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Abstract

A full multigrid method is proposed to solve the semilinear elliptic problem by the finite

element method based on the combination of multilevel correction method and multigrid

method for the linear elliptic problems. In the proposed method, solving the semilinear

problem is decomposed into solutions of the linear elliptic problem by the multigrid method,

and the semilinear problem which is defined in a very low dimension space. With the help

of parallel computing technique, the overfull efficiency can be improved clearly. Further-

more, when the nonlinear term is a polynomial function, an efficient full multigrid method

is designed such that the asymptotically computational work is absolutely optimal. One

numerical example is provided to validate the efficiency of the proposed method in this

paper.
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1. ,��)
<Y{vp�Sn,">�P�
iT1�ro. V�W�, iT1� (multigrid) ro�i�9 (multilevel) ro (N<P [3–6, 9, 15–17, 22]) ~��6K`Sn�E>�Pj�x�\.�6`�o?�OKj�`PB&b��Q�
℄P�!B&b~��K~K.je5�, 5���tSn,">�PK`^�, ftSn,">�PiT1�rohk�qivp [6, 17, 23, 24]. ,O�PiT1�roO, #) �7h^DoTtSnr/Sn+, kFp{tSnXPm\J��b. ��	igG, J!( [10, 17, 23] 9=O���P!|<P.j5�, ,<P [12,13,18,19,21]O�6�~Ru�^�j�nMPK`�:E>�Pi�9\<ro9=U�PiT1�ro. 6Rro~�TtSnPK`\+,�_Snr/PK`�,~�T7�JOP�:E>�PK`, <kkOK`�:E>�P?���K`U�Sn>�P?��UH. 
<P.P,��6~R1�i�9\<ro [18, 19] PK`�Sn,">�P/PiT1�ro (full multigrid method). i�9\<roPY{	Vsb?~��|PT7�JT�Sn>�PK`\+�_Sn�E>�PK`�6��|PT7�J^�Sn>�PK`. �F,$�\<�O, f�=OPSn,">���p{mRK`, kJp{hk~`PiT1�^D�. Æ�6�
PiT1�ro, K`�Sn,">�P?����/�K`U�PSn,"�E>�P?�A#i. �O�P�Sn>�PiT1�roU�, 6�Progp{tSnX,~`Pq���K"g Lipschitz �s!P. j&�6~RK`iXninP�Sn,">�P�^iT1�ro�Æ���6P�^ro,~�kiT1�ro8<�KQjj�P?�{*d, 6<(����r/PtSn�
<P�{ZK: ,X 2 ℄, �%
`�Sn,">�P�Q�ro. K`�Sn,">�P/PiT1�roT,X 3 ℄O�6. X 4 ℄T�6~RK`\<�OtSn>�P�
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^D�oPhOrn. X 5 ℄�
~��E���x>�EroP�^n. j&~℄�6�~`f^9~3P+�.

2. -$.	�,
<O, e- C (05C�^K�) �p~��1�2?A�P)�, �F,�%PVr~3�p�%PA[. 5�r�?N, K<O���n x1 . y1, x2 & y2 � x3 ≈ y3 ��p x1 ≤ C1y1, x2 ≥ c2y2 � c3x3 ≤ y3 ≤ C3x3. z� Ω ⊂ R
d (d = 2, 3) �p~�u� Lipschitz �s�b ∂Ω P d 7M�. 6��%k��_P Sobolev �Jz� W s,p(Ω)�9U�Pq� ‖ · ‖s,p,Ω ��q� | · |s,p,Ω

[1]. H p = 2, `� Hs(Ω) = W s,2(Ω) �9
H1

0 (Ω) = {v ∈ H1(Ω) : v|∂Ω = 0}, =O v|∂Ω = 0 s,��7P��K�`P. LF?N, 
<Ok� ‖ · ‖s,Ω ��p ‖ · ‖s,2,Ω, V ��p H1
0 (Ω).
<|�ZKinP�Sn,"r/: K u kO

{
−∇ · (A∇u) + f(x, u) = g, , Ω 2,

u = 0, , ∂Ω ^,
(2.1)=O A = (ai,j)d×d s~�f+<`s9, �� ai,j ∈ W 1,∞(Ω) (i, j = 1, 2, · · · , d), f(x, u) s��Xm�!�PtSn��.�Sn,">� (6.1) P�vin~�(�5: K u ∈ V , kO

a(u, v) + (f(x, u), v) = (g, v), ∀v ∈ V, (2.2)=O
a(u, v) = (A∇u,∇v). (2.3)�� a(u, v) ,�J V ^"gZKP�bn�C,"n, ;

a(u, v) ≤ Ca‖u‖1,Ω‖v‖1,Ω �9 ca‖u‖
2
1,Ω ≤ a(u, u), ∀u, v ∈ V. (2.4)�^'PCLn~�`�q� ‖w‖a,Ω =

√
a(w,w) F"g ‖w‖a,Ω ≈ ‖w‖1,Ω. Z:�%,
<O� ‖ · ‖a :=

√
a(·, ·) �D��_P H1(Ω) ^Pq� ‖ · ‖1. %f5�&'P�!vC, �

Poincaré�Rn~�OKZKP�Rn
‖w‖0 ≤ Cp‖w‖a, ∀w ∈ V, (2.5)=O)� Cp � Poincaré�RnR`.5�
>>� (2.2) >,4~n`, �%HbtSnX f(·, ·) "gZKHb:�� A: tSn�� f(x, ·) "gZKP(n� Lipschitz �s!P

