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ABSTRACT

Age-structured models with nonlocal diffusion arise naturally in describ-
ing the population dynamics of biological species and the transmission
dynamics of infectious diseases in which individuals disperse nonlocally
and interact each other, and the age structure of individuals matters. In
the second part of this series of papers, we study the effects of princi-
pal eigenvalues on the global dynamics of the equation with monotone
nonlinearity on the birth rate. More precisely, we analyze the existence
and uniqueness of a nontrivial equilibrium and its stability for the age-
structured model with nonlocal diffusion under certain assumptions via
the sign of spectral bound of a linearized operator. Moreover, we investi-
gate the asymptotic properties of the nontrivial equilibrium with respect
to the diffusion rate and diffusion range.

1. Introduction

In this paper, we continue to study the global dynamics of age-structured models
with nonlocal diffusion of Dirichlet type and monotone nonlinearity on the birth
rate. More precisely, we are interested in the following age-structured model
with nonlocal diffusion of Dirichlet type:

(8t+8a)u(t,a,m):D[fQJ(m—y)u(t,a, y)dy—u(t,a, )] —pu(a, z)u(t, a, z),
(t,a,x) € (0,00) x (0,a) x £,

u(t,0,2) = f(fy Bla, x)ult, a,z)da), (t,z) € (0,00) x €,

u(0, a, z) = ugp(a, x), (a,2) € (0,a) x £,

(1.1)

where u(t, a,z) denotes the density of a population at time ¢, age a and posi-
tion z, J is the dispersal kernel and f is a monotone type nonlinearity describing
the birth rate of the population. The background and motivation of studying
the above model were given in our first paper, the interested readers can refer
to [5]. We only mention that the nonlocal diffusion operator in (1.1) corresponds
to zero Dirichlet boundary condition, which indicates that the region outside
the habitat, R™ \ €, is so hostile that the population cannot survive there, see
Hutson et al. [6].

Here a € (0,00] represents the maximum age and  C R¥ is a bounded
domain. Moreover, D > 0 is the diffusion rate and the diffusion kernel .J
satisfies the following assumption.
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Assumption 1.1: The kernel J € C(RY) is nonnegative and supported in B(0, r)
for some r > 0, where B(0,7) C R is the open ball centered at 0 with radius r.
In addition, J satisfies J(0) > 0 and [,y J(z)dz = 1.

Next we present assumptions on the birth rate 5 = ((a,z) and the death
rate u = p(a,x). Define

w(a) == min p(a,z), wp(a) = maxp(a,z),

e e
B(a) :==min f(a,x), PB(a):=maxp(a,zx).
e e

Assumption 1.2: The birth rate S(a,x) and the death rate u(a,x) satisty the
following conditions:
(i) B e CRY,LL(0,a));
(ii) pe C(RN, LS. 1 [0,a));
(iii) there exists a constant & > 0 such that p(a) >z > 0 a.e. a € (0,a);
)

(iv) for any x € RY and almost every a € (0,4a),
B(a) < Bla,x) and  p(a,a) < u(a).

The interested readers can refer to [5] for more comments on the above as-
sumptions about f and p. In addition, we make some assumptions on the
nonlinear function f = f(u) as follows.

Assumption 1.3: The function f satisfies the following conditions:
(i) f € CH[0,00));
(i) f'(u) > 0 for all u € [0, 00);
(iii) f(0) =0 and fi") is decreasing with respect to u;
(iv) there exists a constant L > 0 such that f(u) < L for all u € [0, 00).

A typical example of such nonlinearity is
u
u >0

= s w0
with A > 0 being a constant or f(u) = 1 —e %, u > 0. We would like to
mention that Assumption 1.3(ii) is used to avoid the existence of periodic so-
lutions, which is common in age-structured models; see Magal and Ruan [8,9],
Liu et al. [7] and the references cited there. Moreover, it seems necessary in our
problem, in particular in the monotone iterative scheme (using comparison prin-

ciples), to obtain the nontrivial positive equilibrium of (1.1) (see Theorem 4.4).
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Note that Assumptions 1.1-1.3 will be required throughout the paper, thus
in the following we will assume that these assumptions hold everywhere without
repeating them. However, we will mention any additional assumptions where
they are needed.

As mentioned in our first paper [5], the important tool in studying the global
dynamics of (1.1) is to investigate the spectrum set of the linearized operator
of (1.1) at some equilibrium, and then use the information of the spectrum set
(for example, the sign of the spectral bound or principal eigenvalue, if it exists)
to study the long time behavior of (1.1). In [5], we have studied the existence
of principal eigenvalues of the linearized operator associated to (1.1) at some
equilibrium and their limiting properties with respect to the diffusion rate and
diffusion range. In this paper, we are interested in the global dynamics of (1.1).
More precisely, we analyze the existence and uniqueness of a nontrivial equilib-
rium and its stability for the age-structured model with nonlocal diffusion (1.1)
under Assumption 1.3 via the sign of the spectral bound of a linearized op-
erator. Moreover, we investigate the asymptotic properties of the nontrivial
equilibrium with respect to the diffusion rate and diffusion range.

The paper is organized as follows. In Section 2, we recall the notations
introduced in [5], which are also used in this paper. In Section 3, we first
recall some established results in [5], in particular on the existence of principal
eigenvalues and their asymptotic behavior with respect to the diffusion rate
and diffusion range. In Section 4, we investigate the existence, uniqueness,
regularity and stability of a nontrivial equilibrium of (1.1) via the sign of the
spectral bound. In Section 5, we continue to study the global dynamics of (1.1)
in terms of the diffusion rate and diffusion range.

2. Notations

In this section, we recall our notations employed in [5], which will be also used in
this paper. We denote by X and X respectively the Banach space X = C'(2)
and its positive cone or the Banach space X = L'(2) and its positive cone.
Here recall that Q C RY is a given bounded domain. Recall that for both
cases X is a normal and generating cone. In addition, we denote by I the
identity operator.
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Then we define the following function spaces:
X=X xL'0,a),X), X ={0x}xL'(0,a),X),
endowed with the product norms and the positive cones:
Xt =X, xLL((0,a), X)=X+ x{ue L'((0,a), X) : u(a,") € X1, ae. in (0,a)},
X=X NA.

We also define the linear positive and bounded operator K € £(X) by

(2.1) Kol() = /g J(—y)ply)dy, VeeX.

Note that due to Assumption 1.1 one has

SUD,cq fQ J(x —y)dz if X = LY(Q)

(22) IKllecx) < | <[ st
SUp,cq Jo J(x —y)dy if X =C(Q) ~ Jrv

2.1. EVOLUTION FAMILY WITHOUT DIFFUSION. We consider the following prob-
lem posed in X for 0 <7 <a<a:

(2.3) dav(a) = —pla,-)v(a), 7T<a<a,
v(r) =neX.

This problem generates an evolution family on X, denoted by II, that is explic-
itly given for 0 <7 <a < a and n € X by

I(r,a)n = (1, a,-)n
(2.4)

with 7(7, a, ) := exp ( /a ;L(s,:c)ds) for0<7<a<aandze.
Observe that one has
(2.5) (7, a)|lz(x) < exp </au(s)d5> <e T <1, VOo<7<a<a.
We also define the following family of bounded linear operators

{Wiakhis—p C L(X, X))
for (n,g) € X by
Wi(n,9) = (0, h)

2.6 a
(26) with h(a) = e I1(0, a)n +/ e Ma=I1I(s, a)g(s)ds.
0
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We will show that this provides a family of positive pseudoresolvents. With this
aim, one can make some computations to obtain

W, Wix(n,9) :/ e V@ =I(s, a)e TI(0, s)nds
0
b [ e s a) [ eI s)g(ndrds
0 0
:/ e Ve~ A3 STI(0, a)n
0

+/ / e’\T_”“e_(’\_”)SH(T,a)g(T)des.
o Jo

Hence for v # A, we have
1 —AQ —rva
WVWX(nvg) :l/ - )\(6 Ao — € )H(Oaa)n
1
v— )x(
1
v— )x(

+ e—(k—l/)a _ e—()\—ll)‘r)/ e)\T—l/aH(T, a)g(T)dT
0

W)x - Wu)(nag)

Moreover, one sees (for example, Magal and Ruan [9, Lemma 3.8.3]) that for
all A > —p,

Wx(n,g9) =0 only occurs if n =0,9 =0
and

Jim AWL(0,9) = (0,9),  ¥(0,9) € Xo.
—00

Furthermore, one has

1

HW)\HL(X,XO) < A+

Thus, by Pazy [11, Section 1.9] there exists a unique closed Hille-Yosida oper-
ator By : dom(él) Cc X = X with dom(él) = X, such that

(2.7) (M —By)"' =W, forall A > —/i.
Recalling (2.1) we also define a bounded linear operator Bs € L(X)) by

BQ(ng) = (OaDKg('))v V(Oag) € Xo.
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2.2. EVOLUTION FAMILY WITH DIFFUSION. Now consider the following evolu-
tion equation for n € X and 0 <7 < a < a:

dou(a) = D(K — Du(a) - p(a, Ju(a), 7<a<a,

2.8
(28) u(t) =n€ X.

