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Abstract. In this paper, we propose an efficient and robust numerical method to study the
elementary excitation of dipolar Bose—Einstein condensates, which is governed by the Bogoliubov—de
Gennes equations (BAGEs) with nonlocal dipole-dipole interaction, around the mean field ground
state. Analytical properties of the BAGEs are investigated, which could serve as benchmarks for the
numerical methods. To evaluate the nonlocal interactions accurately and efficiently, we propose a
new simple Fourier spectral convolution (SFSC) method. Then, integrating SFSC with the standard
Fourier spectral method for spatial discretization and implicitly restarted Arnoldi methods (IRAM)
for the eigenvalue problem, we derive an efficient and spectrally accurate method, named the SFSC-
IRAM, for the BAGEs. Ample numerical tests are provided to illustrate the accuracy and efficiency.
Finally, we apply the new method to study systematically the excitation spectrum and Bogoliubov
amplitudes around the ground state with different parameters in different spatial dimensions.
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1. Introduction. Since the realization of Bose—Einstein condensates (BECs) of
dipolar quantum gases [2, 27, 37], we have witnessed unique and novel phenomena,
such as the roton-maxon spectrum[35, 40], the self-bound droplet state [23, 44], and
the newfangled vortex lattice patterns [38], due to the fundamental anisotropic and
long-range magnetic/electric dipole-dipole interatomic interaction. To understand
the stability of stationary states of a BEC, it is important to study its elementary
excitations around the stationary states [35, 40]. The first experimental measurements
of the lowest collective modes of BECs were carried out in [32]. Great efforts have been
made to experimentally, theoretically, and numerically study the collective excitations
of BECs since then [20, 24, 28, 29, 33, 39, 40, 43, 49].

At a temperature much lower than the critical value T, the properties of the
BEC with long-range dipole-dipole interaction (DDI) are well characterized by the
macroscopic complex-valued wave function ¢ (x, t) whose evolution could be well gov-
erned by the three-dimensional (3D) Gross—Pitaevskii equation (GPE) with DDI term
[5, 9, 10, 26, 52]. Moreover, the 3D GPE with some special highly anisotropic external
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potential could be reduced to an effective two-dimensional (2D) equation [15, 17, 10].
In dimensionless form, the d-dimensional (d = 2 or 3) GPE with DDI term could be
unified as [9, 17, 15]

(1) i0p)(x, t) = —%VQ +V(x)+ B+ 12|y, xeRY t>0,
(2) O(z,t) == (U * [¢]*)(, 1),
(3) Y(z,0) = Yo(x),

where ¢ denotes time, z = (z,9)? € R? and/or = = (z,y,2)T € R? is the Cartesian
coordinate vector, and * represents the convolution operator with respect to the spatial
variable. V() is a real-valued external potential which is case dependent, and one
common choice is the harmonic trapping potential which reads as

1] i 57, d=2,
(4) Viz) =5 2,2 | 22,2 1 2.2 _

2| vt oyt iz, d=3.

Here, vo > 0 (o = z,y, 2) are dimensionless constants proportional to the trapping
frequency in v-direction. Moreover, the dimensionless constant 8 and A characterize,
respectively, the short-range contact interaction and long-range DDI. The interaction
kernel U(x) reads as

—5(w)—38nn< L ), x € R3,

47|z

(5) Ulx) =
=3 (Onin, —132) (55), @R

Here, n = (n1,n2,n3)7 € R? is a given unit vector representing the dipole moment,
On =N -V, 0nn = 0n(0n), V1L = ((’“)w,(?y)T, ny = (n1,n2)?, and 9,, = n, -
Vi, anLnL = 8714 (8nL)'

The time-dependent GPE (1)—(3) conserves two important quantities: the mass
of the wave function

© NG = @R = [ ePle=Nweo). o
and the energy per particle
M Ben)
= [ |3 196R + i@l + Siult+ S0l ae = EwC.0). 120

Plug the ansatz ¢(x,t) = e*s!¢,(x) into (1); one obtains the time-independent GPE
for the stationary state ¢s(x)

) watulz) = |57+ V@) + B0+ AU o] on(e). 0. =1

which is also a nonlinear eigenvalue problem. The corresponding eigenvalue pus; € R
is also called chemical potential which could be evaluated from ¢, (x) as follows:

© = [ [5IT0R HV@I0P + st £ A o) 0] g
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The ground state ¢4(x), which is the stationary state of the lowest energy, could
also be interpreted as the global minimizer of the following nonconvex minimization
problem:

(10) ¢g(@) = argmin £(¢),

with S := {é(x) | |4 := fRd |¢(x)|>dx = 1, E(¢) < oo}. The GPE (1)-(3) proves
to be valid for the dipolar BEC on the mean field level [16, 35, 52]; however, it
fails to describe the quantum fluctuation [28] of the condensate. Hence, one needs
to go beyond the mean field theory, and the very first step is to investigate the
collective excitation so as to capture the many body effect of interatomic interactions.
The collective excitation could be analyzed via elementary excitation of the system
governed by GPE (1). Under proper assumption of the dipolar BEC, the elementary
excitation around the mean field stationary state could be well described within the
Bogoliubov theory, which resulted in the celebrated Bogoliubov—de Gennes equations
(BAGEs) [8, 29, 24, 36, 40]. To date, the analysis works on the elementary excitations
in BECs are mainly composed of the GPE for describing the condensed part and the
Bogoliubov theory for describing the noncondensed part, respectively [28].

Great enthusiasm has been stimulated to investigate BAGEs in physics literature
[28, 43] in the past few decades, most of which are about nondipolar systems. Based
on the low energy excitation of a dilute Boson gas in harmonic traps, Stringari [43]
obtains the long wave excitation frequency of a trapped BEC in a Thomas—Fermi
regime. A method to find analytical solutions of BAGEs for the low-lying collec-
tive excitation in harmonic trap potential beyond the Thomas—Fermi regime was
proposed by Hu, Huang, and Ma [28]. Along the numerical front, there have been
quite a few developments. Edwards et al. and Morgan et al. [20, 39] applied the
finite difference method and solved the sparse algebraic eigenvalue system using the
ARPACK library. Danaila et al. investigated the BAGEs of a multicomponent BEC
with the finite element method [19]. Gao and Cai systematically studied BAGEs for
the classical GPE and proposed several efficient algorithms, including the compact
finite difference method and sine spectral method [24]. In contrast, there are few
theoretical studies on the excitation of dipolar BECs. For the numerical studies,
there are some papers that mainly consider the lower-dimensional cases (d =1 or 2).
For example, Jia, Wang, and Yi [29] studied the low-lying collective excitation of
the rotating quasi-2D system with the Fourier spectral method, and Ronen, Bor-
tolotti, and Bohn and Wilson, Ronen, and Bohn [40, 49] developed an algorithm
based on the one-dimensional discrete Hankel transform for a cylindrically symmet-
ric system. Those works are either mainly for lower-dimensional cases or systems
with a specific symmetric structure, and they are disadvantageous in evaluating the
nonlocal DDI.

