dimension of the finite element
space Vi).

Denote M (A) as the eigenspace corresponding to X as follows:
M) = {w € V : wis an eigenfunction of (3.1) corresponding to A, [[wl|lo.o = 1}.

Let us define

()= sup inf [|w—Villa
weM () Vk€Vk

and

na(Vk) = sup inf |Tf—wvila e,
fe(L2(2)7, [flo.o=1 Y*EV

where T : (L%(£2))? — V is defined as
a(Tt,v) = (f,v), Vfe (L*(2)? and VveV. (3.3)

For the standard finite element approximate eigenvalue and approximate eigenfunc-
tion, we can obtain (see [1, 10]):

Lemma 3.1 An exact eigenpair (A, w) of (3.1) exists such that each approximation
(Ak, Ug) has the following estimates

lu—lla2 S 8k(R), (3.4)
lu—tello.e S na(VO i — g lla, 2. (3.5)
=il S llu =] o (3.6)

where the hidden coefficient depends on the desired eigenvalue but is independent of
mesh size.

3.1 Multilevel correction adaptive multigrid method
A novel adaptive multigrid method is designed in this subsection for the elasticity

eigenvalue problem (3.1) on the basis of our recent advances in the multilevel correc-
tion method, multigrid iteration and adaptive refinement technique.
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Following the definition of the element residual @T (ux) and jump jl\;(uk) for
the elasticity boundary value problem, for the elasticity eigenvalue problem (3.2), we
define:

Zr (M, i) = divo (wg) + Agug, for T € I,
JeW) = —o@) vt —o@y) v i=[o@) - vel, for E € &.

On the basis of the two definitions above, we define the local error estimator for
the elasticity eigenvalue problem (3.2) on each mesh element T in.7; by:

MO w: T) = hpllZr O wdllg 7+ Y hel Ze@olf g
Eeéy, ECOT

oscg (A, wi; T) = h |(I — Pr)Zr O, w5 7
+ Y held = Pe) FE@ g

Eeéy,ECOT

Then for a subset .7’ C .7, the global error estimators are defined by

MO w: T = > ik ws T), 0sef Oy ws T7) i= Y osci (g, e T).
TeT' TeT'

Similarly, we introduce the following notations for the elasticity eigenvalue prob-
lem:

— (Ax, ug) = EEG_SOLVE(V%): Solve the elasticity eigenvalue problem in Vi and
return the finite element solution (Ag, ux) € R x Vi for the desired eigenpair.

— MGk, u; T)}reg; = EEG_ESTIMATE (A, uy, Ti): Compute ng (Ag, ug; T)
on each mesh element T € ;.

— My = EEG_MARK(@, ni (Mg, ug; T), Z%): Choose a minimal subset .#} from
I satisfying

Nk (A, Wes M) = O Mk, Wi Ti). 3.7

Subsequently, we design the novel adaptive multigrid method for the elasticity
eigenvalue problem (3.2) in Algorithm 3.1, which is the main component of this

paper.

Algorithm 3.1 Multilevel Correction Adaptive Multigrid Method

Construct a coarse mesh . and a coarse finite element space Vg on the computing
domain £2. Select an initial mesh .77 and an initial finite element space V| through
refining .7 using the regular method such that Vi C V). Set k := 1 and execute the
following loops:

L Gy upy = | FEG-SOLVE(V)), when k = I;
Y T | EEG_SOLVE (Vi @ spanfil}), whenk > 1;

2. {m (s ug; T)reg, = EEG_ESTIMATE (A, ui, %);
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3. My = EEG_-MARK(O, ni (A, we; T), Ti);
4. (Jk+1, Vir1) = REFINE( %, #));
o _ .
5. (a) set W =g
(b) For£ =0,...,p—1:

i\ = MGEBVP_SOLVE(Gucuz, uf’ |, Vis1).

End For.
(0) Setil =ul);
6. Set k := k + 1 and proceed to step 1.

