PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 152, Number 10, October 2024, Pages 4521-4536
https://doi.org/10.1090/proc/16891

Article electronically published on August 28, 2024

DETECTING NONTRIVIAL PRODUCTS IN THE STABLE
HOMOTOPY RING OF SPHERES VIA THE THIRD MORAVA
STABILIZER ALGEBRA

XIANGJUN WANG, JIANQIU WU, YU ZHANG, AND LINAN ZHONG

(Communicated by Julie Bergner)

ABSTRACT. Let p > 7 be a prime number. Let S(3) denote the third Morava
stabilizer algebra. In recent years, Kato-Shimomura and Gu-Wang-Wu found
several families of nontrivial products in the stable homotopy ring of spheres
m«(S) using H**(S(3)). In this paper, we determine all nontrivial products
in 74 (S) of the Greek letter family elements as, 8s,7s and Cohen’s elements
Cn which are detectable by H**(S(3)). In particular, we show B817vs(n # 0 €
7% (S), if n =2 mod 3, s Z 0, £1 mod p.

1. INTRODUCTION

The computation of the ring of stable homotopy groups of spheres, denoted as
7«(S), is one of the fundamental problems in algebraic topology. The Adams-
Novikov spectral sequence (ANSS) based on the Brown-Peterson spectrum BP is
an incredibly powerful tool for computing the p-component of 7, (S), where p is a
prime number. The Es-page of the ANSS is of the form Ext%’}*BP(BP*, BP,) and
has been extensively studied in low dimensions.

For s = 1, Ext}g’*P*BP(BP*, BP,) is generated by ajypn/pq1 for n > 0, and
ptk>1[15].

For s = 2, Ezt%};*BP(BP*, BP,) is generated by By, ;41 for suitable (n, k, j, 1)
[TILI2].

For s = 3, only partial results of Ext%;*P*BP(BP*,BP*) are known (see, for
example, [I3T418]). Nonetheless, a construction of a family of linearly independent

elements denoted as v, /s, s, i E:rt%;};*BP(BP*, BP,) has been achieved [I1].

Through the computations of Ext%ﬁg* pp(BPy, BP,) in low dimensions, numer-

ous nontrivial elements in m,(S) can be obtained. In particular, for p > 7, there
are the Greek letter family elements, denoted as «a,, §s, and v, with s > 1
[TT,15,M9,20]. These families are represented by elements of the same name in
Extyy pp(BP.,BP,), Extyy pp(BP., BP,), and Extyy, ;p(BP., BP,), respec-
tively.
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Furthermore, using the Adams spectral sequence, Cohen [2] discovered another
family of nontrivial elements (,, € m,(S) with n > 1. The representation of ¢, in
Efct%}*BP(BP*, BP,) has also been studied in [2] (also see [3]).

Nontrivial products on 7,(S5). There exists a natural ring structure on m,(5)
in which multiplication is defined by the composition of representing maps. In
order to gain a deeper understanding of the ring structure of m,(5), it is necessary
to determine whether the product of certain given elements is trivial. The main
purpose of this paper is to find nontrivial products formed by the elements in
{as, Bs, Vs, Cs|s > 1}. To ensure these elements are well-defined, we assume p > 7
for the remainder of the paper, unless otherwise specified.
Numerous results have been obtained in this direction. Just to mention a few:
(a) Aubry [1] shows that oy P22, 87 f2y2 0 if r <p—1.
(b) Lee-Ravenel [8] show Bftp*l #0 forp > 7.
(c) Lee [7] shows: (1) 51“&7/3{_15251@—1 #0forp>5ifrk<p-1s<
p2 il Z 13 and S 7_é 0 mOd b; (2) 6{7t3ﬂ171627t # Oa lf Tat S p— 1, (3)
i #0,ifr<p—2,2<t<p—1 (4) B¢ #0.
(d) Liu-Liu [9] show that a187B27s # 0if 4 < s < p.
(e) Zhao-Wang-Zhong [23] show that v,_1(, # 0 if n # 4.

In recent years, Kato-Shimomura [5] have developed a method for detecting
nontrivial products on m,(S) through the use of S(3), where S(3) denotes the
third Morava stabilizer algebra [I6]. This new approach offers an advantage when
studying products involving -, for arbitrarily large values of s. We can briefly recall
their strategy as follows.

There exists a natural map ¢ : Extgp gp(BPs, BP.) — Extg’é)(lﬁ‘p,lﬁ‘p) =:
H**(S5(3)). The cohomology H**(S(3)) is studied in [BlI7,22]. Given a product
T =212 Ty € T(S), we let y = y1ya - yn € Extyp pp(BPs, BP,) represent x
on the Ep-page of the ANSS. If ¢(y) # 0, then y # 0 € Extyp, pp(BP., BP,). For
the examples of interest, y will not be eliminated by any Adams-Novikov differential
due to degree considerations. Thus, we can conclude that x # 0 € 7,.(S) in this
case.

Using this strategy, Kato-Shimomura [5] demonstrate the following: (1) a1vs #
0, if s £ 0,+1 mod p; (2) B1ys # 0, if s Z 0,1 mod p; (3) fays # 0, if s £ 0,+1
mod p.

Similarly, Gu-Wang-Wu [3] show that (,7s # 0 if n £ 1 mod 3 and s # 0,+1
mod p.

