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Abstract

By using a regularity approximation argument, the global existence and uniqueness are derived for
a class of nonlinear SPDEs depending on both the whole history and the distribution under strong
enough noise. As applications, the global existence and uniqueness are proved for distribution-path
dependent stochastic transport type equations, which are arising from stochastic fluid mechanics with
forces depending on the history and the environment. In particular, the distribution-path dependent
stochastic Camassa—Holm equation with or without Coriolis effect has a unique global solution when the
noise is strong enough, whereas for the deterministic model wave-breaking may occur. This indicates
that the noise may prevent blow-up almost surely.
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1 Introduction

To describe the evolutions of stochastic systems depending on the history and micro environment,
distribution-path dependent SDEs of the following type

(1.1) dX () = b(t, X¢, Lx,)dt + o(t, Xi, Lx, ) AW (1), X(0) = Xo € RY, t € [0,T]

have been studied intensively investigated, see for instance [1, 23, 37, 38, 41] and references therein.
However, the existing study in the literature does not cover distribution-path dependent nonlinear SPDEs
containing a singular term which is not well-defined on the state space. The main purpose of this paper
is to solve a class of such SPDEs including transport type fluid models.

Nowadays there exists an abundant amount of literature concerning the stochastic fluid models under
random perturbation which we do not attempt to survey here, and we recommend the lecture notes
[10, 14] and the monographs [2, 29] for readers’ references. On one hand, in the real world, it is natural
that the random perturbation may rely on both the sample path due to inertia, and averaged stochastic
interactions from the environment. On the other hand, to the best of our knowledge, almost nothing
is known if the randomness in the stochastic fluid models also depends on the distribution and the
path of unknown variables, i.e., distribution-path dependent stochastic fluid models. For such problems,
the fundamental question on the well-posedness (even merely the existence) of solutions remains open.
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Particularly, although the (distribution-path independent) stochastic transport equations have been in-
tensively investigated (see for example [12, 13, 15, 31, 32, 33]), there is no any study on distribution-path
dependent stochastic transport type equations.

To study distribution-path dependent stochastic fluid models, we may need extend (1.1) to infinite
dimensional case, i.e., assuming that X takes value in a separable Hilbert space H. If this is the case, a
singular term, which is not well-defined on H, may occur and the existing study in the literature does
not cover this case. More precisely, we consider the case that (1.1) contains one more singular drift term
B taking value in a larger separable Hilbert space B such that H — B, i.e.,

(1.2)  dX(t) = {B(t, X(1)) + b(t, X¢, Lx,)} At + o(t, Xe, Zx,)dW (1), X(0) = Xo € H, t € [0,T].

Indeed, when we consider certain stochastic fluid models in Sobolev spaces H = H*| if B(¢, X (t)) involves
VX or some derivatives of X (see Examples 1.1 and 1.2), then B(¢, X (¢)) may not be expected to be in
H = H°. Particularly, when B(¢, X (t)) = —(X(¢) - V)X (¢), (1.2) reduces to the following transport type
equaionts

(1.3) dX(t) = {—(X(t) - V)X (t) + b(t, Xs, Lx,)} dt+0(t, Xe, Lx, ) AW (L), X(0) = Xo € H®, t € [0,T).

We refer to Sections 1.1 and 1.2 for the precise meaning of the notations and precise setting of (1.2)
and (1.3), respectively. Before going further, we would like to explain that working with the abstract
framework in (1.2) entails some difficulties:

(a) Since we want to cover some stochastic fluid models in the abstract system (1.2), we only assume
that the coefficients B, b and o are locally Lipschitz in X. As a result, we do not a prior know that
the solution exists globally in time. This bring us an essential difficulty. More precisely, we notice
that the distribution, as a global object on the path space, does not exist for explosive stochastic
processes whose paths are killed at the life time. As a result, to investigate distribution dependent
SDEs/SPDEs, we have to either consider the non-explosive setting or modify the “distribution” by
a local notion (for example, conditional distribution given by solution does not blow up at present
time).

(b) Again, because the coefficients are only locally Lipschitz in X, we will have to localize them (by
using stopping times) when we need to fix the changing Lipschitz constants. For instance, this
happens when the uniqueness is considered. Then we will be confronted with the difficulty that
distribution can not be controlled by any local condition, again. And we need to identify some
appropriate topology under which the distribution can be measured locally.

(¢) Because of the singular term B(¢, X ), compared to classical case, the It6 formula is no longer
available. Indeed, to estimate || X||4, to use the It6 formula in a Hilbert space (cf. [9, 19]), the H
inner product (B(t, X ), X)y is required to be well-defined. But it is not because we only assume
that B takes value in B <= H. Likewise, to apply the Itd formula under a Gelfand triplet ([28, 35]),
the dual product g(B(t, X), X)g« needs to be well-defined, where B* is the dual space of B with
respect to H. Because H — B, we see that B* < H. However, we do not a prior know that the
solution X takes value in B* because we only assume X (0) € H.

The first major goal of this paper is to establish an abstract framework for (1.2). The second goal of
this work is to apply the abstract theory for (1.2) to (1.3), which gives some new results for some ideal
fluid systems.

e To achieve the first goal, we introduce the precise assumptions in Section 1.1 (see Assumption (A)).
Then we provide our main results for (1.2) in Theorem 1.1. The key requirements for the proof are
the assumption on the existence of appropriate Lipschitz-continuous and monotone regularizations
for the singular term B. For the difficulty (a), in this paper we restrict our attention to the non-
explosive case only. To this end, we assume that the noise grows fast enough (cf. (A43)), and then
we will show that the blow-up of solutions can be prevented. For the difficulty (b), we introduce
a “local” Wasserstein distance (see (1.8)) and assumption (As) to measure the difference of two
measures, which enables us to prove the uniqueness. By introducing a mollifier satisfying certain
estimates (see assumption (A4)), we can overcome the difficulty (c).

e With the general framework at hand, for nonlinear stochastic transport type equations, we are able
to construct such regular approximation schemes by using mollifying operators and establishing



a commutator estimate (see Lemma 4.1), from which we can verify the assumptions introduced
Section 1.1 and obtain global existence and uniqueness of solutions in Sobolev spaces. This results
is stated in Theorem 1.2. Two examples of Theorem 1.2 are given. The first one, cf. Example 1.1,
is a general nonlinear stochastic transport equation, and the second one is the the distribution-path
dependent stochastic Camassa—Holm equation with or without Coriolis effect, cf. Example 1.2.