Remark 3.1 In Algorithm 3.1, we need to solve p-times the elasticity boundary value
problem and a small-scale elasticity eigenvalue problem during each iteration. The key
point of Algorithm 3.1 is the addition of a correction step after solving the elasticity
boundary value problems in adaptive spaces. In fact, if we remove these correction
steps, the algorithm will become an inverse power method and the corresponding
convergence rate will then depend on the eigenvalue gaps (see e.g. [1, 11]). Therefore,
such a strategy is not sufficiently stable and may fail to converge to the desired solu-
tions when the eigenvalue gap is small. In this case, the correction step can help to
guarantee the convergence. Hence, we actually obtain two drivers for the convergence
in Algorithm 3.1 by adding the correction step; thus a good convergence rate can be
achieved even when the eigenvalue gap is small.

Although we need to additionally solve an elasticity eigenvalue problem in Vy &
span{li }, the dimension and sparsity of such elasticity eigenvalue problem will remain
unchanged; thus the computational time is negligible compared to that of elasticity
boundary value problem defined in adaptive space.

The main computational work of Algorithm 3.1 is spent on the elasticity boundary
value problems. However, it should be noted that the optimal complexity of AFEM
means only that the discretization scale is optimal but not that the computational work
is optimal. This is because we still need to solve the elasticity boundary value problem
in each level of the adaptive finite element space. To improve the efficiency of the elas-
ticity boundary value problem in each adaptive space, the adaptive multigrid method
is further involved in our algorithm which can solve the boundary value problem with
linear computational work.

3.2 The efficiency and reliability of the a posteriori error estimator

In this section, we prove that the a posteriori error estimator defined for the elasticity
eigenvalue problem has the efficiency and reliability property. The proof is mainly
based on the connections between the elasticity boundary value problem and the
elasticity eigenvalue problem. Such connections will also play an important role in
the proof of the convergence property.

For the purpose of theoretical analysis, let us define an elasticity boundary value
problem as follows: Find w€ € V such that

a(w*,v) = yug,v) VveV. (3.8)
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Denote
i = Pews L (3.9)

Then, we can establish the following connections between the elasticity boundary
value problem and the elasticity eigenvalue problem.

Theorem 3.1 Assume that the adaptive multigrid iteration for the elasticity boundary
value problem

u""Y = MGBVP_SOLVE (w1, uy”, Vi) (3.10)
satisfies the following reduction property:
~ {+1 ~ 4
i —u a2 < Vi - u 0. (3.11)

Let u be the exact solution of (3.1), and uy be approximate solution produced by
Algorithm 3.1. Then, the following connections between the elasticity boundary value
problem and the elasticity eigenvalue problem hold:

I —uella,2 = IW — Pew* o

+O Vi, M) (e =i llae + 0 —wlleg),  (3.12)
lu—wlla, = 1W< — Pewt o

+O Vi, ) (e =Wt llae + 0 —wlla0),  (3.13)

where r(Vyg,v) = n,(Vg) + vP and the symbol a = b + O(r(Vyg, v))c means
la —b| S r(Vy,v)e.

Proof u — uy, can be decomposed into the following four parts

u—wy = u—w)+ W = Bwh) + (Powk — PowE ) + (Powh ! —ap).
(3.14)

For the first part of (3.14), we have the following estimates by using (3.1), Lemma
3.1 and (3.8):

kau_wk)

o — w2 o =au—w
= (Au— Agug,u — wk)
< [lau = Axuello, e llu — w¥ o,
= | — A)ug + A —up)flollu — W o
S (= gl + llu = wello,2) [l — whllo,
S (= Al + llu = wgllo, @) lu — Whla, 2

< (Ve — wglla, @ lla — wWE|l4 0, (3.15)
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which leads to

lu = Wil S na(Ve) e — uglla o (3.16)

The third part of (3.14) can be estimated as follows by using (2.9) and the proved
result (3.16)

IPewW* — WDl e < lu—whlla o + lu— w0
Sna(Ve) (llu —uella,e + llu —w—illa,2).  (3.17)

For the last part of (3.14), because Uy — u; € Vg @ span{ii}, we can derive

k—1 2
I Pew™ ™" —well; o

= a(Pw ! —uy, oWt — )

=a(Pw ! — g, PwET — i) + a(PewF T — g, i — )
k—1 =1« .

