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Abstract

In this paper, by utilizing Wang’s Harnack inequality with power and the Banach
fixed point theorem, the weak well-posedness for McKean-Vlasov SDEs with inte-
grable drift is investigated. In addition, by Banach’s fixed theorem, the existence
and uniqueness of invariant probability measure for symmetric McKean-Vlasov S-
DEs and stochastic Hamiltonian system with integrable drifts are obtained.
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1 Introduction

Invariant probability measure is the equilibrium state in physics. There are plentiful
results on the invariant probability measure for linear semigroup P; associated to classical
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diffusion process in R%:
dXt = b(Xt)dt + U(Xt)th,

the infinitesimal generator of which is defined as
1 *v72
L= §Tr(aa V) +b-V.

The existence of invariant probability measure can be studied by investigating the tight-
ness of the sequence of probability measures

n

1 n
—/ Pro,dt, n>1,
0

see [12]. Meanwhile, a useful sufficient condition to obtain the existence of invariant
probability measure is Lyapunov’s condition, i.e.

LW, <C —W,

for some positive function W, € C?(R?), positive compact function W, and some constant
C' > 0 can derive that P, has an invariant probability measure p satisfying u(Ws) < C,
see [4] and references therein.

For the uniqueness, the classical principle is strong Feller property together with irre-
ducibility, see [12, Theorem 4.2.1]. Moreover, by Wang’s Harnack inequality [25, Theorem
1.4.1], the uniqueness can also be ensured. Furthermore, using couplings or generalized
couplings, [21] proved the uniqueness of the invariant measures. One can also refer to
6, 5, 7] for conditions on the existence and uniqueness of invariant probability measure
by Lyapunov function V' € C?(R?) with limy,,« V(z) = oo and constants C, R > 0 such
that

LV < —C, |z| > R.

Recently, in [23], the existence and uniqueness as well as the regularity such as rela-
tive entropy and Sobolev’s estimate are derived by hyperboundedness or log-Sobolev’s
inequality.

However, all the above methods are invalid to obtain the existence and uniqueness
for distribution dependent SDEs (McKean-Vlasov SDEs or mean field SDEs), where the
associated semigroup P} is nonlinear [17]. In [22], Wang obtained the existence and u-
niqueness of invariant probability measure and the exponential ergodicity in Wasserstein
distance by the method of basic coupling ([10, Definition 2.4]), see [16] for the McKean-
Vlasov SDEs with Lévy noise. Quite recently, [27] investigated the existence of invariant
probability measure by Schauder’s fixed point theorem, see also [1] for the existence of in-
variant probability measure of functional McKean-Vlasov SDEs by Kakutani’s fixed point
theorem. In addition, [24] proved the existence and uniqueness of invariant probability
measure for (reflecting) McKean-Vlasov SDEs by exponential ergodicity of the decoupled
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SDEs and Banach’s fixed point theorem. What’s more, by using log-Sobolev’s inequality
or Poincare’s inequality for the invariant probability measure of decoupled SDE and the
Banach fixed point theorem, [3, 4] investigated the existence and uniqueness of the solu-
tion to stationary nonlinear and non-degenerate Fokker-Planck-Kolmogorov equations.

In this paper, we will prove the weak well-posedness for McKean-Vlasov SDEs with
drift being integrable in the spacial component with respect to some reference probability
measure by Banach’s fixed point theorem. The result extends the one in [23]. Since the
invariant probability measure of decoupled SDE is in general unknown when the drift is
only assumed to be integrable, the conditions in [3, 4] such as log-Sobolev’s inequality
and Poincaré’s inequality are not explicit. As a result, we only investigate the existence
and uniqueness of the invariant probability measure for symmetric and non-degenerate
McKean-Vlasov SDEs as well as distribution dependent stochastic Hamiltonian system,
where the drift is assumed to be of gradient form and integrable in the spacial component
with respect to some reference probability measure.