Our main results. In this paper, we employ the “Detection via H**(S(3))”
method, which was developed in [3l[5], to detect nontrivial products on m.(S).
However, instead of focusing on specific examples, we fully utilize the potential of
this method and enumerate all detectable products. The main results of our study
are as follows:

Theorem 1.1. Let p > 7 be a prime. Let n = 2 mod 3, and s Z 0,£1 mod p.
Then ﬁleCn 7é 0e W*(S)

Remark 1.2. Utilizing the Adams spectral sequence, Kato-Shimomura [6] demon-
strated that 175, # 0 € m.(S) holds true when 3 < s < p — 2. The findings
presented in [6] and Theorem [[T] address distinct ranges of (n,s), with neither
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being a subset of the other. The method of “Detection via H**(S(3))” possesses
the advantage of accommodating products involving 4 for arbitrarily large s.

Theorem 1.3. Let p > 7 be a prime. We consider the products in m.(S) where
each factor belongs to {as, Bs, Vs, (s + 8 > 1}. Among all such products, only the
following ones can be detected as nontrivial products using the comparison with

H**S(3).

) a1B1,

) alﬂ%

) Q17s, ’LfS 7_é 0,£1 mOdp7

) B3,

) /81787 ZfS ?_é Oal mod D,

) BlCn;

) Baovs, if s Z 0,41 mod p,

) YsCns if mZ 1 mod 3, s £ 0,£1 mod p,
) a16127

) 06161’}/5, ZfS $—é Oail mOdp7

) B2Cn, ifn=1 mod 3

)

—~

(

The nontriviality of (1) ~ (11) has been determined by earlier works in [3}[5L[7]
11]. We single out the new result (12) as Theorem [[.T We have exhausted the
potential of the “Detection via H**(S(3))” strategy in Theorem [[33] To detect
other nontrivial products in 7,(S), different methods would need to be employed.

Organization of the paper. In Section 2] we review the basic structures of the
Hopf algebroid (BP,, BP.BP) and the third Morava stabilizer algebra S(3). In
Section [, we analyze the F,-algebra structure of H**S(3). We also discuss some
typos in the previous literature [3[22]. In Section Bl we determine the images
of {as, Bs,7s,Cs|s > 1} under the comparison map ¢ : Extyy gp(BP., BP.) —
H**(S(3)). In Section Bl we prove Theorem [[I] and Theorem

2. HOPF ALGEBROIDS

This section recalls the basic definitions and constructions related to Hopf al-
gebroids. In particular, we review the basic structures of the Hopf algebroid
(BP,, BP.BP) and the third Morava stabilizer algebra S(3).

2.1. The Hopf algebroid (BP., BP.BP).
Definition 2.2. A Hopf algebroid over a commutative ring K is a pair (A4,T") of

commutative K-algebras with structure maps
left unit map n;, : A — T,
right unit map ng : A — T,
coproduct map A:I' - T'®4 T,
counit map € : I' — A,
conjugation map ¢: I' - T

such that for any other commutative K-algebra B, the two sets Hom(A, B) and
Hom(T', B) are the objects and morphisms of a groupoid.
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An important example of Hopf algebroids is (BP,, BP,BP). Recall that we have
(2.1) BP, := m.(BP) = Z)[v1,v2, -], BP.BP = BP.[t1,t2,--],

where the inner degrees are |v,| = |t,,| = 2(p™ — 1). Throughout this paper, we de-
note vg = p, and tog = 1. The structure maps of the Hopf algebroid (BP,, BP,BP)
are described in [4[I11[I8]. In practice, the following formulas [5] are useful.

(2.2) nr(v1) = v1 + pti,

(2.3) nr(v2) = vo +vit? + pta mod (p?,v}),
(24) Alt) =t @1+1®t,

(2.5) Alt) =to @1+t @t + 1@ty — v1bip.

i—k+j+1

Notation 2.3. We denote b; ; = %[(22:0 tick ®t£‘ k)pﬁl - Zk Otf R O ]
for i > 1, 7 > 0. See [2]] for related discussions.

2.4. Morava stabilizer algebras. We recall the basic properties of the Morava
stabilizer algebras, which are studied in detail in [I0,[16].

Let K(n). denote Fy[v,,v,']. We can equip K(n). with a BP,-algebra struc-
ture via the ring homomorphlsm which sends all v; with ¢ # n to 0. Then
we define ¥(n) := K(n), ®pp, BP,BP ®pp, K(n).. As an algebra, one has
Y(n) 2 K(n)[t, to, - - ]/(vntfn —wP't;|i > 0). The coproduct structure of ¥(n) is
inherited from that of BP,BP.

Moreover, one can prove Extp 5p(BPy, v, ' BP. /1) Ext*z’(*n) (K(n)s, K(n),),
where we let I,, denote the ideal (p, vy, va, + ,v,-1) C BP.

We define the Hopf algebra S(n) := ¥(n) @ (), Fp, where K(n). and X(n) are
here regarded as graded over Z/2(p™ — 1) and F), is a K (n).-algebra via the map
sending v, to 1. We call S(n) the n-th Morava stabilizer algebra. One can show

(2.6) Bty (K (n)y, K(n)s) @k (n), Fp = Batg, (Fp,Fp) = H**(S(n)).

For the purpose of this paper, from now on, we will only consider the case when
n = 3. We have the following results.