=a(Pew" ™ —ug, W' — ) + (Ag— W1 — Agly, U — Ug)

SNPW T —wellg 2 | Pewh ™! — il
+14 (Vi) (Jlu — uk”a,Q + flu—u_y ”aQ)”ﬁk — U ”a,.Q
SNPewW ! = wella, 2 I Pew ™ = Wlla, 2 + 1a (Vi) (o — uella,2 +
u = weilla, ) N PW " = iella 2 + lug — Pew* 1 la ). (3.18)

From (3.11), Pyw*—! — ii; can be estimated as follows

I Pew* ™! — g [l 2

VP PowE T — g

V(| Pew* ! = Pett]la.@ + 1 Peu — ulla,e + [0 — Wi lla,2)

VP (la = w0 4+ e = wellae + o — Wi lla,@)

V(14 Cna (V) (lu — Wella,@ + lu — i lla,2)- (3.19)

INIA TN IA

Combining (3.18) and (3.19) leads to the following estimate

k—1 2
[Pew™ " —well; o

SO+ 0a(Ve) (Ilu — wlla,e + 1 — we—illa,2) | Pew* ™ — wella, o
2
01 (Vi) (lu = wgella,@ + o —we—ila,2)”, (3.20)
which further yields

1Pw* ™ =l S 07 +na(Va) (e — wellae + [0 —wemiflae). (321
Based on (3.16), (3.17) and (3.21), we can obtain the desired result (3.12).

@ Springer



An efficient adaptive multigrid method for the elasticity...

The second connection (3.13) can be proved in the same way by decomposing
u — ug into the following three parts

u—w=@—wh+ W = Pwt )+ (AW — ).

Then we complete the proof. O

Remark 3.2 To improve the efficiency for the elasticity boundary value problem in
each adaptive space, the adaptive multigrid method is adopted in Algorithm 3.1, and
we can get a convergence rate for the adaptive multigrid iteration which only depends
on the multilevel mesh sequence [13, 51].

In Theorem 3.1, we have established connections between the elasticity boundary
value problem and the elasticity eigenvalue problem, which implies that the difference
is a high-order term. Therefore, we can prove the theoretical conclusions for the
elasticity eigenvalue problem by following the procedure for the elasticity boundary
value problem.

Similarly, the following two theorems can be proved in the same way as Theorem
3.1 by combining the definitions of the error estimators, inverse inequality and trace
theorem.

Theorem 3.2 Let u be the exact solution of (3.1), and uy be approximate solution
produced by Algorithm 3.1. Then, we have the following connections for the a posteri-
ori error estimators between the elasticity boundary value problem and the elasticity
eigenvalue problem:

kO, us Z) = M (Pew’ ™15 )

+O0(r(Va, v))(lu —w_illa,e + llu —uglla,e), (3.22)
ks Wiz o) = Tk (Pew®s i)

+O(r(Va, v))(lu —w_illa,e + lu —uglle,e).  (3.23)

Proof Using the triangle inequality and the definition of error estimators leads to

kO, Wes T) — T (Pew* ™15 1)

. . 1/2
= | (B 1w+ divo@old r + > helidive@ol - vl ;)
Eeéy,ECOT

Vo (T .~ 1/2
_(hzT“)»k—lukq + dlvo(uk)||%’T + Z hg|l[divo (@;)] - VE”%’E) ‘
Eeé,,ECAT

2
< {(h%”)\kuk — Ag—1Ug—1 + divo (ug — uk)”O,T)

H1/2
+he Y. (||[diva(uk)]-vE—[diva(ﬁm-vEno,E)} L G2
Eeéy,ECOT
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From the inverse estimate, we have

Idivo vi)llo.r < h7'lollo.r. VT € Fh, Vi € V. (3.25)
From the inverse estimate and the trace inequality

< =12 s—1/2 s

Ivllo.or < hy “lIvlio.r +hy “lIvlsr Vs >1/2, ve HY(T), T € %,
we have
hgllldive (vl vellg £ < lo NG 7, Yk € Vi (3.26)

Using (3.24)—(3.26), we can derive

1k Ot Wis T) — T (Pewk ™1 T < byl ae — Ag—1we— llo.7 + llo(ax — W) llo.7-
(3.27)

From Lemma 3.1, (3.21) and (3.27), there holds

7k Outes s i) — T (Pewk ™15 30

1/2 12
= 2_ mOxus T | X wEwi
Te9 T,
1/2
7 - 2
S Z (mk Ok, wi; T) = e (Pew* =15 7))

TeI%
Sr(Ve,v)(lu —uella,e + lu — w1 lla,2).