1.1 A general framework

Let H, U be two separable Hilbert spaces, and let L£2(U;H) be the space of Hilbert-Schmidt operators
from U to H with Hilbert-Schmidt norm || - ||z, w;m). Throughout the paper we fix a time 7" > 0. For a
Banach space M, Z stands for the probability measure on M. In particular, we let Zr M be the set of
probability measures on the path space ¢rm := C([0,T];M). We also consider the weakly continuous
path space

Cry = {£:[0,T] — M is weak continuous}.

Both ¢rm and %}” u are Banach spaces under the uniform norm

€l := sup [IE() ]I
t€[0,T]

Let 27 be the space of all probability measures on %7y equipped with the weak topology. Denote
Prm=1{p € Pry: u(6rm) = 1}.
Let T' > 0 be arbitrary. For any N > 0, we let

(1.4) Crun={€Crm:|lllltm <N}, Pravm={nec Prw: w(Crun) =1}
For any map & : [0,7] — M and ¢ € [0,77], the path m¢(§) of £ before time ¢ is given by
me(€) =& [0,T] = M, &(s):=¢&(tNns), s€[0,T].

Then the marginal distribution before time ¢ of a probability measure y € 27y reads

—1
e = oy .

Let .Z: stand for the distribution of a random variable £. When more than one probability measure are
considered, we denote % by Z¢p to emphasize the reference probability measure P.

The noise {W (t)}ico,7) is a cylindrical Brownian motion on U with respect to a complete filtration
probability space (2, {F}i>0,P), i.e.

W(t) =Y B'(t)es, te[0,T]

i>1

for an orthonormal basis {e;};>1 of U and a sequence of independent one-dimensional Brownian motions
{B*}i>1 on (Q,{#}+>0,P). From now on U is fixed.
Consider the following nonlinear distribution-path dependent SPDE on H:

(1.5) dX(t) = {B(t, X(t)) + b(t, Xs, Lx,) }dt + o (t, X¢, Lx, ) AW (), t€[0,T],
where, for some separable Hilbert space B with H << B (“ << ” means the embedding is compact),

B:[0,T] xHxQ — B,
(1.6) b:[0,T) X €ru X PryxQ—H,
0:[0,T] x €rm x Prm x Q2 — L2(U; H)

are progressively measurable maps.

Definition 1.1. (1) A progressively measurable process Xt := {X(t)}:c[o,7] on H is called a solution
of (1.2), if it is continuous in B and P-a.s.

X(t)=X(0)+ /t {B(s,X(s)) +b(s, Xs, Lx.)}ds + /t o(s, Xs, Zx,)dW (s), te€[0,T],



where fot {B(s, X(s)) + b(s, X (s), Lx.)} ds is the Bochner integral on B and ¢ fot o(s, X(s), Lx,)dW (s)
is a continuous local martingale 0~n H.
(2) A couple (X7, Wr) = (X(t),W(t))ie[o,1) is called a weak solution of (1.2), if there exists a

complete filtration probability space (Q {j }e>o, ) such that Wy is a cylindrical Brownian motion on
U and X7 is a solution of (1.2) for (Wr, P) replacing (Wr, P).
Since both X (¢) and fo s, Xs, Lx,)ds + fot o(s, Xs, ZLx,)dW (s) are stochastic processes on H, so is

fot B(s, X (s))ds, although B(s, X (s)) only takes values in B.
To ensure the non-explosion such that the distribution is well defined, we will take a Lyapunov type
condition (As3) below. We write V € 7, if V € C?([0, 00); [0, 00)) satisfies

V(©0)=0, V'(r)>0and V"’(r) <0 for r >0, V(o0) := lim V(r) = co.

T—00

Consider the following “Wasserstein distance” induced by V € ¥":

W)= _nt [ V(€ = nll2s) 7(dE,dn), v € P,
TEC(u,v) w CX

where €(,v) is the set of couplings of ¢ and v. When V (r) = r, WY (-, ) reduces to Wa (-, -)* which
is the square of the L?>-Wasserstein distance on Pr -

Moreover, let
(1.7) 6 =T Af{t>0: [|Et)|lu > n}, €€ Cru,

Here and in the sequel, we set inf() = oo by convention. We remark that ¢ is a continuous (hence
measurable) function in £, so that & is a stopping time for an adapted random variable X on CTm-

Define the “local” L2-Wasserstein distance by
1

2
(1.8) Won,n(p,v) = inf (/ ||£mt§mt11 - nt/\tﬁAtZHQT’MTr(dg’dn)) » V€ P
Er,BXCT,B )

TEC(p,v)

We write p € (@%H if p € Pru and
v = [ VAI€IRnn(de) < oo
€T.H

In general, || - ||v may not be a norm, but we use this notation for simplicity. A subset A C ,@%H is
called V—bounded if sup,,¢ 4 [|ullv < oo.

Assumptions (A). Assume that H << B is dense, and there exists a dense subset Hy of B*, the dual
space of B with respect to H such that the following conditions hold for B,b and o in (1.6).

(A1) 1|6(-,0,60)|lez + [lo(-,0,00)| 2, uym is bounded on [0,7T] x Q. And for any N > 1, there exists a
constant C'y > 0 such that for any £, € €ru,n and p,v € 9%/,11-117

16(t, &by pae) — bt me, ve)llm + o (t, e, i) — o (8,18, ve) | 2o (U
< COn {llé — mellrm + Wa (e, ve)}, t€[0,T].

Next, for any bounded sequences {(£", u")}n>1 C Grm x Py.m with [|€"
weakly in P as n — oo, we have P-a.s.

nh—>Holo {’ B<b(ta£nvu;§n) - b(t7§a/’l‘t)a n>13* + H{O’(t,fn, IU’:L) - U(tvfaﬂt)}*UHU} = 07 ne Ho

and for any N > 1 there exists a constant C’N > 0 such that

sup {116t m, 1) le + ot m, wi)ll cowssy } < Cn.
te[0,T],n€E€T B, N



(A2) There exist constants {Cn,Cp,n > 0:n,N > 1} and a sequence of progressively measurable maps
B,:[0,T|xHxQ—H, n>1
such that

sup — ([B(t,2)[[e + [|Bu(t, 2)lls) < Cn, n,N >1,
te[0.7), [zl <N

sup {uBn(t, Dl + Lissyy

tel0,T] |lzllmVlylla<N

[Bn(t, 2) = Ba(t, y)|=
[z =yl

} <Cpn, n,N2>1.

