FUNCTIONAL INEQUALITIES FOR BROWNIAN MOTION ON MANIFOLDS
WITH STICKY-REFLECTING BOUNDARY DIFFUSION

MARIE BORMANN, MAX VON RENESSE, AND FENG-YU WANG

ABSTRACT. We prove an upper bound for the Poincaré constant for Brownian motion on manifolds with
sticky reflecting boundary diffusion under general curvature conditions. This corresponds to bounding
from below the first nontrivial eigenvalue of the Laplace operator with Wentzell-type boundary condition.
Additionally we give an upper bound on the logarithmic Sobolev constant for Brownian motion with
sticky reflecting boundary diffusion.

We also apply our results to Brownian motion with sticky reflection but without boundary diffusion.
Furthermore we obtain a lower bound on the first nontrivial Steklov eigenvalue and an upper bound for
the norm of the Trace operator in terms of the geometry of the manifold.

1. INTRODUCTION

Let Q be a smooth compact connected Riemannian manifold of dimension d > 2 with connected and
piecewise smooth boundary 0€2. We consider so-called Brownian motion with sticky reflecting boundary
diffusion, i.e. a diffusion on Q with Feller generator (D(A), A) on C(2) given by

D(A) ={feC(Q) | Af e C()}

of
Af=Aflg+ (ATf - 787]\[) 1sq,
where % is the outer normal derivative, A7 is the Laplace-Beltrami operator on 92 and v > 0, which
corresponds to inward sticky reflection at 02. A construction of the associated semigroup and diffusion
process was given e.g. in [?]. We assume that 2 and 0 have finite (Hausdorfl) measure and denote it
respectively by |Q] and |02|. Furthermore by Aq resp. Ago we denote the normalised volume measure on

Q resp. normalised Hausdorff measure on 92 and choose « € [0,1], such that
a 09

1-a o !

Moreover we set

Ao i= QAq + (1 - a)/\ag.
and find that —A is A,-symmetric.
Our aim is to estimate the Poincaré and logarithmic Sobolev constants for such processes.
In section 2 we show an upper bound on the Poincaré constant for Brownian motion with sticky reflecting
boundary diffusion by using an interpolation approach introduced in [?]. In [?] it was shown that as time
goes to infinity the proportion of time spent on the boundary is positive and in particular approaches
%. This illustrates that the interplay of boundary and interior will be of central importance. The
interpolation approach used in section 2 is in accordance with this. We generalise the results previously
achieved in [?] by allowing less strict assumptions on the geometry of the manifold . Furthermore we
consider examples in the Euclidean and hyperbolic plane and compare the bounds from the interpolation
approach with exact values as well as bounds obtained from a more simple approach that does not use
any interpolation. Lastly we also apply our results to Brownian motion with sticky reflection but without
boundary diffusion.
In section 3 we point out a connection with the trace operator and state some more results relating
boundary and interior properties that might be of independent interest. These are analogues of Poincaré
and Sobolev-Poincaré inequalities between boundary and interior of Q.
In section 4 we generalise the interpolation approach and use it in order to give an upper bound on the
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logarithmic Sobolev constant for Brownian motion with sticky reflecting boundary diffusion. Again we
also apply our results to Brownian motion with sticky reflection but without boundary diffusion.

2. POINCARE INEQUALITY

We say that a Poincaré Inequality is fulfilled if there is a constant C,, such that for all f e C*(£)

VGT)\Q(f) < Cagoz(f)v

where

2
Vars. (f) = /Q deAa—( /Q fd)\a)
e =a [19fPdra+(1-a) [ [V fPdren, feCH(@)

and V7 denotes the tangential derivative operator on 0€2. In the following we denote by C the optimal
such constant. By Cq and Cpq we denote the usual (Neumann) Poincaré constants of  and 9 respec-
tively. We assume that Cq and Cyq (or respective upper bounds for them) are known.

In [?][Proposition 2.1] the following statement was proved in the setting introduced above using an in-
terpolation approach:

Proposition 2.1. Assume there exist constants Kpq q, K1, K2 such that for any f € C*(2)

(1) Var,\anSKaQ,QfQ|Vf|2d/\Q
and
2 ) )
2) (fﬂfd/\g—faﬂfd/\ag) sKlfQIVfI g + K> me fldAse,

then it holds for any a € (0,1)

1-a)K, 1- K K K
C(XSmaa:(CQ+(1—oz)K1,o¢K2,( a)Kan,a0Caa + aCaCaq + a1l — a)(Kpq,o K2 + Coo 1))

(1-a)Kan,a+aCaq

In [?][section 3.2] constants Kpq q, K1, K2 were found under the assumption of a positive lower bound

on Ricci curvature and a positive lower bound on the second fundamental form on the boundary 992 (i.e. a
convex boundary). Our aim is to find Kpq q, K1, K2 and thus an upper bound on C,, assuming any upper
and lower bound on Sectional curvature and any upper and lower bound for the second fundamental form
on the boundary and to thereby generalise section 3.2 in [?].
We first aim to find suitable constants K;, Ks fulfilling (2) and for that matter prove the following
Proposition. We do not yet make any assumptions on the geometry of the manifold, but will later
combine the following Proposition with assumptions on curvature and second fundamental form in order
to obtain explicit values for K1, K.

Proposition 2.2. For any ¢ € C*(Q) such that %ﬂa@ =1 and Ve is Lipschitz continuous on Q0 equa-
tion (2) in Proposition 2.1 is fulfilled with Ko =0 and

2
|Q| . 2 -1 2
Ky =k f [ 1 ColA
1 (|8Q| K%g,m)[( +8)|[Vel3 + (1+c 1) CalApf3],

where |- |2 denotes the L*-norm on Q with respect to \q.



Proof. Let f e C'(2). Without loss of generality we can assume that jQ fdAq =0. Now Ve >0

Q
B fag fd/\aﬂ)z ) ([89 fNWl/\aQ)2

2
12|
Sl - Vpd\ Apd\
fQVf Ve Q+|aQ| JApdAg

(
(
S(||89||)2 :(1+s)(/;2Vf~Vgod)\Q)2+(l+61)(/;2fAS0d>\Q)2]
(
(

2
") _(1+g)fﬂ\vf|2dmfﬂ|w|2dAQ+(1+g-1)foQdAQfQ(mp)mAQ]

2 _
) (1+s)f9\vf|2dmfg|v<p|2dm+(1+5*1)CQfﬂ|vf|2dAQfQ(A<p)2dAQ].
0

We next find Kpnq such that equation (1) is fulfilled by proceeding similarly as in the proof of
Proposition 2.2:

Proposition 2.3. For any p € C1(Q) such that 3 |3Q = -1 and Vp is Lipschitz continuous on €2
equation (1) in Proposition 2.1 is fulfilled with

19) iy _
K, 2|v Ap)TleCal,
000 = 107 (29P=Cl” +1(20) | Ca)
where (+)™ denotes the negative part of a function and |- | denotes the L™ -norm on Q with respect to
Aq-

Proof. Let f e CY(£2). Without loss of generality we can assume that Jo fdAq = 0. Now we can calculate
similarly as in the previous result

V‘”"x\an(f):f de/\aQ—(fBQfd)\aQ) f frdroq = - f f28p

Y . ~
B |aQ|f2fvf Vpdda |8Q|/f

, 100
8Q| TN s B [ £y e

2 9

<250V [, IfIIVf|d>\9+|aQ|I(A/J) w [ 2N

|(|99|Iv Ioo(ff o flvf|2dm) ||aQ|||( )" Iooff o

2 W 1901l [ 95PN+ B (80) 1C [ 19PN

B 0 e ) 2
|aQ| (2WP| +[(Ap) |ooCQ)/Q|Vf| d)q.