This is the desired result (3.22). The second result (3.23) can be derived similarly. O

Theorem 3.3 Let u be the exact solution of (3.1), and uy be approximate solution
produced by Algorithm 3.1. Then, we have the following connections for oscillations
between the elasticity boundary value problem and the elasticity eigenvalue problem:

osck (i, Wi k) = ose(Pew* ™'y F)

+O0(r(Va. ) (lu —w_illa,e + lu—wllae),  (3.28)
osc (e, wgs Ti) = oser (Pew's )

+O(r(Va,m)(lu —w_illa.e + lu—wlae).  (3.29)

Based on Theorems 3.1-3.3, we can prove the efficiency and reliability of the a
posterior error estimator through Lemma 2.1.
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Theorem 3.4 Let u be the exact solution of (3.1), and uy be approximate solution
produced by Algorithm 3.1. Then, two constants Cy and Cy that are independent
of the mesh size exist such that, when r(Vy, v) is sufficiently small, the following
efficiency and reliability hold:

lu—wlZ o < CangOues wes Z0) + O (Vg v) e — ey |12

and
Comg O wes 1) < llu — w2 o + 0scg e wes T) + O (Vi v) u — w12 .

Proof Since w¥~! is the exact solution of the elasticity boundary value problem, we

can derive the following reliability and efficiency by using Lemma 2.1
Wt — oW g < Culi (Pew ™", T
and
Cop(Pew ™", Z) < W1 = w112 o + G5t (Pewt ™, ).
Then we can get the desired results by combining the above estimates and Theorems
3.1-3.3. O
4 Convergence of multilevel correction adaptive multigrid algorithm
for the elasticity eigenvalue problem
4.1 Convergence of multilevel correction adaptive multigrid algorithm
This section provides the convergence estimates of Algorithm 3.1 on the basis of

existing results for the elasticity boundary value problem presented in Sect. 2 and the
connections presented in Theorems 3.1-3.3.

Theorem 4.1 When r(Vy, v) is sufficiently small, there exist constants vy, oy > 0
and o € (0,1) which depend only on the mesh refinement parameter 6 and the
shape regularity of the mesh, such that the approximate solution (A, i) produced by
Algorithm 3.1 satisfies

lu—wll? o + ynp O wis T < @ (Ilu — w112 o + yne_y Gt wk—1; i)
+ogr? (Vi v lu — w13 o (4.1)

Proof From (3.7) and Theorem 3.2, there holds

1 (P Wl at41) = 0Tk (Peoiw ™1 Fiy)
—Cpr(Vg,v)(Jla —wi—qlla,@ + o —walla,@). (4.2)

@ Springer



F. Xu et al.

Then using (4.2) and the proof procedure of Lemma 2.3 in [9], there exist constants
y > 0and & € (0, 1) such that
1w = Pew = NZ o + TR (Pw s )
< 21w = PoawE N2 g + P (P wE T i)
+Cr2 (Ve v) (e — w12 o + lu — w2 o). 4.3)

On the one hand, from (3.13), (3.22), (4.3) and Young inequality, we can derive

= wellg o + P0f O i %)
<A +8)(IW" = Pw 12 o + P (Pw T )
+C87 (Vi ) (e — el o + le — w1112 )
< L+ 8DE2(IW! = Poaw 12 o + Pl (P W' Zen)
+C87 (Vi ) (e — w2 g + P0f G, wes )
+C87 P (Vi ) (Ile — wemt 12 o + e — wezlf o).

which yields the following estimates

u — w2 o + P Oks wis k)
(1+8))E2
T 1= G872 (V)
cs;!
+ —1
1—C8;'r2(Vy, v)

(W = Py w N2 o + 9T (Paaw* ™ Fi)

PVl —wet o + lu—wall o). “.4)

On the other hand, using the similar technique on the right side of (4.4), we can
obtain

k1 k—1
lw I3

— PawW 2 o + 9T (P Wl )
< (T+81) (Il — w17, o + Py Ci—t we—1: Fi—1))

+C87 (Vi v (e — w12 o + e —wea )12 ). (4.5)
Finally, combining (4.4) and (4.5) leads to

lu—well? o + v g O wes Zi) < @ (lw— w1 + ym_y Gikm1. We—1s i)

2.2 2
+opr (Va, v)llu —we2|l; o-
with

S <1+81><1+81+cal1r2<vH,v>)52+ca ‘ 2<vH,v>
' 1 —C87 2V, v)
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PINLE §1)C87 82 4 ¢!
O s (Vi)

y=7.