{
(f(x,w) − f(x, v), w − v) ≥ 0, ∀w ∈ V, ∀v ∈ V,

(f(x,w) − f(x, v), φ) ≤ Cf‖w − v‖0‖φ‖1, ∀w ∈ V, ∀v ∈ V, ∀φ ∈ V.
(2.6)O,, �%
`�Sn,">� (2.2) P�Q�ro. zL,?�M� Ω ⊂ R

d (d = 2, 3)^'d~�</;v, ;�m7M�v`,</P\Yi0
�i (\7M�v`,
'�
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 2019 60�'�) [7, 8]. � hK �pF� K ∈ Th PCo, h �p1� Th O��F�PjACo. ,�`�P1� Th ^�.U�PSn�Q��J Vh ⊂ V . L�?N, �%� Vh �pSn�Q��J:

Vh =
{
vh ∈ C(Ω)

∣∣ vh|K ∈ P1, ∀K ∈ Th
}
∩H1

0 (Ω), (2.7)6� P1 �p~;iXn�J.K`�Sn,">� (2.2) P�Q�ro5: K ūh ∈ Vh, kO
a(ūh, vh) + (f(x, ūh), vh) = (g, vh), ∀vh ∈ Vh. (2.8)6��%� ūh �p,�Q��J Vh ^mRP�Q��j.5�&'P�!vC, `�Sn+�b L : H1

0 (Ω) → H−1(Ω):

(Lw, v) = (A∇w,∇v), ∀w ∈ V, ∀v ∈ V.5�J6LxB&�?, �%`� ηa(Vh) ZK:

ηa(Vh) = sup
f∈L2(Ω),‖f‖0=1

inf
vh∈Vh

‖L−1f − vh‖a.��H h → 0 f, ηa(Vh) → 0 (!N<P [7, 8]).5��6�Q�roP
℄B&, �%`�
δh(u) = inf

vh∈Vh

‖u− vh‖a.<<P [17] O, ~�OKZKB&�?.+
 1. HHb A ,�f, >� (2.2) � (2.8) b>,4~`, FZKB&�?,�
‖u− ūh‖a ≤ (1 + Cfηa(Vh))δh(u), (2.9)

‖u− ūh‖0 ≤ (1 + CfCp)ηa(Vh)‖u− ūh‖a. (2.10)2�. �<P [17] O`� 6.1 ~�, >� (2.2) � (2.8) b>,4~`. O,�%>*B&�?. �Kn`��Q�'��b Ph

a(Phw, vh) = a(w, vh), ∀w ∈ V, ∀vh ∈ Vh.�� ‖u − Phu‖a = δh(u) � ‖u− Phu‖0 ≤ ηa(Vh)‖u − Phu‖a ,�. `� wh = Phu − ūh. �
(2.2), (2.6) � (2.8), ~�OK

a(Phu− ūh, wh) ≤ a(Phu− ūh, wh) + (f(x, Phu)− f(x, ūh), wh)

= a(Phu,wh) + (f(x, Phu), wh)− (g, wh)

= a(Phu− u,wh) + (f(x, Phu)− f(x, u), wh)

= (f(x, Phu)− f(x, u), wh) ≤ Cf‖u− Phu‖0‖wh‖a.,^nON wh = Phu− ūh ~�OKZK�Rn,�
‖Phu− ūh‖a ≤ Cf‖u− Phu‖0 ≤ Cfηa(Vh)‖u− Phu‖a. (2.11)
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‖u− ūh‖a ≤ ‖u− Phu‖a + ‖Phu− ūh‖a ≤ δh(u) + Cfηa(Vh)‖u− Phu‖a

≤ (1 + Cfηa(Vh))δh(u).:;�{>*P^! (2.9). � (2.11) �\Y�Rn~O
‖u− ūh‖0 ≤ ‖u− Phu‖0 + ‖Phu− ūh‖0 ≤ ‖u− Phu‖0 + Cp‖Phu− ūh‖a

≤ ηa(Vh)‖u− Phu‖a + CfCpηa(Vh)‖u− Phu‖a

≤ (1 + CfCp)ηa(Vh)‖u− Phu‖a ≤ (1 + CfCp)ηa(Vh)‖u− ūh‖a.6rsp{>*PXm�^! (2.10).

3. p%(�/"�v��y5 �{
℄
`~R1�i�9\<ro [18, 19] PK`�Sn>�P/PiT1�ro. 6RroPY{	Vs��Sn,">�PK`\+5�Q��Jr�^P�E>�PK`�9,~�T7�J^�Sn>�PK`. %ff��E>�, �%�p{mRK`, Jp{Æ�iT1�^DOK~�j�`.5�hO6R/PiT1�o, zLp{�.~H�B��Q��J. �`~�1�2?5 H P=1� TH , �,6�1�^`�U�PSn�Q��J VH . T&Æ�ZK�/S�B�1�r�: f TH hk<;~KF&OK~�4l1� Th1
, T&f Thk−1

hk~;F&OK Thk
($�F�'d βd �
F�), 1�2?"g

hk =
1

β
hk−1, k = 2, · · · , n, (3.1)=O β > 1 �pF&H�, #)I�K β = 2.�t^�1�r�, r~��.U�P�Q��J:

VH ⊆ Vh1
⊂ Vh2

⊂ · · · ⊂ Vhn
. (3.2)�Q��J Vhk

(k = 1, 2, · · · , n) �9 VH �ZKP�H [7, 8]:

ηa(Vhk
) ≈

1

β
ηa(Vhk−1

), δhk
(u) ≈

1

β
δhk−1

(u), k = 2, · · · , n. (3.3)

3.1. tq'1�z5�b?/PiT1��o, p{Lb?~�F�\<�o. Hb�%�nOK�j�` u
(ℓ)
hk

∈ Vhk
. O,
`F�\<�o����`Pj�` u

(ℓ)
hk
Pmd.�z 1. F�\<�o

1. `�ZKPSn�E>�: K û
(ℓ+1)
hk

∈ Vhk
, kO

a(û
(ℓ+1)
hk

, vhk
) = −(f(x, u

(ℓ)
hk
), vhk

) + (g, vhk
), ∀vhk

∈ Vhk
. (3.4)