Let Z(R?) be the space of all probability measures on R? equipped with the weak
topology. Consider the following distribution dependent SDE on R%:

(1.1) AX, = {Z6(X) + o(X) Z(Xs, Zx) Yt + o(X,)dW,,

where (W;);>0 is an n-dimensional Brownian motion on a complete filtration probability
space (2, Z,{Fi}i>0,P), Zx, is the law of X,

Z:Rix PRY) - R", Zy:R*"=R? o¢:R* > RI@R"

are measurable. Compared with [23], Z can depend on the distribution of the solution,
see (Az) below for the condition of Z on the measure component. When a different
probability measure P is concerned, we use DS,’igHP’ to denote the law of a random variable
¢ under the probability P, and use Es to stand for the expectation under P.

Definition 1.1. (1) An adapted continuous process (X;);>o on R is called a solution
of (1.1), if Xy is Fy-measurable,
T
(1.2) E/ [126(X)| + |0(X0) Z(Xe, Zx)| + lo(X)|2}dt < 00, T> 0,
0

and P-a.s.

t t t
(1.3) Xt:X0+/ ZO(XS)der/ a(Xs)Z(Xs,gXS)dH/ o(X,)dW,, t>0.
0 0 0

(2) For any pg € Z(R?), ((X1)is0, (Wy)i0) is called a weak solution to (1.1) starting
at po, if (Wt)t>0 is an n-dimensional Brownian motion under a complete filtration
probability space (Q,.Z, {ﬁzt}po, P), (X,)¢>0 is a continuous ft adapted process on
R? with L5 IP = 1o and X, € F, and (1.2)-(1.3) hold for (X, W, P, Ez) replacing
(X, W,P,E).



(3) We call (1.1) weakly well-posed for an initial distribution py, if it has a weak solution
starting at g and any weak solution with the same initial distribution is equal in
law.

For the well-posedness of distribution dependent SDEs with singular drifts, one can
refer to [2, 9, 8, 13, 14, 15, 18, 20, 28] and references within.

The remaining part of the paper is organized as follows: In Section 2, we investigate
the weak well-posedness of (1.1) under integrable condition. The existence and uniqueness
of invariant probability measure are provided in Section 3.

2 Weak Well-posedness

For any pu,v € 2(R?), the total variation distance between p and v is defined as

I =vllrv =2 sup [u(A) —v(A)| = sup [u(f)—v(f)].
AcB(RY) <1

1 flloo<

To obtain the weak well-posedness of (1.1), we make the following assumptions, see [23,
Example 4.1, Example 4.3, Example 5.1, Example 5.2] and Section 3 below for the models
where (A) holds.

(A) The reference SDE
(21) dXt = Z()(Xt)dt + O'(Xt>th
is strongly well-posed and has a unique invariant probability measure u°.

(Az) There exist constants € > 0, Kz > 0 such that

(2.2) Mo(eg‘z(ﬂuo)|2) < m’
and
(2.3) Z(z,7) — Z(2,7)] < Kz|ly — Allrv, = € R% 7,7 € 2(RY).

Let 7; be the projection map from C([0,00); R?Y) to R4, i.e.
m(w) = wy, w € C([0,00);RY).

For any v € 2(R?), we will prove that (1.1) has a unique weak solution with initial
distribution v and the distribution of the solution P satisfying

¢
(2.4) P <w e C(]o, oo);]Rd),/ | Z(ws, P70, 1)|2ds < 00, t> 0) =1
0

Firstly, modifying the proof of [23, Theorem 2.1}, we can extend it to the time inhomo-
geneous case. More precisely, consider

(2.5) AdX; = {Zo(X}) + 0(X,) Z,(Xy) YAt + o(X,)dW,,

here Z : [0, 00) x R — R™ is measurable. Then we have the following result.
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Theorem 2.1. Assume (A) and that there exists a constant € > 0 such that
712
(26) ||eE|Z| ||Loo([0’t};L1(M0)) < oo, t>0.

(i) For any v € P(RY) with v < p°, (2.5) has a unique weak solution starting at
and the distribution P satisfying

¢
P (w e C(]0, oo);]Rd),/ | Zy(wy)|?ds < o0, t> 0) = 1.
0

(ii) If in addition, the semigroup PP associated to (2.1) satisfies the Harnack inequality,
i.e. there exists p > 1 such that

(2.7) (PYIfI)P(2) < (P (2)e™ =7, f € By(RY), 2,2 € Rt >0
with

t 1
(2.8) / {,uo(e_%(s’z"))} 7ds < oo, t>0,z€RY
0

then the assertion in (i) holds for any v € P (R9).
Proof. See the Appendix below. n
The main result in this section is the following theorem.