Proposition 2.5 ([I7]). As an algebra, S(3) = ]Fp[tl,ﬁg,...]/(tf3 —t;) and the

inner degrees are |ts| = 2(p* —1) mod 2(p® —1). The coproduct structure of S(3) is
k

that inherited from BP,BP. In particular, A(ts) =Y 7_otk @0, for s <3, and

k ~
Alts) => i otk ®tY_, —bs_39 for s> 3.
Notation 2.6. We let i)z] denote the mod p reduction of b; ; in Notation [Z31

2.7. Cobar complexes. Cobar complexes are helpful in computing certain Ext
groups, such as

Extyy pp(BP., BP,), Extyy, pp(BP. v, 'BP,/I,), and Extg, (Fp, Fp).

*y Upy
‘We now recall the relevant definitions and constructions.

Definition 2.8. Let (A, T") be a Hopf algebroid. A right I'-comodule M is a right A-
module M together with a right A-linear map ¢ : M — M ® 4 I" which is counitary
and coassociative. Left I'-comodules are defined similarly.
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Definition 2.9. Let (A4,T") be a Hopf algebroid. Let M be a right I'-comodule. The
cobar complex Q7" (M) is a cochain complex with Q7 (M) = M ®4 T, where T
is the augmentation ideal of & : T' — A. The differentials d : Q%* (M) — Q&7 (M)
are given by

dm@T1 @22 ® - Qxs) = —(P(M) — M) @T1 QT2 ® - @ Ty

S
— Z(_l))\i,jim QIR @Tj_g ® (Zxém ® 33;/,]1) QLip1 ® - D s,
=1 Ji
where we denote
(2.7) Zx;] @z ; =Ax) - 1@z —2;® 1,
Ji

(2.8) Aige =it lwa] 4w £ 20
Proposition 2.10 (|18, Section A1.2]). The cohomology of Q" (M) is Exty (A, M).
Moreover, if M is also a commutative associative A-algebra such that the structure

map 1 is an algebra map, then Ext™ (A, M) has a naturally induced product struc-
ture.

3. THE COHOMOLOGY OF S(3)

In this section, we discuss the cohomology H**S(3) := Extg’&) (F,,F,) of the

Hopf algebra S(3). Ravenel [I7] computed the F,-module structure of H**S(3).
The Fp-algebra structure of H**S(3) was subsequently computed by Yamaguchi in
[22], and revisited by Gu-Wang-Wu in [3]. Unfortunately, both [22] and [3] contain
typos. We will say more about these typos in this section.

Theorem 3.1 ([3l22]). As an Fp-algebra, H*(S(3)) is isomorphic to the cohomol-
ogy H*(E;dy) of a certain differential graded algebra E, where

(31) E = E[hl7j|’t: 1,2,3,j€Z/3],
is the exterior algebra with generators h; ;, and the differential di is given by
(3.2) di(hig) == > hijhikgik
1<k<i—1
Moreover,
(3.3) di(zy) = di(z)y + (—1)°2di(y)

for all monomials x,y € E and s denotes the homological degree of x. The generator
hi; corresponds to tfj € S(3) under the isomorphism H*(E;dy) =2 H*(S(3)). The
generator h; ; has induced inner degree |h; j| = 2(p* — 1)p’ mod 2(p* — 1).

Remark 3.2. Recall from Proposition 2.5 that S(3) = Fp[t1, 22, . . .]/(tf3 —t;). This
implies tfj = tfﬁs € S(3). Corresponding to this, we have j € Z/3 in Theorem 311
Proposition 3.3 ([322]). Let p > 7 be a prime number. As an F,-module,
H**S5(3) is isomorphic to E[p| ® M, where p := h3o + hs1 + hza € H"*S(3),
M is an Fp-module with the following generators (i € Z/3):

dim0: 1;

diml: hl,i;

dim?2: €44, 9i, ki;
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dims3: 64,ih1,i; e4,ih1,i+1; gihl,i+17 Hi, v, &

e 52 .
dim4: €3;, €ai€aivl,  €40i41, €492, €45k, O;

o E. 2 2 _
dimb: 64’ih1,i+17 64’ih1,i+27 64,164,i+1h1,i+2 (64,164,i+1h1,i+2—64,i+164,i+2h1,i),

€4,ibi+2, €4,iVi, Nis

a2 2 .
dimb: €4,i€4,i+1,  €4,;€4i+2, €4,i€4i+19i42;
dim7: egieq ir1fbiva;
dim8: €3 ;e4.i129: (€3 ;eqir2Giv1 = €3 ;1 1€4.i0i+2)

S €4€4,i+29i+1 4,i€4,i+29i+1 = €4 ;11€4,iGi+2/-

Here, the generators are defined as follows:

. i = hohi
€4, = hiihgit1 + hoihoite + ha b gi 2,109
ki = haih1i+1 pi = haiha il g,
2
vi = hgihoit1h1ito £= Z 0 h3iesiv1 + haoha1ha 2,
.

0i = haiha iy2ha il ni = hs,ihsit1hoit2haih .

Here we denote es,; = h17ih2’i+1 + h27ih1’i+2 forie Z/3

Remark 3.4. The original formula for £ in [3] was {=) hs j11€3,+) hoihoit1heito.
However, that doesn’t represent a cocycle. We have corrected the formula for £ in
PropositionB3l Tt corresponds to Yamaguchi’s generator ¢ in [22] under the relation

c— &= —di(hsohs2).