Furthermore, to the best of our knowledge, there were no systematical studies on
BdGEs in the context of dipolar BEC from the mathematical standpoint. Hence, it
is necessary to develop mathematical theories and to construct accurate and efficient
numerical methods to solve the corresponding BAGEs. To numerically investigate
the elementary excitations, the main challenge lies in (i) a robust solver for the eigen-
value problem, i.e., BAGEs; (ii) an accurate and efficient stationary state (8) and/or a
ground states solver; (iii) an accurate DDI fast solver that would play a decisive role in
the whole numerical method, particularly in high spatial dimensions. Fortunately, the
computation of nonlocal DDI has been studied quite extensively, and many effective
algorithms have been proposed, such as the sine spectral method [12, 9, 10], the
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nonuniform fast Fourier transform method [13, 14, 31], the Gaussian-sum method
[21], the kernel truncation method [40, 41, 47], and the anisotropic truncated kernel
method (ATKM) [25]. The smooth and fast-decaying density p := [1|? can be well
approximated by the Fourier spectral method, and it is reasonable to expect spec-
tral accuracy with the same efficiency when computing the nonlocal interactions. In
fact, all of the last three methods can achieve spectral accuracy within O(N log N)
operations, where N is the number of unknowns. However, the prefactors in front of
O(Nlog N) are usually very large; hence improvement is required to achieve better
efficiency, especially for problems in high space dimension. In this paper, starting
from the density’s Fourier spectral approximation, we will propose an even simpler
method (in section 3.2) to compute the nonlocal DDI. The proposed nonlocal solver
achieves spectral accuracy with an even better complexity, i.e., a smaller prefactor in
O(NlogN).

As for the computation of stationary/ground states, various numerical methods
have been proposed for the (non)dipolar BEC [3, 4, 9, 10, 11, 13, 18, 30, 47, 48,
50, 51], among which the preconditioned conjugate gradient (PCG) method [4] was
evidenced to be one of the most efficient solvers. Recently, Tang et al. [45] incorporated
the ATKM for the DDI evaluation into the PCG method to compute the stationary
state of a dipolar BEC. The resulted PCG-ATKM is spectrally accurate, simple to
implement, and fast (with a O(N log N') complexity). We will apply the PCG-ATKM
to precompute the stationary/ground state ¢s for the BAGEs. With the Fourier
spectral discretization in space, the resulted discrete eigensystem, i.e., the discrete
BdGEs, is densely populated, which shall render prohibitively huge memory costs with
explicit matrix storage. Therefore, it is necessary to provide an efficient matrix-free
operator-function evaluation during the iterative eigenvalue process. In this paper, we
will apply the matrix-free implicitly restarted Arnoldi methods (IRAM), implemented
efficiently via ARPACK with reverse communication interface, to solve the resulted
discrete eigenvalue/vector system. Overall, the main objectives of this paper are
threefold:

1. investigate theoretically the mathematical properties of the BAGEs, focusing
on their special analytical solution pairs in different regimes;

2. develop an efficient and accurate algorithm, i.e., SFSC, for nonlocal interac-
tions and integrate it with the matrix-free IRAM to solve the discrete BAGEs
via ARPACK or its variant;

3. apply the proposed SFSC-IRAM to investigate the excitation spectrum and
Bogoliubov amplitudes of the dipolar BEC around ground state with different
parameters in two and three dimensions.

The rest of the paper is organized as follows: In section 2, we introduce the
BdGEs and derive some analytical properties. In section 3, we present the details of
the Fourier spectral method for space discretization and propose the simple Fourier
spectral convolution method for computing the nonlocal interactions as well as the
approach to compute the discrete BAGEs. Extensive numerical examples are shown in
section 4 to confirm the performance of our method, together with some applications
to study the solutions to the BAGEs with different parameters in two and three
dimensions. Finally, conclusions are drawn in section 5.

2. The BdGEs and its properties.

2.1. The BAGEs. To characterize the elementary excitations of a dipolar BEC,
the Bogoliubov theory [8, 24, 36, 40] begins with the stationary state ¢,(x) of the
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GPE (1), which is also the solution of the nonlinear eigenvalue problem (8) with
chemical potential ps (9), and assumes the evolution of GPE (1) is around ¢4(x).
The corresponding wave function ¢ would then take the form [24, 40]

(11) Y(x,t) = et | py(x) +pz (uj(:c)e’i“’ft + ﬁj(:c)ei“’ft> ,x e RLE> 0.
j=1

Here, v; denotes the complex conjugate of v;, 0 < p < 1 is a small quantity used
to control the population of quasi-particle excitation, w; € C is the frequency of the
excitations to be determined, and u;(z) and v,(x) are the corresponding Bogoliubov
excitation modes satisfying the following normalization condition:

(12) | (w@P = @) de =1, jezt.