Theorem 2.2. Assume (A) and (Ay).

(i) For any v € P(RY) with v < p°, (1.1) has a unique weak solution starting at ~
and satisfying (2.4).

(ii) If in addition, P? satisfies (2.7) and (2.8), then for any v € 2(R?), then (i) holds
for any v € Z(RY).

Remark 2.3. Compared with the localized integrable condition of the drift on the spacial
component for the weak well-posedness in [28, Theorem 8.9/, the drift Z in Theorem 2.2
is allowed to be of some growth. For instance, takingn = d, Zy = —x, 0 = \/2l4xq, if Z
satisfies

|Z (@, 1)] < 1+ |z),

then (2.2) holds with s < 1. Moreover, (1.1) can be degenerate, see [23, Example 4.5]
and Fxample 3.2 below.

To prove Theorem 2.2, it is sufficient to prove that for any 7" > 0, (1.1) is weakly
well-posed on [0,T]. So, we fix T > 0 in the following. For any v € Z(R?), u €
A(10,T); Z(R%)), consider

(2.9) AX, = {Z6(X:) + o(X) Z( X, ) Yt + o(X,)dW,

with initial distribution ~.



Proof of Theorem 2.2. Since the proofs of (i) and (ii) are completely the same, we only
prove (ii).
Note that (Az) implies that for any ¢t € [0, T,

He§|Z(-,uA)|2 < MO(eelZ(-,uO)|2+4EK%> _ MO(es\Z(~,p0)|2)e4sK% < 0.

| oo ((0,8]:L1.(u0))

This together with (A), (2.7), (2.8) and Theorem 2.1(ii) for Z, = Z(-, 1) yields that for
any v € Z(R?), (2.9) has a unique weak solution starting at v and the distribution P+
satisfying

(2.10) P+ (w c ([0, T]; RY), /OT | Z (w, pis)[Pds < oo) =1

Let ({X7"}icior], {Wihiepny) in (%, {% }icp; P) be a weak solution to (2.9) with
Zsn|P = ~. Then we have

(2.11) AX7H = {Zo(X]H) + o( X7 Z( X, pe) Yt + o( X)W,
Define @] (u) = XX;‘/,H’I’P), t €10,T). For v € B([0,T]; Z(R%)), let
€= Z(XI" v)) — Z(XI*, 1s), s€[0,T],
vt = e { [fenaiiy - [lerash. tepor)

t
Wi =W, —/ ¢ds, te0,7).
0

Then (2.11) can be rewritten as
AXPH = {Zo(X]") + o(X]M) Z (X, ) bt + o (X)W,

Since [&] < 2Kz due to (2.3), Girsanov’s theorem yields that under the probability
dQ = R(t)dP, the process W{"" is an n-dimensional Brownian motion. Then, we have

() (f) = E(R() F(X]™), [ € B(R),t€[0,T).
Applying Pinsker’s inequality [11, 19], we obtain
127 (v) — @7 (1) |71 < E(|R(t) — 1))* < 2E(R(t) log R(t)).

This together with (2.3) implies

t
(2.12) 127 (v) — @/ ()17 < / K7 llps = vsl7vds.
0



Take A = K% and consider the space Epr := {u € %([0,T]; Z(RY)) : uy = v} equipped
with the complete metric

p(v,p) == sup e M|y — pullrv.
t€[0,T]

It follows from (2.12) that

sup e 2| @7 (1) — &) (||, < sup / Kje 09)e=2% |y — 1|2, ds
t€[0,7] te[0,T

t
< sup vl sup [ R
0

s€[0,T] t€[0,T]
]' —2As
< 5 sup e A ”:U/s - VSH%V'
s€[0,7]

Then &7 is a strictly contractive map on Er, so it follows from the Banach fixed theorem
that the equation
(I);Y(:u’) = Mt te [OvT]

has a unique solution p € Ep. This combined with (2.10) completes the proof. O

3 Existence and Uniqueness of Invariant Probability
Measure

In this section, we will consider two cases: one is the symmetric case and the other
one is stochastic Hamiltonian system. We will consider the class of invariant probability
measures of (1.1) absolutely continuous with respect to u:

Py ={v=p,u’ v is an invariant probability measure of (1.1)},
where p, is the Radon-Nikodym derivative. For any u € Z(R?), consider
(3.1) dXe = {Zo(X:) + 0(X4) Z(Xe, ) bdt + o (X)dWr,
and denote

P = {v=p,u’ v is an invariant probability measure of (3.1)}.