Moreover, for any bounded sequence {£"}n>1 in €1y with || — ||z — 0 as n — oo, we have

lim [ | 5(Ba(t,€" (1) = B(t,£(1)), n)s-

n—oo Jq

dt =0, n e Hp.

(A3) There exist V € ¥ and constants K1, K2 > 0 such that for any u € Pru, t € [0,T],€ € €ru and
n>1,

V/(IE@N1E) {2(Bn(t,£(2)) + b(t, &, 1e), £()) g + llor(t, &, )l 2y o }

" 2 g (12 (V' UEDID Nt € p)"E@) v}
+ 2V ([lE@) ) lo (2, &b, pe) "€ [T < Ky — Ko L+ VEDIE) :

(A4) There exists a sequence of continuous linear operators {7}, }n>1 from B to H with
(1.9) 1Thz|u < ||z||u, nl;%o |Thz —z||lu =0, ze€H,

such that for any N > 1, there exists a constant Cx > 0 such that

(1.10) sup  [{(TnB(t, z), Thx)u| < Cn.
lella<N,n>1

(As) There exist constants K,e > 0 and an increasing map C. : N — (0, 00) such that for any N > 1,
57 n € %71"1),]}]1,1\1 and M,V € ’@%},]Hb

(B(t,£(1)) = B(t,n(t)), () — n(t))s < Cn[lE(E) — n(t)|E
”b(tz'ghut) - b(t7 U Vt)HB + ||O'(t7€t7 Nt) - U(tv Mt Vt)HEQ(U;]E)

<Cn {II& — el + Wap n (e, 1) + Ke “N (1 /\Ww(ut,l/t))} , t€1]0,7].

Theorem 1.1. Let X € L2(Q — H, %, P).
(i) Assume (A1)~(Asz). Then (1.2) has a weak solution (X1, Wr) such that Lz 0)p = Lxop and

. " 64
(1.11) E [V(|\XT||2T7H)] <2UT+1+ 5

2

(KT + BV (IX0)11)]) < oo,

(ii) If (A4) holds, then the weak solution is continuous in H.
(iii) If (As) holds, then (1.2) has a unique solution with initial value Xo.
Now we give some remarks regarding the proof of Theorem 1.1 and Assumption (A).

Remark 1.1. Except for the difficulties (a), (b) and (c), we will be confronted with one additional
technical obstacle. Indeed, we notice that the singular term B is in general not monotone in the sense of
[34] (see also [35]). Therefore, even coming back to the distribution-path independent case, the Galerkin
approximation under a Gelfand triple developed for quasi-linear SPDEs does not work for the present
model. To overcome this obstacle, we will take a different regularization argument. The proof of Theorem
1.1 includes two main steps:



Step

Step

1.2

1: regular case We first establish the solvability of the regular case, i.e., B = 0 (see Proposition
2.1). In this step, we need (A1) as (A1) describes the local Lipschitz continuity of the regular
coefficients b(t, &, 1) and o(t, &, p) in (€, 1) under the metric induced by || - ||u and W2 5. Recalling
the difficulty (a) mentioned before, we restrict our attention to the non-explosive case. Hence we
need the assumption (As), which is a Lyapunov type condition ensuring the global existence of
the solution. Furthermore, (As) means that the dependence on the distribution of the coefficients
is asymptotically determined by the distribution of local paths, and it will be used to prove the
pathwise uniqueness. Actually, (As) is proposed to overcome the difficulty (b).

2: singular case Then we will propose a regularization argument to establish existence and
uniqueness to (1.2). Therefore in (A2) we assume that the singular term B € B can be approximated
by a regular term B,, € H with certain nice properties. The result in Step 1 guarantees that the ap-
proximation problem (see (3.1), where B in (1.2) is replaced by B,,) can be uniquely solved on [0, T
for any given T' > 0 and we refer to Proposition 2.1. Then we use the martingale approach to pass
limit to the original problem (1.2), where we need the continuity of the coefficient in p under the
weak topology (see (A1)). Precisely speaking, by Prokhorov’s theorem and Skorokhod’s theorem,
we can get almost sure convergence of the approximation solutions relative to a new probability
space. Then by the martingale representation theorem, we can identify the limit of the stochastic
integral. Finally we establish the uniqueness, which together with the Yamada-Watanabe type
result gives the existence and uniqueness of a pathwise solution. Finally, as mentioned before, the
It6 formula can not be applied to to || X (¢)||f directly (see difficulty (c)). Hence it is not obvious
to obtain the time continuity of the solution in H. And we need to mollify the equation first by
using some mollifiers. Hence (A4) provides certain properties of such mollifiers.

Distribution-path dependent stochastic transport type equations

Let d > 1 and T¢ = (R/27Z)? be the d-dimensional torus. Let A be the Laplacian operator on T%, and
let i denote the imaginary unit. Then {e‘““")}kezd consists of an eigenbasis of the Laplacian A in the

comp

lex L?-space of the normalized volume measure p(dz) := (2r)~%dx on T%:

Ac'®) = k2R ke 7

For a function f € L?(u), its Fourier transform is given by

F) = 7)) = w5 @) = [ 1 an, yer,

It is well known that

(1.12) 1117200 = D IFR)P, £ e L),
kezd
and
(1.13) > Gk —m)f(m) = Fg(k), keZ’ fgeL ).
mezd

By the spectral representation, for any s > 0, we have

Then

Dfi=(I-2)5f =Y (1+[k*32Fk)e ™, kez’,

kezd

FeD*) =< fe L) D flliag = D (L+ k)| F(k)]* < o0

kezd

H® :={f=(f1,-,fa): fi € 2(D*),1 <i<d}

is a separable Hilbert space with inner product

d

(fog)ms ==Y (D°fi, D°gid 2y = D (14 [KI*)* (F(k), G(k))ga-

i=1 kezd



Now, we recall the stochastic transport SPDE (1.3) on H®:
(1.14) dX(t) = {-(X(@) - V)X (t) + b(t, X, Lx,) }dt + o(t, X, Lx,)dW (t), te€[0,T],
where W (#) is the cylindrical Brownian motion on U := L*(T¢ — R%), and
b:[0,T] X Crgs X Prgs xQ— H, 0:(0,T] X Cr.gs X Prgs x Q— La2(U; H?)

