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Abstract

In this paper, we propose a computable error estimate of the Gross—Pitaevskii equation for
the ground state solution of the Bose—Einstein condensate by the general conforming finite
element method on general meshes. Based on this error estimate, the asymptotically lower
and upper bound for the smallest eigenvalue and ground state energy can be calculated.
Several numerical examples are presented to validate the theoretical results in this paper.
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1 Introduction

Bose-Einstein condensation (BEC) predicted by A. Einstein is a new state of matter at the
beginning of the last century. When a dilute gas of trapped bosons (of the same species) is
cooled down to ultra-low temperatures (close to absolute zero), BEC could be formed [6,18].
Since 1995, the first experimental achievement of BEC in dilute 87Rb gases [6], which is
one of the most important scientific discoveries in the last century, a nonlinear Schrédinger
equation known as the Gross—Pitaevskii equation (GPE) [21,30] has been used extensively
to describe the single particle properties of BEC. It has been found that the results obtained
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by solving the GPE are in excellent agreement with most of the experiments (cf. [5,17,19]).
A lot of numerical methods for the computation of the time-independent GPE for the ground
state and the time-dependent GPE for finding the dynamics of the BEC has been developed,
please refer to [2,9,10,23,36,37] and references cited therein.

In this paper, we focus on ground state of BEC, which can be obtained by minimizing the
following energy functional (cf. [24])

E(¢>=/Q<|V¢|2+W|¢|2+%|¢|“) e (1.1)

with respect to wavefunctions ¢ under the following constraint

/ $12d = 1,
Q

where Q@ C R? (d = 1, 2, 3) denotes the computing domain which has the cone property [1],
¢ > 0is a constant, inf|x|~, W(x) = ooasr — oo and W(x) € L*(Q). From [13], (1.1)
has exactly two minimizers # and —u. We denote by A the corresponding Lagrange multiplier.
The Euler-Lagrange equation corresponding to this minimization problem is the so-called
GPE: Find (A, u) € R x HO1 (€2) such that

{ —Au~+ Wu + ¢lul>u = Au, in Q.

Jo lulPdQ = 1. (12)

The eigenfunction u is a solution to the nonlinear eigenvalue problem (1.2) corresponding to
the smallest eigenvalue X of (1.2) which is non-degenerate [13]. In this paper, we denote by
u the unique positive solution of (1.1) and (1.2), and u is one of the ground state solutions of
BEC. We call (A, u) as the principal eigenpair (i.e. the eigenpair corresponding to the ground
state solution u) of (1.2) and the corresponding ground state energy can be given as E (u).

The lower bounds of the principal eigenvalue of (1.2) and the ground state energy (1.1)
are very useful since they can give important guidance for the physical experiments and
reveal very useful physical information (see e.g., [24]). Owing to using the conforming finite
element method, we can obtain the upper bounds of the principal eigenvalue and the ground
state energy. Hence, the main aim of this paper is to consider the lower bounds of the principal
eigenvalue and the ground state energy.

So far, there have been developed some methods to get lower bound of eigenvalue,
primarily including the nonconforming finite element methods (see e.g., [7,25,26,29,40]),
interpolation constant based methods (see e.g., [27,28,39]) and computational error estimate
methods (see e.g., [15,32,38]) for the linear eigenvalue problem. But there are no results
about lower bounds of the semilinear eigenvalue problems. This paper is the first attempt in
this direction.