148 �F�����4	
 2019 6� u
(ℓ)
hk
54E, Dk m �iT1�^DOK~�j��:�� ũ

(ℓ+1)
hk

∈ Vhk
, U�PB&"gZKKV��

‖ũ
(ℓ+1)
hk

− û
(ℓ+1)
hk

‖a ≤ θ‖u
(ℓ)
hk

− û
(ℓ+1)
hk

‖a, (3.5)=O θ < 1 s� hk 
�P)� (iT1�roP~Kx�nM). �%�^��/�p5:

ũ
(ℓ+1)
hk

= MG(Vhk
,−f(x, u

(ℓ)
hk
) + g, u

(ℓ)
hk
,m), (3.6)=O Vhk

�pDkiT1�^DP�J, −f(x, u
(ℓ)
hk
) + g sSnr/P�eX, u

(ℓ)
hk
�p^D4E, m �piT1�^D;�.

2. `�~�
P�Q��J VH,hk
= VH ⊕ span{ũ

(ℓ+1)
hk

}, K`ZKP�Sn,">�: K
u
(ℓ+1)
hk

∈ VH,hk
, kO

a(u
(ℓ+1)
hk

, vH,hk
) +

(
f(x, u

(ℓ+1)
hk

), vH,hk

)
= (g, vH,hk

), ∀vH,hk
∈ VH,hk

. (3.7)�^�>�P` u
(ℓ+1)
hk+1

n5}6.5�L+z�, �^'��f^5:

u
(ℓ+1)
hk

= SemilinearMG(VH , u
(ℓ)
hk
, Vhk

).�t�Sn>�P�Q�ro
℄B&�?~��6�o 1 PB&�?ZK.w
 1. Hb>,)� C1 kO�`` u
(ℓ)
hk
�ZKB&�?

‖ūhk
− u

(ℓ)
hk

‖0 ≤ C1ηa(VH)‖ūhk
− u

(ℓ)
hk
‖a. (3.8)/DkF�\<�o 1 B&, �Oj�` u

(ℓ+1)
hk

�ZKB&�?
‖ūhk

− u
(ℓ+1)
hk

‖a ≤ γ‖ūhk
− u

(ℓ)
hk

‖a, (3.9)

‖ūhk
− u

(ℓ+1)
hk

‖0 ≤ (1 + CpCf )ηa(VH)‖ūhk
− u

(ℓ+1)
hk

‖a, (3.10)=O γ :=
(
θ + (1 + θ)C1Cfηa(VH)

)(
1 + Cfηa(VH)

)
.2�. � (2.6), (2.8) � (3.4), �

a(ūhk
− û

(ℓ+1)
hk

, vhk
) = (f(x, u

(ℓ)
hk
)− f(x, ūhk

), vhk
) ≤ Cf‖ūhk

− u
(ℓ)
hk
‖0‖vhk

‖a

≤ C1Cfηa(VH)‖ūhk
− u

(ℓ)
hk
‖a‖vhk

‖a, ∀vhk
∈ Vhk

. (3.11)^! (2.4) � (3.11), �
‖ūhk

− û
(ℓ+1)
hk

‖a ≤ C1Cfηa(VH)‖ūhk
− u

(ℓ)
hk

‖a. (3.12)fr/ (3.4) Dk m �iT1�^DOK` ũ
(ℓ+1)
hK

. � (3.5) � (3.12), ZK�?,�
‖ũ

(ℓ+1)
hk

− ūhk
‖a ≤ ‖ũ

(ℓ+1)
hk

− û
(ℓ+1)
hk

‖a + ‖û
(ℓ+1)
hk

− ūhk
‖a
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≤ θ‖u
(ℓ)
hk

− û
(ℓ+1)
hk

‖a + ‖û
(ℓ+1)
hk

− ūhk
‖a

≤ θ‖u
(ℓ)
hk

− ūhk
‖a + θ‖û

(ℓ+1)
hk

− ūhk
‖a + ‖û

(ℓ+1)
hk

− ūhk
‖a

≤
(
θ + (1 + θ)C1Cfηa(VH)

)
‖ūhk

− u
(ℓ)
hk
‖a. (3.13)[�K�Sn,">� (3.7) ~�{m�Sn,">� (2.8) P�Q7�j. � PH,hk

: V →

VH,hk
�pZK�Q7'��b

a(PH,hk
w, vH,hk

) = a(w, vH,hk
), ∀w ∈ V, ∀vH,hk

∈ VH,hk
.�� ũ

(ℓ+1)
hk

∈ VH,hk
� VH ⊂ VH,hk

, Y��M ηa(VH,hk
) ≤ ηa(VH) �ZK�Rn,�

‖ūhk
− PH,hk

ūhk
‖a = inf

vH,hk
∈VH,hk

‖ūhk
− vH,hk

‖a ≤ ‖ūhk
− ũ

(ℓ+1)
hk

‖a, (3.14)

‖ūhk
− PH,hk

ūhk
‖0 ≤ ηa(VH,hk

)‖ūhk
− PH,hk

ūhk
‖a ≤ ηa(VH)‖ūhk

− PH,hk
ūhk

‖a. (3.15)�%,>*O`� whk
= PH,hk

ūhk
− u

(ℓ+1)
hk

∈ VH,hk
. �>� (2.8) � (3.7), /ZK�?,�

a(PH,hk
ūhk

− u
(ℓ+1)
hk

, whk
)

≤ a(PH,hk
ūhk

− u
(ℓ+1)
hk

, whk
) + (f(x, PH,hk

ūhk
)− f(x, u

(ℓ+1)
hk

), whk
)

= a(PH,hk
ūhk

, wh) + (f(x, PH,hk
ūhk

), whk
)− (g, whk

)