Plugging (11) into (1) and (2), collecting the linear terms in p, and separating the
frequencies e =it and e™s?, we obtain the following BAGEs:

(13) Lapu; + BlosPuj + B2 vy + AU * (dsu; + dsv;) ds=  w; uj,
(14) ﬁgpvj + ﬂgb%u] + ﬂ|¢s|2vj + AU % (gbsuj + (j)svj) ¢s = —W;Vj,
with

1
(15) Lgp = —§v2 + V(x) + Blos|? + APy — pg, Oy = U * | |%

Under the proper assumption, it has been shown that the stationary state ¢4(x) is
unique up to a constant phase factor [9] and can be chosen as a real-valued function
of(x), ie., ¢s(z) = ¢F(x)e? with § € R. It is easy to check that the different
choice of ¢s with the different phase factor 6 only resulted in different Bogoliubov
amplitude functions with a phase factor; i.e., if (w;,u;,v;) solves BAGEs (13) and
(14) with ¢, then (wj,e® uj, e~ v;) solves BAGEs (13) and (14) with e?®¢,. Thus,
it suffices to consider the real-valued stationary states case, and we shall assume
¢(x) € R throughout this paper. To simplify the presentation, hereafter we remove
all subscripts for u;, v;, and w; and write them indiscriminately as w, v, and w,
respectively. Denote operators

(16) L1 = Lap + B> +A%1,  Liz= B2+ AR,
522=—£GP—5|¢3|2—)\>?T7 Lo] = —Bd2 — AX5,

with nonlocal actions ; and X7} (j = 1,2) defined as

(17) 5(\1 (g) = ¢s [U * ((Z_ssf)] ’ 5(\2(5) = ¢s [U * ((bsg)} )
X1(6) =05 [Ux(0:8)].  X3(8) = ¢s [U* (58)] 5
the BAGEs (13) and (14) with constraint (12) could be equivalently recasted as

L1 L2 (u) _ [(u
() (e 22) () ==(0)
with constraint

(19) [ (@ = 1o@)P) do=1.
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Specially, for the real-valued stationary state ¢, all the nonlocal operators are iden-
tical, i.e., X1 = X2 = X = X5- By applying a change of variables
(20) wz) = f(z) +g(x), v(x)=f(lz)-g9(x),
the BAGEs (18) could be simplified as
_ 1
) Hif@) @), Hoge) =wf@. ®( [ @) ) =],

d
which immediately leads to a decoupled linear eigensystem
(22) H_H, f(@) =w?f(z),  HyH_g@) = w?g(@).

Here, (a) denotes the real part of o, Hy := Lgp + 28|ds|? +2AX1,and H_ := Lgp.
One could solve the above decoupled unconstrained eigenvalue problems (22) instead
of the coupled constrained system (18), which is common in the physics community
[40]. Alternatively, we can directly treat (18) as a linear response problem and solve
it by the locally optimal block preconditioned four-dimensional conjugate gradient
algorithm or its variants [6, 7].

Due to the nonlocal character of DDI, the BAGEs are very difficult for both
analytical and numerical analysis. Only for several low energy excitation modes is it
possible to obtain some analytic results by using a Gaussian variational ansatz [35]
or the Thomas—Fermi approximation [28]. Here we investigate the typical harmonic
trapping potential case (4) and derive some analytical properties of BAGEs, which
could serve as benchmarks for testing numerical methods.

2.2. Analytical properties of BAGEs. For general potential V(x), we have
the following results.

LEMMA 1. If{u,v,w} (w € C) is a solution pair to the BAGEs (18), then {v,u, —w}
is also a solution to the BdGEs (18) and

(23) =) [ (u(@) = [o(@)) dz = 0.

Furthermore, if u(x), v(x) satisfy the normalization constraint (19), i.e., the elemen-
tary excitations, then the eigenfrequency w is real.
Proof. Take conjugate of (13) and (14) on both sides; we have
Lapt+ B(:)°0 + Blos*t+ AU x (60 + ¢511) s = @1,
Lapt+ Blosl*s + B2t + AU (450 + ¢atl)ps = —@0,

which immediately implies that {7,4, —@} is also a solution. Multiplying (13) and
(14), respectively, by % and , integrating over R%, and combining the resulting equa-
tions, we obtain

(24)
w / (Ju)? — [v()[2)da
Rd

= /Rd {; (IVu(@)? + |Vo(@)[?) + (V + 28]ds)* + A0y — ) (Ju(@)* + |v(z)]?)

+ B(¢§av + éiua) +A [axl(u) + 0 (v) + ax2(v) + oX5 (u)] }dm. 0

It is easy to check that the right-hand side of (24) is real, and hence substituting
equation (24) from its conjugate, we arrive at the identity (23).
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Remark 1. From this lemma, we note that under the normalization constraint
(19) only the real eigenvalues for BAGEs are relevant for the elementary excitations.
Complex eigenvalues, which play a crucial rule in determining the dynamical stability
of stationary states, may occur for BAGEs (18) only if ||u|| = ||v|. Now that we focus
on the elementary excitation, i.e., BAGEs (18) with constraint (19), we reasonably
assume w is real throughout this paper and leave the study of complex eigenvalues of
BdGEs as future work.

For harmonic potential V(z) = 2 3" 72a? with spatial variables a = z,y in two
dimensions and « = x,y, z in three dimensions, we have the following results for the

corresponding Bogoliubov excitations.

LEMMA 2. Let ¢ be the real-valued stationary state of GPE (1); then we have
the following solution pair to the BAGEs (18) with constraint (19):

Y 1/ R 1/2
{uonvouwa} = {\/§ ('Ya Oa®s Yo O‘(bs) , \/§ (’Ya 8a¢s + 7 Oé¢5) y Ya (s

with o = x,y in two dimensions and o = x,y, z in three dimensions.

Proof. Notice that stationary state ¢, satisfies the Euler-Lagrange equation (8);
differentiating (8) with respect to variable x, we have

1
H+(ax¢€) = (—§V2 +V+ 3B|¢s|2 + AP, 42Xy — ﬂs)(ax¢s) = Vw(_,YCCIQZ)S)'

Apply H_ on —v,x and combine (8); we have

1
H—(_7z$¢s) = (_§v2 +V+ B|¢s|2 + AP, — MS)(_’YxJ?¢S) = 7z(8z¢s)

Therefore, it is clear that (9,¢s, —Vzxds) solves (21) with w = ~,. Noticing

= Jrz V275 0pbsdady = %, we conclude that (f,9) = (757 *0us, — 574 1)
solves (22) under the normalization constraint for w = 7,. Using (20), we derive
the following analytic solution:

1 -1 1 1 1 1
Wy = Y, Uz = ﬁ (7m 28w¢s - Yz x(b&) y Uz = E <71 26x¢s + v $¢)5> .

The conclusion holds true for @ = y, z following similar argument, and we omit the
proof for brevity. O

In addition, in the Thomas—Fermi (TF) regime, i.e., 8 > 1, for dipolar BECs
with dipoles lying along the z-axis, i.e., n = (0,0,1)7, and trapped by a cylindrically
symmetric harmonic trapping potential V (), i.e., 7. = 7, in (4), we have the fol-
lowing results for the ground state profile ¢4(x) and the corresponding Bogoliubov
excitations.