In order to deduce the lower bounds of the principal eigenvalue and the ground state energy,
we begin with the computable error estimates for the ground state of GPE by the finite element
method. For this aim, we first propose a computable method to obtain an asymptotically
upper bound of the error estimate for the ground state eigenfunction approximation by the
general conforming finite element methods on general meshes. The approach is based on
complementary energy method from [22,31,33,34]. Of course, the computable error estimates
can also provide a type of the a posteriori error estimate for the partial differential equations
by the finite element method, please refer to [3,4,8,11,35] and references cited therein. In
addition, [14] is based on planewaves and combines the adaptive procedure directly into an
iterative algorithm for the ground state of the GPE.
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An outline of the paper goes as follows. In Sect. 2, we introduce the finite element method
for the GPE. An asymptotically upper bound for the error estimate of the principal eigen-
function approximation is given in Sect. 3. In Sect. 4, asymptotically lower bounds of the
principal eigenvalue and ground state energy are also obtained based on the results in Sect. 3.
Some numerical examples are presented in Sect. 5 to validate the theoretical results in this
paper. Some concluding remarks are given in the last section.

2 Finite Element Method for GPE

In this section, we introduce some notation and finite element method for GPE (1.2). We will

use standard notation for Sobolev spaces W7 (£2) and their associated norms | - [|5, , o and
seminorms | - |5, » o (see, e.g., [1]). For p = 2, we denote H*(2) = WS2(Q) and Hol (Q) =
{ve HY(Q) : v|ya = 0}, where v|3q = 0 is in the sense of trace, || - ls.o = || - lls.2.@. In

this paper, we set V := HO1 (2) and use || - ||, to denote || - ||, »,q for simplicity.
For the aim of finite element discretization, we define the corresponding variational form
for (1.2) as follows: Find (A, u) € R x V such that b(u, u) = 1 and

a(u,v) = Ab(u,v), YveV, 2.1)

where

a(u,v) = a(u,v) +/ (W = Duv + ¢ul*uv) dQ,
Q

a(u,v) ::/ (VuVv +uv)d2, b(u,v) := /ude.
Q Q

It is obvious that a(v, v) > 0 for all v € V. Then we define ||v||, = +/a(v, v) forallv e V
in this paper.
The following Rayleigh quotient expression holds for the principal eigenpair (X, u)

. a(u,u)
T b, u)’

Now, let us demonstrate the finite element method [11,16] for the semilinear eigenvalue
problem (2.1). First we generate a shape-regular decomposition for the computational domain
Q c R4 (d =2,3) into triangles or rectangles for d = 2 (tetrahedrons or hexahedrons for
d = 3) and the diameter of acell K € 7}, is denoted by / g . The mesh diameter / describes the
maximum diameter of all cells K € 7;,. Based on the mesh 7;,, we construct the conforming
finite element space denoted by V;, C V. The family of finite-dimensional spaces V), is
assumed to satisfy the following assumption:

2.2)

lim inf ||lw—vull, =0, YweV. (2.3)

h—0vpeVy

Define X, = {¢pp € Vi : fQ |dn |2dQ2 = 1}. We shall introduce the following minimization
problem
up = arg inf E(¢p). 2.4)
PneXn

The existence of a minimizer of (2.4) can be obtained. However, the uniqueness is
unknown [13]. It is easy to know that the minimizer u;, of (2.4) and (u;,u) > 0 solves
the following eigenvalue problem

a(up, vp) = Apb(up, vp), Yop € Vi, (2.5)
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with the Lagrange multiplier A;,. Define the set of finite dimensional ground state eigenpairs
On ={(Ap,up) € R x Xp © (Ap, up) solves (2.5) and (uy, u) > 0}.

Then, the discrete ground state energy of BEC is given by

E(up) = / (|wh|2 + Wlup|* + %mhr‘) dQ, (2.6)
Q

where (A, up) € Oy.
From (2.5), the following Rayleigh quotient for A, holds

_a(up, up)
Ap = 7[9(%;1, ) 2.7

In order to give the error estimates for the finite element method, we define the following
notation

Sn(u) == inf Jlu —vhlla. (2.8)
h&Vh

Lemma 2.1 [13, Theorem 1] There exists ho > 0 such that for all 0 < h < h, the principal
eigenpair (A, u) € R x V and its approximation (A, up) € Oy satisfy following error
estimates

lu — uplla < Culn(u), 2.9)
lu —unllo < Cuna(W)lu — unlla < C2na(h)8h ). (2.10)