The contraction property (4.1) can be proved through choosing §; small enough
such that o < 1. Then we complete the proof. O

Based on Theorem 4.1, the final convergence result is provided in Theorem 4.2.
Theorem 4.2 When r(Vy, v) is sufficiently small, two constants B > 0 anda € (0, 1)
exist, that depend only on the parameter 6 and the shape regularity of the mesh, such
that

E; + B°r* (Vi WE;_y < @(Ei_y + Br* (Vi v E{_y), 4.6)
where E} = |lu —wil|? o + yng G, we; F).
Proof From Theorem 4.1, it is obvious that the following estimate holds
E{ < &”Ep_ +ogr’ (Vi v)Ju — wallf o
Chosen @ and B such that
@ = BV, v) =a?, @B =aj,

which leads to

a? + Ja* + 4a(2)r2(VH, V)
@’ = 5 and B2 =

2
20

o? + \/0(4 + 4a§r2(VH, V)

Thus, there holds @ < 1 when r(Vy, v) is small enough. Then we complete the proof.
O

4.2 Optimal complexity
In the last of this section, we also would like to briefly analyze the complexity of
Algorithm 3.1 as [14]. Similar to the normal analysis of AFEM, to analyze the optimal
complexity of Algorithm 3.1, we study a class of functions:

A = {v eV vy < oo},

where

|v]s = supe inf #T. —#7)".

e>0 (Fi=Z:: inf )(nv—usui otose2(heue; ) /2 <e)
£,Ug ’
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Herein, 77 < . implies that .7, is refined from 77, and #.7 denotes the number
of mesh elements of .7. Hence the functions belong to .o7* can be approximated to a
tolerance ¢ by piecewise polynomials on .7, with #.7, —#.7; < e~ 1/ |V|;/ %

First, the initial mesh size is assumed to be sufficiently small such that

r(Va v)lu— w7 o < lu— w1} o, fork >2. 4.7

Then, the following convergence can be deduced from Theorem 4.1:
lw—well? o + yng O wes ) < @ (lw — w11l o + v -y 1, we—1: Fk—1)).
with &% = a? + o3r (V. v).

Remark 4.1 It is worth mentioning that the assumption (4.7) implies the initial mesh
should be fine enough such that the consecutive approximate solution doesn’t change
significantly. If u is not a piecewise linear polynomial, a sharp lower and upper bound
existfor [[u—ug||4, 2 (see [36], etc). Then the assumption (4.7) is reasonable generally.

In (4.7) and the convergence analysis, we all give some constraints on .7y and the
multigrid iteration time p to derive the theoretical conclusions. But we will observe
from the numerical experiments that a coarse mesh .7 and two or three times multigrid
iteration steps are enough to derive the optimal numerical results.

Lemma 4.1 [9] Let T; and T be two conforming refinements of 71. Then, the smallest
common refinement of two meshes I and 7;, in other words, F = I, ® 7}, is
conforming and satisfies

#T <#T,+#7 —#7. (4.8)
Lemma4.2 Let (Ar,ux) € R x Vi be the approximate eigenpair produced by Algo-

rithm 3.1. Let T < Jk.x, and (Mg x, Uk.x) = EEG_SOLVE(Vy & span{Pk,*wk}).
Suppose that we have:

= we«l3 @ + 05CE  Ohtess Wes Thn) < B2 (Il — wellf o + 08¢ Outs s ).
Then the following relationship about the projections Prw* and Pk,*wk holds:

k k2 —~72 k.
WK — PeoWhI2 g + 0567 (Prawhs Fi)

< B2(Iw* — Pewk|2 o + osei (Pewhs F) (4.9)

with

g Ot 8)((1 483+ Cu85 2 (Vg )2 + €85 12 (Vi v))

: (4.10)
* 1 —C28, ' r (Vg v)
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Proof From Theorem 3.1 and 3.3, there exists a constant Cy > 0 such that