Remark 2.1. Denote by o the first nontrivial eigenvalue of the Steklov eigenvalue problem

Af=0, in 0
9L =5f, onoQ,

which is characterised (using normalised measures) by

il inf JalVIPPdra

= —_— 1 .
0Q] et () faQ f2dXoq
fan fdXaq=0
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Thus we have for the optimal constant Kpn o in equation (1) in Proposition 2.1
-1

Kaa,a = sup M = sup M = inf M - 1] sy
U@ JolVIPdAe  eci) JolVIPdA rect()  Joq fdNoq |09
Joq Fdraa=0 Joq Fdraa=0

Therefore by finding upper bounds for the optimal Kpq o we find lower bounds for the first nontrivial
Steklov eigenvalue. We use this connection in the computations for Example 2.2 below.

To obtain an explicit constant it now remains to specify functions ¢ and p with the desired properties.
Note that despite fulfilling the same assumptions, ¢ and p may be chosen independently in order to
optimise the estimates. It seems natural to define both functions of the form o psq for some appropriate
function v, where pgqn denotes the distance to the boundary function.

We use for k,v € R the function

: _ [eos(Vt) - Zesin(Vit), k=0
(3) hi[0,00) >R, ht) = {cosh(\/—_kt) —k%_—ksinh(\/—_kf)» k<0,

Let h1(0) = inf{t > 0: h(0) = 0}, where h™1(0) = oo if h(t) > 0 for all £ > 0. We denote by Ric and sect
the Ricci and sectional curvatures of €2, and by II the second fundamental form on the boundary 02, i.e.

II(X,Y)=(VxN,Y), X,Y €T, 00,2 €09,
where N is the outward pointing unit normal vector field of 9f2.

Lemma 2.1. Let k1,ks € R such that Ric > (d-1),sect < ks and 71,72 € R such that y1id < I < ~yqid.
We construct a function o € C1(Q) such that g—mag = -1 and Vo is Lipschitz continuous on 0 and for
to € (0,h3'(0))

to 2
|V<P|§S|QI|/; Hi 1({poa =t}) (1—%) dt,

Lo A i 1YY

st [t -2)-2)

; (((d—l)Zi(t)(l—fo)—tlo) ) )dt,

where h;,i=1,2 are as defined above in (3) with k = k; and -y = ;.

Proof. Tt is easy to see that h3'(0) < h7'(0). Let ppq be the distance function to the boundary. By the
Laplacian comparison theorem, we have

(4) Apaq < (d_hi)h/l(Paﬂ) on {paq < hi'(0)},
(5) Apon > %@m) on {posy < h3*(0))}.

Indeed, (5) follows from [?][Theorem 3.1] for the Laplacian comparison theorem due to [?], and by
[?][Corollary 3.2] which says that the injectivity radius of d( is larger than h3'(0). Next, for z € Q with
pa(z) < h31(0), let p € IQ be the projection such that v(s) = exp[-sN(p)], s € [0, pa(x)] be the minimal
geodesic form p to x. Let {X;}1<i<q-1 be orthonormal vector fields around x orthogonal to Vps(z). Let
Ji(5))se[0,p5 ()] Pe the Jacobi fields along the geodesic 7 such that J;(pa(x)) = Xi(x) and

(J;(0),v) = ~T1(J;(0),v), veT,00.

Le R be the Riemannian curvature tensor. By the second variational formula (see page 321 in [?]) we
have

pa(z) , . ) )
Hessy, (Xi, X0) (@) = T(A(0), (0) + [ () = (R((5), (). Ji(9)) ) ds.
Let (X;(5))se[0,p0(x)] be the parallel displacement of (X;(0) := X;())se[0,p5(x)]> and denote

ji(s) = ha(s)

= mXi(s), 1<i<d-1,5¢€[0,ps(x)].



Then the index lemma yields

- - pa(@) /. 5 i ~ Lo
Hess, (X1, X0) (@) < TG0, .00 + [ ()P = (RGH(5), 79))3, Ji(9))) s
Noting that he”(s) = —kaha(s), this implies (4).
Now for tq € (0,h3(0)) we define
Y= /0 (1 - %) ds.

\V4 x.l_m, x) <t
w(m:{ﬂm()( ) ponl) <o

We have

and thus g—mag = -1 and Vy is Lipschitz continuous. Furthermore

Apoa(r) (1 - pa?io(x)) — &, poa(z) <ty

Ap(z) = {

0, else.

Now using the Coarea formula we get

PoQ P
Ve[2dA :f (1——) ¥ pool2dA [ (1——) dA
[Q| 90| ¢ {paasto} t | ,069| e- {Pan<fo} to ¢
to
dHg_1dt
|Q| f fﬁan t}( to) -1

= o] /0 Ha1({poa = t}) (1 - ttO)th’

where H,_1 denotes the (d - 1)-dimensional Hausdorff measure. Furthermore

[@ernn= [ (ap) +(ae) ) da= [ (Ap)) dra+ [ (A9)) Do,

We see that by equations (4) and (5) on {psqa < to}

Ap > (d- 1)%(%9) (1 - ”8—9) —=(ap) < ((d— 1)%(%9) (1 - piﬂ) - 1)_,

to to to
h/ h/ 1 +
Asos(d—l)hf(pan)(l—”f—oﬂ)—]T (Ap)* ((d-l)hi(pm)(pptiﬂ)-%) .

Thus

[(apira < [{}((( 1) o) 1 - ’)@Q)—fo)_)z
+((<d—1>fj(pm>(1—’;?)—;)+)2dm
o L= ((- 0B (- £)- 1))
(oot

In the previous Lemma ¢ € (0,5 (0)) may be chosen to either optimise |V¢[3 or |Ayp]3.

Lemma 2.2. Let ko € R such that sect < ko and 2 € R such that 11 < y9id. Then ko > 72, and there
exists a function p e C1(Q) such that sxlea =1 and Vp is Lipschitz continuous on Q and

[Vploo <

[(Ap) oo < 1nf SUP)((d_l)Zz(t) (1_;1)_1) _

t1€(0,h51(0)) te(0,t, b
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Proof. Let ho be the function defined as above in equation (3) with k = ky and v = 2. If ky < -3, then
h31(0) = oo, so that [?][Corollary 3.2] implies that the cut locus of 9 is empty, which is contractive to
the fact that the maximum point of pg is in the cut locus. Hence, kg > —73.