A = Al < Cullu — upllZ + Cullu — unllo
< C2(8n(u) + na (M) llu — uplla, (2.11)

where 1, (h) is defined as follows:

na(hy = sup inf |ITf — vplla 2.12)
FEL2(Q), ] fllo=1 V# €V

with the operator T being defined as follows: Find Tf € u such that
(E" () —NTf,v) = (f,v), Yveut, (2.13)
where
((E"(u) — Mw, v) = (Vw, Vv) + (W — V) Vw, V) + 3¢ [ul*w, v),

and ut = {v eV | fQ uvdQ2 = 0}. Here and hereafter C,, (with or without subscripts) is
some constant depending on the eigenpair (1, u) but independent of the mesh size h.

Remark 2.1 In Lemma 2.1, the error estimates are a bit more complicated than that of linear
elliptic eigenvalue problems. The definition of n, (%) and the operator 7 come from the error
analysis for the semilinear eigenvalue problems in [13]. Since we are concerned with the
principal eigenvalue, the operator T is bounded and elliptic. For more information, please
refer to [13].
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3 Computable Error Estimates

First, we define H (div; Q) := {p € (L2())¢ : divp € L%3(Q)} (d = 2,3) and let W :=
H (div; 2) for simplicity.

Theorem 3.1 There exists hog > 0 such that for all 0 < h < hg, the principal eigenpair
(X, u) of 2.1) and its approximation (A, up) € Oy, satisfy the following error estimate:

1
— < —mi AU, P)s 3.1
lu —uplla < o lllrél‘gn( h> Uhs P) (3.1)

where 61, n(Ap, up, p) and o are defined as follows

O =1 —a@w) + na(h)), (3.2)

. 1/2
NGt D) = (It — Wup — Cuj + divpl3 + Ip — Vanl13) "7, 3.3)
o =max {Cp, Cu(Cu + Wllo,00 + 1+ [2n D} - (3.4)

Here ny(h) is given by (2.12) and the constant C,, is independent of the mesh size h, vector
function p and the eigenfunction approximation uy,. Furthermore, the following asymptotic
property holds

lim 6; = 1. 3.5
Jim 6, (3.5)

Proof Let us define w = u — uy, in this proof. Combining (2.1), (2.5) and the following
Green’s formula

/divpde+/p~VUdQ=0, Vpe Wand Vv € V,
Q Q

we have
a(u —up, w) < au —up, w) + C@® —u3), w)

=/ kuwdQ—/ (W = Duw)dQ2
Q Q
- /(wh-Veruthrguf,w)dQJr/ divpde—i—/ p - VudQ
Q Q Q

= f (Gepun — Wuy, — tuj + divp)w + (p — Vuy) - Vw) dQ
Q

Ay

+ / ((Au — dpup) — (W — D(u — up)) wd2
Q

An
=: A1 + Aj. (3.6)

For A1, by using Cauchy—Schwarz inequality, the following inequalities hold

AL < Apup — Wup, — Clup>up + divpllollwllo + Ip — Vunllol Vwllo
. 1/2
(Whntun — Wup — cu +divpl2 + IIp — Varl2)' wlla
= G, P W]l 3.7)

IA
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The second term A5 has the following estimate

Ay < / * - )\h)uwdQ—}-/ A=W+ D — up)wd2
Q Q

B B
=: B| + B».

For By, B and |lullo = |lunllo = 1, using Lemma 2.1, we have following inequalities

By < A = Jallullollwlla < Co(8n() + na()llu — upllallwlla, (3.8)
By < ([Wllo.co + 1+ [AnDllu — unllollwlla
= CulllWllo,00 + 1+ [2nDna (W)l — upllallwlla- (3.9)

Summing B and B; leads to

Az < (Codn() + CulCu + W 0,00 + 1+ D) ma(®)) llu = wpllalwlla
=1 a(8p () + na(M)lu — upllallwlla, (3.10)

where o = max {Cg, Cu(Cy + [W]lo,00 + 1+ |)\h|)}-
Therefore, from (3.6), (3.7) and (3.10), we can draw the following conclusion

lu —uplla < n(p, up, p) +aBp) +ng(W)llu — uplla, Yp e W.