= a(PH,hk
ūhk

− ūhk
, whk

) + (f(x, PH,hk
ūhk

)− f(x, ūhk
), whk

)

= (f(x, PH,hk
ūhk

)− f(x, ūhk
), whk

) ≤ Cf‖ūhk
− PH,hk

ūhk
‖0‖whk

‖a. (3.16)� (3.15) � (3.16), �
‖PH,hk

ūhk
− u

(ℓ+1)
hk

‖a ≤ Cf‖ūhk
− PH,hk

ūhk
‖0 ≤ Cfηa(VH)‖ūhk

− PH,hk
ūhk

‖a. (3.17)^! (3.14), (3.17) �\Y�Rn, ~O
‖ūhk

− u
(ℓ+1)
hk

‖a ≤ ‖ūhk
− PH,hk

ūhk
‖a + ‖PH,hk

ūhk
− u

(ℓ+1)
hk

‖a

≤ (1 + Cfηa(VH))‖ūhk
− PH,hk

ūhk
‖a

≤ (1 + Cfηa(VH))‖ūhk
− ũ

(ℓ+1)
hk

‖a. (3.18)^! (3.13) � (3.18) ;~>O (3.9). � (3.15), (3.17) , �Q�'�Pj�n, Poincaré�Rn�\Y�Rn, �%�ZK�?
‖ūhk

− u
(ℓ+1)
hk

‖0 ≤ ‖ūhk
− PH,hk

ūhk
‖0 + ‖PH,hk

ūhk
− u

(ℓ+1)
hk

‖0

≤ ‖ūhk
− PH,hk

ūhk
‖0 + Cp‖PH,hk

ūhk
− u

(ℓ+1)
hk

‖a

≤ (1 + CpCf )ηa(VH)‖ūhk
− PH,hk

ūhk
‖a

≤ (1 + CpCf )ηa(VH)‖ūhk
− u

(ℓ+1)
hk

‖a, (3.19)6rs�{>*P^! (3.10), >�.7 1. !P (3.8) OP)� C1 T/,K'
`/PiT1��o9=vCPf$�6,`� 1 �6PshkF�B&�?P�I.



150 �F�����4	
 2019 6`� 1 P>*Mp�T7�J VH,hk
P^�,�o 1 �u�PT{n�. 6��|P�Jk�Q�'� PH,hk

B�Z (3.14) nOPmd�� (3.15) nO L2− q�Pf8�?
(Aubin-Nitsch =D). 6|si�9\<roP�OB8.

3.2. ��x4�~z,
[℄O, 1��o 1 �`�PF�\<o, �%�.~�K`�Sn,">�P/PiT1�ro. |�oJpj�P?�{*dr~��Kj�x�
d.�z 2. /PiT1�o
1. , Vh1

OK`ZK�Sn>�: K uh1
∈ Vh1

, kO
a(uh1

, vh1
) + (f(x, uh1

), vh1
) = (g, vh1

), ∀vh1
∈ Vh1

.

2. f k = 2, · · · , n, hkZK^D:

(a) � u
(0)
hk

= uhk−1
.

(b) f ℓ = 0, · · · , p− 1, hkZK^D
u
(ℓ+1)
hk

= SemilinearMG(VH , u
(ℓ)
hk
, Vhk

).

(c) `� uhk
= u

(p)
hk

.j&OK~�,jJ#�J2Pj�` uhn
∈ Vhn

.w
 2. ,=1�2? H g�[kO!P γpβ < 1 ,�f, Dk��o 2 `�P/PiT1��o 2 �OKPj�` uhn
�ZKB&�?:

‖ūhn
− uhn

‖a ≤
2γpβ

1− γpβ
δhn

(u), (3.20)

‖ūhn
− uhn

‖0 ≤ (1 + CpCf )ηa(VH)‖ūhn
− uhn

‖a, (3.21)=O γ =
(
θ + (1 + θ)(1 + CpCf )Cfηa(VH)

)(
1 + Cfηa(VH)

)
.2�. �t�o 2 PX 1 �, �%~O uh1

= uh1
. 0#��� 1 �`� 1 P>*, ~�

u
(0)
h2
"gZKP�Rn

‖ūh2
− u

(0)
h2

‖0 = ‖ūh2
− ūh1

‖0 ≤ (1 + CpCf )ηa(Vh1
)‖ūh2

− ūh1
‖a

= (1 + CpCf )ηa(Vh1
)‖ūh2

− u
(0)
h2

‖a ≤ (1 + CpCf )ηa(VH)‖ūh2
− u

(0)
h2

‖a. (3.22)�:~��MB&�? ‖ūh2
− u

(0)
h2

‖0 "g!P (3.8) F:f C1 = (1 +CpCf ). /�`� 1 OP^! (3.10) 9Z�!>~��M!P (3.8) fV��Q��J Vhk
�V�^DH� ℓ b,�, F C1 = (1+CpCf ) � γ =

(
θ+ (1+ θ)(1 +CpCf )Cfηa(VH)

)(
1+Cfηa(VH)

)
. H θ < 1 F

H 3v[Pf$�� γ < 1.��o 2 P`�, `� 1 �Z�!>~�OKj&Pj�` uhn
��KB&�?