Let t; € (0,h5'(0)) to be chosen later. By (5)

hl
(6) Apoq > (d - 1)}72(%9) on {pan < t1}.
2

Now, define
PoQ s\*
p= / (1 - —) ds.
0 tl

v z)- (1 - eea@) x) <t
Vp(z) = poa(w)- (1-222E0) poa(z) <t
0, else,

We have

and thus g—mag =-1, |Vple <1 and Vp is Lipschitz continuous. Furthermore

Apoq(z) (1 - pm(r)) i poa(x) <t

Ap(z) = {0

) else,

and thus by equation (6) on {psq < t1}

ht 1 _ ht 1Y)

B> (=152 (pon) (1-222) = = = (8p) < (=152 pon) (1-222) -

hg t1 tq h2 ty ty

We can still choose ¢, € (0,h3'(0)) to obtain
hi ty 1Y)
Ap) oo £ inf sup (d 1 t(l—)—) .
S t1€(0,h5"(0)) te(0,t1) ( ) ) t1 t1

O

Inserting ¢ and p as defined in Lemma 2.1 and Lemma 2.2 in Proposition 2.2 and Proposition 2.3
we now get explicit constants K, Ky and Kpq o in terms of bounds on sectional curvature and second
fundamental form on the boundary. We state these in the following Proposition.

Proposition 2.4. Let ki,ks € R such that Ric > (d - 1)k, sect < ko and 71,72 € R such that yyid < TI <
y2id. Then for ty € (0,h31(0)) the assumptions in Proposition 2.1 are fulfilled with

o _ ty’
K= 1092 ae(Of;o)[/ (1+e)Har({poa = 1)) (1 - to)

+(1+i)cﬂﬂd1({%9:t}>(((<d—1>;f<t>(1—;)—;))2+((<d—1>fj<t>(1—;)—;)+) )dt],

K2:07

Koo = 10 (203{%09 inf ((d 1) Q(t)(l—)_l)).

|09 t1€(0,h; (0))te(0 tl) ty ty

As explained in Remark 2.1, upper bounds for the optimal K o correspond to lower bounds for the
first nontrivial Steklov eigenvalue. Thus we now also get a lower bound on the first nontrivial Steklov
eigenvalue o that is explicit in terms of upper bounds on sectional curvature and second fundamental
form on the boundary:

Corollary 2.1. Let ks € R such that sect < ko and 2 € R such that I1 < vyoid. Then

\ -1
02(20512/2-%09 inf sup ((d 1) 2(15)(1_)_1) )

116(0,h5"(0)) te(0,11) /ot

By inserting the set of constants stated in Proposition 2.4 into Proposition 2.1 we get an explicit upper
bound on the Poincaré constant again in terms of bounds on sectional curvature and second fundamental
form.

For comparison we state the following obvious upper bound for the optimal Poincaré constant without
the interpolation approach:



Proposition 2.5. Assume there exist constants Ky, Ko such that for any f € C*(£2)

2
(f FdAg - f fd/\ag) < K, f IV fPdAa + Ko f V" fdon,
Q o0 Q o0
then it holds for any a € (0,1)

Co <max(Cqo+ (1-a)K1,Chq + aKs).
Proof. Let f e C(£2), then

2
Vary, (f) =aVary, (f) + (1 —a)Vary,, (f) +a(l-a) (/Q fdlq - faQ fd)\ag)
<aCo fﬂ IV fP2dAa + (1 - a)Con fm V" PN
+a(l-a) (K1 [Q |Vf|2d)\Q + K> [OQ ‘V7f|2d)\ag)

:(C’Q+(l—a)Kl)an|Vf|2d>\Q+(C’ag+aK2)(1—a)faQ|VTf|2d)\aQ
Smax(CQ+(1—a)K1,Cag+aK2)€a(f).
O

In the following we consider as examples balls in Euclidean plane and in hyperbolic plane and compare
the results obtained above with or without the interpolation approach. While the former example has
already been treated in [?], the latter was not included in the setting of [?] due to negative curvature.

Example 2.1. Let ©:= B; be the unit ball in R2. In this case the sectional curvature equals k = 0, and
for the second fundamental form on the boundary we have v = 1. The constants K, Ky and Kaq o are
now to be computed for this specific example. The general results in [?][section 3.2] concerning the values
for these constants are not applicable. However the same paper also contains a computation adapted
to this specific example. In the following we will consider the values for the three constants obtained
by computations adapted to this specific example as well as the values obtained by the above general
results. For both sets of constants we will compare the upper bounds on Poincaré constants obtained by
the interpolation approach with the bounds obtained without interpolation as in Proposition 2.5 and the
exact values for the Poincaré constants.

We first recall the results of the computations adapted to the ball example made in [?][section 3.1]:

1 3 1

v ——, Cog=1, K1=—, K3=0, K =—.

3397 % ST M 000y
The upper bound obtained from Proposition 2.1 is
8(1-a) +16aCq + 3a(l - a)

8(1+«) ’

while the upper bound obtained for the same values of K, Ko and Kgq o from Proposition 2.5 is Cy, < 1.
Moreover we also refer to [?] for the procedure to calculate the exact values for C,,a € (0,1).
Using the results from the previous pages instead, we find different constants: We have hq(t) = ha(t) = 1-t
from which follows by Lemma 2.1 and Lemma 2.2 that

Ca

Cy <

Ve>03p:|Vels<e, |Aps<l+e
and
3p: |Vplee <1, [(Ap) |oo < 2.
Inserting this in Proposition 2.2 and Proposition 2.3 we get

C.
= TQ’ K} =0, Kjg o ~0.838L.

Ky
Inserting this in Proposition 2.5 results in C, <1 while inserting in Proposition 2.1 we get
(1-a)Kjg o +aCa+a(l-a)K]
(1-a)Kj, o +a '

C, < max (CQ +(1-a)K7,

We depict these results in Figure 1. Note that the green and purple curves overlap. From this we see
that the upper bounds obtained from the above general results are only slightly worse than the upper



8 MARIE BORMANN, MAX VON RENESSE, AND FENG-YU WANG
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FIGURE 1. Exact Poincaré constants (blue), interpolation (yellow) and no interpolation
(green) results using computations specifically adapted to the example, interpolation
(red) and no interpolation (purple) results using computations not specifically adapted
to the example.

bounds obtained by computing with the specific example in mind. Furthermore it is obvious from the
proof of Proposition 2.1, that results obtained from the interpolation approach must be at least as good
as results obtained without interpolation. However the figure shows for both sets of constants that the
interpolation results clearly differ from the no interpolation results and give significantly better bounds
than the approach without interpolation. In particular the interpolation approach allows to better meet
the decreasing shape of the curve of exact values of C,,.

Example 2.2. We consider the unit metric ball in the hyperbolic plane and compute the exact Poincaré
constants Cy,a € (0,1) numerically. Again constants K, Ky and Kpq o are to be computed for this
specific example. The general results in [?][section 3.2] concerning the values for these constants are
not applicable. Instead we conduct a computation adapted to this specific example to obtain a set of
three constants. Furthermore we will consider the values obtained by the above general results. For both
sets of constants we will compare the upper bounds on Poincaré constants obtained by the interpolation
approach with the bounds obtained without interpolation as in Proposition 2.5 and the exact values for
the Poincaré constant.