3.1 Symmetric Case

In this section, let
d
1 * *
Zo=5 > {0i(00%)i; = (00%);;0;V }e;

ij=1



for some V € C?(R?). Define

&(f.9) = 1’((0"V f,0°Vg)), f.g € CFRY).
Let HY%(11°) be the completion of C°(R?) under the norm

VEF ) = Ll fP + 0"V )} 2.

Then (&, H>*(u°)) is a symmetric Dirichlet form on L?(u).
Moreover, we shall introduce the condition (H) in [23] and one can refer to [23,
Example 5.1, Example 5.2] for the models satisfying (H).

(H) Assume that p’(dz) = e7Vdx is a probability measure. There exists k > 2 such
that o € C*(R? R? ® R") and vector fields

d
Ui: E O'jiaj, izl,---,n
j=1

satisfy the Hormander condition up to the k-th order of Lie brackets. Moreover,
1€ HM(up) with &(1,1) = 0, and defective log-Sobolev inequality
1O(fPlog f2) < k(|0 Vf1P) + B, f € C5*(RY), (%) = 1
holds for some x > 0 and § > 0.
Theorem 3.1. Let F: R x Z(R?) — R and F : RY — R be measurable and differential
in spatial variable. Let Z(x,p) = ?(VF(J’,M) + VF(z),r € RLp € PRY) and o =

V2I4xq in (3.1). Assume (H) and that there exist constants e > k,C > 0 and § € (0,%2)
such that

(3-2) pO(eFCHOHTY 4 ) 0(e5IVFCa+TPRY o
(33) VE(@, 1) — V@, 0)| < Cllu = vlirv, pove PRY,2eRY,
and

|F(z, 1) — F(z,v)| < 8||p — v|ov, pve PRY,zecRL
Then (1.1) has a unique invariant probability measure in Py.

Note that (3.2) and (3.3) imply (Az). Moreover, we give a simple example where the

2
=]

conditions in Theorem 3.1 holds. Taking V' = % + dlog(v/27), then pu® = (Qi),le 2 dz
and (H) holds for s =2, 8=0. Let ¢ > 2 and 0 < ¢ < (82)"2 < T. Set

Fla,p) = / Flyu(dy), F(z)=clzf’, =R e 2R,
Rd

where F': R — R is a bounded measurable function with sup,cpa |F|(z) < 22,
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Proof of Theorem 3.1. For any £ € (0,¢), it follows from (2.3) that

O(eélz(wu)\Q) ,u0<e5(|Z(w#°)\+KzHu—uOIITv)Q)

IN

Ju

(3.4) T e G LR T T

1
PGSRl TS == i Iy

IN

(23, Theorem 5.2] implies that for any p € Z2(R%), (3.1) has a unique invariant probability
measure in 4}, which is denoted by I'(u). Therefore, I' construct a map from 2 (R?) to
P (R?). Moreover, it is clear that

dl'(p) eFCm)+F

dp®  pO(eFCm+F)’

In fact, in this case, under assumption (H), (3.1) degenerate to
(3.5) dX, = V{F(X,, ) + F(X,) — V(X,)}dt + V2dW,,
which has invariant probability measure with the following form

[ (1) (da) = Soxp{F(:c, w) + F’(x_) — V(x)}dx
I exp{F(z, p) + F(z) — V(z)dz
_exp{F(z,p) + F(z) — V(z)}dz
ffooo eF(x,u)JrF_’(x)luO(dx)
CF(:JC,;L)wLF(:r)fV(:r) dx
= f_xoc CF(%lt)+ﬁ(I)/LU(dIIJ)
oF (@) +F(2) o=V (2)

o fjcoc CF(I’lL)jLF(I)/iO(dCL’) ’

Then _
D(p)(dr)  T(p)(dz) oF (@) +F(x)

pO(dz) e V@dx % eFlm+tF@)0(dz)’