‖ūhn
− uhn

‖a ≤ γp‖ūhn
− u

(0)
hn

‖a = γp‖ūhn
− uhn−1

‖a
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≤ γp
(
‖ūhn

− ūhn−1
‖a + ‖ūhn−1

− uhn−1
‖a
)

≤ γp‖ūhn
− ūhn−1

‖a + γ2p
(
‖ūhn−1

− ūhn−2
‖a + ‖ūhn−2

− uhn−2
‖a
)

≤

n−1∑

k=1

γkp‖ūhn−k+1
− ūhn−k

‖a

≤

n−1∑

k=1

γkp
(
‖ūhn−k+1

− u‖a + ‖u− ūhn−k
‖a
)

≤ 2

n−1∑

k=1

γkpδhn−k
(u) ≤ 2

n−1∑

k=1

γkpβkδhn
(u) ≤

2γpβ

1− γpβ
δhn

(u),6rs{>*P^! (3.20). 	��`� 1 P>*%z~�OK (3.21), >�.7 2. Dk��o 2`�P/PiT1��o�OKPj�` uhn
�B&�? (3.20). <B&�? (3.20) ~��M�%~�0A p (0FF�\<P;�) ����j`PD�md

‖ūhn
− uhn

‖a, ;6�P�o~�kOD�B&�K3�md. 6�iT1��oK`Sn�E>�PnM~z.�Æ 1. ��o 2 OKPj&j�` uhn
, �ZK�?

‖u− uhn
‖a ≤

(
1 + Cfηa(Vhn

) +
2γpβ

1− γpβ

)
δhn

(u), (3.23)

‖u− uhn
‖0 ≤

(
(1 + CfCp)ηa(Vhn

) + (1 + CpCf )
2γpβ

1− γpβ
ηa(VH)

)
δhn

(u). (3.24)2�. 6s�� 1 �`� 2 PC[^!.

3.3. ��
u��,6~[℄, �%�vC/PiT1��o 2 P?��. zL, `��Q��J Vhk
P7�5 Nk := dimVhk

, 0#�ZKP�H
Nk ≈

( 1
β

)d(n−k)

Nn, k = 1, 2, · · · , n. (3.25)�o 1 PXm�p{K`�Sn,">� (3.7), #) �~`tSn^Dro (Z: �a[^Do0 Newton 	h^Do) �K`|T7�Sn,">�. �iT\<�oK`�:E>� [13, 18, 19] �~zPs, ,$;tSn^D�Obp{hks9i^. Hb,$�tSn^D�XO, �Q��J VH,hk
(k = 2, · · · , n) ^i^s9p{P�n�5 O(Nk). m)Ps��s9i^<(�p{hk�tW., ��6~�v~�#Y�Vhk�kDk.w
 3. Hb,�o 2 PK`�/Ok�� ϑ �?�h/�i^s9, ,T7�J

VH,hk
(k = 2, · · · , n)�9 Vh1

^K`�Sn,">�p{P�n�v�5O(MH )�O(Mh1
),,$~#�Q��J Vhk

^PiT1�^D MG(Vhk
,−f(x, u

(ℓ)
hk
) + g, u

(ℓ)
hk
,m) p{P?��5 O(Nk), =O k = 2, 3, · · · , n. � ̟ �pK`�Sn,">� (3.7) PtSn^D;�. /�o 2 ,$�?�h/^p{P?��5

Total work = O
((

1 +
̟

ϑ

)
Nn +MH logNn +Mh1

)
. (3.26)
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^$�h/P?��. /��o 2 �F�\<�o 1 P`�~O

Wk = O

(
Nk +MH +̟

Nk

ϑ

)
. (3.27)Z�Vk� (3.27), %fÆ� (3.25), ~�+6

Total work =

n∑

k=1

Wk = O

(
Mh1

+

n∑

k=2

(
Nk +MH +̟

Nk

ϑ

))

= O

(
n∑

k=2

(
1 +

̟

ϑ

)
Nk + (n− 1)MH +Mh1

)

= O

(
n∑

k=2

( 1
β

)d(n−k)(
1 +

̟

ϑ

)
Nn +MH logNn +Mh1

)

= O
((

1 +
̟

ϑ

)
Nn +MH logNn +Mh1

)
. (3.28)6rsp{>*P^!, >�.7 3. ��,�o 1 PX 2 �O�%�~�mdg��P4l` ũ

(ℓ+1)
hk

, 0#K`�Sn,">� (3.7) 33�p{#i;PtSn^D. ,6RI�K, Z�+�!P MH ≪ Nn� Mh1
≤ Nn, ~O,$�?�h/^P?��ji5 O(Nn). qh^, f�	�1PtSn>�,  �3viP�k?�h/f, ,$�?�h/P?��33|�/*� O(Nn).

4. y&�|%("�v���{5��KjQP?���tSnC[A�6~jQ.�,HtSnX f(x, u) s~���
uPiXn��Pf$,6��%
`~R~�hk�
DkF�\<�oPro. 5�	HEV
`�o�.P	V, �%HbtSn��s\;iXnPIi, ; f(x, u) = wu + ζu3,=O w ≥ 0 � ζ > 0 5����. 6�:`
℄{K`ZKPtSnr/: K u "gZKPr/

{
−∆u+ wu+ ζu3 = g, , Ω 2,

u = 0, , ∂Ω ^.
(4.1)6RtSn>�n)6O,K`U(r/O, ��6�
`P�o|~����U(r/PK`.K`�o 1 OXm�P�Snr/ (3.7) ;5K`ZKPtSnr/: K u

(ℓ+1)
hk

∈ VH,hkkO
(∇u

(ℓ+1)
hk

,∇vH,hk
) + (wu

(ℓ+1)
hk

, vH,hk
) + (ζ(u

(ℓ+1)
hk

)3, vH,hk
) = (g, vH,hk

), ∀vH,hk
∈ VH,hk

. (4.2)5�LF?N, 
℄�%� h �p hk, Z:r~�� Vh, ũh � VH,h = VH + span{ũh}�p Vhk
, ũ

(ℓ+1)
hk

� VH,hk
= VH + span{ũ

(ℓ+1)
hk

}. `� NH := dimVH � Nh := dimVh, �
{φk,H}1≤k≤NH

�p�Q��J VH P Lagrange $E1��P8!.