In more detail we consider the unit ball B;(0) c R? with the hyperbolic metric

4
(7) gh = mga

where g = (dz')? + (dz?)? is the standard metric in R?, resulting in the space form of constant sectional
curvature K = -1.  will be a unit ball in this hyperbolic plane. We will start by computing the exact
values for Cy,a € (0,1). Using that |2 = 27 (cosh(1) — 1) and |02 = 2wsinh(1) the operator A = A,
associated with the Dirichlet form &, then becomes

Aaszf]].Q+(ATf_ a  sinh(1) (9]”)]l

1-acosh(l)-10N

An eigenvector of —A,, for eigenvalue A > 0 is then a function f € D(A,) such that the following system
of partial differential equations is fulfilled

{Af:—)\f in O

T sinh(1) 9f _ :
A f - &cosh(l)—l AN _/\f on 9

Since f and A, f are continuous on €2, this is equivalent to

) {A f=-)\f in O
T o sinh(l) Of _ :
ATf - 1-a cosh(1)-1 N Af  on 99

Following the well-known procedure for the Laplacian with Neumann boundary conditions, see e.g. [?][Chapter
2.5], we introduce spherical coordinates about x =0 by

x =7r€, r=tanh(t/2),

], t € [0,00), £ € St Q is then characterised by restriction of ¢ to [0,1]. In these

where r € [0,1
(7) reads

coordinates
gn = (dt)? + sinh?(t)|d&|.

We then separate variables, i.e. f(t,&) = T'(t)G(€¢). Furthermore we denote by O the Laplacian on S!
and by ’ differentiation with respect to t. Using the Laplacian in spherical coordinates, the first equation
of (8) becomes

sinh(t) " (sinh(t)T'(t)) G(€) + sinh(t)2T(t) D G(&) = -AT(t)G(€).



and in terms of G and T

0G(§) +7G(£) =0
(sinh(t)T'(t))" + (A - ysinh(t)"2)sinh(t)T = 0,

where v = (2, [ €N are the eigenvalues of 0 on S*.
According to [?][Chapter 12.5] the solution T is given via
T(t) = P (cosh(t)),

where P*(-) is the associated Legendre function of first kind with p and v given via

1 / 1
=l v=—cx\[-A+-.
w=u v 5 1

We thus obtain a two parameter family of eigenfunctions f, ;(t,&) = P.(cosh(t))Gi(&) where G is the
eigenfunction for eigenvalue [ and n respectively A, is constrained via the boundary condition as follows:

Using that A7 f = WT O G, the second equation of (8) which holds on the boundary, i.e. for ¢ =1,
becomes
ATG)(1,6) = — 5 1) ac(e) - M2 )6
’ sinh?(1) cosh(1)-11-«

ST"(1)+T'(1) (cosh(l) sinh(1)  « ) 0

sinh(1) " cosh(1)-11-«

imh?(1
@Pll,"(cosh(l))sinhz(l) +P£,(cosh(1)) 2cosh(1) + sinh”(1) _a =0
cosh(1)-11-«
We consider the (countably many) zero points of this function as a function in v and thus obtain a
corresponding countable family of values A;,,. Thus for a € (0,1) A, := min , A, is the desired spectral
gap and C, = 1/A,.

Furthermore we need to compute Cq as well as Cyq for Proposition 2.1. Following the same procedure
as above including spherical coordinates and separation of variables we see that eigenfunctions f of the
Laplacian on 2 with Neumann boundary conditions on 02 are again of the form

F(8,6) = T(G(E), with T(1) = Pl(cosh(1)), p=1, =3 \[-A+ 1,

where G are eigenfunctions of the Laplacian on S* for the eigenvalues [2, [ € N.
Now the boundary condition amounts to
of

N - 0on 9Q < P"(cosh(1))=0.

Thus by considering the countably many zero points of this function as a function in v we again obtain
a corresponding countable family of values A;,,. Again Ay := min;, A;, ~ 2.9614 is the desired spectral
gap and Cq = 1/A\1 ~ 0.3377.

We can furthermore derive Cyn from the well-known spectrum of the Laplacian on a unit sphere in

Euclidean space: Define

'+ (Shgm) =+ (Sh0), J@) = s

where S}; denotes the unit sphere in the hyperbolic plane, and Sﬂi denotes the unit sphere in the Euclidean
plane. Then for a smooth function h : Sﬂl{ =R

As}{(hof): As&(h)of

sinh?(1)
Thus h being an eigenfunction of A s for the eigenvalue A corresponds to ho f being an eigenfunction of
Ag for the eigenvalue A/sinh?(1):

1 1

As}i(hof):m'(ASﬁh)c’f:m')\'hof.
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Since the eigenvalues of Agi are known to be A := k% keNj (see e.g. [?][Chapter 2.4]), we can derive
that those of Ag1 are N = #2(1)7 k e Ny and thus Cpq = sinh?(1).

We now compute K; and K5 in a fashion adapted to the specific example. The following computation
is similar to the one referenced above in Example 2.1. Using that for f e L'(99):

[ F@oatdy) = [ aflehra(dn).

(00 0]

< f (f(2) = £/ lal)Aa(de)
fa ) f (f(tanh(t/2)€) - f(tanh(1/2)€))? sinh(t)dtdé

we get

AQ(Q

:T(Q)fm/‘) (ft £f(tanh(s/2)§)ds) sinh(t)dtde
< XQl(Q)[69/01(1—t)ft1(Cif(mnh(s/mg))zds sinh(t)dtde

fmflfs(l—t)smh(t)dt(df(tanh(s/Q)f))stdg

) XQ(Q
. (Q f f (sinh(s) = (s — 1)cosh(s) - 1) ((v F(tanh(s/2)8), tanh(s/2)§)) dsdg
Q
< (Q f f (sinh(s) - (s - L)cosh(s) - 1) |V f (tanh(s/2)€) Pdsdg
Q
/\ Q) f[m/ |V f(tanh(s/2)€)|?sinh(s)dsdé
Q
- K1 [ 1V/(@)a(do),
where )
Ky = max sinh(s) _Sn_hg;”h(s) “1coamse.
Thus Ko =0
As explained in Remark 2.1 we may obtain the optimal constant Kpq o in Proposition 2.1 as 1 -1

oo™
where o denotes the first nontrivial Steklov eigenvalue. In the present example the first Steklov eigenvalue
is coth(1) —tanh(1/2), cf. [?] and thus
cosh(1) -1

sinh(1)

Inserting this in Proposition 2.5 results in C, < Cyq ~ 1.3811. Furthermore we insert the same set of
constants in Proposition 2.1.
Using the results from the previous pages instead, we find different constants: We have hq(t) = ha(t) =
cosh(t) — coth(1)sinh(t) from which follows by Lemma 2.1 and Lemma 2.2 that

Koo = (coth(1) - tanh(1/2))™" ~ 0.5431.

1
Ve>03p: [Vor<e, AR —— +e,
€ ® |VSD|2 € | 90|2 2(COSh(1) _ 1) €

and
3p: [Vpleo <1, [(Ap) | <2.3131.
Inserting this in Proposition 2.2 and Proposition 2.3 we get

cosh(1) -1
K =—/——~2_—.Cq~0.0664, K;=0, K ~ 0.8981.
' a(sinh(1))2 ¢ 2 000
Inserting this in Proposition 2.5 results in C,, < Cyq. Furthermore we insert the same set of constants in
Proposition 2.1.
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FIGURE 2. Exact Poincaré constants (blue), interpolation (yellow) and no interpolation
(green) results using computations specifically adapted to the example, interpolation
(red) and no interpolation (purple) results using computations not specifically adapted
to the example.