By Taylor’s expansion, we arrive at

F(z, F(zx,v F(z,v = |F(.T,M)—F($,V)|k
o) gFa)| < oFlen) 3 -
k=1

Ol — vl
F(z,v) TV
<Y

(ww §k2k 1
N = vy Z



26_1
2

€

= "= vy
As a result, it holds

T () = L @)l

p°(dz)

() +F (W)+F

- /Rd 0 (eF ) +F) B (0 (eF(w)+F)

B eF("”)+Fu0( F(-v)+ F‘) oF V)+F/LO(6F("“)+F)
R (eF ,u)+F) (eF u)+F)

< / eF () +F ( 0(eF ) 10 (eF u+F)) O(de)
= Jpa MO(eF(-,u)JrF)MO(eF( )+F)
+/ (eF(-,,u)—i-F _ eF(-,u)—i—F) M0<eF(v,u)+F‘) Mo(dm)
Rd (eF( M +F) (eF( )
‘,uo(eF( u)+F’) ,UO( F(u | 0 ‘eF("“)+F _ eF(.,y)-s-F" 0/
R ,uo eF(.,u)+F) ( :c) Rd MO(eF(~ u)+F) K ( x>

O( F(W)+F _ F(p)+F F(p)+F _ F( V)+F
_ [ e e )| o [ [ o
- / n H’ (dx) + Rd ,LLO(eF( )+F) (dx)

< _
=2 110 (eFC)+F)
= lu—vlrv(e® = 1).

So, when ¢ € (0, 1OgQ) [ is a strictly contractive map on (Z(R?), || - ||rv). By Banach’s
fixed point theorem, we prove that (1.1) has a unique invariant probability measure in

Py. [l

3.2 Stochastic Hamiltonian system

o ~{ Oaxa  Ogxa 2 .
Let Zo(z,y) = (y,—x —y), 0 = ( Oy V2Lys ) and Z(x,p) = (0, VH(-, p)(x) +

VH(z)),z,y € R? with H : R? x Z(R?!) - R, H : R? — R. Consider

' dY; = (=X; — Y))dt + VH(, Lix,v))(Xe)dt + VH(X,)dt + v2dW,
By [26, Example 5.1], (A) holds and p°(dz,dy) = © 71r) e el dzdy and

1P llz2o) ooy = 1
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for some ty > 0.

Theorem 3.2. Assume that there exist constants ¢ > 5tg,C' > 0 and & € (0,'%2) such

that

(3.7) pO(HCHIEHY 0 (BIVHE AR o o,

(3.8) VH(z, 1) — VH(z,0)| < Cllpp — vlrv, pv e PRY),z € RY,
and

\H (2, 1) — H(z,v)| < 6||p = v|ov, pve PR zecR

Then (3.6) has a unique invariant probability measure in Py

Observe that (3.7) and (3.8) imply (Az). Similar to Section 3.1, we give an example
in which the conditions in Theorem 3.2 hold. Let ¢ > 2¢; and 0 < ¢ < min(3, (85)_%).
Consider

H(‘/L,u) — ]f{(Z>M(dZ), H = C‘JL’|2, T € Rd“u c @(R%j)
RQ(,

H|(2) < 82,

2

for some bounded measurable function H : R*¢ — R with sup, p2a

Proof of Theorem 3.2. For any p € Z(R?), substituting .Z(x,y,) with x in (3.6), we
rewrite (3.6) as following

(3.9) { dX; = Y,dt

dY, = (=X, — Y,)dt + VH(-, p)(X,)dt + VH(X,)dt + v/2dW,.