Then the desired result (3.1) can be obtained by the arbitrariness of p € W. The property (3.5)
can be deduced from limy,_.o &5 (#) = lim;—0 1, (h) = 0 and the proof is complete. m]

From (3.1), in order to produce asymptotically upper bound error estimate for the eigen-
function approximation, it is a natural way to find a function p* € W to satisfy the following
optimization problem

NGy up, P°) = min n(ap, up, p)- (3.11)
pew

Lemma 3.1 [33] The optimization problem (3.11) is equivalent to the following partial dif-
ferential equation: Find p* € W such that

a*(p*.q) = F*(q), VqeW, (3.12)

where
a*(p*, q) =/ (divp*divg + p* - q) dS2,
Q
F*(q) = —/ (knun — Suy — (W = Duy,) divgd<2.
Q

Moreover, a*(-, -) defines an inner product for the space W. The corresponding norm is
llplll2 = a*(p, p), and the auxiliary problem (3.12) has a unique solution.

Now, we state some properties of the estimator (A, uj, p).

Lemma 3.2 [33] Assume p* be the solution of the (3.12) and let A, € R, uj, € V andp € W
be arbitrary. Then the following equality holds

72 i i, P) = 17 Gy un, P9 + 10" = p 12 - (3.13)
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It is easy to state the following upper bound property by combining Theorems 3.1
and (3.13).

Corollary 3.1 Under the conditions of Theorem 3.1, the following upper bound holds

1
lu—unlla = efln()»h, up, p*). (3.14)

4 Asymptotically Lower Bounds of the Principal Eigenvalue and
Ground State Energy

In this section, based on the upper bound of the error estimate for the principal eigenfunction
approximation in Theorem 3.1, we give an asymptotically lower bounds of the principal
eigenvalue and ground state energy. Actually, the process is direct since we have the following
Rayleigh quotient expansion.

Lemma 4.1 Assume (A, u) € R x V is the principal eigenpair of the original problem (2.1),
(Ap,up) € R x V), is the eigenpair of the discrete problem (2.5). We have the following
expansion:

== oy =l = o, = i+ [ W= Dy w2
Q
+/ culPu — lupPup — lunPu — JulPup) wp —w)dQ2. (@4.1)
Q

Proof From (2.1), (2.2), (2.5), (2.7), and direct calculation, we have
A —x = aup, up) — Ab(up, up)
= a(up, up) +/ ((W = Dupup + ¢ lunPupun) dQ = 1b(un, up)
=a(up —u, uy S u) +2a(u, up) —a(u, u)

+ fg (W — Dupup, + ¢ lunPupup) d2 — Ab(up, up)

= llup — ull +22b(u, up) — 2/9 (W = Duup + ¢ |uuup) dS2
— Ab(u,u) + /Q (W = Duu + ¢ |ul*uu) dQ2
+ /Q (W = Dupup + ¢lunPupup) d — Ab(up, up)

=t =l = s =l + [ W = )0~y

[ o P, = s P = ) a2,
Q
This is the desired result (4.1) and the proof is complete. O

Theorem 4.1 Under conditions of Theorem 3.1, we have the following error estimate:

C3 (Bn(u) + na(h))

Ay — A
=M = T ) + )

(Ap,up,p), YpeWw, 4.2)
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where
C3 = max {Cy, C} (IWllo,c0 + 1 + []) 8 ()14 (h)
+ ¢CuCE (Iull? + Nl 2 + lunlZllulla + Nl lunlla)} -
Moreover; if h is such small that

C3 Gn) +na(h)  _
I — o (Bn(u) +na(h)) —

the following explicit and asymptotically result holds

’

My = = O un, p) <A, YpEW, 43)
where )»}Ll denotes an asymptotically lower bound of the principal eigenvalue A.