The curves for actual Poincaré Constants and respective upper bounds via Proposition 2.1 as well as via
Proposition 2.5 obtained by plugging in the quantities collected above are depicted in Figure 2. Note
that the green and purple curves overlap. Again from the figure we may see that our general results are
only slightly worse than the ones obtained from computations specifically adapted to the example, and
that the interpolation approach results in a significant improvement compared to no interpolation. Our
attempts to transfer the computations made above for the specific example to a more general setting
have not been successful, as they lead to significantly worse results.

Finally instead of Brownian motion with sticky reflecting boundary diffusion we show that the above
results may as well be used to give upper bounds for Brownian motion with sticky reflection from the
boundary (but without boundary diffusion). I.e. under the same assumptions on 2 as above we consider
a diffusion on Q with Feller generator (D(A), A)

D(A)={feC(Q) | Af eC(Q)}
Af=afig vt
af

where 5+ is the outer normal derivative and ~y > 0, which corresponds to inward sticky reflection at €.

A construction was given again in [?] using Dirichlet forms. We choose « € [0, 1], such that
e |8Q|
1-a |Q

1aq,

and set

)\a = a)\Q + (1 - a))\ag.
We find that —A is Aq-symmetric with spectral gap 6, characterised by the Rayleigh quotient resp.
Poincaré constant C,,

6'04 _ inf Ea(f) ’ éa - a_;l = sup Va:r)\a (f)
reci) Vary, (f) rect@) Ealf)
Varx, (f)>0 é(x(f)>0

where
Vars, (= [ Faxa-( [ fan. ) - Ealf)=a [[9IPaA, feC(®)

By Cq and Cygq we still denote the usual (Neumann) Poincaré constants of §2 and 952 respectively, which
we assume to be known.
The eigenvalue problem corresponding to the Poincaré constant may be stated as

Af—— f in 0,
’VQN -Af on 0.

This type of eigenvalue problems with eigenvalue featured in the boundary condition has been of separate
interest, see e.g. [?], [?], [?], [?], [?]. For Brownian motion with sticky reflection spectral asymptotics
have been examined e.g. in [?], however we are not aware of results on the spectral gap.

Proposition 2.6. Assume there exist constants Kpq.q, K1 such that for any f € C*(Q)

VaT)\angKag7Q/S;|Vf|2d/\Q

2
(f fd/\g—/ fd/\ag) gKlf\vadAQ,
Q o0 Q

and
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FIGURE 3. Exact Poincaré constants (blue), estimates using computations specifically

adapted to the example (yellow), estimates using computations not specifically adapted
to the example (green).

then it holds for any a € (0,1)

éa <Cq+ (1 ;Oé) K(‘)Q’Q + (1 —Oé)Kl.
Proof. Let f e CY(RQ)
2
Vars, (f) :oA/ch(f)+(1—oz)vamm(f)+oz(1—oz)(fQ fdAQ—faQ fd)\ag)

saogfﬂ|vf|2cug+(1—a)KaQ,QfQ|vf|2dAQ+a(1—a)K1[Q|vf|2dAQ

:(CQ+(1;a)K397Q+(1—&)K1)@L|Vf|2dAQ.

]

For f e CY(Q) with Varx,,(f) > 0 the term Vary, (f) stays positive as o tends to zero while &, (f)
vanishes. Thus C, blows up as « tends to zero and accordingly so does the bound on C,, proven in
Proposition 2.6.

Of course the interpolation approach from above is not of any use anymore in this setting.

As we have previously shown that equation (2) can be fulfilled with K5 = 0, we may now insert K; and
Koq.q as computed above.

Thus in sum the results obtained above for Brownian motion with sticky reflecting boundary diffusion
may also be used for the case without boundary diffusion precisely for the reason that we were able to
show that equation (2) is fulfilled with K5 =0

If we make the more strict assumption of respective positive lower bounds kg on Ricci curvature on 2
and «y on second fundamental form on 9N as in [?][section 3.2] we may as well insert the set of constants

K= %, Ky =0,Kpn,0 = %% obtained there. Note that this is possible as we again have K5 = 0.

We again consider as examples a unit ball in R? and a unit metric ball in the hyperbolic plane.

ExaAmple 2.3. As in Example 2.1 we consider a unit ball in R%. In order to compute the exact values
for Cy,a € (0,1) we again proceed as described in [?][section 3.1] and only need to adapt the boundary
condition. I.e. an eigenfunction f fulfills

Af==-\f in 0

-2 8L Af  on 0Q

and by passing to polar coordinates and seperating variables we obtain a family Xm,l, m,l € Ny charac-
terised by

VAT 4 T (VT2 = (VDS =0,

1-«

where J,,,, m € Ny are the Bessel functions of the first kind. We then get 5\& = ming, jeN, 5\m’l and é'a = /\i

In order to calculate the explicit values for the upper bound stated in Proposition 2.6 we need Cgq, K, (’)Q’aﬂ
and K. All of these have been computed in Example 2.1, in particular Kpq o and K; have been computed
once in a manner adapted to the specific example and once from the previously stated general results
(the latter marked by /).
The curves for actual Poincaré Constants and respective upper bounds via Proposition 2.6 obtained by
plugging in the quantities collected above are depicted in Figure 3. As mentioned before C., blows up as
« tends to zero. We therefore only consider a > 0.2 for the plot.

Figure 3 suggests that Proposition 2.6 offers a precise upper bound for C, that is (in particular for
small «) highly depended on how close the values of K; and Kpn o are to the optimal constants in
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FIGURE 4. Exact Poincaré constants (blue), estimates using computations specifically
adapted to the example (yellow) and estimates using computations not specifically
adapted to the example (green).

equation (1) and equation (2). More precisely for small values of « it is mainly the precision of the value
for Koo that is relevant. Note that the value Kjq o obtained from our general results is worse than
Kopq.q obtained from computations adapted to the specific example, while the opposite is true for the
values of K| and K;.

Example 2.4. As in Example 2.2 we consider a unit ball in the hyperbolic plane and use the notation
introduced above. To calculate the exact values of the Poincaré constants we proceed as explained in
Example 2.2 and only need to adapt the boundary condition (see the second equation in (8)) to
-a  sinh(l) Of
1-acosh(l)-10N
Inserting f(t,&) =T(t)G(§) and then using T'(t) = P¥(cosh(t)) as before, this results in

=Af on 00

-a  sinh(1) _, _[cosh(1),, o _rQa)
1-acosh(1) - 1T (DE©) = (sinh(l)T H)+T (1))G(§) inh2(1) oG
, a  sinh(1) cosh(1) " r1)
=T (1— acosh(1) -1 " sinh(1) ) +1T7() _WsinhQ(l) =0
P (cosh(1))sinh(1) + P (cosh(1) (1 _ 0222?1)(1)1 . gcoshm) - FLles) L,

By considering the (countably many) zero points of this function as a function in v we obtain a corre-
spondmg countable family of values /\l n- For a € (0,1) /\ =min; , /\l n 18 the desired spectral gap and
Co=1/ Aa.