2 < b ) S: �SLa	To?�Q�ÆjU2�p 1536�|���a[^D (�{Pf$ �h4=�) ro�K`tSnr/ (4.2). %z5��ar�, �%�tSnr/ (4.2) La,ZKPin: K uh ∈ VH,h kO
(∇uh,∇vH,h) + (wuh, vH,h) + (ζ(uh)

3, vH,h) = (g, vH,h), ∀vH,h ∈ VH,h. (4.3)�a[^DroK`r/ (4.3) rs$;^DPf$K`ZKPSnr/: K u
j+1
h kO

(∇u
j+1
h ,∇vH,h) + (wuj+1

h , vH,h) + (ζ(uj
h)

2u
j+1
h , vH,h) = (g, vH,h), ∀vH,h ∈ VH,h, (4.4)=O^� j �ptSn^D;�PH�, uj

h ∈ VH,h s��P4E.Hb��P4E u
j
h u�1zn: u

j
h = u

j
H + αj ũh, p{K`P u

j+1
h u�1zn u

j+1
h =

u
j+1
H +αj+1ũh. K`r/ (4.4) rsOK~�
P�� u

j+1
H ∈ VH �~�
P�E αj+1 ∈ R.� u

j+1
H =

∑NH

k=1 u
j+1
k φk,H F`�Z� u

j+1
H 5 u

j+1
H = [uj+1

1 , · · · , uj+1
NH

]T . �t�J VH,h P^�~��MSn>� (4.4) u�ZKPs9^�
(

AH bHh

bTHh ξ

)(
u
j+1
H

αj+1

)
=

(
cH

ch

)
, (4.5)=O u

j+1
H ∈ R

NH � αj+1 ∈ R.��,tSn^D�/O ũh �/~�, ��Z� cH � ch ,tSn^D�/O|�/~�. Gss9 AH , Z� bHh ��� ξ ,tSn^D�/OT/~�. 
℄jY{P2Yrs�.~��^P�o,$;tSn^DPf$�i^s9 AH , Z� bHh ��� ξ. 6��KPjY{nMs,tSn^D�/O, `�,J1� Th ^P�� ũh T
1��. %zs5��aPr�, �%O℄4E u
j
h P^�, ; u

j
h P1zna, u

j
h = uH + αũ

(ℓ)
h . ��Q7�J VH,h �tSn^DOSn>� (4.4) P`�, s9 AH �ZKP1zn

(AH)i,j =

∫

Ω

∇φi,H∇φj,HdΩ+

∫

Ω

wφi,Hφj,HdΩ+

∫

Ω

ζ(uH + αj ũh)
2φi,Hφj,HdΩ

:= (AH,1)i,j + (AH,2)i,j , (4.6)=O
(AH,1)i,j =

∫

Ω

∇φi,H∇φj,HdΩ +

∫

Ω

wφi,Hφj,HdΩ (4.7)�
(AH,2)i,j =

∫

Ω

ζ(uH + αũh)
2φi,Hφj,HdΩ

=

∫

Ω

ζ
(
(uH)2 + 2αuH ũh + α2(ũh)

2
)
φi,Hφj,HdΩ

=

∫

Ω

ζ(uH)2φi,Hφj,HdΩ+ 2α

∫

Ω

ζũhuHφi,Hφj,HdΩ + α2

∫

Ω

ζ(ũh)
2φi,Hφj,HdΩ

:= (AH,2,1)i,j + 2α(AH,2,2)i,j + α2(AH,2,3)i,j . (4.8)MTs9 AH,2,1 �ZKP?�rn
(AH,2,1)i,j =

∫

Ω

ζ(uH)2φi,Hφj,HdΩ, (4.9)
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AH,2,3

(AH,2,3)i,j =

∫

Ω

ζ(ũh)
2φi,Hφj,HdΩ (4.10),tSn^D�/O�/~�, Jp{hk~;i^;~.s9 AH,2,2 �ZKP1zn

(AH,2,2)i,j =

NH∑

k=1

uk

∫

Ω

ζũhφk,Hφi,Hφj,HdΩ. (4.11)1zn (4.11) �p�%~�`�~�2� TH ZK
(TH)i,j,k =

∫

Ω

ζũhφk,Hφi,Hφj,HdΩ. (4.12)`�2� TH B&, s9 AH,2,2 ~��ZKP?�rn
AH,2,2 = TH · uH , (4.13)=O TH ·uH �p2� TH �Z� uH ��j&~�H� k P.6. �2� TH P`� (4.12)~��M2� TH P7�5 R

NH×NH×NH , �Ft���P��5 O(NH). �:~��M2� TH s~�F~2�, �F2��Z�.6 (4.13) P?��5 O(NH).O,�|�Z� bHh P?�. %z��J VH,h �>� (4.4) P`�, Z� bHh �ZKP1zn
(bHh)i =

∫

Ω

∇ũh∇φi,HdΩ +

∫

Ω

wũhφi,HdΩ +

∫

Ω

ζ(uH + αũh)
2ũhφi,HdΩ

:= (bHh,1)i + (bHh,2)i, (4.14)=O
(bHh,1)i =

∫

Ω

∇ũh∇φi,HdΩ +

∫

Ω

wũhφi,HdΩ, (4.15)�
(bHh,2)i =

∫

Ω

ζ(uH + αũh)
2ũhφi,HdΩ =

∫

Ω

ζ
(
(uH)2 + 2αũhuH + α2(ũh)

2
)
ũhφi,HdΩ

=

∫

Ω

ζ(uH)2ũhφi,HdΩ + 2α

∫

Ω

ζ(ũh)
2uHφi,HdΩ + α2

∫

Ω

ζ(ũh)
3φi,HdΩ

:= (bHh,2,1)i + 2α(bHh,2,2)i + α2(bHh,2,3)i. (4.16)~��MZ� bHh,1 ,tSn^DP�/O�/~�, 0#Jp{|�Z� bHh,2 P?�.zL��Z� bHh,2,1 P?�~� �ZKPDkrn
(bHh,2,1)i =