Define the evolution family {U(7,a)}o<r<a<a C L£(X) associated with (2.8).
Using the constant of variation formula, ¢/ becomes for all 0 < 7 < a < a the
solution of the equation

U(T,a) = e PE@=DTI(1,a) + D[" e PO=DTI(1, a) K U(T,1)dl,

29) U(r, ) =Ix,

where Ix is the identity operator in X. Note that the right-hand side of (2.8)
is linear and bounded with respect to u, thus the existence and uniqueness
of {U(7,a)}o<r<a<a can be obtained from the general semigroup theory (see
Pazy [11]). Next we prove that {U(7,a)}o<r<a<a is exponentially bounded.
With this aim fix n € X, 7 € [0,a) and set u(a) = U(7,a)n. Then one has

lu(a)]lx < e PHRED ) x + DHKHL(X)/ e~ POy (D) xdl.

T

Next, Gronwall’s inequality yields
(@)l €@+ < g VN eco @7,
which implies; due to (2.2), that
d(r, )l gy < P77

As a consequence {U(T, a) fo<r<a<a is positive and exponentially bounded in X
and satisfies

(2.10) [U(a,a+ )] pxy < e, VE>0,0<a<a—t.

Now we define the family of bounded linear operators {Ry}x>—z C L(X, Xp)
as follows:

RA(%Q) - (Oa h)

with h(a) = e U0, a)n Jr/ e MY (s, a)g(s)ds.
0

(2.11)

Moreover, for any A > —ji, one has

1
||RAHL(X,X0) < A3



8 A. DUCROT, H. KANG AND S. RUAN Isr. J. Math.

Then by the same procedure as in the case without diffusion, we can prove that
this provides a family of positive pseudoresolvents. Again by Pazy [11, Section
1.9] there exists a unique closed Hille-Yosida operator B : dom(B) C X — X
with dom(B) = Ay such that

(M —B)"' =Ry forall A\ > —[.
Now we define the part of B in &), denoted by By, that is,
Box = Bx, Va € dom(Byp), with dom(By) := {z € dom(B) : Bz € Xp}.

Note that By is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators on Xy, denoted by {Tg,(t)}:>0. Moreover, it satisfies
the following estimate

[Ty (8] a0y < €77, Wt > 0.

Observe that we have El + By — DI = B. From now on for the sake of conve-
nience, we denote By := By — DI.
On the other hand, we define C € L(Xy, X) by

C(0, h) = </Oaﬂ(a,~)h(a)da, 0>, (0,h) € Xo,
and A :dom(A) C X — X by

dom(A) = dom(B) C X,
A=B+C.
This shows that A is not densely defined in X.

(2.12)

Remark 2.1: In addition, for each fixed x € €2, following the above proce-
dures one can obtain the age-structured operator, denoted by B} + C*, defined
on R x L(0,a).

Finally define a map F : Xy — X by

F(0,) = (f< / " Ba. -w(a)da),())

Then by identifying U(t) = (0,u(t)), one can rewrite problem (1.1) as the
following abstract Cauchy problem:

W =BU+FU),

(2.13) U(0) = U,

with Uy = (O,UO) c Ap.
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3. Preliminaries

3.1. EXISTENCE OF PRINCIPAL EIGENVALUES. In this subsection we list some
useful results which will be used later, and the interested readers can refer to [5]
for more details. Note that all results in this section are under Assumptions 1.1
and 1.2. We first recall a sufficient condition to make the spectral bound

s(A) :=sup{ReX e R; A € o(A)}

become the principal eigenvalue. Here we say that A € o(T)NR is the principal
eigenvalue of a linear operator T if it is larger than the real parts of all other
eigenvalues of T' and associated with a positive eigenfunction.

PRrROPOSITION 3.1 (Ducrot et al. [5, Propositions 3.3 and 3.5]): The spectral
bounds of By + C and A satisfy s(By + C) = o** and s(A) = A\ respectively,
which are given as follows:

(G ) i= 7’(/0& B(a, -ye~ @ FDagy(q, a)da)

(3.1) = max/ Bla,z)e @ FPlar(0, a, x)da = 1,
zeQ Jo

r(My,) == r(/odﬁ(a, e (0, a) da) =1

Here G, is a linear and bounded operator from X to X, and r(A) denotes the
spectral radius of a linear bounded operator A, which is defined by

r(A) =sup{|\| e R; A € o(A)}.

THEOREM 3.2 (Ducrot et al. [5, Theorem 4.1]): Assume that s(A) > s(By +C).
Then s(A) is the principal eigenvalue of A.

Next we recall the result on the algebraic simplicity of the principal eigen-
value s(A).

Assumption 3.3: There exists no ag such that f(a) = 0 a.e. [ap,a). Moreover,
it is equivalent to

/a B(l)dl >0, Va € [0,a).



10 A. DUCROT, H. KANG AND S. RUAN Isr. J. Math.

THEOREM 3.4 (Ducrot et al. [5, Theorem 4.6]): Let Assumption 3.3 hold. As-
sume that s(A) > s(By + C). Then the principal eigenvalue of A, i.e., s(A), is
algebraically simple.

Next we recall two established sufficient and relatively easily verifiable con-
ditions ensuring that s(.A) is the the principal eigenvalue of A.

THEOREM 3.5 (Existence of principal eigenvalues. I, Ducrot et al. [5, Theo-
rem 4.8]): Assume that jimax = SUP,e(g,a) #(a) < 0o and

(3.2) T Glaw(z) ¢ L. ().

Then s(A) is the principal eigenvalue of A, where
o™ =8By +C)

and G, : Q — R is defined by

(3.3) Ga(x) :/ B(a,x)e”@TPlar(0, a, x)da, Ve Q.
0

Assumption 3.6: There exists as € (0,a) such that 5 =0 in [ag,ad) x .

THEOREM 3.7 (Existence of principal eigenvalues. II, Ducrot et al. [5, Theo-
rem 4.11)): Let Assumption 3.6 hold. Assume that
(3.9 RN (0}

' T e — a(z) lock2e/
and that for each x € (1, the operator B + C* possesses a positive eigenvec-
tor ¢ € WH1(0,a2) corresponding to a(x). Then s(A) is the principal eigen-
value of A. Here  — a(x) : Q — R is continuous such that for any x € Q, the
following equation

aa¢(a7 1‘) = _(D + :u(av x))¢(aa CC) - a(m)(b(av .7;)7 ac (07 a2)a
o(0,z) = Oa2 Bla,z)¢(a, z)da

has a positive solution a — ¢(a,x) € W1(0,a) and B + C* is defined in
Remark 2.1 in (0, az).
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3.2. LIMITING PROPERTIES. In this subsection we recall the asymptotic behav-
ior of the principal eigenvalue with respect to diffusion rate and diffusion range.
Throughout this subsection we let Assumption 3.6 hold. Before proceeding, let
us first clarify the strict positivity in X.

f>0in X =C(Q) means that f(x) >0 for all z € Q,
f>0in X = L'(Q) means that | f*(z)f(z)dz> 0 for any f*€ LT (Q2)\{0}.
Q

Our tool in investigating the limiting properties is generalized principal eigen-

values, which are given as follows.

Definition 3.8: Define the generalized principal eigenvalues by
Ap(A):=sup{AeR : 3¢ € WH((0, az), X)

s.t. >0 and (—A+X)(0,¢)<(0,0) in [0, az]},
A (A):=inf{AeR :3¢ € W"1((0,a2), X)

s.t. ¢>0 and (—A+X)(0,¢)>(0,0) in [0, as]}.

(3.6)

PROPOSITION 3.9 (Ducrot et al. [5, Proposition 5.2]): Let Assumption 3.6 hold
and, in addition, assume that \i(A) is the eigenvalue of A associated with
(0,¢1) € dom(A) with ¢1 > 0 in [0, az]. Then one has A1 (A) = A\p(A) = A, (A).

3.2.1. Without kernel scaling. We first recall the theorem about the effects of
the diffusion rate on s(A). In the next result, we write s (A) for s(A) to
highlight the dependence on D.

THEOREM 3.10 (Ducrot et al. [5, Theorem 5.3]): Let Assumption 3.6 hold and,
in addition, assume that s”(A) is the principal eigenvalue of A. Then the
function D — sP(A) is continuous on (0, 00) and satisfies

(3.7) P(A) s(B1+C) asD — 0t
' —00 as D — oo,

where By is defined by

(38) Bl(ovf) = (_f(ov')v_aaf_:uf)v f € Wl’l((oaaa);X)-

3.2.2. With kernel scaling. In this subsection we recall the effects of the diffusion
rate and diffusion range on the principal eigenvalue. Define K, o as follows:

(3.9) Ky af)() = /Q L —9)fwdy, [eX.
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Here the kernel J, satisfies the scaling

1

Jy(x) = 7NJ(j) for z € RY,

where v > 0 represents the diffusion range. Then the nonlocal diffusion operator
is given as 713,1 [K+ o — I], where m € [0, 2) denotes the cost parameter.
Write Ay .0 = By,m,0+C for A = B+C to highlight the dependence on vy, m

and Q and further denote B

a2 C? for B, C to represent the dependence on

and [ respectively.