Using Theorem B3Il one can compute the product relations of these additive
generators by hand.

Example 3.5. Direct computation shows

(]-) hl,iki - hl,ihQ,ihl,i+1 - _h2,ih1,ih1,i+1 - _gihl,i+1'

(2) eaitiki=h1iv1h3i42h2 i iv1+hoip1hoiheihyiv1+hs i1 iviheihy i
=0.

(3) kf = hoih1iv1haibip1 = 0.

It is also useful to notice that, for z € H**S(3), y € H?*S(3), we have x -y =
(—DYy- .

Computing the entire F,-algebra structure of H**S5(3) is straightforward but
quite tedious. Yamaguchi [22] and Gu-Wang-Wu [3] both listed the product re-
lations without providing proofs. Unfortunately, both papers contain typos. As
pointed out in [3, Remark A.1], the formula agg) = hoby — hiby in [22] Theo-
rem 4.4] should be corrected to agg) = hoby — 2h1by under Yamaguchi’s nota-
tion. On the other hand, [3, Appendix A] claimed ey ;€4,;410; = —€4 i€4,i+1 it +
%p64,i+2647igi+1. However, one can tell this is wrong since es;esit1fti+2 and
pea ito€4;g;i+1 have different inner degrees. As another example, [3| Appendix
A] claimed that Uihl,i = %64,i+1gi+2 and h171‘647i+1’0i = 0. HOW(E‘VGI'7 we have
hii€aiv1Vi = hiviesiv1 = —esi1Gipaea it = _%64217i+1gi+2 # 0, since
6421,2‘ 41€4,i9i+2 7 0 is a generator in dimension 8. This brings to a contradiction.

We have not reproduced all the product relations in H**S(3). We do not claim
we have found all typos in [31[22].

For the purpose of this paper, we do not attempt to determine the entire F,-
algebra structure of H**S(3). In Proposition B8] we will recompute only the
products that we actually need in this paper. Therefore, the result of this paper
does not depend on the computation of the full Fp-algebra structure of H**S5(3)

in [3122].
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Proposition 3.6. Let p > 7 be a prime number. We have the following nontrivial
products among generators of H**S(3):

voh1,0 = e4,192 # 0.

€4,1V0h1,0€4,0 = %64217164,092 #0.

Voea = —€q2/i1 + 5peq 201 + gpeaky # 0.
eqivi1hi; = eaihi i1 # 0.

k‘ol/o = %642171]1172 75 0.

Meanwhile, the following products are trivial:

hiok1 =0, koky =0, kohiges; =0, higkoro = 0.

Proof. We pick several typical examples to illustrate the method of computation.
The rest of the products can be computed similarly.
(1) vohy,o = %647192 # 0. Recall that by definition, we have

(3.4) vohi,0 = [haoha1h12h10],
(3.5) €4,192 = [h1,1h32h22h1 2 + ha1hoohe2h1 o + B3 1h11ho2hy 2.

Here, we use the bracket [ ] to emphasize these are cohomology classes. To sim-
pllfy notations, we denote A = h370h271h172h1707 B = h171h372h272h1,2, C =
h271h2’0h2)2h1)2, and D := h371h1’1h2)2h1)2. We want to show S[A] = [B+C+D] We
also denote F := hl)ohg’lhg)lhl)g, F = h310h111h212h112, and G := h2)1h1’0h372h172.

Next, we consider elements in homological degree 3, which has the same inner
degree as A, B,C, D. The point is, the differential of such elements might provide
relations among A, B, C, D. Direct computation shows:

(3.6) dy(hsohsihi2) =E—F+ A= [A] =[F] - [E].
(3.7 di(hsohoihe o) = —-C+F+ A= [A]=[C]—[F].
(3.8) di(hs1hzoh12) = —B+ G+ D = [G] = [B] - [D].
(3.9 dy(hsohsahi2) = -G+ F = [F] =[G].

(3.10) dy(hs1haiha2) =D+ E = [E] = —[D].

Then we have 3[A] = 2([F]—[E])+ ([C]—[F]) = [C]-2[E]+[F] = [C]+2[D]+[G] =
[C] + 2[D] + [B] — [D] = [B] + [C] 4 [D]. This shows voh1,0 = %e4,192. Moreover,
e4,192 7 0 since it is a generator in dimension 4 by Proposition [3.31

(2) eq1v0h10€4,0 = %62’164’092 # 0. This follows directly from (1). Moreover,
6421’164’092 = 0 since it is a generator in dimension 8 by Proposition

(3) hl,Okl = [hl,OhQ,lhl,Q] = 0. This is because dl(h310h172) = h110h211h172 +
haohi2hi2 = higha1h 2.

(4) k‘okﬁl = [h2)0h171h2)1h1)2] =0. This is because d1 (hg)ohl’lhg’l) = h170h271h171h271
+ haohiohi1ho + haohi1hi1hi2 = hoohi2hy 1ha .