Due to (3.9) is a special case of (3.1), using (3.4) for Z(x, ) = VH (z,u) + VH(x) and
€ € (Ko, &) with kg = gto and applying [23, Theorem 3.1, Theorem 4.1], we conclude that
(3.9) has a unique invariant probability measure in &% and we denote it as I'(u), which
satisfies

AT (u) eHCm)+H

(3.10) el et

In fact, the infinitesimal generator of (3.9) is
Lf(z,y) =yVof + (—x —y+ VH(z,u) + VH(z))V,f + Vof, f€ C° (R,

which yields

i

/]R?d Lf(x,y) exp{—x_ s + H(z, p) +H(SL’)}dxdy

2 2
_ 2yl .
=— V.f,V,exp —T—T+H(x,u)+H(x) dzdy
R2d

11



’|2 2

+/ <Vyf,vxexp{—x——M+H(x,u)+H(x)}>dxdy:0, f € C5o(R*).
o 2 9

Therefore,

exp {—% — % + H(z,p) + ﬁ(m)}}dx
S exp{ =5~ = =+ H (. p) + H(x)dady
B (271_)51 O(dx,dy)eH(x’”HH(“)
(27)d [pg H @+ 10(dz, dy)
10(da, dy)ef! @+ @)
fR eH(z, w)+H(x (dx dy)

[(p)(de,dy) =

Then the claim (3.10) holds. Repeating the proof of Theorem 3.1, we know that I' is a
strictly contractive map on (Z(R%), [|-|/rv), which proves that (3.6) has a unique invariant
probability measure in &. O

4 Appendix

In this section, we give the proof of Theorem 2.1.

Proof of Theorem 2.1. Since the proof of the weak uniqueness can be completely repeated
according to [23, Proof of Theorem 2.1(2)], we only prove the weak existence in the
following.

(i) For any tq > 0, let

t
Ry <t>=exp{ JRCAeY / Zur (X |ds} £>0,
0

where p° is the unique invariant probability measure of the reference SDE (2.1), X}
is the solution of (2.5) started from the initial distribution p°. For any & € R, Rfo( )
is defined in the same way by replacing p° with €. For simplicity, we denote R (t) =
RY'(t), RE(t) = RS(t), ¢ > 0.

We first prove that for pl-a.e. &, (RS(t))i>0 is a martingale and divide the proof into
the following three steps.

Step 1: For p%-a.e. &, (R%(t));>0 is a supmartingale.

Note that (2.6) implies that

10

T T T
E / 1Z,(XE")Pds = / E|Z,(X!")]?ds = / WO Z,P)ds < o0, T > 0.
0 0 0

Let .
=inf{t >0: / | Z,(X ) Pds > n}, n>1.
0

12



Then P-a.s. lim,,_,, 7, = co. By Girsanov’s theorem, for each n > 1,

tATh 5 1 tATh -
RE(EAT) = exp {/ (ZL(XE), dW,) — 5/ |ZS(X50)|2ds} >0,
0 0
is a martingale. Applying Fatou’s lemma, we arrive at

E(R* (t)|Z,) =E <lim inf R¥ (¢ A Tn)%) < liminfE (R“O(t A Tn)m)

n—oo n—oo

= liminf R (s A1) = R"'(s), t > s > 0.

n—oo

Then, (R (t));0 is a supmartingale. Since

IE/| st—/ / S(XO))2dspl(d€) < oo, T >0,
0 Rd

then EfOT |Z,(X8)|?ds < 00, T > 0 for p-a.e. £&. By the same argument as in step 1, we
conclude that the claim holds.

Step 2: ER*(t) =1, t > 0.

For any ty > 0, by Jensen’s inequality and (2.6), we obtain

L Zrg (s = L [ 120 ) L (% el
Ee2Jo 14s+tol%s < % Eefl#s+tol s Ndg = % po (el )ds
€Jo € Jo

1 2e+tg

=5 ,u(€|25 )ds < oo.

It follows from Novikov’s condition that for any ¢ty > 0, (RY O(t))te[o 2¢] is a martingale.
Note that

P 0 P
Fos fo° 1 Zsteg (X4 2ds _ / dEe%f& | Zato (X3 0(qg) < o0,
R

a same argument yields that for any ¢y > 0, pl-a.e. &, (Rfo (t))tc(0,2¢) is a martingale. As
a result, for any ¢ty > 0, we get pl-a.e. &,

(4.1) ERL (1) = ERS (1) = 1, t € [0, 2¢].

Now we assume that ER*(t) = 1,t € [0,2ke] for some k > 1, it remains to prove
ER" (t) = 1,t € [2ke, 2(k + 1)e]. Indeed, let t; = 2ke and

Wt Wt+t1 th, t Z 0.