are measurable.
To apply Theorem 1.1, we make the following assumptions on b and o.
Assumptions (B). Let d > 1,V €7, s> % +2,8 =s—1and T > 0 be arbitrary. We assume that
the following conditions hold for H= H® and B = H® .
(B1) Conditions in (A;) hold.
(B2) There exist constants K1, K2 > 0 such that for any p € Pru, t € [0,7],£ € €ru and n > 1,

V/(IE@1E) {2K0lIE@ 1@ + 2(b(t, €, 110), £y + o (t, €, o)z wism }

(V' A€ot & )" €)1}
L+ V(IE@I1E) '

+ 2V (€D @) lo (£, &, ) "E@)1E < K1 — Ko

(B3) There exist constants K,e > 0 and an increasing map C. : N — (0, 00) such that for any N > 1,
§n € CrmN and p,v € Pry,

||b(ta§t7ﬂt) - b(t7 Mt Vt)HB + ||O'(t,§t, Mt) - U(tv Mty Vt)HEQ(U;]B)
<Cn {II& — el + Wap n (e, 1) + Ke “N (1A Wap (e, Vt))} , t€1]0,7].

Then we have the following result:

Theorem 1.2. Assume s > %+ 2, (B1) and (Bz). For any Xo € L*( — H*, %o, P), (1.3) has a weak
solution (X1, Wr) such that L3y = LxolP; Xr is continuous in H® and

(1.15) E[V(IXalie)] <2607 + 1+ 1 (KaT + BV |0)])

If, moreover, (Bs) holds, then (1.3) has a unique solution.
Below we give some remarks concerning Theorem 1.2.

Remark 1.2. We first notice that (1.3) does not contain the viscous term AX(t), which provides
additional regularization effect to make the problem of existence easier, see [8, Chapter 5]. Besides the
existence and uniqueness, it is interesting to clarify the effect of noise on the properties of solutions. We
notice that existing results on the regularization effects by noises for transport type equations are mainly
for linear equations or for linear growing noises, see for instance [12, 13, 15, 27, 32, 33] for linear transport
equations, and [16, 20, 39, 40] for linear noise. For nonlinear equations with nonlinear noise, there are
examples with positive answers showing that noises can be used to regularize singularities caused by
nonlinearity. For example, for the stochastic 2D Euler equations, coalescence of vortices may disappear
[16]. But there are also counterexamples such as the fact that noise does not prevent shock formation in
the Burgers equation, see [14]. Therefore, for nonlinear SPDEs, what kind of nonlinear noise can prevent
blow-up is a question worthwhile to study. In the current work, the main idea is to use the stochastic
part of the equation to avoid any blow-up phenomena that could arise under the presence of the singular
drift. Hence we use the Lyapunov type condition (B2) to measure how strong the noise term needs
to be (see also [26, Theorem II1.4.1] for the finite dimensional case and [3] for the stochastic nonlinear
beam equations). In this way, the noise effect given by the large enough noise is macroscopic and it is
different from many previous works, where small noise can also bring regularization effect, see for example
[15, 16]. Besides, the noise structure in [15, 16] are transport noise in the Stratonovich sense. A priori,
it is not clear how to interpret the equation (1.3). In the current work, our main interest are mainly
mathematical and we believe that searching for nonlinear noise such that blow-up can be prevented is
important because it helps us understand the regularizing mechanisms of noise. This in turn brings us
one further step to find the really correct and physical noise which provides such regularization.



Remark 1.3. We remark here that there is a gap between the index s > % + 2 in Theorem 1.2 and the
critical value s > g + 1 such that H® — W'°°. Formally speaking, on one hand, because the transport
term (u - V)u loses one order of regularity, we have to consider uniqueness in H* with s’ <s-—1,i.e.,
we ask B = H* in (B3). One the other hand, since {((u - V)u,u)srs < cs|ully1,00 ||u]| 3= for smooth wu,
to verify (Bz), we have to pick s’ < s — 1 such that B = H* < W Therefore we have to require
s—1> % + 1. However, if we only consider local solutions in H® without assuming (B2) (as is explained
before, in this case the distribution has to be modified), then s > & + 1 will be enough.

To conclude this section, we present below two examples to illustrate Theorem 1.2.

Example 1.1. Let s,s' = s — 1 be in assumption (B). Let u(F) = [ Fdu for F' € L'(u), and take

b(t7€wu) = h(tv ||€HH5/,,LL(FI;))€(t), O—(tvému‘) = ﬁ(l + ||£||T,HS’)O£<£(t)7 ~>sto + O’o(t, H&HHS/ ) /J’(FU))v

where «, 8 > 0 are constants to be determined, and
(1) zo € H® with ||zo||gs =1 is a fixed element;

(2) Fy, F,: %

6 s — R™ are bounded and Lipschtiz continuous for some m > 1;

(3) h(t,-,-) : R x R™ — R is locally Lipschtiz continuous uniformly in ¢ € [0, 7] such that

sup |h(t, 2, 2)| < c(1+7°%), r>0
(£,2)€[0,T] xR |z|<r

holds for some constant ¢ > 0;
(4) oo(t,-,-) : RxR™ — Lo(H?; H®) is bounded and locally Lipschtiz continuous uniformly in ¢ € [0, T7.

If o > 1 and B is largg en(zugh, then for any probability measure po on H® with uo(]| - ||3s) < oo, (1.2)
has a weak solution (X7, Wr) with f)’((o)uﬁ = 1o, which is continuous in H® and satisfies

B [ log(1 + | Xrllfa)] < oo,

In particular, if m = 1 and Fy(§) = Fo(§) = [€llg g A R for some constant R > 0, then for any
X(0) € L*(Q — H*, %, P), (1.2) has a unique solution, which is continuous in H* and satisfies

E [log(l + HXT”%“’HS):I < 00.

Proof of Example 1.1. Let a > %, and take V(r) = log(1 4+ r) € ¥. By Theorem 1.2, we only need to
verify conditions (A1), (B2) withH=U = H®, B = HS,7 Ho = H*™! and large enough 3 > 0, and finally
prove (Bsz) with m =1 and Fy(§) = F»(§) = ||€]l7,z5 A R.

To begin with, it is easy to see that the weak convergence in Zr 3 is equivalent to that in the metric

Wia(ur)= il [ (LA (1€ = nllas)m(de, dn).
TEC(p,v) CrexErs

Then (1)-(4) and H < B imply that for any N > 1 there exists a constant Cy > 0 such that for all
n€ H™,
Hb(t7§7 /.l,) - b(t,% V)HH + ||O(ta 57 M) - U(t7777 V)HEz(H;H) < ON (Hg - 77||T,1Hl + WLB(M> V)) .