The rest of the products can be computed similarly. O

4. IMAGES OF «, 3,7, (-FAMILY ELEMENTS

In this section, we recall the constructions of the Greek letter family elements in
the Ep-page Extyp pp(BPs, BP,) of the Adams-Novikov spectral sequence. Then
we determine the images of {as, Bs,7s,(s|s > 1} under the comparison map ¢ :
Extyp pp(BP., BP,) — H**(5(3)).
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Note we can write ¢ as the composition of several maps. We have
(4.1) ¢ = Extyp pp(BP., BP,) 2y Extyp pp(BP.,vs 'BP,/I) LNy *(5(3))
with I3 = (p,v1,v2) C BP, and ¢ = 13191)1, where
(4.2) Yy Extgp, pp(BP.,v; ' BP,/I3) =N Ewt2(3)(K(3)*,K(3)*),
(43) ot Batiyly (K(3). K(3).) — Eatisly (K(3)., K(3).) Ok, F
(44) s Ext*z(*?)) (K(3)x, K(3)+) ®k(3). Fp =N Emts(g)( JFp) = HY*(S (3))

4.1. a-Family elements. Let n >0, p{s > 1. Then
P € Bty pp(BP., BP./p"th).

We define agpn /i q1 = So(vi?") € Eaxtyy, pp(BP., BP.), where & is the boundary-
homomorphism associated to the short exact sequence

n+41
(4.5)  0— Qpp,pp(BP.) = Qpp.pp(BP.) = Qpp,pp(BP./p"™") = 0

of cobar complexes (Definition 2Z.9). We often abbreviate a1 to as.
In order to determine the image of 7, we introduce the following notion.

Definition 4.2. Let n > 1. We define I[n] as the ideal of BP, generated by
monomials p’v]v such that i + j + k = n. In particular, I[1] = (p,v1,v2) = I3 C
BP,.

Lemma 4.3. Let d denote the differential of the cobar complex U5, zp(BPy). Let
x € I[n] C BP, = Q%Z}Z*BP(BP*) for somen > 1. Thend(x) € I[n]-Q}é;*BP(BP*).
Proof. BP, can be regarded as a right B P, BP-comodule with nr : BP, — BP,.BP
as the structure map. According to Definition 2.9 for z € BP,, we have

(4.6) dz)=—¢@)+21=—nr(z)+2z 1.

Note that if ¢ € I[n], then z®1 € I[n]ﬂg*P*BP(BP*). Therefore, it is sufficient to

show that ng(z) € I[n] ~Q)13’*P* gp(BP.). Furthermore, by considering each summand
separately, we can assume that = is a monomial in BP, = Z,)[v1,ve,---]. Write

z = p'vlvky, where i + j + k > n. Using 22) and (Z3), we have

nr(P"v{v5y) = k(@ )M (])nR (5 )NR(Y)

(47)
= p'(v1 + pt1)? (va + vit] + pta + L) nr(y),

where L € (p%,o}) - Q}é;*BP(BP*). By counting the exponents, we can see that
ni(e) € Iin] - Q5 op(BP,). O
Proposition 4.4. Concerning the image of the a-family elements under the map
¢ specified in [@I]), we have

(1) ¢(ar) = —hip.

(2) ¢(as) =0, fors > 1.

Proof. (1) The image of a; is computed in [5l Lemma 3.4]. Here, we still provide
a detailed computation to illustrate the method.
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We have a; = Jp(v1). By definition of the connecting homomorphism dy, we
have

(4.8) So(vy) = d(;)l) _ _(UR(’U1) ; v ®1) E—

where we let v; also denote the preimage of vy with respect to the map
Qpp.pp(BP.) = Qpp,pp(BP./p"*)

and let d denote the differential of the cobar complex Qpp gp(BP;). Therefore,
upon reduction modulo I3, we find that n(a;) = —t;.

On the level of cobar complexes, the effect of ¢ is sending v3 to 1. By Proposition
B3] —t; represents —hy o in H**(S(3)). Therefore, p(a1) = ¥(—t1) = —hy .

(2) For s > 2, we have

d(vi
(4.9) as = dp(v]) = (pl).
Note that v§ € I[s]. By Lemma 3] d(v5) € I[s] - Qgp,pp(BP:). Then
(410) % EI[S—l]~QBP*BP(BP*).

Note s — 1 > 1, we have

(411) Qg € I[S - 1] : QBP*BP(BP*) C I[l} : QBP*BP(BP*) =1I3- QBP*BP(BP*)-
Upon reduction modulo I3, we have n(a;) = 0. Therefore, ¢(as) =0 for s > 1. O
Notation 4.5. In this paper, we often abuse the notation and refer to the elements
in Ext" (A, M) by their representatives in the associated cobar complex Q™ (M)

when no confusion arises. For example, here we let —t; denote the element in
Extyy pp(BP.,v3 'BP,/I3) represented by —t; € Qpp pp(vs ' BP,/I3).

Remark 4.6. Here, the result for ¢(aq) differs from the formula in [5, Lemma 3.4] by
a negative sign, as our definitions of the differential in the cobar complex (Definition
29) differ by a negative sign.