THEOREM 3.11 (Ducrot et al. [5, Theorem 5.7]): Let Assumption 3.6 hold.
Assume that s(A, m.q) is the principal eigenvalue of A, ., . Then:

(i) As~y — oo, there holds

Bi+C)—D, m=0,
(3.10) (A a4 BTO) m
s(B1+0), m > 0,

where By is defined in (3.8).
(ii) Assume, in addition, that J is symmetric, ie., J(x) = J(—x), and
p, B € C*(RN,L%°(0,az)). Asy — 07, there holds
S(A'y,m,SZ) — S(Bl + C), Vm € [0, 2)
(iii) In the case when m = 0, if Q contains the origin and u(a,x) is radially
symmetric and radially non-decreasing with respect to x, namely,
pla,x) = pla,y) if |2 = [y
and
pla,x) = pla,y) if [z > y|

for all a € [0,a), then v — s(A,0.0) is non-increasing.

4. Global dynamics in terms of the spectral bound

In this section, we extend the techniques and results in Coville [3] to investi-
gate the existence, uniqueness and stability of a nontrivial equilibrium of our
model (1.1). Throughout this section, let Assumptions 1.1, 1.2 and 1.3 hold. In

addition, we make the following assumption.
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Assumption 4.1: There exists as € (0,a) such that 5 =0 on [az,ad) x 2 and

as
/ B()dl >0 for any a € [0, az).

For the sake of simplicity, we will not repeat Assumptions 1.1, 1.2, 1.3 and 4.1
in this section. However, we will indicate the additional assumptions where we
need.

Before proceeding, we would like to mention that even for age-structured mod-
els with Laplacian diffusion, it is not easy to study the existence of a nontrivial
equilibrium; see Walker [17-24] where the focuses were mainly on the existence
of a nontrivial equilibrium of age-structured models with nonlinear Laplacian
diffusion and with/without nonlinear birth and death rates. Walker assumed
the maximum regularity of the nonlinear diffusion to obtain compactness of
the semigroup and then used bifurcation method (Crandall and Rabinowitz [4],
Rabinowitz [12]) to study them. However, the semiflow generated by nonlocal
diffusion is not compact with respect to the compact open topology and so-
lutions of nonlocal diffusion problems usually lose the spatial regularity, which
means that we cannot apply Walker’s methods directly to our case. Here we use
the sub- and super-solution method to provide a criterion for the existence of a
nontrivial equilibrium via the sign of the spectral bound of linearized equations
motivated by Coville [3].

Let us first write down the equation that the equilibrium satisfies:

Oau(a, x) =Dl [, J(x—y)u(a,y)dy—u(a, z)] - p(a, )u(a, ),
(4.1) (a,2)€(0,a2)x 9,
u((),x):f(foa2 Bla, z)u(a,z)da), ISR

Definition 4.2: uw € WH((0,az),C(f2)) is called a super-solution (resp. sub-
solution) of (4.1) if = is replaced by > (resp. <) in the two equations of (4.1).

4.1. COMPARISON PRINCIPLE. Now let us prove the comparison principle
for (4.1).

LEMMA 4.3: Let 0 < u € WhH1((0,az2),C(2)) be a sub-solution of (4.1) and
0<veWLL((0,az),C(R)) be a super-solution of (4.1). Thenu<wv in [0, as] x €.
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Proof. Let a, := sup{a > 0 : au < vin[0,as] x Q}. By the assumption on u
and v, the number . is well defined and positive. If o, > 1, then we are done.
So we assume that o, < 1.

Set w := v — a,u, then w > 0. Moreover, set

ap := min{a € [0,aq] : Iz € Q, s.t. w(ag,z) = 0}.

Such ag exists due to the definition of a,. It follows that there exists zg € Q2
such that w(ag, z¢) = 0.
If ap € (0, az], observe that w satisfies the following equation:

dqw(a,z) > D {/Q J(x — y)w(a,y)dy — w(a, x)} —p(a, z)w(a, z),
(a,z) € (0,as] x Q.

Recalling the constant of variation formula (2.9), one has
(4.2) w(a,z) > e P7r(0,a,2)w(0,z) + D/ e PDr(l, a, 2)[Kw|(l, z)dl.
0

Considering the above inequality at (ag, o), we have a contradiction, since by
the definition of ag, w(a,xz) > 0 for all (a,z) € [0,a0) x  implies that the
right-hand side of (4.2) is positive.

If ap = 0, that is, w(0,x0) = 0, thanks to Assumption 4.1 on § one has

as
/ B(a, zo)asu(a, zo)da > 0.
0
On the other hand, by Assumption 1.3(iii) on f, one has that w(0,x) satisfies

w(0,x0) = v(0,z0) — axu(0, xp)

> f(/oa2 B(a,mo)v(a,xo)da) - owf(/oa2 B(G,mo)u(a,mo)da>
> f(/oazﬁ(a,mo)v(a,xo)da> —f(/oazﬁ(a,mo)a*u(a,xo)da)

>0

)

where we used Assumption 1.3(iii) and a, < 1. Tt is a contradiction with
w(0,20) = 0. Thus @, > 1 and the proof is complete.
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4.2. EXISTENCE AND UNIQUENESS OF A POSITIVE EQUILIBRIUM. Next let us
define the linearized operator A’ which is obtained by linearizing (4.1) at u = 0:

A(0,6):= (—¢<o, 10 “5(a,)é(a, da, —aa¢+D<K—I>¢—u¢)7

(0, ¢) € dom(A"),

where dom(A!) = {0} x W11((0,az), C(Q)) and denote the spectral bound of A’
by A{. Recall from Proposition 3.1 that A} satisfies

(4.4) r<f’(0) /(Jazﬂ(a,~)eAll"Z/l(0,a)da> =1.

(4.3)

THEOREM 4.4: Assume that X\ > 0 is the principal eigenvalue of A'.
Then there exists at least one positive solution u*(a,x) of (4.1) belonging to
Wl’l((oaa@)aLl(Q))'

Proof. (a) CONSTRUCTION OF SUPER-/SUB-SOLUTIONS. Set u = L, where L
is defined in Assumption 1.3(iv). Let us verify that u(a,z) is indeed a super-
solution of (4.1):

Bau(a, ) — D[ /Q J(z — y)u(ay)dy — u(a, x)} + ula, 2)u(a, z)

- DL [1 - /Q - y)dy] + ula,2)L > 0.
e w0, 2) = L > f( /O b B(a,m)u(a,x)da)

holds, since by Assumption 1.3(iv) one has f(u) < L for all u > 0.

Next, we construct a sub-solution of (4.1) motivated by Coville [3, Theorem
1.6]. For any § > 0 sufficiently small, we can find a small constant €; = €1(6) > 0
such that f(u) > (f'(0) — d)u for 0 < u < €3. Such €; can be achieved due to
Assumption 1.3 on f. Moreover, due to A} > 0 one can further reduce § such
that Al; > 0 with A}, satisfying

az
(0 -0 [ pase e o.ana) =1
0
Then we consider the following linear equation:

Oatp(a,x) = —(D + pla,z))¢(a,z) — ag(a,x), a € (0,as),

(4.5) '
¢(0,2) = (f'(0) = 9) [y~ Bla,x)¢(a,z)da.
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By Ducrot et al. [5, Proposition 3.11], there exists a continuous function
x — a(z) : R™ — R such that for any z € R", equation (4.5) with a = a(x)
has a positive solution a — ¢(a,z) € W1(0,az). Denote o** = max_ g o(z).
From the definition of o** there exists a sequence of points (z,)nen such
that z,, € Q and |&** — a(x,)| < }. Thus, by the continuity of a(z), for each n
there exists 7, > 0 such that for all z € B, (z,) we have |[a** — a(z)| < 2.
Now we consider a sequence of real numbers {e,},en which converges to
zero such that e, < . Next let {X,}nen be the following sequence of cut-off

Xn () = x(lm - x"')

€n

functions:

where y is a smooth function such that 0 < x < 1,x(xz) = 0 for |z| > 2
and x(z) =1 for |z| < 1.

Finally, let us consider the following sequence of continuous functions { &, }nen
defined by v, (x) := sup{a(x), a**x,(z)}. Observe that by construction the se-

quence {am fnen is such that [Ja — an| o) — 0.
koK

By construction, for each n, the function «,, satisfies max, g« «
and a,, = o** in B€2n (z5,). Therefore, the sequence {a,, }nen satisfies
1 1
arF — Qn ¢ Lloc(Q>'

Next set
in(a,) = pla, @) — an () + alo)
and consider equation (4.5) with u replaced by p,,. Then it can be checked that

az
(f'(0) - 5)/ Bla, x)e (Pron@Dag=J" wnls@)ds gy — 1,
0

It follows that «,, is a continuous function such that for any x € R", equa-
tion (4.5) with u replaced by p, and with o = «a,(x), has a positive solu-
tion a — ¢y, (a,x) € WH1(0,az). Hence by Theorem 3.7, there exists a principal
eigenpair (A}, ¢,,) of the eigenvalue problem:

a¢ a, :C fQ a y)dy ¢(a l’)] - un(a, z)¢(a7x) - /\Qb(a’a ‘Z‘)a
(a,z) € (0,a2) x Q,
$(0,2) = (f(0) = 0) [ Bla, z)¢(a, z)da, zeN

such that 0 < ¢,, € WH1((0, az), C(2)).
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Using the fact that ||t — pinllc(o, 12 (0,45)) — 0 @ n — o0, from Ducrot et
al. [5, Proposition 5.6] it follows that for n big enough, say n > ng, we have

)\l
AP > 215 > 0.