LEMMA 3. The ground state profile ¢4(x) of GPE (10) could be well approzimated
by the TF density (bgF(:c) with chemical potential ,u;F [22]:

15 2 y? 22
~ HTF -
6y(@) ~ 0] (m)'_\/ém%%<1_1%2_R2_R§>+'
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Here, p,* = wéi}iw is the chemical potential, fi(x) := max{0, f(x)}, and
1+2x%  3kZarctanh(v/1 — k2) <1
— K
1— k2 (1 — K2)3/2 ’ -
(k) =
1+2k?  3r%arctan(vVk2 — 1)
K >1,

K2—1 (k2-1)32 7

where the ratio k := R/R, is determined by the transcendental equation

3Ak? [ 2 n(r) A 27
o ) e G ()
The radius R is given explicitly as
15k A [ 3r2n(k) :
2 =1+ ("2 g .
20 r= [ (15 (st )|

Moreover, as f — oo, we have the asymptotic results
R=0(5"°),  R.=0(°),  pg" =0

LEMMA 4. Under the same conditions of Lemma 3, the Bogoliubov eigenvalues
associated with (13) and (14), denoted by wg, are well approzimated by we, as B — 0.
The limit eigenvalue woo satisfies

1
- (1 = 5 (e + gy + 7322)> V2q+ (V2w0y + voydy +7220.)q = (weo ) q()

for x € Dy = {ac € R3|1 — %(’yfch +2y% +v22%) > 0}. Especially, for a special
isotropic harmonic trap, i.e., Yy = vy =7, = V2, we have the explicit eigenvalues

Wb = V21 + 3k + 2kl + 2k2, 1>0, k>0.
Proof. To estimate the asymptotics of wg for large 3, we first introduce the rescal-
ing ® =x/,/1ty and ¢4(x) = %959(5), then we obtain the following formula:
Mg =~ = ~ 5\~
D) = (@) B, (@) = (U +[05*) (@),
. Mg [2, 7] /1~ o
KD @) =" KD @, f@) = f@).

The second BAGE (22), i.e., H, H_g = w?g, is now rescaled as IZQI;LE = Z—zﬁ with
g

~ A\~ ~ ~ ~ A\~
o, +2-v—1, H_ = H,—2|¢,]>—2>x,
g B + | g| B

7 1 2 | /(5 72

A
B

V2 = 3‘97?2 + 387?2 + %, and V(&) = 1(722% + 42y + 72%?). The eigenvalue problem
(8) is then rescaled as
11

~ ~ ~ A~ ] ~ ~
(28) —§M—gv2+V(m)+\¢g|Z+E¢>g bg = g
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Combing (27) and (28), we have

I o S ot 2 Ax A~ 1oy 1 1ogr |2 w?o
e Sh 2o -1 |- — = = 3.
2u§v +V(2)+3| ¢y +B 9+ 25X ] l ZMEV +2u§ %v bg| g Hgg

In the TF regime (3 > 1), the rescaled a;fF converges to 5;" () = (1-1(22%+
1 -
75@2 + 7322))1 as  — oo. In the above equation, by substituting (;S;FF,ﬁgF for the

ground state 59 and the chemical potential ug4, respectively, we obtain the following
eigenvalue problem:

1 =~ ~ ~ 1 = 1 1 ~p w?
ey V2 V(Z) 3]0 F P11 |- % — V2P| G —— 7
T @ ]| e e e

When 8 — oo, by plugging in the limit function 5‘9’0 and dropping the higher order

term of 1/ M;FF, we derive the limit eigenvalue problem for ¢ = g/ E)FEF as follows:

1 . . N N N
(29)— (1 - 5(75962 + 920+ 7352)) V2q+ (72205 + v 50y + 1270z)q = wiq(T).

Especially, when v, = v, = 7. = V2, ¢(z) is spherically symmetric, (29) could be
solved explicitly in a similar way as shown in [34]. d

3. Numerical method. In this section, we will propose efficient and spectral-
accurate numerical methods to solve the BAGEs (18) with constraint (19). Due to the
external trapping potential V' (x), the wave function (), and the ground/stationary
states ¢s(x) to the GPE (1)—(3), as well as the eigenfunctions (u(z),v(x)) to the
BdGEs (18) and (19), are all smooth and fast decaying. Therefore, it is reasonable
to truncate the whole space R? into a bounded domain D C R? with periodic bound-
ary conditions such that the truncation error is negligible. To numerically solve the
BdGEs, high spatial resolution schemes are usually preferred. In terms of accuracy,
simplicity, and efficiency, the Fourier pseudospectral (FS) discretization [9, 10, 11]
is one of the most optimal candidates. However, due to the polynomially decaying
properties (at the far field || — oo0) of the convolution-type nonlocal potentials @,
(15) and the nonlocal interaction x;(§) (17) , the FS scheme could not be directly
applied. Indeed, it is the most challenging job to compute such nonlocal interac-
tions with spectral accuracy as efficiently as possible. Alternative spectral-accurate
solvers, such as the kernel truncation method [47] and nonuniform fast Fourier trans-
form method [13, 31], usually require prohibitively huge memory and/or expensive
computational cost, thus bottlenecking the overall efficiency. In this section, we will
propose a spectral-accurate solver to evaluate such nonlocal interactions via direct F'S
discretizations with minimal storage and optimal efficiency; then the full F'S scheme
for the BAGEs (18) achieves both optimal accuracy and efficiency.

3.1. Space discretization and eigensystem solver. We first introduce the
F'S scheme [9, 10, 11] to discretize the BAGEs (18) provided that the stationary state
¢s is computed accurately by the PCG method [4, 5, 45] and the DDI potential &, can
be easily evaluated by the SFSC method, which is to be introduced in next section.
For simplicity, we only present the scheme for the 2D case. We choose the computation
domain D as a square for simplicity and denote it by Dy, := [-L, L] x [-L, L]. Let N
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and M be two positive even integers. Choose h, = % and h, = % as the mesh size
in z- and y-directions, respectively. Define the indices and grid point sets as

INMZ{(mm)eNﬂogngN—L ogmgM—1},
Tnns = {(e,k) €72 —N/2<C<N/2—1, —M/2 < kgM/2—1},
To = {(@ ) =t (L4 nhe, —L+mhy), (n,m) € Tyn |,

and introduce the functions

(30) W, y) = e @D i W) (0 1Y € Ty,

with pf = QM and pf = 2’”“ . Moreover, we define Py,;, =: P(@n, Ym) (P = u, v, ¢s, Ps,
etc.) as the value of an abstract function P(x,y) at grld (ZnyYm) € T and P as the
vector with components { Py, }. The FS approximation of P (denoted by P) and V2P
reads as