Proof From (4.1) and b(uy,, uj) = 1, we have following estimates

I = Al < Ny — ull2 + (Mlun — wll§ + AW llo,00 + Dllun — ullf)
+/ 1E 1l |ea] + Jun|Pleen] + lan ] + [ up])lup — uld2
Q
< fup — ul> + (IWllo.co + 1+ [ADIun — uld
N ——’

Aj A

+|c|/ |u|2|u||uh—u|dsz+|;|f || un | s, — uldS2
Q Q

A3 Ay

+|;|/ |uh|2|u||uh—u|dsz+|;|/ Py — uld2
Q Q

As Ag

6
=: Z A,‘.
i=1
Using Lemma 2.1, the following estimates for A; and A, hold

Ay < CuSn ) lu — upllar
Ay < (IWllo.oo + 1+ IADC22 ()t — up |2
< (IWllo.c0 + 1+ ADCEn2(m)84 ) llup, — ulla-

From Sobolev imbedding theorem (cf. [1])
WP (Q) = LY(Q), for p < q < p* =dp/(d —sp), Q CRY,
we have
lvllo.12 < Callvllas lvllos < Callvlla, Yv €V, ford =2, 4.4

where Cqg, is a constant depending only on €.
For A;, combing Lemma 2.1, (4.4) and the Holder inequality, we have

1/3 1/6 1/2
A3§C</g(|u|2)3d9) (/Q |u|"ds2> (/Q |uh—u|2dsz>
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< ¢cllulld gllulloslle — unllo < ¢CuCllul}na () llu — wplla-
Similarly, A3, A4 and As have following estimates
As < LCLCENunlly na(m)llu — upla,
As < £CuCllunlNulla(W)na (Bl — upla,
and
Ao < ¢CLCHllulZNunlla nam)llu — uplla.
Combining (3.1) and the above estimates, we have
In = Al < (Cu+ (W llo,00 + 1+ IXDCEnZ(R)) 85 () |, — ulla
+(¢CuCE (Nuelly + Nunll2 + N2 el + N2 lwnlla) na () llu — wplla

C3 (Bn(u) +na(h)) lu — uplla
C3 (8 (u) + 14 (h))
T 1= a@n(u) +na(h))

IA

n(An, up, p), VpeWw,

where
C3 = max {Cy + (IWllo,00 + 1 + A1) ConZ(h), £ CuC (Iluell?
+ Nounld + Nan 2l + N2 Neenlla ) -
This is the desired result (4.2) and (4.3) follows immediately. ]

Corollary 4.1 Under the conditions of Theorem 3.1, we have the following error estimate:

Ca(Bp(u) + na(h))
Eupn) = E(u) = 17— 2O ) + na(h))n(kh’ up,p), VpeWw, (4.5)

where
_ QPR 3
Ci=0C3+ 2CuCQ(”u”a + llunlla)”

Moreover, if h is such small that

Ca(Bn(u) + na(h))

<1,
= a(8,G0) + na(h))
the following explicit and asymptotic result holds
EF := E(up) — nGup,un,p) < E, VpeW, (4.6)

where E ﬁ denotes an asymptotically lower bound of the ground state energy E.
Proof From the definition of ground state energy, we have
3 ¢y 3 ¢y
Ew)y=r— | Z|ul"dQ, Ep) =ip— | =lup|"dQ.
Q2 Q2
Then, we have the following formulas

E(up) — E) = (0 — A) +/Q %(wr‘ — JupHdQ =1 Ay + As. 4.7)

Ay

Ay
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Using (4.2), the following inequality holds

C3 (8p(u) + n4(h))
A < nap, un, p), VpeW. (4.8)
1 — o (85 (u) + na(h))
For A;, using Lemmas 2.1 and (3.1), the Holder inequality and the triangle inequality, we
have following estimates