Moreover, by choosing ng bigger if necessary, we achieve for n > ng that

A
=l = palle@,reay = 7, >0

Now for n > ng fixed and ¥ = e¢,, with € > 0 small enough such that

/ B(a, 2)(a, x)da < a1,
0
we have

dat(a,z) — D[ J( Y(a,y)dy —P(a, )] + pla, v)(a, x)
= —(pnla, ) — pla,z) + AP)p <0,

¥(0,2) = (£'(0) = 8) [3* Bla, x)(a, x)da < f([5* Bla, x)¢(a, z)da),

where we used the fact that f(u) > (f(0) — §)u for 0 < u < €7. It implies that
for € > 0 sufficiently small and n large enough, e¢,, is a sub-solution of (4.1).
From now on, we fix an n large enough and denote u = €¢,,.

(b) EXISTENCE VIA AN ITERATIVE SCHEME. Now it is clear that we can
choose € small enough such that u < u. Then by a basic iterative scheme we
obtain the existence of a positive nontrivial solution u of (4.1). For complete-
ness, we provide the iterative scheme in the following.

Let u,, for n > 1 be the solution of the following linear problem:

Datin(a,z)=D[ [, J(x — y)un(a,y)dy — un(a,x)] — pla, z)un(a, z),
(4.6) (a,z)€(0,a2) %€,
un(0,2) = f( 0a2 Bla, x)un—1(a, z)da), z €,

where ug = u. First note that u, is well defined and in W11((0, az), L*()).
Then we will show that u,, is increasing and that

(4.7) u<u <ug < - <.
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Indeed, taking w := u; —u and v := u — uy, by Assumption 1.3(ii) of f, they
satisfy respectively

daw(a,x) > D[fQ J(x —y)w(a,y)dy —w(a,z)] — pla, z)w(a,x),

(a,z) € (0,a2) x Q,
w(0,2) >0, x €,
and
dav(a,x) > D[ [, J(z — y)v(a,y)dy — v(a,z)] — p(a, z)v(a, z),

(a,x) € (0,a2) x £,
v(0,2) >0, x € Q.

Using the comparison principle of nonlocal diffusion equations, we conclude
that w > 0 and v > 0, that is v < u; < u. Now by induction, we can obtain
the desired result (4.7).

Next, for (a,z) € (0,a2) x Q a.e., up(a,z) has a limit as n — oo, denoted
by u*(a, x), that is u,(a, x) = u*(a, z) in (0, a2) X Q a.e. Thus, by the continuity
of f we have that for a.e. z € Q,

(4.8) f( /O b ﬂ(a,x)un(a,z)da) 27, f( /O b ﬂ(a,:c)u*(a,z)da).

In addition, one has
eulaa) = D| [ I(o = phuatai)dy — ua(a )| - nle,2)una,0)

222 | [ e = ey wa,)] - pla o) (0,0 = a,0),

a.e.in (0,az)xQand in L'((0, az)xQ). Hence, for a.e. 2 € Q and (0, &) C (0,az),
one has

3
%m@—%mwzjwwme
n
which implies that
3
w@mfwmm:/wwmm
n

It follows that u* € W11((0,a2), L' (2)) satisfies the first equation of (4.1)
with ,u* = ¢ a.e. in (0,a2) x Q. Further, v*(-,x) is continuous in [0, ag] for
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a.e. € Q. Thus, one has u,(0,2) = u*(0,z) as n — oo in , which by (4.8)

= f(/oa2 5(a,x)u*(a,x)da).

Hence, the proof is complete.

implies that

Next we investigate the uniqueness of u*. Before proceeding, we first study
the regularity of u* with respect to . We make the following additional as-

sumption.

Assumption 4.5: Assume that F(x,u) := u — Go(z)f(u) is strictly monotone
with respect to u for any = € ), where Go(x) is defined in (3.3) with a = 0
and a replaced by as.

Assumption 4.5 with Go(x) = 1 is widely used to obtain the regularity of
solutions of nonlocal diffusion problems; see Bates et al. [1] and Berestycki and
Rodriguez [2].

Now let us revisit problem (4.1). Solving the first equation of (4.1), one
obtains

u(a,z) = @a@(0x+D/‘ D= (1, a,z)[Ku)(l, z)dl.

Then plugging the above equality into the boundary condition one has

)Awm@mm@m@

— az azefDaﬂ_ a. )u 2da
(4.9) */ Ala, ) (0, a,2)u(0,z)d

+D/ Bla,x / e P=Dr(1 4, 2)[Ku)(l, z)dlda
:Go() f(u(x)) + H(x),
where
x) :D/O B(a,m)/o e PVr(1, 4, 2)[Ku)(l, z)dlda

is continuous, due to Ku € WH1((0,az), C(2)) for any u € WH1((0, az), L' (2)),
by Assumption 1.1 on J. Now under Assumption 4.5, for any = € €0, one
has u(z) = F~'(z, H(z)), where F~! denotes the inverse of F' with respect
to u for any fixed x € Q. Thus @ is continuous. It follows that «(0,-) is
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continuous and so is u(a, -). Thus, we now have u* € W11((0,az2), C(Q)) under
Assumption 4.5.

THEOREM 4.6: Under Assumption 4.5, the positive equilibrium u* is unique.

Proof. We prove the uniqueness by using a sliding argument. Let u and v be
two positive bounded solutions of (4.1). Since they are bounded and strictly
positive, the following quantity is well defined:

K" :=1inf{x > 0: ku > vin0, as] x N}.
We claim that x* < 1. Indeed, assume by contradiction that «* > 1. We
consider the following nonlocal problem
Ow = D[/ J(x —y)w(a,y)dy — w(a,z) | —pla, z)w(a,x),
(4.10) Q
(a,z) € (0,az) x L.

By Shen and Zhang [14, Proposition 2.2] or Rawal et al. [13, Proposition 2.2]
and Assumption 1.1 on J, solutions of equation (4.10) have the strong mono-

tone property; i.e., for ¢, ¢ € C(Q) with ¢ > 1, ¢ Z ¥, w(a, z;¢) > wla, x;1)
for all a > 0,2 € Q at which both w(a,z;¢) and w(a,x;y) exist, where
w(a, z; ¢) and w(a, z;1) are solutions of (4.10) with initial data w(0,x; ¢) = ¢
and w(0, x; 1) = 9 respectively.

On one hand, from the integral boundary condition with non-negativeness
of B, we have due to k* > 1 and assumptions of f that

K ug = k" u(0, 23 up) = n*f(/a2 ﬂ(a,x)u(a,x)da)
0

>f(A%ﬂﬁuwﬁumﬂmm>

Zf(éwﬁm@wm@m@

= (0, z;v9) =: vo.
It follows from the strong monotone property that
(4.11) w(a, x; K ug) > wla, z;v9), VY(a,z) € [0,az] x Q.

On the other hand, let ¢(a,z) = k*w(a, x;up). Then ¢(0,x) = K*uy and

0u = D[/Q J(x—y)p(a,y)dy —¢(a,z)| — pla,x)p(a,x), (a,z) € (0,az) x Q.
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By the uniqueness of solutions for nonlocal diffusion equations, we have
(4.12) K w(a, x;u0) = w(a, x; £ ug).
Combining (4.11) and (4.12) we have

K u(a, ) = k" w(a, z;u9) > w(a,x;vg) = v(a,z), V(a,z) € [0,as] x Q,

which is a contradiction with the definition of x*. We conclude that u > v.
Now switching u and v in the above argument, we also have v > u, which shows
the uniqueness of the solution.

At last, we give a result on the nonexistence of positive continuous equilibria.

PROPOSITION 4.7: Assume that A} < 0 is the principal eigenvalue of the oper-
ator Al defined in (4.3). Then any nonnegative continuous solution of (4.1) is
identically zero.

Proof. Assume by contradiction that )\ll < 0 and there exists a nonnegative
continuous solution u to equation (4.1) which is positive somewhere in [0, az] x 2.
Next, we have the following claim

CLAIM 4.8: w is positive everywhere in [0, as] x 2.