Therefore, (A1) holds.
Next, let C'=sup(; .. .)e0,7]x[0,00)x&m 00 (t, T, z)HQﬂQ(H;H). We have

V(€@ 115) {2Koll€@) 1B 1€ @)1 + 2(b(¢, €, pe), E() )y + ot by )2 oy }
< 2KollE@)IelIE@)1E + 22 (1 + |&1$.8) 2 1@ 1 + 5C
- L+ [lE@)1E

_le®liE
T I+ EWE

{es el + -0+ s}



for some constant C; > 0, and on the other hand,

(1 + 1€

" 2 . 2 21€() i 3p*

2V (IOt )" €O < ~ ol {5
V' AEDNRo(t, & ) B}~ NIE®

L+ V(€D I7) — (A +IEDIR)?

Therefore, when 8 > 24/C1, (B2) holds for some constants K1, Kz > 0.

Finally, let m =1, Fy,(§) = F5(€) = ||€||r.e A R. It suffices to verify (Bs) for N > R. In this case, by
the formulation of b, o and conditions (1)-(4), for any N > R, there exists a constant Cy > 0 such that

Hb(ta& M) - b(tﬂ% V)”B + Ho'(t,f,u) - U(t7771 V)H£2(H5]B)
S On (€ =nllme + [pe(l] - [l AR) = ve([] - [[om A R)]).

F8)° — 40}

{82+ ll&liTs)* +2C}

(1.16)

Denote
1€ =nll-y = sup [1£(t) = n(®)]le-

te[0,TATS ATH

When N > R we have

[€ellre A R — [1&ellre A R| < 1€ — nellre = 1€ = 1l if 7% ATH >t
I€ellre A R = [léellze AR| = R—|Inellrs AR < 1§ =nllry, if 75 <70 >t
I€llre AR = |&llrs ARl =R—[&llre AR (€ =nllay, ifry>tmh <t
[€ellme AR — [|&llre ARl =0 < [|§ —nll-y, if T3 VTR <t

Consequently,

[e(ll - [lop A R) —ve(l] - [lre AR)| < inf / € = nllwxdm < Wap, N (b, v1),
TEC(put,vt) Cr.BXET B

so that (1.16) implies (B3) for K = 0. O

Example 1.2. Now we consider a family of stochastic models which are more physical relevant. Let
s,s’ be in assumption (B) with d = 1 and take U = H®. We focus on the following PDE

(1.17) Oru + udpu + (1 — 82,) ' 0, (aou + aru’ 4 az2(dpu)? + azu® + a4u4) =0,

where a; (i = 0,1,2,3,4) are some constants. Before we consider their stochastic versions, we briefly
recall some background of (1.17). Due to the abundance of literature on (1.17), here we only mention a
few related results. If a1 =1, a2 = % and ap = az = a4 =0, (1.17) becomes the Camassa—Holm equation

(1.18) Oru + udyu + (1 — 92,) "0, (u2 + %(aqu) =0.

Equation (1.18) models the unidirectional propagation of shallow water waves over a flat bottom and it
appeared initially in the context of hereditary symmetries studied by Fuchssteiner and Fokas [17] as a bi-
Hamiltonian generalization of KdV equation. Later, Camassa and Holm [4] derived it by approximating
directly in the Hamiltonian for Euler equations in the shallow water regime. It is well known that (1.18)
exhibits both phenomena of (peaked) soliton interaction and wave-breaking. When a1 = %7 az = 37_17
with b € R and ap = az = a4 = 0, (1.17) reduces to the so-called b-family equations, cf. [18, 7],

2 \—1 b, 3-0 2
(1.19) Oru+ udpu + (1 — 05,) Oa (iu + T(azu) ) =0.
When ap € R, a1 =1, a2 = Land a3 = a4 = 0, (1.17) is a dispersive evolution equation derived
by Dullin et al. in [11] as a model governing planar solutions to Euler’s equations in the shallow—water
regime. Finally, when a; (i = 0,1,2,3,4) are suitably chosen, (1.17) becomes the recently derived
rotation-Camassa—Holm equation describing the motion of the fluid with the Coriolis effect from the
incompressible shallow water in the equatorial region, cf. [21, equation (4.9)]. In this case, az # 0 and
a4 # 0 so that the equation has a cubic and quartic nonlinearities.

[V



For this family of PDEs, if distribution-path dependent noise is involved, which can be explained as
the weakly random dissipation, cf. [40], we consider
(1.20)

du(t) + [udzu+ (1 — 92,) 710, (aou + aru’ 4 az(dpu)’ + azu® + a4u4)] (t)dt = o (t, us, Lo, ) AW (t),

where

oft,u, p) = B+ lullg o)™ (u(t), ) me - v+ oot |ull gor s w(Fs)),
and v € H® is a fixed element such that ||v||gs = 1 and oo satisfies condition (4) with m = 1 as in
Example 1.1. Let

F(u) = (1-03,) '0x (aou + a1’ 4 az(dpu)? + azu® + a4u4) .
It is easy to show that there is a constant C' > 0 such that
IF@)llzzs < C (Jaol + (lax| + laz)[ullwr.oe + las|fully100 + laslllulliyr.oc) ullze,
and
I (u) = F(0)|l o < C [lao] + (lar| + laz])Ls (u, 0) + |as L5 (u, v) + |aa| I (u, )] [Ju — v s

with Iy (u,v) = ||lullms + ||v]|lms. Since H* < WH™ F(.) satisfies the the estimates for drift part as in
(B1) and (Bs). Going along the lines as in the proof of Example 1.1 with minor modification, we can
see that if 5 > 1 is large enough and

>3/2, if as #0, ao,a1,a2,a3 € R (with Coriolis effect),
aq >1, if as =0, a35£07 ao,al,GQGR,
>1/2, ifaz=as=0, a1 #0, a2 #0, ap € R (without Coriolis effect),

then for any u(0) € L?(Q — H*, %, P), (1.20) has a unique solution with continuous path in H* and
E [log(l + ||UT||%"H<)] < 00.

Therefore, in contrast to the deterministic case where wave-breaking phenomenon may occur in finite
time, see [5, 6, 42], the blow-up is prevented when the growth of the noise coefficient in (1.20) is faster
enough.