WK — P W 12 o + 05¢; , (PracW®s T
< (1 +8)(Iu — w2 o + 08¢} L M U x5 Thon))
+C8y PP (Vi ) (Ilu = well o + o — w2 o)
< (1 +8)B7(lw — w2 o + osc; (A, ue; )
+C83 P (Vi ) Bs (lu — w1 + 0scf O, wies )
+C85 (Vg e — w7
< Cr(lu — w2 o + 0sct (o, wis F)), (4.11)

where C, = (148 + C85 'r2(Vi, v)) B2 + Ci8y ' 12 (Vi v).
Similarly, we have the following estimates for the right side of (4.11)

(1 +82) (IwF — Pew* |12 o + osci(Pewks 1))
1 — 285 'r (Vi v)

2 2 )
lu —wgll; o +osci(he, s Fi) <

4.12)

Combining (4.11) and (4.12) leads to the desired result (4.9). m|
The following corollary is a direct consequence of Lemmas 2.4 and 4.2.

Corollary 4.1 Let (Ag, ux) € R x Vi and (Mg x, Uk x) € R X Vi 4 be as in Lemma 4.2.
Suppose that the following estimate holds

lu— e sll7 o + 08CF , Cuteosr W5 Thw) < BE(II0 — well? g + 08¢f (i, wis Fi)),
where the constant ,Bf € (0, 1/2). Then there holds:
M Oty s T\ (T N T0)) = OO, wi; Z8),

where § = 0.(1 — 2/2)% — Cr%(VH, v), and 0, and B; are defined in Lemmas 2.4
and 4.2.

Lemma 4.3 Let the exact eigenfunction u € <75 and I be the mesh produced by
Algorithm 3.1 with the refinement parameter 6 € (O, 9*). Then the marked set
satisfies

—1/@s), 1
# S (o — w2 o +osct (i, w; 70) uly” (4.13)
where the hidden coefficient depends on the discrepancy between 6 and 0.
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Proof Let ¢ be a small constant which will be defined later and let .7, be the refinement
from the initial mesh 7] which has the minimum mesh elements satisfying

lu— gl o + o0scl(he, ug: F) < &7, (4.14)

where (Ag, u,) is the standard finite element solution for the elasticity eigenvalue
problem on 7. Then based on the definition of .7*, there holds

#T, —#T < e V)l
Let Z + = % & J;. Then from Lemma 4.1, we can derive
#Ts — 4T <HT —# .
Follow the definition (3.8), we denote w* as the exact solution of the elasticity
boundary value problem with the right hand term XA u,, then from Lemma 2.2, we

have

IW® = Pe W3 @ + 05C; | (P + W' T 4)
< C(IW° = Pew |7 o + 05C; (Pew’; 7). (4.15)

Set (Ak +, ug,+) = EEG_SOLVE(Vy @ span{ Pk,+wk, Py +w?}). Perform the sim-
ilar procedure for (4.15) as that for Theorem 4.1, we can obtain

lu— w12 o +05¢2 s Wi 43 Tit)
< B3(lu —ugll2 o + 0sc2 (e, v T)) < Bie?, (4.16)

where

g _ (1+8)(1+ 81 + C87'r(Vi, 1)) C
0 1—C87'r (Vi v) '

Let B, that appears in Corollary 4.1 be small enough such that 6 > 6 and set

_ B
Bo

1
2 2 . 2
€ (e —wgllz o + osci (e, s F2)) 2.

Then from (4.16) and Corollary 4.1, we can obtain that .7 y satisfies
M i, W T\ (Tk,+ N Th)) = O e, wes Ti). (4.17)
Because Dorfler’s marking strategy chooses a minimum set .# satisfying

Nk g, W M) = Ok Ok, Wies Ti),s
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thus .Z} satisfies
i < #( T\ Tik N ) < 4Ty — 4T <#T; — 47,

B\ VS —1/(25), 1
5(;3_; (e = well? o + osef G we Z0) ™ puly”,

which is (4.13) with the coefficient depending on the discrepancy between 6 and 6.
]

From Lemma 4.3, we can obtain the optimal complexity analysis of Algorithm 3.1.
Actually, we derive the same upper bound in Lemma 4.3 as that in [14]; hence, we
can obtain the optimal complexity of Algorithm 3.1 using the same method. Herein,
we only present the conclusion in the following theorem.