We first assume that the above claim holds. It follows from Assumption 4.1
that there exists a positive constant ¢y such that

az
/ Bla, x)u(a, z)da > ¢y, Va € Q.
0
From Assumption 1.3, we have

72 Ba, Jula, )da) _ f(eo)

(4.13) Oaz ﬁ(Ch -)U(CL )da )

Moreover, since u is a solution of (4.1), we have for all 2 €  that

f(<o) /az Bla, z)u(a, z)da > U 322 fla, z)u(a, 2)da) / Bla, x)u(a,z)da
Co 0

o Bla,r)u(a,r)da

_ f( /O b ﬁ(a,x)u(a,x)da> — (0, 1),
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Next let us define an operator AL as follows:

f(co)

Co

0 8(a, )(a, -)da7—aa¢+D<K—I)¢—u¢)7
(0,9) Gdom(Af:O),

l [ )
- Aco<o,¢>.—( 6(0.)+

where dom(AL ) = {0} x W11((0,a2),C(€)). Furthermore, due to (4.13), one
has (by Claim 3.7 in Ducrot et al. [5] which states that A\ — r(M,) is strictly
decreasing)

A (AL < X (Ah) = M) <0.

Thus by Definition 3.8, for all negative A > X (AL ), there exists a positive
continuous function ¢y such that

(—AL +2)(0,¢5) > (0,0).

Arguing as above, we can see that ¢y > d for some positive §. Let us define the
following quantity:

F i=1inf{y > 0:u < yor}.

We end the proof of the theorem by proving that v* = 0. Assume that v* > 0.
Set w 1= u — y"¢y. Further, set

ap = min{a € [0,az] : Iz € Q, s.t. w(a,zo) = 0}.

Such ap exists due to the definition of ~*. It follows that there exists
(ag, z0) € [0, az] x Q such that w(ag,zp) = 0.
If ap € (0, az], observe that w satisfies the following equation:

dgw(a,x) < D U J(z = y)w(a,y)dy — w(a, 50)} —p(a, z)w(a, z),
Q
(a,z) € (0,a9] x Q.
Recalling the constant of variation formula (2.9), one has

(4.15) w(a,z) < e P7(0,a,z)w(0,z) + D/a e PVr(l a, 2)[Kw(l, z)dl.
0

Considering the above inequality at (ag, o), we have a contradiction, since by
the definition of ag, w(a,z) < 0 for all (a,x) € [0, ap) x  implies the right hand
side of (4.15) is negative.
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If ap = 0, that is, w(0,20) = 0, by (4.13), one has that w(0, zo) satisfies
w(0,20) = u(0,20) — 7" (0, 20)

< f(cZO) /0 2 B(a, zo)u(a, xo)da — v* f(CZO) /0 2 Bla, xo)Pa(a, zo)da

*f(CO) " a,xro)wia, T a
- co /0 ﬂ(?O)(aO)d <O0.

It follows by Assumption 4.1 that w(a,z9) = 0 at least in [az — €,ag] for
some € > 0 small enough. Then by the proof of Claim 4.8 in the following,
we have w = 0 in [0, as] x Q. Thus u = v*¢, and we get the following contra-
diction

0= 0qu— D[K — Iu+ pu = 9a7y"dx — DK — I]7"dx + py"dx = =Xy dx > 0.
Thus, v* = 0 and the proof is complete.
Now let us prove Claim 4.8.

Proof of Claim 4.8. Assume by contradiction that u is zero somewhere, without
loss of generality, say u(ag,z9) = 0. If ag € (0, as], recalling again the constant
of variation formula (2.9), one has

(4.16) u(a,z) = e P7(0,a, z)u(0,z) + D/a e Pr(1, 0, 2)[Ku)(l, z)dl.
0

Considering the above inequality at (ag,xo), it follows that for any I € [0, ao],
one has [Ku](l,z9) = 0 and thus u(l,z1) = 0 for all ; € B(xg,r). Next
consider (4.16) at (I,21), one has u(l,z2) = 0 for all x5 € B(x1,r). Then by
continuing this process, we can get u(l,-) = 0 in QN B(xg, nr) with some n € N
large enough for all [ € [0,ap]. On the other hand, by the nonlocal equation,
the solution starting at w(ag,-) = 0 will be zero, i.e., u(l,-) = 0 when [ > ay,
which implies v = 0. This contradicts the fact that u is positive somewhere
in [0, ag] x .
If ag = 0, we have

u(0,x0) = (/ Bla,xo)u amo)d)zo.

It follows by the assumption on f that

/az Bla, zo)ula,xo)da = 0.
0
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This implies that u(a,xo) = 0 at least for @ € (0, as] due to Assumption 4.1.
Considering equation (4.16) at (a,zo) with @ € (0, az], we have the same con-
tradiction as above. Hence, u > 0 in [0, as] x €, which concludes the desired
result.

4.3. STABILITY. In this subsection we will show the global stability of the pos-
itive equilibrium u* obtained in Theorem 4.4. First the existence of a solution
u(t,a,z) for (1.1) defined for all time ¢ > 0 follows from a standard semigroup
method by writing equation (1.1) as an abstract Cauchy problem (2.13), which
is shown in the following:

4 = BU+ F(U),

(4.17) o)t

with Uy = (O, Uo)

and based on the Lipshcitz assumption on f, see Thieme [15,16] or Magal and
Ruan [9]. Next, thanks to the definition of B, we have that B is resolvent
positive. Moreover, F' is monotone due to Assumption 1.3(ii) on f, i.e.,

0<U<V=0<FU)<FWV).

Thus, by Magal et al. [10, Theorem 4.5], we can conclude that the weak com-
parison principle holds for (4.17), which is written as follows.

LEMMA 4.9 (Weak comparison principle): Assume that Uy € Xy and Uy > Ox,.
Then the mild solution to (4.17) is U(t) > Oy, for any t > 0.

It follows that the weak comparison principle also holds for (1.1). Now we
give the strong comparison principle for (1.1).

LEMMA 4.10 (Strong comparison principle): Assume that ug € C([0, az] x §2)
and ug(a,x) > 0 but ug(a,x) # 0. Then the strong solution to (1.1) is

u(t,a,z) >0 for anyt >0 and (a,x) € [0, az] x Q.

Proof. Solving the problem (1.1) along the characteristic line a — t = ¢,
where ¢ € R, we now derive the formula for a solution to (1.1). For fixed ¢ € R,
we set w(t) = u(t,t + ¢) for t € [max(—c,0),00). With a = ¢ + ¢ one obtains
for t € [max(—c,0), 00) the equation

(4.18) Ow(t) = DIK — INw — u(t + ¢, -)w.
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We first study the case ¢ > 0. Clearly, w(0) = u(0,¢) = u(0,a — t) = up(a — t).
Considering the equation (4.18) with initial data w(0) > 0 and w(0) # 0,
we have w(t) > 0 for ¢t > 0 by the strong comparison principle of the nonlocal
diffusion problem, due to J(0) > 0 in Assumption 1.1. It follows that u(¢,a) > 0
for a > t. On the other hand, integrating (4.18) from 0 to ¢, one obtains

w(t) = Ule,t + chw(0),
and thus

u(t,a) =U(a —t,a)up(a —t).
Next we consider the case ¢ < 0. Integrating (4.18) from —c to t, one gets

w(t) =U(0,t+ c)w(—c),

and hence
u(t,a) =U(0,a)u(t — a,0).

Thus now the solution to (1.1) reads as follows:

U(a —t,a)ugla —t), a>t,

(4.19) ulha) = U, a)u(t — a,0), a < t.

Next we plug the explicit formula (4.19) into u(¢,0) to obtain

u(t,0) = f x(a)B(a, U0, a)u(t — a,0)da
(4.20) </°

+ /t " (@Ba,(a — t, a)uo(a - t)da),

where x(a) is the cutoff function satisfying x(a) = 1 when a € (0, az), other-
wise x(a) = 0. Now we consider two cases.

CaSkE 1. If t < ag, (4.20) is written as follows:

u(t,0) = f Bla, U0, a)u(t — a,0)da
(4.21) </°

+ /t " B, a - t, a)uo(a — t)da).

Since u(t,a) = U(a—t, a)ug(a—t) > 0fora > tand [ B(l,-)dl > [** B(1)dl >0
a.e. for any a € [0,az2) by Assumption 4.1 on 3, the second term on the right-
hand of (4.21) must be positive. It follows by Assumption 1.3 on f that we
have u(t,0) > 0. Thus u(t,a) > 0 for a < t via (4.19).
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CASE 2. If t > a9, (4.20) is written as follows:
as
(4.22) u(t,0) = f </ Bla, ) U0, a)u(t — a, O)da) .
0

We claim that w(t,0,2) := [u(t,0)](z) > 0 in [az,00) x Q. By contradiction,
suppose that there exists (to, o) € [az,00) x © such that u(to,0,29) = 0. By
Assumption 1.3 on f, one obtains

as
0= / Bla, zo)U(0, a)u(ty — a,0,zq)da
0
as
> / Bla,xg)e” Js (D+”(5))dseDK“u(to —a,0,x0)da,
0

where we used the fact that e~ Jo' (PHr(s)ds ang PKa gre commuting. By As-
sumption 4.1 on B, one has [ B(l, zo)dl > [* B(I)dl > 0 a.e. for any a € [0, az),
then we can find one point by € [az — €, as] such that ePEboy(tg — by, 0,20) = 0,
where € > 0 is small enough. By definition, one has

> (Dby)"
ePRbou(ty —bg,0,m0) = > (Do)

n=0

ol K*"*u(to —bo,o,$0),

where K*" denotes the n-fold convolution of K; that is K*" = K % ---x K
n times. It follows that for each n € N,

7

K*" x u(to — bo, O,SL'O) =0.
However, by Assumption 1.1 on J, one has J > 0 in B(0, ), which implies that
u(to — bo,0,2) =0, for all z € B(xg,nr) N L.