The remainder of the paper is organized as follows. In Section 2, we consider the regular case where
B = 0. Then we prove Theorem 1.1 and Theorem 1.2 in Section 3 and Section 4 respectively.

2 Regular case: B =10

We consider the following distribution-path dependent SPDE:

(2.1) dX(t) = b(¢t, X¢, Lx,)dt + o(t, X¢, Lx, ) AW (t), X(0) = Xo, t€[0,T].
Recall that
3
Waspr)i= it ([ e~ nlfamaan) s v € P
TeC(p,v) (g%U,HX(g%U,H

Then assumption (A) for B = 0 implies the following assumption (C):

Assumptions (C). With the same notation as in (1.4), we assume the following, for some Hilbert space
B with dense and compact embedding H << B:

(C1) For any N > 1, there exists a constant Cnx > 0 such that for any &, 7 € ¢ru,n and u,v € 3”7‘{]},1,
we have that P-a.s. for ¢ € [0,T],

||b(t7€i7ﬂi)||H + ||O'(t,§t,/£t)”£2(U;H) S CN7

16(t, &, pie) — b, e, ve) lm + o (L, &, pe) — o (Emes ve) |l cooimy < ON {1€e — nellrm + Wa (e, ve) } -

10



(C32) There exists a dense subset Hyg C H such that for any bounded sequence {(£", u")}n>1 C Gru X
Pty with [|€" — €||lrz — 0 and p™ — p weakly in Prp as n — oo, we have

nh—{r;o {|<b(tv€nvﬂ;fn) - b(tv'ga/'bt)a 77>H + ||{O—(t7§nv /"/?) - J(t7§v Mt)}*WHU} =0, ne Ho.
(C3) There exist constants K1, K2 > 0 such that for any p € Ppw, t € [0,T] and £ € €r,H,

V(€@ IE) {2(0(t, &, e), €@O)en + Nl (t, &b i1 2y mmy }

" N ern2 _ e WV UED B o, & pe) "€ [0}

(C4) There exist constants K, e > 0, an increasing map C. : N — (0, 00),such that for any &,n € €ru n

||b(t7£t7/'bi) - b(t7 Mty Vt)HB + ||0(t7 £t7 Ht — 0(t7 Tty ’/t)HCQ(UﬂB)
< On {16 = mells + Wap.x () + K™ (1A Wap(ue,v) |, 1€ [0,7)

The main result of this section is the following.
Proposition 2.1. Assume (C1)—~(C3). For any T >0 and Xo € L*(Q — H, %, P), (2.1) has a solution
X € C([0,T]; H) and satisfies
64

(2.2) E V(| X7|7u)] <2K:T+1+ o (K1T +E [V ([ Xol1#)]) < oo

Moreover, if (C4) holds, then the solution is unique.

To prove this result, we first consider the global monotone situation, and then extend to the local
case.

Lemma 2.2. Let b(t,&, u) and o(t, &, 1) be continuous in (&, u) € Gru X Pru. If there exists a positive
random variable v with E[y] < co and a constant K > 0, such that for any €ru-valued random variables
& and n with £(0) = 7(0), we have P-a.s. that for all t € [0,T], p,v e Pry,

20b(t, &b, p1e), E@))m + o (t, &by )| 2y vy < K {4+ 1€l Fm + pe(l| - 17m) }
(2.3) 2(b(t, &, pe) — bt me, 1), E() — n(t))m < K {II€ — nel| T + Wam(pe, )%}
lo(t, &, i) — ot ne, vl 2oy < K {116 — mellm + W3 g (e, 1) } -

Then for any Xo € L*(Q — H, %o, P), (2.1) has a unique solution which is continuous in H.

Proof. By (2.3), the uniqueness follows from It&’s formula and Gronwall’s inequality. Below we only
prove the existence by using the procedure as in [41].
Let X°(t) = X, and ,ugo) = Zxo. If for some n > 1 we have a continuous adapted process X =D (p)

on H with E[|| X" V|12, 4] < o0, let X™(¢) solve the SDE
(2.4) AdX ™ (t) = b(s, X, p" V) ds 4+ o (s, XM, pS )y dW (s), X™(0) = Xo, t € [0,T).

By (2.3) and induction, we can construct a sequence of continuous adapted processes {X&")}nzl on
€rm with sup,,~, IE[HX;?)H%H] < 0. Below we prove that {X;")}nzl is a Cauchy sequence in L*(Q —
%ru;P), and hence has a limit X7 in this space as n — 0o, so that due to (2.3) and the continuity of
b(t,&, 1) and o(t,&, p) in (&, u), we may let n — oo in (2.4) for ¢ € [0,T] to conclude that X is a solution
of (2.1).

By (2.3) and Ttd’s formula, for Z™(¢) := X (™ () — X"~V (),

t
120015 < K [ {1287+ BIZE s} ds + M)
0

where .
M(t) := 2/ <Z(")(s)7 {U(S,Xs(m,ug"*l)) —oa(s, X ,ug"ﬁ))}dW(s)>
o H

11



Then for A > 0,

t
BN e < e [ (B2 e 4 B2 b as B (sup MG )
(2.5) 0 0<s<t
= 1Y) +1%@1), telo,T)

‘We observe that

t
1) =K / N LB 20 |+ e ENZ T [ } ds
(2.6) 0
K K
< — sup (ef’\sIEHZS(")H%,H) + — sup (efASEHZgnfl)H%H).
A o<s<t A o<s<t 7

By BDG’s inequality, for some constants c1,c2 > 0, we have
‘ 3
190 < e ([ 1206 {120 e+ EIZE ) s
0

1
t 2
< e (Enzﬁ")n%,ﬂ / {Euz@n%ﬂ+E||z§”-”|\%,ﬂ}ds)
(2.7) 0

IN

1 n b a(t=s) [ —Asp o(n s (-
3¢ M EIZ it [ e BN i+ e VBN ZE Y e} ds
0

1 _ n C —As n —As n—
5 B2 S { s (VEIZ ) + s (6 BIZE Y a) |
2 A lo<s<t 0<s<t

IN

Substituting (2.6) and (2.7) into (2.5) yields that for ¢t € [0, 77,

_ 2(K +c¢ —Xs n
e MENZ s < B qup (B2 ) +
0<s<t

2(K
(K +c2) sup (efks}Euzgnfl)'
A 0<s<t

2
TH ) >

which implies

—As n 2(K +c¢ —As n —As n—
sup (e A IEHZS( >||§~H> < 7( X 2) ( sup (e A IEHZS( >H§“H) + sup (e A IE||ZS( 1)||§~’H)).
0<s<T 0<s<T 0<s<T