4.7. 3-Family elements. Let ag = 1, a, = p® + p"~ ! — 1 for n > 1. Define
T, € v;lBP* as

(4.12) Ty = Vo,

(1.13) 51 = of — ooy tus,

(4.14) zo = af — Uftl”g%pﬂ - vi’z*p*vSQ’Z%g,
(4.15) T, =ab | — Qvlllnvg"*p"_“rl,n >3

with b, = (p+1)(p" "' — 1) for n > 1. Now, if s > 1 and p'|j < a,—; with j < p”
if s =1, then 25 € Ext%*P*BP(BP*, BP,/(p"*t,v])). Define

(416) ﬂsp"/j,i+1 = élall(xi) € Ezté;*BP(BP*7BP*)7

where ¢’ (resp. §”) is the boundary-homomorphism associated to E’ (resp. E”)
i1 .
(4.17) E':0— Q(BP,) 2— Q(BP,) = Q(BP,/p"*') — 0,

(4.18)  E":0— Q(BP,/p"t") = Q(BP,/pitt) — Q(BP,/(pit!,v1)) = 0,
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where we let Q(—) denote Qpp, pp(—). We often abbreviate By,n /1 to Bgpn/; and
Bspn /1 t0 Bspn. When we work with S-family elements in practice, we require the
indexes (s,n, j,1) to satisfy certain relations as specified in Theorem

Theorem 4.8 ([11112]). Let p be an odd prime. E:Et%};*BP(BP*, BP,) is the direct
sum of cyclic subgroups generated by Bgpn/jiv1 forn >0, pts>1,5>1,4>0,
subject to: (1) j <p", if s=1, (2) p'lj < an—i, and (3) an—i—1 < j, if p"j.

Proposition 4.9. Concerning the image of the B-family elements under the map
¢ specified in [@Il), we have
(1) ¢(B1) = —ea1.

(2) &(B2) = 2ko.

(3) ¢(Bs) =0, for s> 2.

(4) ¢(Bpnjpn) = —€4n1, forn > 1.
(5) G(Bspnypn) =0, forn>1, s> 2.

Proof. (1) and (2) are computed in [B, Lemma 3.4]. Note the elements by =
hi1hs2 + ho1ho o+ hs1hi 1, ko := haohi, defined in [5] Theorem 2.7] correspond
to eq,1 and kg respectively in our notation, see Proposition B3

Before proving (3), (4), (5), we first introduce some notations.

Consider fgpn jpn = 0’0" (7)), we denote

! S
(4.19) Yapre = 0" (a5) = dqffn”) € Q(BP,/p),
1

where we let 27 also denote the preimage of x? with respect to the map Q(BP,/p) —
Q(BP./(p,v} )) and let d denote the differential map of the cobar complex
Q(BP./p).

Similarly, using the definition of the connecting homomorphism ¢’, we have

Ao/
(4.20) ﬁsp”/p" = 6I(yspn/pn) = pT/p € Q(BP*)7
where we let y,n /,» also denote the preimage of y,n /,» With respect to the map
Q(BP,) — Q(BP,/p) and let d denote the differential map of the cobar complex
Q(BP.).
(3) Let n =0, s > 3. Then we have:

(4.21) ys = 6" (v3) = d/f}Z’S) € I[s —1]- Q(BP. /p).
(4.22) By = 8'(ys) = d(;f) € I[s—2-Q(BP,) C Iy - Q(BP,).

Upon reduction modulo I3, we have n(8s) = 0. Then ¢(8s) =0 for s > 3.

(4) Let n > 1. We claim that in Q(BP,/(p,v?")), we can express ,, as v} + Ly,
where L, € I[2p" — p"~1]- Q(BP,/(p,v"")).

If n = 1, we have z; = v — v}vy 'vg = v} € Q(BP./(p,v})) since v} = 0 €
Q(BP./(p,v})). If n = 2, we have zo = 2 — vf%lvg%pﬂ — vf2+p71v§’272pv3 =
v§2 —Uftlvg%pﬂ € Q(BP./(p, vf2)) since p, va =0 € Q(BP./(p, va)). The case
for general n > 3 can be proved analogously.
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Consequently, we have

_dan) _ (8 | d(La)

<
(4.23) Ypr jpr = 0" (Tn) = o o o
AYpnjpe) 1, [ d'@5") 1 (d(Ly)
424) By = 8 (g ) = o) L (2 ) +—d(—n .
( ) p™/p ( p™ /p ) P p vf P vf

Note that L,, € I[2p™ — p"~1]- Q(BP./(p, vfn)). Analogous to Lemma A3 we
have

(425) L) ¢ rr — 1) (BP. ),
U1
(4.26) %d (dl(,ﬁ”)) eIp” —p" ' —1]-QBP,) C I - Q(BP,).

Using ([23)), we can write ng(v2) = va+vith +pta+L, where L € (p*,v})-BP.BP.
Since p = 0 in Q(BP,/p), we can write:
d'(d)

o
U1

(4.27) = """ 4 L,

where L, € I[p"*t! — p"] - Q(BP./p). This implies

(4.28) %d(Lpn) eIp™t —p" —1]-Q(BP,) C I3 - Q(BP,).

Moreover, we have

1 n+tl 1 ntl n+1 ntl
Ed(—t’f ) = —]—)[A( 7o) -lett -t ®1]

+1

1 n nt1 n
(4.29) =— et +heny Toted” -8 91

= _bl ny

)

as defined in Notation

Combining ([#.24) ~ ([.29), we have n(Syn /pn) = —b1,, using Notation

Next, we will show that ¢ (b1,) = €411 € H**S(3) for n > 0. Then, we can
conclude that ¢(Byn /pn) = —€4ny1, for n > 1.

Following Notation [Z6], we have (b1 ,,) = I~)17n. By Proposition 2.5l in the cobar
complex Qg’(*:,’) (Fp), we have d(ty) = t1 @ t§ + to ® th +t3 ® t’l’3 — 5172. Hence, we

have equivalent cohomology classes [131’2] = [t1@th +to ®t’2)2 +t3 ®t1173] = e43. This
implies ’gb(blyg) = €4,3.