When n is large enough, B(xzg,nr) N covers £, and thus u(ty — bo,0,-) = 0
in .

Next replace ty by tg — by in (4.20). If o — bo falls in [0,az), by the ar-
gument as in Case 1, one has u(tp — bp,0) > 0, which is a contradiction.
Hence, tp — bp must fall in [ag, 00). Then by the same argument as in Case 2,
one can find by € [az — €,az] such that u(ty — by — b1,0) = 0. Now repeat-
ing the above process by induction, one can find a sequence {b;};>0 such
that u(to *Zi]\io b;,0) = 0 for any M > 0. But we know every b; is in [a2 —¢, as],
so there always exists a minimal My > 0 such that ty — sz\i% b; < as. Then by
Case 1, one has

Mo
u(to - Zbi,o) > 0.
1=0



Vol. TBD, 2024 AGE-STRUCTURED MODELS. II 27

Now consider (4.22) at t = tg— Zi]\i%fl b;, which is larger than or equal to as.
We get a contradiction, since now the left hand side of (4.22) equals zero, while
the right-hand side of (4.22) is larger than zero.

In summary, we cannot have (¢, ) € (0,00) x 2 such that u(¢,0,x) = 0, which
implies that u(t,0,z) > 0 and thus u(t,a) > 0 by (4.19). Hence, the proof is

complete.
Finally we present the following global stability result.

THEOREM 4.11 (Stability): Let Assumption 4.5 hold. Assume that A} > 0.
Then the nontrivial equilibrium u* is stable in the sense that u(t, a, ) — u*(a, x)
pointwise as t — oo, where u(t,a,x) is a solution of (1.1) with initial
data ug(a,x) > 0 but ug(a,x) # 0 in [0, as] x Q.

Proof. Tf ug(a,z) > 0 but ug(a,z) # 0in [0, az] X, using the strong comparison
principle (Lemma 4.10), there exists a positive constant § such that u(1,a, x) > ¢
in [0,as] x Q. Since A} > 0, we can allow eu defined in Theorem 4.4 to be a
sub-solution of (4.1) for e small enough. Since u(1,a,z) > ¢ and u is bounded,
by choosing e smaller if necessary we also achieve that eu < u(1,a,z). Now let
us denote U(t, a, x) the solution of (1.1) with initial data eu. By the weak com-
parison principle (Lemma 4.9), U(t,a,2) > eu(a,x) for all ¢ > 0. Given s > 0,
let
2%(t,a,x) = U(t + s,a,z) — U(t,a,x),

which satisfies 2°(0, a, z) > 0 by the above argument and

au _
I =BU + GU,

(4.23) () = th,

with U = (0, 2°)

on (0,00) x [0, az] x Q for some function G on (0,00) x [0, az] x Q with
Gl poe < I1F oo -

The weak comparison principle (Lemma 4.9) then applies to (4.23) to yield
that z® > 0 for all s > 0, from which follows that U(¢, a, z) is a non-decreasing
function of the time and U(t, a,2) < u(t+ 1,a, ).

On the other hand, L which is defined in the proof in Theorem 4.4 is a
super-solution of (4.1) and wg is bounded; we also have u(t,a,x) < U(t,a,x) if
necessary choosing L large enough, where U (¢, a, 2) denotes the solution of (1.1)
with initial data U(0,a,2) = L > ug. A similar argument as above using the
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comparison principle shows that U is a non-increasing function of ¢t. Thus, we
have for all time t > 0 that

eu <U(t,a,z) <u(t+1,a,2) <U(t+1,a,x).
The monotonicity of U and U implies
Ut,a,z) S Ud(a,x) and U(t,a,z) \yU"(a,x)

pointwise as t — 400 for some functions U, < U*. In what follows, we show
that U, U* € WH((0,az2),C(Q2)) are solutions to (4.1).

For now, we acknowledge this claim and will give a prove later. Hence, the
uniqueness in Theorem 4.6 implies U, = U* = u*. Moreover, due to Dini’s
theorem, we can derive that U U, and U N\, U* in C([0, az] x Q) as t — +o0,
which together with the above inequality implies that u(¢, a, 2) — «* uniformly
in C(]0,az2] x Q) as t — +oc.

Now let us finish the proof of U,,U* € WH1((0,as), C(2)). To this end, we
define

V(t,a,x) ::/ U(t,s,x)ds forallt >0 and (a,z) € [0,as] x €.
0

Since U solves (1.1), direct calculation yields

0V =D [, J(x—y)V(t a,y)dy — DV — [ u(s,2)U(t, s, x)ds
~U(t,a,z) + f( [, B(a,m)U(t,a,x)da),t > 0, x € Q,
V(0,a,x) fo (0,s,x)ds, x € Q.
By the monotone convergence theorem, one has V(t,a,z) fo (s,x)ds

pointwise as t — 4o0o. Next integrating the first equality of the above Sys-
tem with respect to ¢ in [t — 7,¢t] for some 7 > 0 and letting ¢ — 400, we

(a,x) D// x—y sy)dyds—D/ «(s,x)ds

—/ u(sx)U(s:z:ds—i—f(/ B(a, 2)U (ax)da) req,

0

have

where we have used the monotone convergence theorem in the integral terms.

Hence, we conclude that U,(a,z) is Lipschitz continuous in a € [0, az] and
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that U, satisfies

9.U.=D [, J(x—y)U.(a,y)dy—DU.—p(a, 2)Us.(a,z), (a,z)e(0,a4)xQ,
U.(0,z) = f([y? Bla,z)Us(a, z)da), xr €.

Therefore, by using the same argument after Assumption 4.5, one has
that U, € W11((0,a2),C(Q)) is a solution to (4.1). By the same argument
one can deduce that U* € WH1((0,a2),C()) is also a solution to (4.1), which
completes the proof.

5. Global dynamics in terms of diffusion rate and diffusion range

In this section we give a similar result on the global dynamics of (1.1) by using
the values of the diffusion rate D and diffusion range v without and with kernel
scaling, respectively. For the kernel scaling, Assumption 4.5 will be modified
via replacing D by 7[7)71 and K by K, o.

THEOREM 5.1: Let Assumption 4.5 hold. Assume that s(A!) coincides with
the principal eigenvalue of A' defined in (4.3). Then equation (1.1) admits a
unique positive equilibrium u* € C([0,az2] x Q) that is stable for each D > 0
sufficiently small if s(By + C) > 0, where s(B1 + C) = az and aq satisfies

(5.1) max f’(0) /0‘12 Bla,z)e”***w(0, a,x)da = 1.

zeQ

Proof. Note that A' defined in (4.3) also satisfies all the properties of A dis-
cussed in Section 3. Then by Theorem 3.10, s” (A") > 0 for all D > 0 sufficiently
small if s(B; +C) > 0. Thus, the result follows from Theorem 4.4, Theorem 4.6
and Theorem 4.11.

THEOREM 5.2: Let Assumption 4.5 hold. Assume that s(A') coincides with the
principal eigenvalue of A' defined in (4.3), then we have the following results:
(1) For each m > 0, assume that s(B; +C) = ay > 0. Then there exists 1
sufficiently large such that for each v > ~; equation (1.1) with ker-
nel scaling defined in (3.9) admits a unique stable positive equilibrium
u* € C([0, az] x Q).
(2) Suppose that J is symmetric, i.e., J(x) = J(—x), with

122 /8 € 02(]RN7 Lf(ov a’2))'
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For each m € [0,2), assume that s(By +C) = as > 0. Then there
exists o > 0 sufficiently small such that for each v € (0,72) equa-
tion (1.1) with kernel scaling defined in (3.9) admits a unique stable
positive equilibrium u* € C([0, az] x Q).

Proof. It follows from Theorems 3.11, 4.4, 4.6 and 4.11.

At the end of this section, we investigate the asymptotic behavior of the
equilibrium «* in terms of D without kernel scaling and in terms of v with
kernel scaling respectively. In order to highlight the dependence of u* on D
or 7, we denote u* by up, or u;. Before proceeding, we first give a lemma about
the solution of (4.1) without nonlocal diffusion, that is,

Ogv(a, ) = —pla, z)v(a, x), (a,z) € (0,a2) x Q,

v(0,2) = f( Oa2 B(a,z)v(a, x)da), = €.

(5.2)

To proceed , we first define two sets as follows:

53 Q> = {x e Q: f'(0) /Oa2 Bla, z)m(0,a,x)da > 1}7

az
Q- = {:c cN: f/(O)/ B(a,z)w(0,a,z)da = 1}.
0
LEMMA 5.3: Assume that Q- is nonempty. Then for any © € ()~ , the equation

Oqv(a,x) = —pla, z)v(a,z), a € (0,a2)
v(0,2) = f([;* Bla, z)v(a, )da)

has a unique positive solution, denoted by v*(a, x), which belongs to W11(0, as).