Taking A = 6(K + c2), we arrive at

s n 2(K
sup_ (o VEZ ) < L)

—As (n—1)2 _
< ————— su (e E||Z! ) -
0<s<T X —2(K + c2) ocorr I I7,m

sup
0<s<T

(e MENZE D )

N

Hence, for any n > 2 we have

_ 1 _
sup (e /\SEHZén)H;H) < oTs sup (e ASE‘|Z£1)||%,H)~
0<s<T 0<s<T

Therefore, {X(T")}nzl is a Cauchy sequence as desired. O

Lemma 2.3. Assume (C1)~(C3). For any T > 0, X(0) € L*(Q — H, %0,P), and any p € Py.y, the
SPDE
AXP(t) = b(t, XP, pe)dt + o (t, X2, pue)dW (£),  X™(0) = Xo

has a unique solution X satisfying

(2.8) E [V(IXEl7e)] <2507 + 1+ %42 (KaT +E[V (| Xol)]) -

Proof. By (Ch), we see that this equation has a unique solution up to the life time 7. Now we prove that
7> T (i.e. the solution is non-explosive) and (2.8). To this end, with the convention inf ) = co we set

o= inf{t > 0: | X @R >n}, n>1,

12



_ VXl ot XE pe)* X () |lu)?
H() = L+ VXA O o teloT]
By (C3) and It6’s formula, we obtain
(2.9) AV (IX* (1)[1E) < {K1 — K2H (1)} + 2V (| X" () |[F) (X" (8), 0 (¢, XE, pe)dW (8)) -
This gives rise to
(2.10) E[V (|| X*(T A7a)|lf)] + KoE /TW H(t)dt < KiT +E[V (|| Xo|2)] =: C, n > 1.

Then
V(n)P(rn < T) <E[V(IX*(T A7) [@)] < C, n>1,

so that by 7 > 7, we obtain P(r < T) < V?n) — 0 as n — co. Thus, P(t > T') = 1. Moreover, by (2.9)

and BDG inequality, we obtain that for all n > 1,

1
2

E[V(IXtn, [Bs)] < KT + SE( / T"{v/<|\X“<t>||%ﬂ>}2||a*<t,Xf,mX“(t)n%dt)

TATn %
—rarse( (14 VO, ) [ HOw)
0
1 2 T
< KT+ 3E [(1+VUXE., I30)] + 32]E/ H(t)dt.
0

Combining this with (2.10), we arrive at

(2.11) E [V(||X;M ]||2T,H)} <2K T+ 1+ 64}% =5, n>1.
" 2
As C does not depend on n, letting n — oo and noting (2.10) give rise to (2.8). O

Proof of Proposition 2.1. The estimate (2.2) is implied by Lemma 2.3 with u; = .%x, once existence has
been established. So, it remains to prove the existence and uniqueness. The key point is to apply Lemma
2.2 with a localization argument, see the proof of [36, Theorem 1.1] for the finite-dimensional case.

(a) Existence. To construct a solution using Lemma 2.2, we make a localized approximation of b
and o as follows. Let t5 be defined in (1.7) for M = H, and let

on(€)(t) =E(EAL), EE€Crm n>1, tE(0,T],
so that ¢, (€) is continuous (hence measurable) in £ € €ru. For every n > 1, define

bn(t7£7/~1') = b(t7¢n(£)7ﬂo¢;l)7 Un(tf’ll) = U(t7¢n(€)7ﬂo¢;1)7 S S (KTJHL te [OfTL JURS] ‘@TVH'

By (C1), we see that for each n > 1, b" and o" satisfy (2.3) for v = 1 and some constant K depending
on n. Therefore, by Lemma 2.2, the equation

t t
(2.12) X" (t) = X(0) +/ b" (s, Xg', Lxn)ds +/ 0" (5, Xy, Lxn)dW(s), te€[0,T]
0 0

has a unique solution. By the definition of ¢,,, we have
(2.13) (X)) = XDn with 7" :=inf{t > 0: | X"(®)||Z > n}, s€[0,T], n>1.
Moreover, for any measurable set A C % u, we have

{(Zxr) 0 dn }(A) =P(XT € 6,7 (A)) = P(¢n(XT) € A) = Ly, (xm)(A) = Lxr,_, (A),

so that (2.12) reduces to

t t
Q1) X0 = XO+ [ b XD L )5+ [ ols Xl L, AW, te 0.T)

13



So, by (C3) and applying Ité’s formula to V(|| X™(¢)||%) up to time T A 7", as in (2.11), we derive
(2.15) E V(I XFrr17.6)] <6, n>1.
Consequently, the stopping times

TN = inf{t > 0 |X]|7m > N}, n>N>1

satisfy

. N < — > > 1.
(2.16) ]P’(TN<T)_V(N), n>N2>1

Next, by (C1) and (2.12), we find a constant C'y > 0 such that for any n > N,
(2.17) IE|: sup |X”(t/\7‘}§)X”(s/\T}\})HH:| §CN€%, 0<s<t<T, €€(0,7).
s,t€[0,T],|t—s|<e

Indeed, for any I > 1, by (C1), (2.12) and BDG inequality, there exists a constant Cn; > 0 such that

E[ sup (X" (tATR) = X (s ATR)IE | < Cnue', n>N,s€[0,T —¢l.

tE€[s,(s+e)AT]

Let k € N such that ke € [T,T + ). We find some constant ¢(l) > 0 such that

E[ sup [ X™(tATR) —X"(s/\ﬂ"m%{]

s5,t€[0,T7],[t—s|<e

< CNyl(T—Fa)&l_l, n > N.

k
<c(l)Y E sup IX™(@EATR) = X" ({(i = De} AR)IIE
1 te((i—1)e, (ie)AT]

1=
Therefore, by Jensen’s inequality, we obtain

1 _ 1

<A{CN (T +¢€)}2 €2 20, n> N.