N/2—1  M/2-1

(31) Py ~Pay) = > > PyWylzy),
=—N/2 k=—M/2
N/2—-1 M/2-1

(32) (VP)~ (V?P): Z > () + (1))?) Po Wnla,v),

—N/2 k=—M/2

where P € CNM , the discrete Fourier transform coefficient of P, is computed as

N—-1M-1
~ 1 __ ~
(33) Py = W T;) T;an Wik(xruym)a (Za k) €Inm-

The nonlocal operators X, and 5{; (j = 1,2) are approximated, respectively, as

(X5 P)(@,y) = (%, P)(x,y), (GGP)(@y) ~ (GP)(wy),  (v,y) €D,

and the operators Lgp and Ly (4,5 = 1,2) in (16) are then discretized at @y, :=
(Zn, Ym) € T as follows:

(['GPP)(mnm) ~ _%(v215)(xnm) + (Vnm + 6|(¢s)nm|2 + /\(‘I)s)nm - US)P(wnm)v
(LijP)(@nm) ~ (‘Cijf))(wnm) = (LijP)nm.

The BAGEs (18) with constraint (19) then could be discretized into the linear algebraic
system

Liiz L2\ fu)  (u 2 2\ _
so (D) ()= (d) m (R o) =1,

with || - || being the standard ? norm.

Then we describe the approach to solve the discrete BAGEs (34) briefly. First,
the stationary state ¢s and chemical potential ps (34) are precomputed via the PCG
method [4, 45] in a large enough domain with small enough mesh size such that the
errors coming from this evaluation are negligible. The values of ¢ on grid points
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Te are interpolated by the Fourier spectral method. The involved nonlocal poten-
tials/operators, such as ®5 and X;(j = 1,2), are evaluated by the nonlocal solver to
be introduced in next section. Second, we solve the linear eigenvalue/vector problem
(34). In practice, the IRAM [42] is adapted to simultaneously compute the first few
smallest positive eigenvalues w and their associated eigenvectors (u,v) followed by a
rescaling in order to meet the normalization constraint. One important note is that
the matrix of (34) is nonsymmetric and dense; therefore explicit matrix representation
requires expensive memory storage. This would notably bottleneck the efficiency if
one directly applies the IRAM, especially for the 3D problems. Hence, it is essential
and necessary to utilize the matrix-free version of the IRAM, which could be well
resolved by coding with the well-known ARPACK [46] library. In such case, all that
one needs is to provide the matrix-vector product (operator-function action on the
continuous level), that is, to compute L;;u? + L;v?, where vectors u?,v? € CNM
are updated iteratively.

The discrete Fourier transform and its inverse (31)—(33) could be computed ef-
ficiently via the FFT and inverse FFT (iFFT) within O(NM log(NM)) operations.
All the other operators in L£;; except the nonlocal interaction ¥; are in fact multi-
plication operators in the physical space; thus their operations on w and v could be
easily accessed by pointwise function multiplication. The nonlocal interaction con-
sists of convolution and function multiplication; therefore, it is not diagonalizable in
either phase or physical space, which bottlenecks the overall efficiency as well as the
accuracy. Therefore, the efficient and accurate evaluation of the nonlocal potentials
is of essential importance in solving the BAGEs. In next subsection, we shall pro-
pose a simple Fourier spectral convolution (SFSC) algorithm, which could optimally
evaluate such nonlocal interactions with spectral accuracy within O(NM log(NM))
operations.

3.2. SFSC method for the nonlocal interactions. It is clear that all the
nonlocal interactions are composed of convolution and function multiplication. The
multiplication with the stationary state ¢ (or its conjugate) is quite straightforward;
thus we concentrate on the convolution in this subsection. Without loss of general-
ity, we consider ¢ := U * (¢, f) with f being smooth and fast decaying on the same
computational domain D. The kernel U is singular at the origin and decays polyno-
mially at the far field, and the density p := ¢, f is smooth and fast decaying too. The
convolution evaluation is quite challenging in terms of both accuracy and efficiency,
even though it can be transformed to Coulomb potential (U(x) = 1/(27|z|)). For
example, the convolution can be equivalently rewritten as

(35) o= (5mm1) * (300 —29200) = (5 ) #7

where p is the effective DDI-density for the 2D Coulomb potential. The 3D convolution
can also be transformed to Coulomb potential with similar kernel U(x) = 1/(4n|x|),
and we omit details for brevity.

To simplify the presentation, we assume the computational domain D = Dy, :=
H?:l [—L, L] is a cube centered at the origin of length 2L in each spatial direction. Ex-
isting convolution solvers either require extra zero-padding [47] or perform inefficiently
in higher spatial dimensions [31, 13]. We now propose an efficient approach which
requires optimal two-fold zero-padding and is easily implemented with FFT/iFFT.

To be exact, we take the following 2D case as an example.
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For simplicity’s sake, we replace p by p and assume further that the density is
compactly supported (numerically) in Dy,. To compute the interaction at © € Dy, we
have

(36) o) = | Uwple—p)dy. = eDL.
(37) = /+D U(y)p(z — y)dy = /D U(y)p(x — y)dy.