(5.4)

Moreover, the function x — v*(-,x) is continuous from Q~ to W(0, as).

Proof. For any fixed = € @), the existence of solutions of (5.4) is transformed
into finding solutions of the following equation:

az
v(0,2) = f(/ Bla, z)m(0,a, m)v(O,x)da).
0
It follows by = € @~ that one has

f(v(0,) 0a2 B(a,2)7(0,a,x)da) 1 ,
(5:5) v(0, ) Oa2 B(a, )7 (0,a,z)da 0a2 B(a,z)w(0,a,x)da < [

Due to Assumption 1.3(iii) on f, we can conclude that there exists a unique num-

ber h(z) > 0 such that h(z) = v(0,2) [,* B(a,z)7(0,a, z)da.Thus the unique
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positive solution of (5.4) is given as follows
h(z)7(0,a,x)

v ) =, B(a, z)m(0,a,z)da’

0
It is obvious that v*(-,x) € W1(0, az). Moreover, define g(u) := f( )| then by
Assumption 1.3(iii) again, the inverse of g exists and is continuous over [O, 1(0)].
It follows by (5.5) that

hz) =g~ (f

0

1
7(0,a z)da)

is continuous with respect to x € € due to the assumptions on 5 and u. Hence,
we have that * — v*(-,z) is continuous from Qs to W(0,az). Thus, our
proof is complete.

Before showing the asymptotic behavior of the positive equilibrium with re-
spect to the diffusion rate and diffusion range, we show that the unique solution
of (5.4) is zero when x ¢ Q.

LEMMA 5.4: Assume that © ¢ Q)~. Then the unique solution of (5.4) is zero.
Proof. CASE 1. = ¢ Q= UQ=. In this case, we have
'(0) /“2 Bla,z)m(0,a,x)da < 1.
Consider the linearized equatioon of (5.4) which is rewritten as follows:
Dutw(a,) = —pla, v)wla,z), a€ (0,az),
w(0,2) = f'(0) [5* B(a, 2)w(a, z)da.

Recall by Assumption 1.3 that f(u) < f/(0)u; we have v*(a,z) < w(a,x) for
all a € [0,a2] x Q. But by the second equation of (5.6), if v*(0,2) # 0 for
some x ¢ @@~ U Q- is positive, one has

w(0,7) = f(0) /:2 Bla,2)7(0,a,z)daw(0,z) < w(0,x),

which is a contradiction. Thus, v*(a,x) = w(a,z) =0 when z ¢ Q- UQ~=.
CASE 2. x € Q=. We have

= f(/oa2 B(a, z)v(a,x)da) < f(0) /:2 B(a, z)v(a, z)da = v(0, ).

It implies that v(a,x) = 0 by the assumptions on § and f. Hence, the proof is

(5.6)

complete.
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COROLLARY 5.5: The function v* provided by Lemma 5.3 is continuous

in Q> UQ=.

Proof. By Lemma 5.3, we know that @ — v*(+, ) is continuous in @)~ ; it remains
to show that x — v* (-, x) is continuous in Q—. With this aim, choose zg € Q=
and a sequence x,, — xo as n — 00, where {zp}n>1 C Qs. Observing the first
equation of (5.4), one has

[[0av™ (-, xn)HLl(o,aQ) <C,

where C' > 0 denotes some constant that may vary from line to line but is
independent of n > 0. It follows that the sequence {v*(,2)}n>0 is bounded
in W11(0,az) which is continuously embedded into L>(0, az) so that

[0 (, 2l oo (0,00) < C-
Again by the first equation of (5.4), one has
|\5au*(.7 xﬂ)HL“’(O,GQ) <C.

Thus, we have [[v* (-, Zn) [l y1.00 (,q,) < €. By the compact Sobolev embedding,
we can find a limit, denoted by v*(-) € C([0, a2]), up to a subsequence such that

v*(-,xp) — 0*(-) uniformly on [0, ag].
Since  — p(-, x) is continuous from Q2 to L>°(0, az), one has u(-, x,) — p(-, zo)
in L*°(0,a2), and thus
P )0 (5 20) = p(, 0)0™ () in L™(0, az).

Applying the same argument to § and then passing to the limit on (5.4), one
obtains

V™ (a) = 7#’(0’5 1‘0)6* (a)v a e (Ov 112),
5*(0) = f(fy " Bla,x0)0*(a))da,

with 9* > 0. Next recalling Lemma 5.4, we have that when z¢o € Q—, the
unique solution of (5.7) is zero. It follows that v*(-) = 0. Thus, v*(-,2,) — 0

(5.7)

uniformly in [0, as] as n — oo and the function x — v*(-, ) is continuous in
@QQ—. Hence, the proof is complete.

THEOREM 5.6: Let Assumption 4.5 hold. Assuming that s(A') coincides with
the principal eigenvalue of Al defined in (4.3), and v* is from Lemma 5.3, we
have the following asymptotic results:
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(i) Assume uj(a,x) is given by Theorem 5.1. Then

v*(a,x) locally uniformly in [0, as] X Q~,
5.8 lim u})(a,z) =
(5.8) D1 o+ up(a, )

0 locally uniformly in [0, as] X \ Q.

(ii) Assume u}(a,x) is given by Theorem 5.2, m € [0,2) and J is symmetric,

ie., J(x) = J(—x). Then

(5.9) lim ul(a,z) = v*(a, ) locally uniformly in [0, as] x @,

y—ot 7 0 locally uniformly in [0, as] X Q\ Q.

(iii) Assume u?(a,z) is given by Theorem 5.2 and m > 0. Then

(5.10) i “(a,2) v*(a,x) locally uniformly in [0,as] X Q~,
. im ul(a,z) =
y—=oo 7 0 locally uniformly in [0, as] X Q\ Q~.

Proof. We first prove (iii).

Cask 1: Converging to v*(a,z). We choose any nonempty set W C @~ such
that W C @Q~. Then it suffices to show that for each 0 < § = §(W) < 1, there
exists v5 = v5(W) > 0 such that for each v € (5, 00)

(1 =0 (a,z) <ui(a,z) < (1+6)v*(a,z), (a,z)€[0,a2] x W,

We here outline the proof of the upper bound and the lower bound that follows
from similar arguments. Denote

vi= (140"
and define F, : C([0, az] x W) — C([0,a2] x W) as follows:

Fw) = | [ 5t pvtany - oo

By the same argument as in Theorem 3.11(i) (see Ducrot et al. [5] for more

details), one can show that
(5.11) HF’Y||L(C([0,a2]xW)) — 0, as~y — oo uniformly in W C Q.

On the other hand, thanks to Assumption 4.1 on 3, one has

as
/ Bla,z)v"(a,z)da >0, VYreW.
0
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Since for each (a,x) € [0,az] x W,

f< /0 N ﬂ(a,z)v(a,x)da> (140 f( /0 " B, 2)o" (0, 2) da)
/a2ﬂ(a,z)v(a,x)da[f( o Bla,x)v(a,z)da)  f([3" ﬂ(a,l‘)v*(a,z)da)} 0.
0

0a2 Bla,x)v(a, x)da Oa2 B(a, x)v*(a,x)da

where we used Assumption 1.3(iii), there exists a sufficiently small positive
constant ¢ = ¢(d, W), which satisfies ¢(d, W) — 0 as 6 — 0, such that

(512) Db ([ ptaanta.aa) o ( [bta.n @) |

< —c< 0.

This implies that for any 6 > 0, we can find v = v(d) > 0 such that
|Fy (0)] < c(6,W)

for each v € (y(0), 00).
Now fix this v(d), and let us show that for each vy € (v(d), c0) we have

u’(a,z) <v(a,z) for all (a,z) € [0,as] x W.

To do that, fix any v € (7(d), 00) and define

*

o :=sup{a > 0: au’(a,z) < v(a,r)in[0,as] x W}.

Since ming, , 1,y u% > 0 and v(a, ) is bounded, the number a* is well defined
and positive. Due to the continuity of v(a,z) and u(a,z), v(a, ) > a*u’(a, )
for all (a,x) € [0,az] x W.

Clearly, if o* > 1, then we are done. So we assume that o* < 1. Set

w = v — a*ul, then w > 0. Further, set
ap :=min{a € [0,az] : Ix € W, s.t. w(ag,x) = 0}.

Such ag exists due to the definition of o*. It follows that there exists xg € W
such that w(ag, z¢) = 0.
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SUB-CASE 1. If ag = 0, that is, w(0, ) = 0, one has by (5.12) that
U(O,l‘) 2(1 + 5)f(/a2 B(a,m)v*(a,x)da)
0
0 " a,z)v*(a,x)da " a,z)v(a,z)da
s ([ plaw @ada) + ([ saajola o)
-1 +5)f(/0 ﬂ(a,x)v*(a,z)da) + 5

:f</0a26(a,m)v(a7x)da> + 0

Thus, w(0, zg) satisfies

w(0,z0) = v(0,20) — au3(0,20)

c

> f(/0a2ﬂ(a,xo)v(a,z0)da) + 4 a*f(/0a2 ﬂ(a,zo)u;(a,zo)da)
> f(/o ﬂ(a,xo)v(a,zo)da) + ; - f</0 ﬂ(a,zo)a*u;(a,zo)da)

c
>

3

where we used Assumption 1.3(iii) and o* < 1. It is a contradiction with
w(0,z9) = 0.