In order to calculate the explicit values for the upper bound stated in Proposition 2.6 we may again
use the values for Cq, Kgn o and K; as computed in Example 2.2 in a manner adapted to the specific
example or from the previously stated general results (the latter marked by /).

The curves for actual Poincaré Constants and respective upper bounds via Proposition 2.6 obtained by
plugging in these quantities are depicted in Figure 4. Again we only consider « > 0.2 for the plot, as C,
blows up as « tends to zero.

From Figure 4 we may again see that the precision of the upper bound for C,, offered in Proposition
2.6 depends particularly for small o highly on how close the values of K; and Kpq o are to the optimal
constants in equation (1) and equation (2). Note that in this example again the value for K 5979 obtained
from our general results is worse than Kpq o obtained from computations adapted to the specific example,
while the opposite is true for the values of K| and K.

3. BOUNDARY-INTERIOR INEQUALITIES

In the following we present some Boundary-Interior Inequalities that can be proved in a similar fashion
as Proposition 2.2. They may be seen as alternatives for Proposition 2.2 but might also be of independent
interest.

In the proof of Proposition 2.3 we have seen that:

Proposition 3.1. For any p € C*(Q) such that Lloa = =1 and Vp is Lipschitz continuous on Q it holds

fmedAanség{Qlwlm( [ fare- [ |Vf|2dm) +1(20) e [, deAQ}

i} Q|
<21V ploCY? +(Ap) o C |—f 24\
{2l +1(80) o} 0y [ 1V SN

VfeC Q) with [, fdo =0.
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The statement in Proposition 3.1 is stronger than needed for equation (2) in Proposition 2.1 because
we bound from above the integral of the squared function as opposed to the square of the integral.
Nevertheless the proof of the next corollary follows directly as we may assume for equation (2) without
loss of generality that [, fdAq =0 for any feC L(2). We thus get an upper bound for K in equation (2)
that is alternative to Proposition 2.2.

Corollary 3.1. For any p € C*(Q) such that g—mag = -1 and Vp is Lipschitz continuous on §) equation (2)
in Proposition 2.1 is fulfilled with K5 =0 and
2]

K1 = {29plCif” +1(80) Ca} 500

Additionally we think that this computation is of independent interest for the following reason:

Remark 3.1. We may calculate as in the proof of Proposition 3.1 to obtain for f € C*(Q) (but not
necessarily centered on ):

Q| 1/2 _
2000g < 10 Lo m(deA-f 2d>\) A w[2d>\
S F a0 < g 290k ([, 7200 [[95P0) - 180) ke [ e
1|

Q ) . ,
< g ([T [, VTP + (T + 120 ) [ A0}

From this it follows that for K3 := % (IVploo + [(AP) |oo)

122 00.000) < Kslffiv1200) < 1FlL202000) € VEsIflwr2(@.00)-

As WH2(, \q) is the completion of smooth functions whose derivatives up to degree 1 are in L?, the
inequality also holds for all functions in W%2(). Thus via stating a specific constant K3, as can be
obtained from Lemma 2.2, we also give an upper bound for the norm of the Trace operator |pq : W12(Q) —
L?(09) that is explicit in terms of upper bounds on sectional curvature and second fundamental form
on the boundary. An optimal upper bound in terms of the geometry of {2 seems to be unknown in this
form as of yet.

Proposition 3.2. Let ko € R such that sect < ko and 2 € R such that I1 < ~sid. Then the norm of the
Trace operator |aq : WH2(2) = L2(98) is bounded from above by

\y\ 1/2
€ . ( R, ( t ) 1 )
— |1+ inf su d-1)—=(t)|1-—]-— .
(|8Q| tle(O,hgl(O))te(o,Es)l) ( )hz *) t1 t1

It is known that on a smooth, compact d-dimensional Riemannian manifold (§,g) for q € [1,d) and
1
~d

1 (and thus for all p € [1, (f—flq]) there is a constant C, , such that for f e H4(Q):

1
q

([Q |f - f|pd)\ﬂ)1/p <Cpq (fQ |Vf|qd)\9)1/q,
where f = [, fd)\q.

In terms of these Sobolev-Poincaré constants we may also show a generalisation of Proposition 3.1:

Proposition 3.3. Let (Q,g9) be a smooth, compact Riemannian manifold of dimension d > 3, with a
connected boundary. For any p € C1(Q) such that g—mag = -1 and Vp is Lipschitz continuous on ) it
holds ¥V f € C*(Q) with [, fdXq =0

20 ({19 i, Ie] 2 3 2d-2
P A (e-1)/p [ 22 0A )~ 2 [ 2 S 20— 2
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Proof. We may calculate as in the previous proofs to obtain
/p
2] : [g] i
Pd\ o L d\ Ap) oo PdX
(Jalraran)” <(Sekiwolen [ 17191000+ B0 1o [ I1Para
[t 1) . it )
|8Q||Vp|mp( S na) " [ v P ) mw'mp) o [P A
1/2
0 1/2\P\2/p
|'89'||<A - |oo( ( Ji |Vf|2dm) ) )
(p-1) 2/p
e (Cagna [1rP0a) ) ([ 1wsPang)
109)] PleoP | L2(p-1),2 Q Q

(¢ o .
g @0 1= ) Ca [ v P

1 e , (r-1)/p , 1/p
(| 6Q||Vp|wp) (Comra [ 19sPana) " ([ 19 s2ara)

12 A

2p 2/p
(gg'ﬁwl o) i [l dxm('lm'“m V) s [ 9 s

(1« T e (190000 VP -
- |8Q||VP|°°p 2(p-1).2 |aQ||( P) leo p2| J, VT dAe.
Here we have used the Sobolev-Poincaré inequalities associated with Cy(,_1y2 and Cp 2. Note therefor

3 2d-2] - 2d
that for p e [5, ﬁ] it holds p,2(p-1) € [1, = 2] |

Again explicit constants may be obtained from Lemma 2.2 in terms of upper bounds on sectional
curvature and second fundamental form on the boundary.

4. LOGARITHMIC SOBOLEV INEQUALITY
Using the notation from above we say that a (tight) logarithmic Sobolev inequality is fulfilled if
3L >0 s.t. Enty, (f2) < Lo -Ea(f) Ve CHQ).

Ent,\a(f):foQZog(fQ)d/\a—(foQd)\a)log(foQdAa)
é'a(f):afﬂ|vf|2d)\g+(1—a) fm|VTf|2d)\@Q, Fec'(Q)

and V7 denotes the tangential derivative operator on 0f).

In the following by L, we will denote the optimal such constant. By Lq respectively Lyq we will denote
the optimal logarithmic Sobolev constant associated to the Laplace operator on 2 with Neumann bound-
ary conditions and the logarithmic Sobolev constant associated to the Laplace-Beltrami operator on 9f2.
We assume that Lg and Lpgq (or respective upper bounds for them) are known. We aim at bounding L,
for @€ (0,1) from above.