For € Dy, the whole space domain R? is reduced to & + Dy, because p(x — y) =
0V y ¢ x+Dyr, and the third equation holds true as the density is compactly supported
(numerically) in Dy,. Therefore, we have ® —y € D3y, V @ € Dy, y € Dar. Then
we need to approximate the density p on Ds;. However, with careful investigation
on the periodicity of Fourier basis, it suffices to approximate p on a two-fold domain
Dy, and we refer to [21] for details. After a two-fold zero-padding of the density p,
we obtain the Fourier series approximation on Dsyy, as

N—-1 M-1
(38) p(z) ~ Z Z Ppq eiﬁZ(w+2L)eiﬁg(y+2L), z = (x,y) € Dar,
p=—Nq=—M

with gy = 7p/(2L), iy = mq/(2L), and py,, being the discrete Fourier transform.
Plugging (38) into (37) and substituting  — y for z, we have

N—-1 M-1
(39) olz) ~ Z Z Brg qu ¢y (@ H2L) il (y+2L) z Dy
p=—Ngqg=—M

where ﬁpq = [Af(ﬁg, fy) is the Fourier transform of U on bounded domain Day,, which
is given explicitly as follows:

(40) qu :/ Ulx) e” e Ma¥dg = (2L)/ U(x) e ™Pre™ Wy,
DZL Dl

The last equation holds with a change of variables * = 2Lz for the Coulomb po-
tential. The Fourier transform Up, can be reduced to a singular Fourier integral on
the standard domain D; = [—1,1]? and can be precomputed very accurately up to
machine precision via some high-precision library such as the Advanpix toolbox [1].
If ﬁpq is to be computed on the fly, we recommend the Gaussian-summation accel-
eration techniques [25]. Once (40) is available, the Coulomb potential on 7 can be
computed with one pair FFT/iFFT and one function multiplication of size 4N M, and
the overall cost is O(ANM + 4N M log(4NM)). Note that the potential ¢ on mesh;
T, which is a uniform partition of Dy, is part of the inverse FFT (on a two-fold zero-
padded mesh); therefore, no interpolation is ever needed at this step. The efficiency
is almost optimal compared with existing methods, and the accuracy achieved is close
to machine precision as expected.

To summarize, the nonlocal interaction X;(f) (X7(f)) can be computed efficiently
in two steps: (i) compute the convolution with density ¢, f (¢sf) (ii) multiply the in-
teraction ¢ and the ground state ¢, (¢s). We present a detailed step-by-step algorithm
using X1(f) as an example, and adaptation to X2(f) and Xj(f) is straightforward. The
algorithm to compute the nonlocal interaction is summarized in Algorithm 1.
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Algorithm 1 SFSC for 1 (f)

Comment: Given a smooth function f, ground state ¢5, and DDI &4 on mesh grid
Te-

Comment: Precompute the Fourier transform ﬁpq (40) up to controlled tolerance e.
1: Compute density p =: ¢4 f by multiplication.
2: Compute the effective DDI-density p (35) by differentiating p on T, via the Fourier

spectral method.

Carry out a two-fold zero-padding of DDI-density (denoted by p).

Compute the discrete Fourier coefficient of p via FFT, i.e., p,q in (38).

Compute ﬁmﬁpq by multiplication.

Compute the nonlocal potential ¢ (39) on 7, via iFFT.

Compute x1(f) = p¢s by multiplication.

IR U

To show the accuracy and efficiency, we carry out the following example. For
simplicity, we only evaluate nonlocal interaction x1(f) in two and three dimensions.
Unless stated otherwise, we let

N

x|

(41) fl@)=e"27,  ¢s(x)=f(x), xR’
and set the dipole orientation as n = (0.82778,0.41505, —0.37751)7. We set the
computational domain as D = [—8,8]¢, and we always use uniform (tensor) grids in

space with equal mesh sizes h in all directions. To quantify the errors, we define the

error function as
. H[Xl(f)]num - [Xl(f)]exact“oo

Eh - H[Xl(f)]cxact“oc '

where [x1(f)]num is the numerical solution obtained by SFSC and [x1(f)]exact is the
exact solution.

Ezample 1. With the choice of f and ¢ in (41), the exact interaction x1(f) in
two dimensions can be given explicitly as

@)= 2 s n -1 - 22 (1) - 2 100) | (o)

3v/mngnsgse? Ip(s
$ VTS ) gy ) 12 ),
o 2s
where s = % and Iy and I; are the modified Bessel functions of order 0 and 1,
respectively. While in three dimensions, we have
(42)
%/ Erf(r/o

(@) = = [p@)+ 3.0 (TLEELLDY | ) = —lpla) +3 07 Bomlf(a)

with matrix B(x) = (bjl(w))_?,lzl defined as

W) e = (g - (1) )5

272 43

_:2 (302 1 3037 r
(44) +x,x) (—6 o2 <2T4 + 72> + 175 Erf (0)) ,
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TABLE 1
Errors and CPU time (in seconds) for computing the nonlocal interaction x1(f) by SFSC with
different mesh size h in 2D (upper) and 3D (lower) cases in Ezample 1.

h=2 h=1 h=1/2 h=1/4
En 1.9385E—01 1.1617E—02 7.61445—08 3.7585E—15
By, 1.5743E—01 8.2904E—03 1.7048E—07 1.8485E—14
CPU 6.0000E—04 5.5000E—03 5.6300E—02 9.5620E—01

where r = |z|, §;; is the Kronecker delta, = (21,22, 73)T, and Erf(r) = % for et dt
is the error function.

For all numerical examples in this paper, the related algorithms were implemented
in Fortran and run on a 2.27 GHz Intel(R) Xeon(R) CPU E5520 with a 8 MB cache
in Debian GNU/Linux. Table 1 shows the numerical errors Ej and corresponding
CPU times by SFSC with different mesh size h for Example 1. Since the CPU time
for the 2D case is too small, we only present those for the 3D case. From the table,
we could clearly see that SFSC is efficient and achieves spectral accuracy.

4. Numerical results. In this section, we first test the convergence of the
matrix-free IRAM integrated with the SFSC (SFSC-IRAM) method to solve the
BdGEs (18). Then, we apply the SFSC-IRAM to investigate the Bogoliubov excita-
tions around the ground states of GPEs. The ground state ¢ and chemical potential
s (34) are computed via the PCG-ATKM [45] in a large enough domain with a small
enough mesh size such that the errors coming from spatial discretization are negligi-
ble. Unless stated otherwise, we choose the potential V' (x) as the harmonic trapping
potential (4) and set, respectively, the computational domain as D = [—12,12]? in two
dimensions and D = [—10, 10]? in three dimensions. We always use uniform (tensor)
grids in space with equal mesh sizes h in all directions.