SUB-CASE 2. If ag € (0, az], observe that w satisfies

uuta) =1 | [ e = yyutandy - wla.o)] - pla.a)ula.a)
- | nte = vtads - oa,o)
=0 | [ nte =ty - wias)| - wtasoputens) - £, 0)

Again by the constant of variation formula (2.9) and recalling (3.9), one has
w(a, z) =e=97(0, a, 2)w(0, z)
D (" b,
(5.13) + m/ e ( l)ﬂ'(l,a,x)[K%Ww](l,x)dl
) v,

- /Oa e @Dz, a, x)[Fy(v)|(l, z)dl.
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Recall from Sub-case 1 that w(0,x) > 8(5’2W). Now considering the above in-

equality (5.13) at (ag,x0), w(a,x) > 0 for all (a,x) € [0,ap) x W implies that
oW a
emam “7(0,a,x)w(0,x) > g ’4 )e* Jo? wls)ds

b / e (“_l)w(l,a,z)[K%Ww](l,:zz)dl —0
™ Jo
as 7 — oo, uniformly in (a,z) € [0,as] x W.

These inequalities combining with (5.11) (up to increasing ~ if necessary) imply
that the right hand side of (5.13) is positive. But the left hand side w(ag, o) = 0
induces a contradiction. Thus, a* > 1. Since W C @ is arbitrary, the proof
of case x € @~ in (iii) is complete.

CAske 2: Converging to 0. We use a similar argument as in Proposition 4.7.
Choose any W C 2\ Q- satisfying W C Q\ @s. Remember that the same
argument in Theorem 3.11(i) gives us

(5.14) IE | 20,021 xmy) — O @s v — 0o uniformly in W C ©\ Q.

Now let us recall that for any 0 < 7 < a < ag, one has

a

U(t,a) =TI(1,a) +/ II(, a) [F, (U)] (7, )dL,

T

which implies that
(5.15)  [[td(0,-) = IL(O, )l c(cwy) — O as v — oo, uniformly in a € [0, as].

On the other hand, recalling x € W C Q \ Q> implies that
as a2
(7 [ st 0,0y ) = max ) [ staara.0.0)da < 1.
0 zeW 0

It follows from (5.15) that for any sufficiently large 7, one has

(5.16) r(f’(O) /0 h B(a,-)u(o,a)da> <1.

Then the principal eigenvalue of A!, defined in (4.4), satisfies \;(A') < 0.

*

¥
in W. Then the remaining proof is the same with Proposition 4.7, so we omit

Now assume by contradiction that w}) := lim_, u?(a,-) is positive somewhere

it. Hence, we have finished the proof of (iii).
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For (i) we follow the lines as in the proof of (iii) except that we need to
set v = 1 and replace the limit

D
Fi(v) = - [/W Jy(z —y)v(a,y)dy — v(a, :I:)] -0
as v — oo, for any v € C([0,as] x W)

uniformly in (a,z) € [0,as] x W with both W C Qs and W C Q\ Q- by the

following limit:

Fi(v) = D[/w J(x —y)v(a,y)dy — v(a,z)} -0 asD — 0%,
for any v € C([0, as] x W)

uniformly in (a, x) € [0, az] x W with both W C Qs and W C Q\Q>, and (5.13)
is replaced by the following equality:

w(a,r) =e P7(0,a, z)w(0,z) + D/Oa e P=Dr(l, a, 2)[Ky ww](l, z)dl
- /a e Pl a, z)[Fy(v))(1, z)dl.
0

Then the remaining proof is the same as for (iii).
For (ii), note by the argument in Theorem 3.11(ii) (see Ducrot et al. [5] for
more details) that

D —-m
@ = 0 | [ bt -ty van)] <02 Bl ooy

uniformly in (a,z) € [0,a2] x W with W C Q> and W C Q\ @~, where C' is a
positive constant independent of . Next we revisit (5.13). Observe that

D —m
i Koww < CY T [l go,0al )

uniformly in (a,z) € [0,a2] X W with W C Qs and W C Q\ @~. Then the
remaining proof is the same as for (iii), so we are finished.

ACKNOWLEDGEMENTS. We thank the anonymous reviewer for their helpful
comments and suggestions.



38

(1]

(10]

(11]
(12]

(13]

(14]

(15]

(16]

(17]

(18]

A. DUCROT, H. KANG AND S. RUAN Isr. J. Math.

References

P. W. Bates, P. C. Fife, X. Ren and X. Wang, Traveling waves in a convolution model
for phase transitions, Archive for Rational Mechanics and Analysis 138 (1997), 105-136.
H. Berestycki and N. Rodriguez, A non-local bistable reaction-diffusion equation with a
gap, Discrete and Continuous Dynamical Systems 37 (2017), 685-723.

J. Coville, On a simple criterion for the existence of a principal eigenfunction of some
nonlocal operators, Journal of Differential Equations 249 (2010), 2921-2953.

M. G. Crandall and P. H. Rabinowitz, Bifurcation from simple eigenvalues, Journal of
Functional Analysis 8 (1971), 321-340.

A. Ducrot, H. Kang and S. Ruan, Age-structured models with nonlocal diffusion of
Dirichlet type. I: principal spectral theory and limiting properties, Journal d’Analyse
Mathématique, to appear.

V. Hutson, S. Martinez, K. Mischaikow and G. T. Vickers, The evolution of dispersal,
Journal of Mathematical Biology 47 (2003), 483-517.

Z. Liu, P. Magal and S. Ruan, Hopf bifurcation for non-densely defined Cauchy problems,
Zeitschrift fiir Angewandte Mathematik und Physik 62 (2011), 191-222.

P. Magal and S. Ruan, Center manifolds for semilinear equations with non-dense domain
and applications to hopf bifurcation in age structured models, Memoirs of the American
Mathematical Society 202 (2009).

P. Magal and S. Ruan, Theory and Applications of Abstract Semilinear Cauchy Problems,
Applied Mathematical Sciences, Vol. 201, Springer, Cham, 2018.

P. Magal, O. Seydi and F.-B. Wang, Monotone abstract non-densely defined cauchy
problems applied to age structured population dynamic models, Journal of Mathematical
Analysis and Applications 479 (2019), 450-481.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions, Applied Mathematical Sciences, Vol. 44, Springer, New York, 1983.

P. H. Rabinowitz, Some global results for nonlinear eigenvalue problems, Journal of
Functional Analysis 7 (1971), 487-513.

N. Rawal, W. Shen and A. Zhang, Spreading speeds and traveling waves of nonlocal
monostable equations in time and space periodic habitats, Discrete and Continuous Dy-
namical Systems 35 (2015), 1609-1640.

W. Shen and A. Zhang, Spreading speeds for monostable equations with nonlocal dis-
persal in space periodic habitats, Journal of Differential Equations 249 (2010), 747-795.
H. R. Thieme, Positive perturbation of operator semigroups: growth bounds, essential
compactness and asynchronous exponential growth, Discrete and Continuous Dynamical
Systems 4 (1998), 735-764.

H. R. Thieme, Spectral bound and reproduction number for infinite-dimensional popula-
tion structure and time heterogeneity, STAM Journal on Applied Mathematics 70 (2009),
188-211.

C. Walker, Positive equilibrium solutions for age-and spatially-structured population
models, STAM Journal on Mathematical Analysis 41 (2009), 1366—1387.

C. Walker, Age-dependent equations with non-linear diffusion, Discrete and Continuous
Dynamical Systems 26 (2010), 691-712.



Vol.

(19]
20]
(21]

(22]

(23]

[24]

TBD, 2024 AGE-STRUCTURED MODELS. II 39

C. Walker, Global bifurcation of positive equilibria in nonlinear population models, Jour-
nal of Differential Equations 248 (2010), 1756-1776.

C. Walker, Bifurcation of positive equilibria in nonlinear structured population models
with varying mortality rates, Annali di Matematica Pura ed Applicata 190 (2011), 1-19.
C. Walker, On nonlocal parabolic steady-state equations of cooperative or competing
systems, Nonlinear Analysis. Real World Applications 12 (2011), 3552-3571.

C. Walker, On positive solutions of some system of reaction-diffusion equations with
nonlocal initial conditions, Journal fiir die Reine und Angewandte Mathematik 2011
(2011), 149-179.

C. Walker, A note on a nonlocal nonlinear reaction—diffusion model, Applied Mathematics
Letters 25 (2012), 1772-1777.

C. Walker, Global continua of positive solutions for some quasilinear parabolic equation
with a nonlocal initial condition, Journal of Dynamics and Differential Equations 25
(2013), 159-172.



	1. Introduction
	2. Notations
	3. Preliminaries
	4. Global dynamics in terms of the spectral bound
	5. Global dynamics in terms of diffusion rate and diffusion range
	References
	References