We consider here the entropy with respect to A\, which is a mixture or more specifically a convex combi-
nation of the two measures Aqg and A\gn. The entropy with respect to mixtures of two measures such as
Ao has been considered previously e.g. in [?], [?], [?]. We first show an analogue of [?][Proposition 2.1]
for the entropy with respect to Ay:

where
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Proposition 4.1. Assume there exist constants Koo o, Loo.o, K1, Ko such that ¥V f € Cl(Q):

9) VaT'AaQ(f)SKaQ,Q/;ZWf\ZdAQ
(10) Entag, (f2) < Loaa [ [V/PdA
2
(11) (fodAQ—fmfdAaQ) sKlfQ|Vf|2d)\Q+K2 meTf\zd/\ag.

Then it holds for any « € (0,1)

LaSmax{a,d—e—Q,min[a+c+b(d_a7_c_9),a+c(7d_a),a+b(d_a)7a+b+c(w)]}’
e+b c+0 e+b c+0

where

(1—a)(log(a)—log(l—a))(CQ+K1) be 1-«

a=Lo+ = ——Laq,q,
20— 1 « ’
1-a)(log(a) —log(1l — « a(log(a) —log(1 — «
o= Um0 ogto) oL =0 g Je Lo @lon(0) “log(La)) (L
a-1 20— 1
a(log(a) —log(1 - «
e g ollog(e) ~log(1-0)) .,
2001

Proof. Applying (9) and (10) we can estimate for any f e C1(Q):

Vary o (f) <tKan fQ IV f[2dAq + (1 -t)Caq fm VT flPdNaq
Enty,q (f?) < sLao.o fQ [V f[?dAq + (1 - 5)Log /m V7 fPdAoq
for any s,t € [0,1]. We apply this in the following after first using a decomposition of the entropy with

respect to the mixture of two measures as well as an optimal logarithmic Sobolev inequality for Bernoulli
measures as described in [?][section 4]:

Ent}\a(.fQ) SaEnt)\Q(fQ) + (1 - O‘)Entkasz(fQ)
o 2z a)log(@) ~log(L=0)) (0 £y« Varsyn () + (Ban (F) - Exga (F))?)

2a-1
< /;2 |Vf|2d)\g (OéLQ + (1 - Oé)SLaQ7Q + a(l — Oé)(lOg2(aaz I log(l — Oé))

(CQ +tK8Q7Q + Kl))

v [ 197 iPdre ((1 ~0)(1- ) Lo + WZDAD Tos0 =) (4 e, +K2>).

And thus

1- 1- ~log(1 -
Lo < inf max{Lqg+ (1-a) sLoq. o + (1 - a)(log(a) ~ log(1 - @)
s,t€[0,1] « ’ 200 -1

a(log(a) ~log(1 - a)) ((1-t)Con + K2)}

200 -1
(1-a)
o

(CQ + tKa(LQ + Kl) s

(1 - S)LBQ +

. (1-a)(log(a) —log(1 - a))
B s,tleI[lg,u maX{LQ * 20— 1
,. (1=a)(log(a) ~log(1 - @))
200-1
Loq + a(log(a;; Z_Of(l —) (Coa + Kz) —sLaa —t- a(log(a;; l_of(l )

(Ca+Ky)+s-

Lag o+

-Kaa,0,

-Cant.
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For any a,b,c,d, e, f € Ry it holds

inf max(a+ sb+tc,d— se—1t6)
s,te[0,1]

a, ifa>d

d-e-0, ifd-e-0>a+b+c
CJate+b (Fe=l)) dfa<dd-e-0<a+breb-c L >0, 5005
S ate (£2), ifa<dd-e-0<a+b+eb-c- 2L >0, 9200 <

a+b-(i;’;), ifasd,d—e—9£a+b+c,b—c-%z<0,i;’;Sl

a+b+c (F=b) | ifa<dd-e-0<a+b+cb-c S5 <0,40 51

d-a-c-0 d- d- d-a-e-b
:max{a,d—e—&,min[a+c+b(L)7a+c(—a),a+b(—a),a+b+c(L)]}.
e+b c+6 e+b c+6

O

In spite of its complicated structure this result allows to estimate variance as well as entropy on the
boundary 92 not only via the Poincaré resp. logarithmic Sobolev constants for 992 but alternatively via
Kaq,o and Ly o as needed. This interpolation approach is a direct generalisation of [?][Proposition 2.1].
For comparison we state the more simple result one can obtain based on [?][section 4] without using the
interpolation approach:

Proposition 4.2. Assume there exist constants K1, Ko such that ¥V f € C1(Q):

2
(f Fdra - f fd/\ag) <K, f IV f2de + Ko f V" f2dNo0.
Q o0 Q o0
Then it holds for any a € (0,1)

L. < max {LQ . (A=) (log(a) ~log(1 - @)) (Co + K1), Lo + a(log(@) - log(1 - a)) (Cpo + K2)}'

20 -1 200 -1

Proof. As in the proof of Proposition 4.1 we use a decomposition of the entropy with respect to the
mixture of two measures as well as an optimal logarithmic Sobolev inequality for Bernoulli measures as
described in [?][section 4]:

Enty,, (f2) SaEnt)\Q(f2) +(1- oz)Ent)\BQ(fz)
A=) eg@) Tog0 =) (i, () Varsa () + (Era(F) - Exoa (£))?)
<aLg fQ IV f2dAa + (1- @) Log fm V" fPd)on

, (1 -a)(log(a) ~log(1 - )) ((CQ + K1) fﬂ VfPdAq + (Coq + Ka) fm |VTf|2d)‘39)

2a0-1
_ (LQ 4 (1 B a)(logéz)__llog(l - Oé)) (CQ + Kl)) a \/S; |Vf|2dAQ
N (LaQ . Ck(lOg(Oé)Q; l_Oi](]. - Oé)) (Caﬂ i Kg)) (1 _ Ol) ‘/‘;Q |VTf|2d>\6(2
SInaX(LQ + (1 — a)(logéz)__llog(l — Oé)) (CQ + Kl),
a(log(a) —log(1

LaQ +

V19020 (G 4 1)) -,

O

It has been discussed in [?] that the logarithmic Sobolev constant of a mixture of two measures may
blow up as the mixture proportion goes to 0 or 1. Accordingly so may our bounds for the logarithmic
Sobolev constant as « approaches 0 or 1. More specifically the upper bound in Proposition 4.2 always
blows up as a approaches 0 or 1. The same is true for the bound in Proposition 4.1 as « tends to 0 but
not necessarily as « tends to 1. On the contrary the Poincaré constant as well as the upper bound for it
in Proposition 2.1 does not blow up as « tends to 0 or 1.

We consider again a ball in the Euclidean plane as an example:
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FIGURE 5. Lower bound via exact Poincaré constants (blue), and upper bound via
interpolation (yellow) and no interpolation (green) for the Logarithmic Sobolev Constant

Example 4.1. As in Example 2.1 we consider © = By, the unit ball in R?2. We evaluate the upper bounds
for L, €(0,1) obtained via Proposition 4.2 and Proposition 4.1. Instead of calculating the exact value
for L, for comparison, we recall that a logarithmic Sobolev inequality with constant C' implies a Poincaré
inequality with constant C/2, cf. [?][Proposition 5.1.3]. Thus a lower bound for the optimal logarithmic
Sobolev constants is given via
Lo >2-Cyo,Vae(0,1),
with C, as computed in Example 2.1. Furthermore we use the following quantities collected in Example
. C C 1,K Co Ky=0,K
9—339 a0 = 1= 2= 20,0 =

Added to that we need values for Lo, Lsq and Laq q. It is known that Lpq = 1, cf. [?]. Furthermore
from [?] we obtain Log o =1 and from [?] we obtain Lg < 2.9305.
We insert these quantities into Proposition 4.2 and Proposition 4.1 and depict the results in Figure 5.
Note that the yellow and green curves partly overlap.