A < %f (el + L) [ — upld€2

5(/ (<|u|+|uh|)?’)2ds2)l/2 (/ |u—uh|2d9>l/2

<&

[\

el + leen 1113 6 llu = unllo < *(||M||06 + llunllo.e) llu — unllo

LA )

< 2CuCo(lulla + lunlla)* na (M) llu — uplla

¢ CuCollulla + lunlla)*nah)
1 —a(8n(u) + na(h))
The combination of (4.7), (4.8) and (4.9) leads to

[\

IA

0|

N(An, un, p), Vp e W. (4.9)

Cadn(w) + (€3 + §CuColulla + lunlla)* ) ma(h)

E(up) — E(u) < (Ans un, p)
[ — o (3 () + 17 () ! P
Ca(8p(u) + na(h))
< n(An, un, P)
1 — o (8n(u) + na(h))
where
Co=Cs+ 5CuChIulla + o)’
Hence we obtain the desired result (4.5) and (4.6) can be derived easily. O

Remark 4.1 Practically, Theorem 4.1 and Corollary 4.1 are used with n(Ap, up, p) =
n(hn, up, p*) where p* is a numerical approximation of the dual problem (3.10) and that
it is not necessary to know the exact auxiliary function p.

5 Numerical Examples

In this section, two numerical examples are presented to validate the efficiency of the com-
putable a posteriori error estimate, the upper bounds of the error estimates for the principal
eigenvalue and ground state energy, the lower bounds of the principal eigenvalue and the
ground state energy.

In order to give the asymptotically accurate a posteriori error estimate n(Ay, up, p), we
need to solve the auxiliary problem (3.12) with enough accuracy by some type of numerical
method. Here, the auxiliary problem (3.12) is solved by the finite element method on the
same mesh 75, and the H (div; 2) conforming finite element space Wy, that is defined as
follows [12]

W/ ={weW:wlx eRT,,VK € T;},
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Fig. 1 The initial mesh for the unit square

where RT ), = (Pp)d +xP,, and P, denotes the polynomial space with the degree no more
than p. Then the approximate solution of the auxiliary problem (3.12) is defined as follows:
Find pj; € W}, such that

a*(pj. qn) = F(qn), Yqn € Wy. (5.1)

After obtaining pj, we can compute the a posteriori error estimate 1 (A, uy, p;) as in (3.3).
Based on Aj and n(Ap, up, p;), we can obtain the asymptotically lower bound (4.3) with
p = pj, for the principal eigenvalue A. Furthermore, we can also get an asymptotically lower
bound of the ground state energy E hL .

Remark 5.1 In order to give an accurate a posteriori error estimator, it is a reasonable way to
solve the auxiliary problem (5.1) with some type of numerical method. Of course, we can also
use some simple local computing method to produce a function py, to obtain an asymptotically
upper bound of the error estimate for the eigenfunction approximation (cf. [4]).

Example 5.1 In this example, we consider the ground state solution of GPE (1.2) for BEC
with ¢ = 1, W(x) = x? + x3 and unit square @ = (0, 1) x (0, 1).

In this example, the initial mesh 7, with iy = 1/10 is showed in Fig. 1 which is
generated by Delaunay method. Then we produce a sequence of meshes {’Z}”}?:2 by the
regular refinement (connecting the midpoints of each edge) from 7j, and then the mesh
sizes are hy = 1/20, ---, he = 1/320. Based on this sequence of meshes, a sequence of
linear conforming finite element space {Vhi}?:1 and H (div; ) conforming finite element
space {W}li }1.6: | are built. Since the exact eigenvalue is not known, we choose an adequately
accurate approximation obtained by the quadratic finite element method on the mesh 7, as
the exact principal eigenpair for our numerical tests.