Note that if a is not a multiple of p, then a? = a modulo p. Hence, working
over [F),, we have I~)17n+1 = Eﬁ)n Moreover, note that t’f = t; in S(3), so we have
51,n+3 = l;l,n. Similarly, one can show that e4 41 = ein and ey 43 = €4, Hence,
we conclude that ¢(b1,,) = €4 ny1 for each n > 0.

This finishes the proof for statement (4).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4532 X. WANG, J. WU, Y. ZHANG, AND L. ZHONG

(5) Let n > 1, s > 2. Direct observation shows xz,, € I[p"—p" |- Q(BP,/(p, vfn)).
From this, we can conclude

(4.30) zd € I[sp™ — sp" '] - Q(BP,/(p,o"")),
(4.31) Yspn /pn € I[sp™ — spnt —p"] - Q(BP./p),
(4.32) Bopn jpn € I[sp™ — sp™ ™1 —p" — 1] - Q(BP,).

Note sp™” —sp" 1 —p"—1=(sp—s—p)p" 1 —1>sp—s—p—-1>p—3>1. We
have n(Bspn /pn) = 0. Then ¢(Bspn/pn) =0, for n > 1, s > 2. O

4.10. y-Family elements. Analogous to a-family and g-family elements, one can
construct y-family elements in Eact%l*P* pp(BPy, BP,). For the purpose of this pa-
per, we only need to consider v, for s > 1. Recall the following result concerning
#(7s) (see [0, Lemma 3.4], also [3, Lemma 4.1]).

Proposition 4.11. Concerning the image of the y-family elements under the map
¢ specified in ([@&1)), we have
d(7s) = —s(s® — Dy + s(s — 1)pky, s> 1.

Remark 4.12. Here, the result in Proposition . ITldiffers from the formula in [3/5] by
a negative sign, as our definitions of the differential in the cobar complex (Definition
2.9) differ by a negative sign.

4.13. ¢-Family elements. Let p > 7, s > 1. Tt is proved in [II,[I5,19,20] that
as, Bs, 7vs all represent nontrivial elements in 7. (S). Using the Adams spectral
sequence, Cohen [2] also found another family of nontrivial elements ¢, € m.(S5),
for n > 1. We also denote the representative of (,, in the Adams-Novikov Fs-page
Extyp gp(BP., BP,) by C,.

Cohen [2] shows (, = aifpn/pn + 1z € Ext%’};*BP(BP*,BP*), where z =

Y. sk jBsprsjs 0 < aspj < p—1, and ay ,pn = 0. Moreover, by comparing the
s,k,j

. pnfk:+l+1
inner degrees, one can show [3] © = ) a, j p» Bepk /pk, Where k <n, s = o #

1. Then, simple calculation shows that s > 2.

Proposition 4.14. Concerning the image of the C-family elements under the map

¢ specified in (@), we have
¢(Cn) = hio€4pny1, n=>1

Proof. We have (¢, = a18pn;p» + a1x. By Proposition .4 and Proposition E.9]
we have ¢(a1) = —hi,0, ¢(Bpn/pn) = —€4ant1, and ¢(x) = 0. Therefore, ¢(¢,) =
¢(a1)P(Bpn jpn) = h10€ani1- O

Gathering the analysis of the a-family, S-family, v-family, and {-family elements,
we have the following result.

Proposition 4.15. Under the comparison map
o: Ext};;}*BP(BP*, BP,) — H**(5(3)),

all nonzero images of {a, Bs, Vs, Cs|s > 1} are listed as follows:

(1) ¢(ar) = —hi,
(2) ¢(51) = —€41
(3) @(B2) = 2ko,
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(4) ¢(vs) = —s(s® — Vg + s(s — 1)pky, for s 0,1 mod p.
(5) ¢(Cn) = hipeanti, forn > 1.

Proof. This follows directly from Propositions .4, 1.9, A.1T] and[4.T4l Note hj e o
= esoh1,0 # 0 since esghy is a generator of H>*(S(3)) (Proposition B3]). Sim-
ilarly, hipes2 = es2h10 # 0. Finally, hyoes1 # 0 since esiesohio # 0 is a
generator in dimension 5. Therefore, ¢(¢,) # 0 for n > 1. O

5. DETECTION OF NONTRIVIAL PRODUCTS IN 7. (.5)

In this section, we prove Theorems [[.T] and [[.3]

Proof of Theorem [Tl We consider the representation of 317,(, on the Fs-page of
the ANSS. According to Propositions [Tl and 3.6] we have

D(B17sCn) = ea1(s(s” — Dvyg — s(s — 1)pk1)hpeans1
= s(s? — 1)es1voh1 peant1 — s(s — 1)pea1kihi s nt1
= 8(82 — 1D)eq1v0h10€4,0 (n=2mod 3, hyok1 =0)
s(s?2—1)
3

# 0
when n = 2 mod 3, and s # 0, 1 mod p.
Hence, we conclude 1vs(, # 0 € Emt%;*BP(BP*,BP*). Since (1, s, and ¢,
are all permanent cycles in the ANSS, their product is also a permanent cycle.
Note the differentials of the ANSS have the form d,. : E$t — Es+t747=1 where
r > 2. Additionally, the inner degrees of the elements in the ANSS are all multiples
of ¢ = 2p — 2. Thus, the first potentially nontrivial differentials in the ANSS
occur at dap—1. Suppose 317s(y, is in the target of a differential d,. Then we have
8 = s+r > 2p—1 > 13. This is a contradiction. Hence, $17s(, is not in the target of

any differential in the ANSS. This proves [317s(, survives to the nontrivial product
B17vsCn # 0 € 1, (S). O

Proof of Theorem [[3 Let X = X;X5---X,, be a product in 7.(S) where each
factor belongs to the set {as, fs, Vs, (s|s > 1}. Let

2
€4,1€4,092

T =212 Ty € Extyp pp(BP., BP,)

represent X on the Adams-Novikov Fo-page. If X can be detected as nontrivial by
comparing with H**S(3), then we have ¢(z) # 0 € H**(5(3)).