Again the figure shows that the interpolation results clearly differ from the no interpolation results and
give significantly better bounds than the approach without interpolation. In particular the interpolation
approach gives an upper bound that does not blow up as « tends to 1.

NJ\)—I

To obtain explicit bounds on L, in the general setting we can use the results from section 2 for
equation (9) and equation (11) and it remains to find Lgq o such that equation (10) is fulfilled.
As a preliminary result we cite the following lemma, cf. [?].

Lemma 4.1. [Rothaus’ Lemma/ Let f : 01 > R be measurable and such that [, f2log(1+ f?)d o < oo.
For every a e R

Entry, ((f +a)?) < Entyg (f2) +2 fm Fdrog.

Lemma 4.2. If f € C'(Q) fulfills [, fdXq =0 and if there are constants ép,g such that

P\ o C 24\ d-2
12 f ) < / v [2 7]
(12) ([ Panan) " <Coa [ [vrPdra vpe 2.2
then it holds
. ,2
£t ()5, i 5 e

The proof of this Lemma is adapted from [?][Proposition 6.2.3], see also [?][Proposition 5.1.8] for
details.

Proof. Without loss of generality we may assume |, 20 F2dMoq = 1 and define

6:(0,1] > R, ¢(r) = log((/ |f|1/rd)\a§2)r).

= —Enty,,(f%). Now for pe [2, 2; 22] via the convexity of ¢

R
bt 25 (1) ()

2/p
et n (s L ton ([, P avm) ).

¢ is convex and ¢’ (

2)
d

Inserting equation (12) we obtain

D -
Ent}\an(fz) < p- QZOQ (Cp,2 /{; |Vf|2d)\9) .
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e define ¢ : (0,00) > R, ¢(r) := L-1og(C,21). ¢ is concave and we may thus compute
We define ¢ : (0 R, ¢ pPQZ Cy, 10) d h

Entsgo(12) <6 ( [ 19fPdNa) <)+ 30 ( [ 195Pd0-r) =) [ 19fFdra +(3(r) - rd' ().

the last term vanishes and we obtain

Choosing r = =

G
Enty,o (f )<¢( )flvfl dAQ—7%2f9|Vf|2d)\Q.
O

Proposition 4.3. Assume that d > 3. For any p € C*(Q) such that sxloa = =1 and Vp is Lipschitz
continuous on Q equation (10) in Proposition 4.1 is fulfilled with

L nf, e (g, " caomnp (191 (Ap)| e
- 1 oo oo
0,0 = pe[ ] p- 2 ¢ |6Q| PlooP 2(p-1),2 |6Q| p,2

Q
{2|Vp| CHf* +1(8n) | Ca} g

where (-)” denotes the negative part of a function.

Proof. Let f e C1(Q) then for a:= Jo fdra we define f:=f-aand by Lemma 4.1 it holds
Ent/\an(fQ) = Ent/\asz((.f+ a)2) < Ent}\asz(fQ) +2 LQ f2d>\8f2~

As f is centered on € the assumptions of Lemma 4.2 are fulfilled due to Proposition 3.3 and we obtain

Ent 72 < f p 1 |Q| 2/p C2(p_1)/p |Q| - 2/p 02 ~2dA
()< b T o) G+ (gl @0 1= Ca | [, 19 7P,

d-2

Furthermore by Proposition 3.1

3 . Q| _
2000 < {2190l CY2 4 [(AD) | |—/ 2dAa,.
/mf asz-{ Vol Cg ™ +[(Ap)7| Csz} o9 Q|Vf| Q

Thus we have

" (f2) < £ p 1 | | | | 2/ 02(}7*1)/? | | |( )_| K 02
E in V oo P oo
Nl [2 S 2] _9 |9Q| 2(p-1),2 |aQ| p,2

12, 12| 712
+{2|VP|<>°CQ +[(Ap)” |ooCQ} |aQ|)fQ|Vf| dAo

£ P 1 | | |v | 2 C2(p71)/p | | |( )—| i C2
= n o P oo
pe[2,242] p — 2¢ |aQ| 2(p-1),2 |3Q| P2

# {290l Cif” +1(89) Ca} ) IR

Combining this with Lemma 2.2 again results in an explicit upper bound for L q.
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Proposition 4.4. Assume that d > 3. Let ko € R such that sect < ko and v2 € R such that 11 < v9id. Then
equation (10) in Proposition 4.1 is fulfilled with

: (12l VP 21/
lnfpe[z,%f;]fﬁée[(wmp) Catp-1).2

’ - 2/P
Q| . h
+ (% Infy, c(0,n52(0)) SUPre(0,t1) ((d -2 () (1 - %) - %) ) Ci,g]

1/2 . h - Q .
+ {209/ +10F,, (0,21 (0)) SUPse(0,11) ((d— )72 (t) (1 - %) - %) CQ} e if ka2 =3
: (190 VP -0 (12 2P
inflfs 2021 ;%5 [(mp) Catpys + (o max(12(d=1),0)) G,
+{QC’$/2+max(’yg(d—1),0)cﬂ}%’ if ko < —v3.

As in section 2 instead of Brownian motion with sticky reflecting boundary diffusion the above results
may as well be used to give upper bounds for Brownian motion with sticky reflection from the boundary
(but without boundary diffusion). The Logarithmic Sobolev inequality in this setting is

Enty, < -Z/ozéa(f) Vfe Cl(Q)a

Log.a =

where

EalD)=a [ [9fPdxa, feCl(®).
Proposition 4.5. Assume there exist constants Kpq. o, Laa,q, K1 such that for any f € Cl(Q)
Vars,,f < Kona [ [9/Fdra,
Ent,q (f?) SLaQ,QfQ|Vf|2d/\Q’

2
(/ fd)\Q—f fd)\ag) sK1f|Vf|2d/\Q,
Q o Q

then it holds for any a € (0,1)
Lo < (LQ + (1-a) Loo.o + (1-a)(log() —log(1 - a))

Aalies (Ca+ Koo+ Ki)|.
2a0 -1

Proof. As above we use a decomposition of the entropy with respect to the mixture of two measures as
well as an optimal logarithmic Sobolev inequality for Bernoulli measures as described in [?][section 4]:

EntAa(fQ) SaEntAQ(f2) +(1-a)Enty,, (f2)

A= og@) Togl =) (s, () Varsg () + (Era () - Ba (1))?)

< (LQ L4 ;‘J‘)Lm L4 a><log§z)_—lwg<1 - a))

(CQ + KaQ,Q + Kl)) « \/5\2 |Vf|2d/\Q.

|
Of course again the interpolation approach from above is not of any use any more in this setting.
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