Theorem 4.3 Let u € o/° be the exact eigenfunction of (3.1) and {( g, uy)} be the
approximate eigenpairs produced by Algorithm 3.1. Then, the (-th approximate eigen-
pair satisfies the following optimal bound:

lu —well o +osci(he, ups T) S BTy — #.T7) 7.

Remark 4.2 'We want to emphasize that Theorem 4.3 gives the optimal complexity of
Algorithm 3.1, which is the same the classical AFEM for eigenvalue problems. But
the optimal complexity means the discretization scale (or adaptive mesh) is optimal,
not the computational work. Actually, the computational work directly reflects the
solving efficiency. Now, we make a brief estimate about the computational work of
Algorithm 3.1. which has an essential difference from that of the classical AFEM and
multilevel AFEM for eigenvalue problems. Herein, we need to use additionally, that
the sequence of unknowns belongs to a geometric progression (see e.g. [6]):

Nr < ooNg < Ngg41 <o1Ng, k=1,2,... (4.18)

Theorem 4.4 Assume the computational work for the elasticity eigenvalue problem
in Vy and Vi is Mg and M, and the computational work of the adaptive multigrid
iteration for elasticity boundary value problem in Vi is O (Ny) fork =2, ..., n. Then
the total computational work of Algorithm 3.1 is O (M1 + Mg log(Ny,)+ N,). Further,
if Mg and My is small enough, a linear computational work O (Nn) can be derived.

Proof Let Wy denote the computational work of Algorithm 3.1 on Vi, and W denote
the whole computational work. Then we have

W = ZWk = ﬁ(Ml +Z(Nk+MH))
k=1

k=2

n
—0 <M1 + My —1)+ N, Zag"‘”)>
k=2

= O(My + My log(N,) + Ny). (4.19)
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Further, a linear computational work &'(N,,) for Algorithm 3.1 can be derived from
(4.19) if My and M are small enough. m]

5 Numerical experiments

In this section, we present some numerical experiments conducted using Algorithm
3.1 for the elasticity eigenvalue problem. In these numerical experiments, we set the
parameter p = 2, and each adaptive multigrid method involved in Algorithm 3.1 for
the elasticity boundary value problems is executed by performing one multigrid V-
cycle iteration using the conjugate gradient smoother twice [13]. For the small-scale
elasticity eigenvalue problems, we adopt the implicitly restarted Lanczos method,
which is included in the popular package ARPACK. The adaptive finite element
spaces are constructed by the linear finite element space on the meshes through adaptive
refinement.

5.1 Example 1

In the first example, we solved the elasticity eigenvalue problem with Lamé constants
u = 1 and A = 1 in the three dimensional non-convex domain 2 = (—1, 13 \[O, 1)3.
Owing to the non-convex property, singularity of the eigenfunction is expected.
Therefore, we used the multilevel correction adaptive multigrid method presented
in Algorithm 3.1 to solve the smallest eigenvalue of this example with the refinement
parameter 6 = 0.4.

As the exact eigenpair is unknown, an approximate solution derived on a fine mesh
is selected as the exact solution in our numerical experiments. In this example, we set
H = hy = 1/8 and V| = Vp. Figure 1 shows the initial mesh and the mesh after
10 adaptive refinements. For the adaptive mesh, the convergence rate is described
according to the number of degrees of freedom because the local refinement leads to
different mesh sizes. The mesh size & is equivalent to N ~!/¢ for uniform refinement,
where d denotes the dimension of the space. Then the optimal convergence rate of
adaptive finite element method for eigenfunction and eigenvalue can reach N~!/¢ and
N—2/d respectively, and the same conclusions can be found in [8, 48], etc. Figure 2
shows the errors of the approximate solutions derived by Algorithm 3.1. From Fig. 2,
we found that the approximate solutions derived by Algorithm 3.1 have the optimal
convergence rate.

In addition, we analyzed the CPU times of Algorithm 3.1 and the standard AFEM
(i.e., the elasticity eigenvalue problem is solved directly in each adaptive space) to
verify the efficiency of Algorithm 3.1. The corresponding results are presented in Fig.
3, which shows that Algorithm 3.1 is more efficient than the standard AFEM.