∫

Ω

( NH∑

j=1

ujφj,H

)2
ũhφi,HdΩ =

NH∑

j=1

NH∑

k=1

ujuk

∫

Ω

ũhφj,Hφk,Hφi,HdΩ. (4.17)



2 < b ) S: �SLa	To?�Q�ÆjU2�p 155Æ�2� TH , Z� bHh,2,1 ~� �ZKP2��Z�P.6�?�
bHh,2,1 = (TH · uH) · uH = AH,2,2uH , (4.18)=O (TH · uH) · uH �p2� TH �Z� uH ��j&��H� k � j P.6. 	�V, 2��Z�P.6 (4.18) |gp O(NH) P?��.T&~��ZKPrn�d,Z� bHh,2,2

(bHh,2,2)i =

NH∑

j=1

uj

∫

Ω

ζ(ũh)
2φj,Hφi,HdΩ = (AH,2,3uH)i. (4.19)j&, ZK`�PZ� bHh,2,3

(bHh,2,3)i =

∫

Ω

ζ(ũh)
3φi,HdΩ, (4.20),tSn^DP�/O|T�/~�.O,�%�|��� ξ P?�. MT�� ξ u�ZKP1zin

ξ =

∫

Ω

|∇ũh|
2dΩ+

∫

Ω

w(ũh)
2dΩ +

∫

Ω

ζ(uH + αũh)
2(ũh)

2dΩ

=

∫

Ω

(
|∇ũh|

2 + w(ũh)
2
)
dΩ +

∫

Ω

ζ
(
(uH)2 + 2αuH ũh + α2(ũh)

2
)
(ũh)

2dΩ

:= d1 + d2, (4.21)=O
d1 =

∫

Ω

(
|∇ũh|

2 + w(ũh)
2
)
dΩ, (4.22)�

d2 =

NH∑

i=1

NH∑

j=1

uiuj

∫

Ω

ζ(ũh)
2φi,Hφj,HdΩ + 2α

NH∑

i=1

ui

∫

Ω

ζ(ũh)
3φi,HdΩ + α2

∫

Ω

ζ(ũh)
4dΩ

= u
T
HAH,2,3uH + 2αuT

HbHh,2,3 + α2ξh. (4.23)=OP�� ξh  �ZKP?�rn
ξh =

∫

Ω

ζ(ũh)
4dΩ. (4.24)#��^P�!, �%~�`�ZKPtSn^D�o�K`�o 1 OXm�P�Sn,"r/ (3.7).�z 3. K`>� (3.7) PtSn^Dro

1. tSn^D�/P_�: zL�4 (4.12) Prn?�2� TH , T&� (4.7) � (4.10) ?�Z� AH,1 � AH,2,3. �4 (4.15) � (4.20) Prn?�Z� bHh,1 � bHh,2,3, %f�4
(4.22) � (4.24) Prn?��� d1 � ξh.
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2. tSn^D (^DH�5 j):

(a) �4 (4.9)� (4.13)Prn?�s9 AH,2,1 � AH,2,2,T&?� AH = AH,1+AH,2,1+

2αAH,2,2 + α2AH,2,3 �OKs9 AH .

(b) �4 (4.18) � (4.19) Prn�OKZ� bHh,2,1 � bHh,2,2, T&?�Z� bHh =

bHh,1 + bHh,2,1 + 2αbHh,2,2 + α2bHh,2,3.

(c) �4 (4.23) Prn?�OK�� d2, T&?��� ξ 5 ξ = d1 + d2.

(d) K`Snr/i (4.5) OK` (uj+1
H , αj+1).

(e) Z�tSn^D"gmd{K, /tSn^D"I, x/DshktSn^D��Kmd{K.

3. j&OK�Q��� u
j+1
h = u

j+1
H + αj+1ũh =

∑NH

i=1 u
j+1
i φi,H + αj+1ũh n5}6.7 4. ,�o 3 OPX~�i^2��s9�Z����p{P?��5 O(Nh). Gs,$~;tSn^DO (�o 3OPXm�) Jp{ O(MH) P?��. 6� MH �pK`Snr/ (4.5) P?��F#) MH ≥ NH . Hbp{hk ̟ ;PtSn^D, /�o 3 �p{P?��5 O(Nh +̟MH).1�
℄A'P�!, �%~�Æ��o 3 Dk�o 1 OPXm�, <k~�`�~R�^P/PiT1��oZK:�z 4. �^P/PiT1��o

1. �."g!P (3.2) � (3.3) PB��Q��Jr� VH , Vh1
, Vh2

, . . . , Vhn
.

2. , Vh1
OK`ZK�Sn>�: K uh1

∈ Vh1
, kO

(∇uh1
,∇vh1

) + (wuh1
, vh1

) + (ζ(uh1
)3, vh1

) = (g, vh1
), ∀vh1

∈ Vh1
.

3. f k = 2, · · · , n hkZKP^D
(a) � u

(0)
hk

= uhk−1
.

(b) f ℓ = 0, · · · , p− 1, Æ��o 3 �K`�o 1 OPtSn>� (3.7), FhkZKP^D:

u
(ℓ+1)
hk

= SemilinearMG(VH , u
(ℓ)
hk
, Vhk

).