4.1. Accuracy tests. Here, we first test the spatial accuracy of our method
in two and three dimensions. To this end, we take the same parameters as in the
Lemma 2, which imply an analytical formula for the eigenvalue and eigenvectors to
the BAGEs (34). For an abstract analytical eigenvalue solution w with multiplicity
p to the BAGEs (34), we denote its associated analytical eigenvectors (as given in

(25)) as (u;,v;) (j =1,...,p) and denote the corresponding linear eigenvector space
as P, =: span{us,...,u,} and P, =: span{vi,...,v,}. For example, as shown
in Lemma 2, for 7, = 7, = 7 in two dimensions, p = 2 for eigenvalue w = 7,

and the associated eigenvectors (u;,v;) (j = 1,2) are analytically given in (25). To
demonstrate the results, we define the following error functions for eigenvalues and
eigenvectors:

h

ho._ lwa —wal ha _ s —Puudle | [lvg = Povalle
€, ‘= R Cup = % + 7
|wal [y l2 [vall2
Here, with o = z,y in two dimensions and « = x,y, z in three dimensions, || - |2 is

the discrete 12 norm, and P, (v = u,v) is the [?>-orthogonal projection operator into
space P,. {u”, v" w"} is the numerical approximation for the eigenpair {ua, Vo, we}
that is defined by (25) in Lemma 2.

Ezxample 2. Here, we consider both the 2D and 3D examples. To this end, we set
£ =100 and A = 50 and consider the following four cases.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/27/22 to 124.16.148.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

B114 TANG, XIE, ZHANG, AND ZHANG

Case 1. 2D case: Let 7, =, = 1 and n = (cos6,sin6,0)” with a different 6.

Case 1I. 2D case: Let v, = 7,/2 =1 and n = (cosf,sin6,0)” with a different 6.
Case II1. 3D case: Let 7, =7, =7, =1 and n = (0,0,1)7.

Case IV. 3D case: Let 7, = v, =7,/2=1and n = (0,0,1)T.

For Case I, the two analytical eigenvalues are w, = wy =: w = 1; hence p = 2 for
eigenvalue w = 1 and for the dimensions of its generated eigenvector spaces P, and
P,. While w, =1 and wy, = 2 for Case II, both of their corresponding eigenvector
spaces are of dimension one. Similarly, for Case III, the three analytical eigenvalues
are w, = Wy = w, =: w = 1; hence p = 3 for eigenvalue w = 1 and for the dimensions
of its associated eigenvector spaces P, and F,. For Case IV, w,; = wy =: w =1 and
w, = 2; thus the dimension of the associated eigenvector space is two for w and one
for w,, respectively.

Tables 2 and 3 illustrate the errors of eigenvalues and eigenvectors for different
mesh size h and/or different dipole orientation n for Case I-Case IV. From this table,
we could clearly see that the proposed method is of spectral accuracy in space.

4.2. Applications. In this section, we show some applications of the SFSC-
IRAM to compute the Bogoliubov excitations around the ground state of the GPE
with different parameters in two and three dimensions. We investigate the effect of

TABLE 2
Errors of the eigenvalues/eigenvectors for Case 1 (upper) and Case 11 (lower) in Example 2.

h ho = 3/2 ho /2 ho /4 ho/8 ho/16
el 1.569E—01  6.618E—04  7.652B—07  1516E—12  1.129E—11
0—0 el 9.973E—02  1.927E—03  6.508E—08  7.641E—13  1.129E—11
ehws  1993E—01  1.211E—02  2.144E—04  3.474E—08  6.107TE—11
ewev  2068E—01  1.932E—02  2.715E—05  4.611E—09  3.938E—11
el 2.085E—01  6.525E—04  3.957E—07  1.451E—13  5.653E—12
h
0= /4 el 1.283E—01  1.682E—03  1.967E—07  5.680E—13  1.299E—11
ehws  1851E—01  1.644E—02 1.214E—04  8.606E—09  3.962E—11
ewev 2989E—01  1.657E—02  1.325E—04  8.822E—09  5.275E—11
el 1.880E—01  7.926E—04  1.375E—07  4.345E—13  1.637E—11
h 1.209E—01  3.174E—03  1.234E—06 1217E—12  7.761E—12

0=m/3 Cay
ehwa 1.848E—01  1.490E—02  7.475E—05  1.851E—08  6.890E—11

h,wy

euy 2.775E—01  1.779E—02  1.679E—04  1.873E—08  2.595E—11
h ho = 3/4 ho/2 ho/4 ho/8 ho/16
el 1.583E—01  2.000E—03  2.131E—06  4.209E—12  1.220E—11
0=0 eﬁ; 1.858E—02  5.973E—03  1.388E—05  9.854E—13  9.976E—12
el@s  4431E-01  2.076E—02  2.421E—04 8.561E—08  5.781E—11
erev 2000 7.879E—02  8.098E—04  8.165E—08  5.241E—11
el 2.168E—01  3.823E—03  3.399E—06  1.854E—11  1.004E—11
0= /4 el 1.215E—01  3.346E—02  1.104E—04  4.233E—10  3.712E—12
elwe  5428E—01  2.272E—02  1.931E—04  4.903E—08  1.565E—10
ety 2000 1.022E—01  2.049E—03  1.910E—06  1.962E—10
el 2251E—01  3.529E—04  7.674E—06  2.561E—11  4.069E—12
0= /3 el 1.553E—01  5.355E—03  1.755E—04  1.225E—-09  6.111E—13
ehws  4459E—01  2.279E—02  1.768E—04  6.936E—08  5.168E—10
el@y 9000 1.014E—01  2.808E—03  3.584E—06  5.872E—11
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TABLE 3
Errors of the eigenvalue/eigenvector for Case 111 (upper) and Case IV (lower) in Exzample 2.

ho =4/5 ho/2 ho /4 ho/8
eh 3.048E—02 2.623E—04 3119E—11 2.456E—11
el 1.564E—02 1.463E—05 2.832E—11 1.334E—12
eh 1.564E—02 1.463E—05 1.402E—09 9.087E—12
ehwe 1.502E—01 5.478E—03 2.628E—07 6.311E—10
ey 1.356E—01 2.047E—03 2.628E—07 1.753E—10
ehws 1.356E—01 2.047E—03 2.628E—07 1.753E—10

ho = 3/2 R /2 ho/4 R0 /8
eh 1.256E—01 1.323E—03 2.963E—08 3.394E—10
L 1.049E—02 6.551E—03 1.885E—06 2.984E—11
eh_ 1.704E—02 4.007E—04 2.352E—07 4.285E—11
ehwa 3.592E—01 1.105E—02 1.216E—05 1.349E—09
ey 2.000 1.240E—01 5.009E—04 8.537E—09
ehws 2.660E—01 1.616E—02 6.010E—05 3.409E—10

trapping potential, dipole orientation, and local/nonlocal interaction strength on the
solutions to BAGEs. To this end, we fix h = 1/8 and study the following examples in
two and three dimensions. We will only illustrate the results for the first few smallest
positive eigenvalues and the associated eigenvectors.