Besides, we also test Algorithm 3.1 for the 10 smallest eigenvalues. Figures 4 and
5 demonstrate the corresponding error estimates and computational time. From Fig.
4, we can still find that the approximate solutions derived by Algorithm 3.1 have the
optimal convergence rate. From Fig. 5, we can still find that Algorithm 3.1 is more
efficient than the standard AFEM.
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Fig. 1 Initial mesh and the adaptive mesh of Algorithm 3.1 for Example 1

Fig.2 Errors of Algorithm 3.1 Errors of Elasticity Eigenvalue Problem

for Example 1
-e— [lu=u, I,
8-,

1= = slope=-1/3
== slope=-2/3

10°

Number of degrees of freedom

5.2 Example 2

In the second example, we solved the elasticity eigenvalue problem on the domain
2 = (0, 1)* with Lamé constants 4 = land 1 = 1on 2 = (0, D3\[1/2, )3, p =1
and A = 100 on £2 = (1/2, 1)3. Since the discontinuity of the Lame constants also
leads to low regularity of eigenfunctions, so we use Algorithm 3.1 to solve the smallest
eigenvalue of this example with refinement parameter 6 = 0.4.

As the exact eigenpair is unknown, an approximate solution derived on a finer
mesh is selected as the exact solution. In this example, we set H = h; = 1/16 and
Vi = Vg . Figure 6 shows the initial mesh. Figure 7 shows adaptive mesh and the cross
section of the adaptive mesh after 10 adaptive refinements. Figure 8 depicts the error
of the approximate solution derived by Algorithm 3.1. From Fig. 8, we found that the
approximate solution derived by Algorithm 3.1 has the optimal convergence rate.
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Fig.3 Computational time (in s) CPU time of Adaptive Multigrid Method

of Algorithm 3.1 for Example 1 i
CPU time of Algorithm 2
:8: CPU time of direct AFEM
10°L == slope=1
©
£
2
o
&)
10° 10°
Number of degrees of freedom
Fig.4 Errors of the ten smallest Errors of Elasticity Eigenvalue Problem
eigenvalues for Example 1 ' i T
+ Ll’Uh a
A
- slope=-1/3
- slope=-2/3 | |
@
o
w
10° 108
Number of degrees of freedom
Fig. 5 Computational time (in s) CPU time of Adaptive Multigrid Method
of the ten smallest eigenvalues ‘ ‘ i i
CPU time of Algorithm 2
for Example 1 s CPU time of direct AFEM
10° - 5|ope=1
)
£
)
o
(6]

Number of degrees of freedom
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AL

Fig.6 Initial mesh and the adaptive mesh of Algorithm 3.1 for Example 2

Fig.7 The cross section along coordinate axis and xy plane of the adaptive mesh for Example 2

In addition, we also analyzed the CPU times of Algorithm 3.1 and the standard
AFEM to show the efficiency of Algorithm 3.1. The corresponding results are pre-
sented in Fig. 9, which shows that Algorithm 3.1 is more efficient than the standard
AFEM.

6 Concluding remarks
In this paper, we proposed a novel multilevel correction adaptive multigrid method for

solving the elasticity eigenvalue problem on the basis of the adaptive multigrid method
and multilevel correction method. The key point of our approach is to transform the
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Fig.8 Errors of Algorithm 3.1 Errors of Elasticity Eigenvalue Problem
for Example 2 ' :
10" b -Q— llu=u,ll, ]
-l

1= = slope=-1/3
1= = slope=-2/3

w 10
g
o
107}
10° 10°
Number of degrees of freedom
Fig.9 Computational time (in s) CPU time of Adaptive Multigrid Method
of Algorithm 3.1 for Example 2 T T
CPU time of Algorithm 2
CPU time of direct AFEM
10°F =1 =1 slope=1 >
o)
£
> 10t
o
&) D
10}

10°
Number of degrees of freedom

elasticity eigenvalue problem into a series of elasticity boundary value problems in a
sequence of adaptive finite element spaces and some small-scale elasticity eigenvalue
problems in a low-dimensional space. Further, the involved elasticity boundary value
problems were solved using the adaptive multigrid method. In addition, we proved the
convergence of the proposed algorithm rigorously. In the future, we plan to extend the
proposed algorithm to other linear and nonlinear eigenvalue problems.
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