(c) `� uhk
= u

(p)
hk

.j&OK~�j�` uhn
∈ Vhn

.5��O�o 4 P^��r, �%�|��o 4 P?��.w
 4. Hb,�o 4 PK`�/OJk� 1 �?�℄[, ,T7�J VH,hk
(k =

2, · · · , n) �9 Vh1
^K`�Sn,">�p{P�n�v�5 O(MH) � O(Mh1

), ,$~#�Q��J Vhk
^PiT1�^D MG(Vhk

,−f(x, u
(ℓ)
hk
)+ g, u

(ℓ)
hk
,m) p{P?��5 O(Nk),=O k = 2, 3, · · · , n. � ̟ �pK`�Sn,">� (3.7) PtSn^D;�. /�o 4 �p{P?��5

Total work = O
(
Nn +̟MH logNn +̟Mh1

)
. (4.25)
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M^�`� 3 P>*ro~z. � Wk �p,X k #�Q��J VhkP?��. /��o 4�F�\<�o 1 ��o 3 P`�~O
Wk = O (Nk +̟MH) . (4.26)Z�Vk� (4.26), %fÆ��Hn (3.25), ~�+6

Total work =

n∑

k=1

Wk = O

(
̟Mh1

+

n∑

k=2

(
Nk +̟MH

))

= O
( n∑

k=2

Nk + (n− 1)̟MH +̟Mh1

)

= O

(
n∑

k=2

( 1
β

)d(n−k)

Nn +̟MH logNn +̟Mh1

)

= O
(
Nn +̟MH logNn +̟Mh1

)
.6rs�p{>*P^! (3.26).7 5. Æ��o 3 hktSn^D, ~�OK?��P�?5 O

(
Nn + ̟MH logNn +

̟Mh1

)
. |rs�tSn^D;� ̟ f?��P�Ws#�� MH � Mh1

U.OKP. �%�M,hC?��/O33 MH ≪ Nhn
� Mh1

≪ Nhn
,�, Z:~�OKfP?��<(�{tSn^D;�P�W, 05�?��u�xfQjj�PnM.

5. �3��
℄�~��E���x>,�o 2 � 4 O`�PiT1�roP�^n�6���%�e�o 2 � 4 f��% ζ PiXn�Sn>� (4.1) P?�fJ (�)5F;). EO[�Ps ζ PA[�p�>�PtSnC[. 5�x>�o 4 P?���? (4.25) P!�n, 6�J,9k3�^f�o 2 � 4 hk�"w.� 1. 
�OK`iXnh�Sn,">� (4.1), ?�M� Ω 5F;<riM� (0, 1)×

(0, 1), =O w = 1, tN!uP�eX g kOmR`5 u = sinπx sinπy, tSnH� ζ v�N
1, 10, 20 � 30, �f?�fJhkf�.<4l1� TH 6n,  � β = 2 (�[��O[) P~KF&�.~H�B�1���Q��Jr�. ,
�O, =1� TH Z) 1 �p, X~#1� Th1

5<4l1�F& 3 ;OKP1�. ,$#1�^K`Snr/ (3.4) sk�� 1 ;PiT1�^D (; m = 1), $;iT1�^DPA&�*� � 1 ;PÆo�d�.6��%"w��o 2 � 4 f�%PtSnH� ζ P CPU ?�fJ ()). ) 2 1p��R�oP CPU ?�fJ. <) 2 ~�{6, H?��,g�Af, �o 4 OPtSn^D�/P?��$[� l�o 2 OtSn^D�/P?��. �`� 3 ~�, �o 2 Pf�?���
℄�,|�Sn�H, G6RSn�H���>�PtSnCd (ζ � ̟ PA[). V�W�, H ζ E&Af, >� 4.1 PtSn&C, �p{PtSn^D;�&i (̟ &A). ) 2 P^��*, H?��,g�Af, �o 4 P?��<(����>� (4.1) PtSnC[, |rsQj?���K�xfPj� (�tSn^D;�A�), 6|x>�`� 4O��?��P�?n (4.25).
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6. 8���
<�ti�9\<P	V�6�~RK`f�Sn,">�P�
/PiT1��o9=U�P�^hOro. 1�tSn^D
PhOro, K`tSn>�PQj?����iT1�roK`U�PSn�E>�PQj?��1
U%, <(�tSnC[A�. %f|#��E��x>�|roP�^n, Zp�Qj?��Rh�tSn^D;�A�.
<P	V�ro|~�+�K=�u�iXntSnP>�, Z Navier-Stokesr/�~`U(,hR. :., �%-~�Æ�6�P�o�b?~�tSn>��tSn�:E>�P��b. �ZK`ZK~�inPtSn>�:

{
−∇ · (A∇u) + f(x, u) = g, , Ω 2,

u = 0, , ∂Ω ^,
(6.1)



2 < b ) S: �SLa	To?�Q�ÆjU2�p 159�%�M Newton ^Dros1�ftSn>�P~\iXnPj�, u�inZK




−∇ · (A∇u) +
∂f

∂u
(x, u0)(u− u0) = g − f(x, u0), , Ω 2,

u = 0, , ∂Ω ^.#�<Of�o 4P?��vC~��Mf�iXninPtSn>�|~��K?��Qjj�P/d, ;K`6RinPtSn>��K`Sn>�P?��UH. 
TV�%~���\iXnPtSn>��n5~�tSn>�P^D�n, 05��nK`tSn>�P�!Pro. �Z\\iXn�!P�n~�`�5ZKPin:




−∇ · (A∇u) +
∂f

∂u
(x, u0)(u− u0) +

1

2

∂2f

∂u2
(x, u0)(u − u0)

2

+
1

6

∂3f

∂u3
(x, u0)(u − u0)

3 = g − f(x, u0) , Ω 2,

u = 0, , ∂Ω ^,=O u0 s��P4l`. Æ�
<�
`P�o 4 K`^'iXninPtSn>�Jp{Qjj�P?��,;�~� Newton ^D�nP?��UH. G��k�Ps�\iXnP�j, 6zPtSn^DPx�
dT/$�� Newton ^D<kkjQP?���AydPKV. 9��%/T6R	V���	iPtSn>�PK`.r � ! #
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