Then W(t) is a Brownian motion on the same probability space (2,.#,P) with respect
to filtration (%44, )i>0. Consider
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By Assumption (A), (4.2) is strongly well-posed. Let X: be the unique solution with
= £. Observing that

t t
thl—‘rt—tl = Xfl +/ ZO(ng)dS +/ U(XSE)dWS

t1 t1

t—1t1 t—1t1 5
= thl +/ ZO(Xf—‘rh)dS +/ (X§+t1)dW87 t Z tla
0 0

- xé
we conclude that Xf = Xi ttll by the strong well-posedness of (4.2). Therefore, we derive

»)
t—tq
Fi,

—E (e 0 <Z7"+t1(XrJ(r)t1) dW,.) —7f0 \Z,+t1(Xr+t1)|2dr
( ytl)

0
e=X!

ol (2 (X awy) =% S 12 (Xt 2ds | o

0 uo
t—t1

t—t1 5 Xty = X \2
oJo MZrp (X ) AW =5 [T 2y (X )Py

{ (efo (Zry (X, AW) =L [37 | Zypy (X5) 2 d)}‘
E

R ( )’ tE[tl,t1+28].

=xp"

Since the law of Xﬁo is 0, (4.1) with to = t; implies that P-a.s. T'(t) = 1,¢ € [2ke, 2(k +
1)e], which yields P-a.s.

(4.3) E[R" (t)|.%,,] = R (t,)L(t) = R* (t1), t € [2ke,2(k + 1)e].
This together with ER* (t) = 1,¢ € [0, ¢,] implies
ER™ (t) = E(E[R* (t)|.%,,]) = E(R* (t,)) = 1, t € [2ke,2(k + 1)e].
Step 3: For p-a.e. &, (RS(t));>0 is a martingale.
Combining Step 1 and Step 2, we conclude that (R"(t));>0 is a martingale. Since

for pl-a.e. &, (RS(t))i>o is a supmartingale due to Step 1, then pl-a.e. & E(R(t)) is
decreasing in t and E(RS(t)) < E(R%(0)) = 1. Noting that

1=ER"() = [ E(REOW). ¢ >0
R4
we conclude that for any ¢t > 0, pl-a.e. ¢, ERS(t) = 1, which together with the fact that

E(R(t)) is decreasing in ¢ implies that for u%-a.e. &, ERS(t) = 1,¢ > 0. So, for u -a.e. &,
(R%(t))¢>0 is a martingale.

14



As a result, applying Girsanov’s theorem, for p%-a.e. &,
t
th =W — / ZS(XE)CIS, te [OaT]
0

is a d-dimensional Brownian motion under the probability measure Q¢ on .%., defined by
Q%(A) :== E(LLRY(T)), Ae I, T >0,

which is well-defined in view of the martingale property of R*(t). Now, we rewrite (2.1)
as

AX; = (Zo(X7) + 0(X7) Z,(XP))dt + o (X7)dW.

Therefore, for pl-a.e. & ({X&, W0, Q%) is a weak solution of (2.5), which tells that
for any v € 2(RY) with v < 10, y-a.e. &, ({ X, W}iso, Q) is a weak solution of (2.5),
then (2.5) has a weak solution starting at y. Combining the weak uniqueness of (2.1) as
mentioned at the beginning of the proof, we complete the proof.

(ii) Adopting the same argument of obtaining (4.3) in the proof of (i), it is sufficient to
find some constant 7 > 0 such that for any ¢, > 0, £ € R?, {Rfo (t) }+eo,r is a martingale,
which can be ensured if

(4.4) Fes Jo [Zstg(XHPds - o
By the Harnack inequality (2.7), we have
Mo<e—¢’p(s,§,-)>(P£e§|2t0+sl2)p<§) < u0<e€|2t0+s|2).
Combining this with (2.6) and (2.8), for any A > 0, it holds
Ee fo”% | Zty+5(X5)[2ds

< DA [ sl (K9P
S

pA X P (s.£.)\ —L e 2 s2\1 2
<22 [T e e (e s
0
2 PPN [T 0 ay(s)yy -t
< (e 27 e 0 5 0121 ?/ {10 ™€)} Thds < 0o, fo>0,¢ € R
0
This yields that (4.4) holds for some 7 > 0. O
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