First we solve the GPE problem (2.1) in {Vh,.}?:1 and the auxiliary problem (5.1) in
{W}li }?: 1» respectively. The corresponding numerical results are presented in Fig. 2 which

@ Springer



Journal of Scientific Computing (2019) 81:1072-1087 1083

Errors for linear element method Errors for linear element method Errors for linear element method

By,
Henth, e,

= = slope=-05

g g g
= 2 10 O w0
= = a = oL
5 & 'e"‘"m ] -e-au» £
109 A =¥ 0,08 =¥ 0,0, B
|| == slope=-05 || == siope=-05
RIESEEN 0F - e
=0, P s ]
slope=-1 slope=-1
107 10° 1070
10° 10° 10° 10° 10° 107 10° 10" 10° 10° 10° 10° 10 10° 10°
Number of element Number of element Number of element

Fig.2 The errors for the unit square domain when the eigenvalue problem is solved by the linear finite element
method, where n(Ap, uy, p}l) denotes the a posteriori error estimator n (A, , up, pZ) when the auxiliary problem

is solved in W}l, Aﬁ denotes the asymptotically lower bound of the principal eigenvalue and E }f denotes the
asymptotically lower bound of the ground state energy

shows that the a posteriori error estimate 1 (A, uj, pj,) is efficient when we solve the auxiliary
problem in W111 In Fig. 2, we can find that the eigenvalue approximation )L}Il‘ and ground state
energy approximation E }Il‘ are really asymptotically lower bounds for the principal eigenvalue
A and ground state energy E(u), respectively. When the mesh has more than approximately
312 elements, the approximations A ,f and E ,f are really below the exact principal eigenvalue
A and the exact ground state energy, respectively.

Example 5.2 In the second example, we solve the ground state solution of GPE (1.2) for BEC
withe =1, W(x) = x%—l—x% on the L shape domain Q = (—1, 1) x (—1, 1)/[0, 1) x (—1, 0].

Since €2 has a re-entrant corner, the singularity of the principal eigenfunction is expected.
The convergence order for the eigenvalue approximation by the linear finite element method
is less than 2 which is the order predicted by the theory for regular eigenfunctions. Since the
exact eigenvalue is not known, we also choose an adequately accurate approximation obtained
by the quadratic finite element method on the mesh which is refined by 16 times adaptively
as the exact principal eigenpair for our numerical tests. In order to handle the singularity of
the eigenfunction, the GPE (2.1) is solved by the adaptive finite element method (cf. [11]).

This example is presented to validate the results in this paper also hold on the adaptive
meshes.

A standard adaptive mesh process can be described by the following one

---Solve — Estimate — Mark — Refine- - -

More precisely, to get Ty, ,, from T}, , we first solve the discrete equation on T}, to get
the approximate solution and then calculate the a posteriori error estimator on each mesh
element. Next, we mark the elements with big errors and these elements are refined in such
a way that the triangulation is still shape regular and conforming.

For the computable-type a posteriori estimator can be defined as follows:

)1/2

Nk G, ) = (Ihnun — Wup — Cujy + divpli§ ¢ + P — Vunllgg) '~ (5:2)

In order to compared with the effect of residual error estimator, we give the definition of the
residual type a posteriori error estimator as follows: Define the element residual Rg (A, up)
and the jump residual Jg (up,) as follows:

R My up) i= Ay — Clupl*up — Wuy + Aup, in K € Ty,
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Fig.3 The initial mesh of L-shape domain (left), the mesh after 7 adaptive refinements using the a posteriori
error estimator 1,4 (Aj,, uj) (middle) and the mesh after 7 adaptive refinements using the a posteriori error
estimator n(Ap, up, pp) (right)

Te(up) == =Vuy vt — Vu, v = [[Vup]le-ve, one € &,

where &), denotes the interior edge set in the mesh 73, e is the common side of elements K+
and K~ with unit outward normals v and v, respectively, and v, = v™~. For K € 7, we
define the local error indicator ny, (A, up, K) as follows