On the other hand, if 0 # ¢(z) € H**(S(3)), then it follows that a < 9. Similar
to the arguments in the proof of Theorem [[.T] we can show that z cannot be in the
target of any differential in the ANSS by degree reasons. Hence, the product X is
nontrivial in 7. (5).

For the rest of the proof, our task is to find all products X such that ¢(x) # 0.
Note ¢(x) # 0 implies ¢(x;) # 0 for 1 < i < m. Then X; € {a1, 51, 02,7s,Cnls #
0,1 mod p,n > 1} by Proposition

We first consider binary products. By Propositions [3.3] B.6] and T3] we have:

(1) ¢(ara1) = h%,o =0,
(2) d(a1p1) = hiesn # 0.
(3) ¢(a1B2) = —2hq oko # 0, by Example
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(4) ¢(arys) = s(s* — 1)haovo + s(s — 1)phioks = s(s* — 1)1 ovo # 0, if and

only if s # 0,£1 mod p, since h; oo # 0, hy ok = 0.

(5) d(a16n) = —hi geani1 =0,

(6) ¢(B7) =ei, #0, since e] ; € H**(S(3)) is a generator.

(7) ¢(B182) = —2e4.1ko = 0, by Example 35

(8) d(B1ys) = s(s2—1)eg 19— s(s—1)pes1ks # 0, if and only if s # 0,1 mod p

by Proposition
(9) @(B1Cn)=—ea1h10€4m117#0, since hyge] 1, h1oes1ea,2, and hygeseso =

€3 oh11 are all generators in H**(S5(3)).

(10) ¢(63) = 4k§ = 0, by Example

(11) ¢(Bays) = —25(s% — 1)koro + 28(s — 1) pkok; = —25(s? — 1)korg # 0, if and
only if s # 0, £1 mod p,

(12) ¢(B2Cn) = 2koh10€ams1 = 0,

(13) ¢(ys7:) = 0, since p? = 0, 3 = 0, and vpk; = 0 by direct computation
similar to Example

(14) ¢(v5Cn) = —s(s* V) vohi geani1+s(s—1)pkihy g€ i1 =—s(s>~1)vphy 0a,n 41
# 0, if and only if n # 1 mod 3, s # 0,£1 mod p. Note vph;pes2 = 0
by direct computation similar to Example Besides, we note that
vohi0es0 # 0 and vphipes, 1 # 0. These assertions follow from the re-
sult that eq 12001 0eq o 7# 0 by Proposition

(15) ¢(GnCn) = 0, since hio =0.

For triple products, if X = X;X5X3 # 0, then X1 X5, X5X3, and X; X3 are all
nontrivial. By the above analysis, we only need to consider the following products.

(1) ¢(anfp) = _hl,Oeil # 0.

(2) (b(alﬂlfys) = —8(52—1)h1706471VQ—S(S—l)ph1,06471k1 = —5(82—1)h1,064,1l/0 #
0, if and only if s # 0, £1 mod p. Note h; geq 100 # 0 since eq 1v0h1 04,0 7
0 by Proposition

(3) qﬁ(alﬁg’ys) :28(82—1)h1’0]€0V()+2S(8—1)ph1’0k0k‘1 :07 since hl,okou(), hl,olﬁ
= 0 by Proposition

(4) ¢(8}) = —ei; = 0 by direct computation similar to Example

(5) &(Bivs) = —s(s* — 1)eq 1o + s(s — 1)peq k1 = 0, since e jvp,ef k1 = 0
by direct computation similar to Example

(6) ¢(B3Cn) = h17()€421’164’n+1 # 0, if and only if n = 1 mod 3. Note h1,062,1€4,07
hl,oeil = 0 by direct computation. Using the formula ey ;11h1;=e€4;R1 41
from Proposition B.6, we have h17oei’le4,2 = 6121’164)2/11)0 = 64217164)0/11)2 #0
since 6121)16470]1272}1172 = 6121)1647092 = ( is a generator.

(7) d(B17sCn) = s(s* — Des1vohipeant1 # 0, if and only if n = 2 mod 3,
s # 0,£1 mod p. Note we have es119h10es0 # 0 by Proposition
On the other hand, es1v0h10es,1 = 0, and eq 1901 0e42 = 0 by direct
computation similar to Example

For four-fold pI‘OdU.CtS, if X = X1X2X3X4 7& 0, then )(1)(2)(37 )(2)(3)(47
X1X3X4, and X7 X2X, are all nontrivial. By the above analysis, there are no
nontrivial four-fold products.

In this way, we have found all nontrivial products of the desired form. The result
is summarized as Theorem ([l
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