Example 3. Here, we consider the effect of the interaction strength on the eigen-
values of the BAGEs with symmetric/asymmetric harmonic potentials in two dimen-
sions. To this end, we study the following four cases.

Case 1. Let v, =, =1, 8 =500, and m = (0,0,1)T. Vary X from —400 to 0.
Case 1L. Let v, = vy, = 1, A = —100, and n = (0,0,1)”. Vary 8 from 0 to 400.
Case 111. Let v, = 1, v, = 7, 8 = 500, and m = (1,0,0)T. Vary X from 0 to 800.
Case IV. Let v, = 1, v, = 7, A = 100, and n = (1,0,0)”. Vary 3 from 0 to 800.

Figure 1 shows the nine smallest positive eigenvalues w, (£ = 1,...,9) for Case
I-Case IV. From this figure, we can see the following. (i) For Case I and Case II,
the lowest eigenvalues w; = ws do not change with the interaction, which indicates
that the lowest dipole mode in an external harmonic potential, corresponding to a
rigid motion of the center of mass, is independent of the nature of interatomic forces
[20, 43]. In addition, for any interaction parameter $ and A, the Bogoliubov eigenvalue
w1 = wo = 1 agrees well with Lemma 2. Moreover, we observe that the multiplicity of
eigenvalue wy is one and the multiplicity of w1, ws,ws, and wg is two. (ii) For Case 111
and Case IV, there exist the Bogoliubov eigenvalues w; = 1,7 for any 3 and A. As
the interaction strength changes, there is an order exchange between the fourth and
fifth eigenvalue with one of them being 7, and the changing point is A ~ 251.24 for
Case III and B = 275.10 for Case IV. The order exchange corresponds to excitation
energy degeneracy, and it may also occur for other eigenvalues, e.g., between w; and
wg in both Case IIT and Case IV. The physical mechanism behind is quite complicated
and nontrivial, especially when it happens in higher modes. Hence we shall leave it
as future work.

Ezample 4. Here, we consider the effect of the dipole orientation n to the Bo-
goliubov amplitudes (u,v) of the BAGEs with symmetric/asymmetric harmonic po-
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Fic. 1. The nine smallest eigenvalues wy (£ =1,...,9) of the BdGEs for Case I-Case IV (from
top left to bottom right) in Example 3.

tentials in two dimensions. To this end, we let § = 500 and A = 400 and study the
following three cases.

Case 1. v, = v, =1, n = (1,0,0)7.
Case IL v, = v, = 1, n = (v/2/2,v2/2,0)T.
Case 1. vy, = 1, v, =7, n = (1,0,0)7.

Figure 2 displays the numerical solutions (ug, v) of the BAGEs that are associated
with the first four positive eigenvalues wy (¢ = 1,2,3,4) for Case I-Case III. From
this figure we can see that both the dipole orientation and external potential affect
the shape of the eigenvector (ug, v,) essentially and significantly. The eigenvectors
(ug,v7) (€ = 1,2,3,4) are symmetric or antisymmetric along the dipole orientation
in a symmetric external potential. Meanwhile the eigenvectors will be compressed
along the direction with larger trapping frequency. Indeed, the presences of DDI and
anisotropic external potential bring many more rich phase diagrams for eigenmodes
of BAGEs, which will be detailed in future.

Ezxample 5. Here, we consider the 3D case. We fixed g8 = 100 and A = 90 and
study the following two cases.
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Fic. 2. Contour plots of the Bogoliubov amplitudes (ue,v¢) (¢ = 1,...,4) in Example 4 for
Case 1 (the first two rows), Case II (the 3rd and 4th row), and Case III (the last two rows) with
odd rows for uy and even rows for vy (from left to right £ = 1,...,4) as well as the colorbars for
Case I-Case II (a) and Case III (b).
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Case 1. Symmetric potential: v, =7, =, = 1. Let n = (1,0,0)7.
Case 1I. Asymmetric potential: v, =, =1, 7, = 2. Let n = (0,0,1)7.

Figure 3 shows the isosurface plots of the eigenvectors (ug,ve) = (1073,1073)
(¢ =1,...,4) that are associated with the first four smallest positive eigenvalues wy
(¢ =1,...,4) for Case I. Figure 4 shows those associated with the first five smallest
eigenvalues for Case II. Note that the multiplicity of w; = 1 is three and two for Case I
and Case II, respectively, hence there exists three (two) independent eigenvectors for
Case I (Case II). Here we only present (u1,v;1) simply because the other modes are
quite similar. Similar to the 2D cases, we could see that both the dipole orientation and
external potential affect the shape of the eigenvectors essentially and significantly. The
eigenvectors (ug,ve) (¢ = 1,2,3,4) are (anti)symmetric along the dipole orientation

Fic. 3. Isosurface plots of the Bogoliubov amplitude of uy
(lower) (left to right: £=1,...,4) for Case I in Ezample 5.

-3 4

FiG. 4. Isosurface plots of the Bogoliubov amplitude of uy = 1073 (upper) and v, = 1073
(lower) (left to right: £ =1,...,5) for Case II in Ezample 5.
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in a symmetric external potential, and the eigenfunctions are more compressed in the
stronger trapping direction.

5. Conclusion. We proposed an efficient spectrally accurate method to compute
the BAGEs (with nonlocal DDI term) characterizing the elementary excitations of
dipolar BECs. Combining together the Fourier spectral method for spatial discretiza-
tion, the simple Fourier spectral convolution method for evaluation of the nonlocal
DDI, and the matrix-free IRAM for the discrete eigenvalue problem, the proposed
method is numerically confirmed to be highly efficient (with O(NN log N) operations)
and of spectral accuracy. We then apply our method to investigate the effect of var-
ious parameters, including the external trapping potential, the interaction strength,
and the dipole orientation to the Bogoliubov excitations in both two and three dimen-
sions. The corresponding distributions of the excitation spectrum are illustrated, and
the Bogoliubov amplitudes are also presented. In addition, we obtained analytically
the first few nontrivial eigenvalues and the associated eigenvectors when the harmonic
potentials are employed. Our proposed methods could be easily extended to investi-
gating the excitation spectrums for other systems such as the rotating dipolar BEC
and spinor-dipolar BEC, and we shall report them in our future work.
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