M s K) = hg IRk O un)lg e+ Y, hell Te@n) G- (5.3)
ee&y,eCoOK
Then we define the global a posteriori error estimator 1,4 (Ap, up) as
1/2

Nad O wn) == | D 0j O, K) | (5.4)
K€771

In this example, we solve (2.5) in the linear conforming finite element space Vj 1 (or
Vi 2) and solve the auxiliary problem (5.1) in the finite element space W}l,] (or W}Lz),
respectively. Here, Vj, 1 and W}l | denote the finite element spaces based on the meshes which
are refined by using of the a posteriori error estimator 744 (Ap. 1, p,1), Vi,2 and W}lz,z denote
the finite element spaces based on the meshes which are refined by using the a posteriori
error estimator n(Ap,2, Up 2, Pn,2)- Figure 3 shows the initial mesh (left), the adaptive meshes
after 7 refinements by using the a posteriori error estimator ngq(Ap,1, tp,1) (middle) and
the a posteriori error estimator n(Aj 2, up 2, Pr,2) (right), respectively. The corresponding
numerical results are presented in Fig. 4 which shows that the a posteriori error estimate
n(An2, up2, pzl) ismore efficient than 1,4 (As,1, up,1) even on the adaptive meshes when the

auxiliary problem is solved in W ,1112. Figure 4 also shows A ,f and £ ,f are really asymptotically
lower bounds for the principal eigenvalue A and the ground state energy E (1), respectively.
When the meshes has more than approximately 982 elements, the approximations A,I;’ 1 )L,I;’z,

E }f yand E hLz are really below the exact principal eigenvalue A and the exact ground state
energy E, respectively.

Remark 5.2 In Fig. 4, we can see that the new a posteriori error estimator (A 2, up.2, p}, )
is smaller than n(Ap 1, up.1, p}l 1) and both smaller than the residual type a posteriori error

estimator 1,4 (Ap,1, up,1). Thus the error estimator n(Ay, up, p}l) is more efficient than the
residual type one 1,4 (A, up). In addition, we can adjust the efficiency of n(Aj, up, p,’;) by
solving the auxiliary problem (3.12) in different spaces W,’; .
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Errors for linear finite element method Errors for linear finite element method Errors for linear finite element method
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Fig.4 The errors for the L shape domain when the eigenvalue problem is solved by the linear finite element
method. Here, n(Ap 1, up,1, p}ly]) denotes n(Ap 1, Up, 1, p;;,l) when the auxiliary problem is solved in Wilz,l
on the meshes which are generated by adaptive refinement with the a posteriori error estimator 1,4 (A, 1, 5. 1)s
NAp,2sUp2, p}lyz) denotes n(Ap 2, up 2, pz,z) when the auxiliary problem is solved in Wll1,2 on the meshes

which are generated by using the a posteriori error estimator n(Ap, 2, iy 2, p}1 2)

6 Concluding Remarks

In this paper, we give a computable error estimate of the general conforming finite element
methods of the GPE for the ground state of BEC on general meshes. Furthermore, the asymp-
totically lower bounds of the principal eigenvalue and ground state energy can be obtained
by the computable error estimate. Some numerical examples are provided to demonstrate
the validation of the efficiency of the computable error estimator and the asymptotically
lower bounds for the principal eigenvalue and ground state energy. The method here can
be extended to many other semilinear eigenvalue problems such as the Kohn-Sham model
for Schrodinger equation. Moreover, we can adopt the efficient numerical methods to obtain
these lower bounds, such as multilevel correction and multigrid method (cf. [26,37]). We can
also adopt some efficient postprocessing methods (cf. [3,4,34]) to get the approximations of
the auxiliary problem (5.1).

From the Definition (4.3), (4.6) and numerical examples, we find the accuracy of )Lﬁ and
E ;f is not optimal. How to produce the lower bounds with the optimal accuracy will be our
future work.
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