E sup IX"(tATN) — X" (s ATN) |l

s,t€[0,T],|t—s|<e

Taking [ > 1 such that % — % > §7 we obtain (2.17). Particularly, (2.17) holds true for n = N. In this

case, Ty = T, = 7. Due to this and (2.15), and noting that embedding H < B is compact, we deduce
from the Arzeld-Ascoli type theorem for measures that {u" := ;fx;Mn }n>1 is tight in Prp. By the

Prokhorov theorem, for some subsequence {nj}r>1 we have u"* — u weakly in Prp as k — co. Notice
that ¢, (&) = € for £ € €ru,, and define

T]’f,’j =T A T;\]}j.
Then we find
¢ni(Xt/\7'1}ffl) - Xt/\rllfl’“ 7'7.7 S {kvl}v
and
lim lim p"* o ¢;l1 = p weakly in Prp.
k— o0 l—00
Indeed, by lim, 0 ¢n = I = identity mapping and £ ny = u"* — p weakly in Pr g, we have
TAT™k
Jimlim F(&){n"™ 0 ¢y }(dg) = lim lim F(¢n, (§))u™ ()
— 00 =00 %T,B k—oo l—o00 ch,B
—lim [ FOu™(dE) = lim [ FOude), F e Cy(%rp).
k— o0 Crp k— o0 Crm
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From the above two properties, (2.15) and (C1),we find a family of constants {e,; : k,I > 1} with
ek, — 0 as k,l — oo such that

Hb (tyxnkkhl-’tzbk) _b<t7an kl7l”“?l>
g t/\TN’ H
H <t XA klvu?k °¢nl) (t X k,lmu’?k O¢:”1)
(2.18) H

+ Hb (t, X i o as;,?) ~b (t,Xj;Tg,l,u?l o ¢;,1)

<CNHX"’“ -X" +Cneky, 1 >k>N Pas.

1
rtillz

H

Similarly, we also have

HUtX klhut )_U(tX k“'ut HLQ(IU]H[)

(2.19) <CNHX -Xx" +Cnegy, 1>k>N Pas.

kil

By (2.18), (2.19), (C1), and applying BDG inequality, we find a constant Cx > 0 such that

T
HXjAkTM _x™ szTH] < cfv/ Mxnk - X" MHQT’H] ds + CXen, T, t€[0,T],1>k>N.
N 0 N

tAT

Applying Gronwall’s inequality with noting that x; — 0 as k,l — oo, we derive

(2.20) lim sup E ||X k=X “”2 < C% lim sup € lTeC%\’T =0.
’ T H k—o0 1>k ’

k—oo 1>k TATYN
Then we infer from (2.16) that for any ¢ > 0,
P(IX7" = X7l > €)

<P(rp* <T)+P(rpt <T)+P (”X;I;\ﬁ]ﬁrl - X;l/\_r}%,z lrm > e)
26 e "
Sﬁ + P HXT/\TK,’[ — XT/\TIIi,’l”T’H > € 5 l 2 k 2 N.
Combining this with (2.20), we obtain

20
lim supP (|| X% — X <——, N>1,e>0.
Jim supP (L7 = Xl > 0 € o0, N2

Letting N — oo, we conclude that X7'* converges in probability to some %7 n-valued random variable
Xr. Since for each n > 1, X7 is adapted, so is Xr. Therefore, up to a subsequence {fi;}r>1, we have
P-a.s. )

lim || X7* — X7||lrm =0.

n— oo

In particular, .,?Xﬁk — Zxp weakly in P, and
T

TN = inf{sup | X7 (¢) ||z > N} T oo as N 1 oo.
k>1

EEIW, FZARHXE ry B AR ARG TER sup, s, E[V (| X"1)] < oo, XFEHNIE, X T4
—

To.n = inf {Hx"(t)HH > N} + 00 as N 7 co.

IERIHER vy = inf {sup, | X (1)l > N} EBE], BADHLE BV (sup,», [|X"3)] < 0o 5

i BTLUXA my RAFAETEFH, XEEFEHARR . H2CEZAIEENEES — T, hr—L&
40y .
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Since p"* — p weakly in Prp O Pru, as is proved above, we have .Lx, = p. Combining this with
(C1), (C2) and (2.15), we may let k — oo in (2.12) (equivalently, (2.14)) for n = 7y to conclude that Xr
satisfies

(X(E A7), s = (X(0), mhis + / ™ (b5, X 1), minds + / o5 X, ) AW (5), 1)

for any t € [0, 7], N > 1 and n € Hp. Since Hy is dense in H and 7y 1 oo as N 1 oo, this implies that X7
solves (2.1).

(b) Uniqueness. If Cy is bounded, by letting N — oo in (C4) we find a global Lipschitz condition
on the coefficients which, as is well known, implies the pathwise uniqueness. So, below we assume
Cny = o0 as N — 0.

(b1) We first prove the pathwise uniqueness up to a time to € (0,7]. Let X1 and Yr be two solutions
with X (0) = Y(0). As explained after (??), X and t are stopping times. Let

(2.21) Tn = tf A t: =inf{t >0: | X®uVI|YE)|n>n}, n>1
Then Zp = X1 — Yr satisfies

tATH
Zenm) = [ (bt X0 2x) ~ bt Vi Zr))
0
tATH
[ o X 2 — ot Y5 2)) AW (D)
0
By Itd’s formula and BDG'’s inequality, there exist constants ci,ce > 0 such that

Tn/A\S
E| Zeonsll3p <iE / 1b(t, Xe, L) — b(t, Vi, )| Z(2) [sclt
(0]

-

2

Tn/A\S
ol ([ 1o, X0 2x) - o0 i 20 ucm 120
0
Tn/A\S
(2.22) + clE/O |(o(t, Xe, Zx,) — o(t, Y, "gyt))HiQ(U;]B) dt
1 5 Tn/A\S 5
Sg]EHZmAsHT,JB +c2E Ib(t, Xe, Lx,) — b(t, Yz, L) ||pdt
0

Tn/A\S
+ CQ]E/ ”(U(tv Xtvgxt) - U(tv )/ta gyt))”i,Q(U;]B;) dt? ERS [07 T]
0

Since 7 1= L x,,v;) € C(Lx,, Ly,) is a probability measure on 675 X 67, for the function

2 2
FEm) =6 p nm — Magaellze = sup  [IE(s) —n(s)llz, & m € G,
) SE[0,tAL5 ALD]
we have
2
B Xrune = Yrurilfhs = EF(Xe Y0 = | F (€ m)mi(de, dn).
CTBXETB

Combining this with the definition of Wy g, (see (1.8)), we obtain
(223) WQ’]B,n(ngth)Q S / F(é‘y 77) Wt(dé-?dn) = E”XTn/\t — Y"'n/\fH%,]B-
CTBXET B
So, by (C4), we have
Tn/A\S
IE/ {lIb(t, X1, Zx) = b8, Yo, Z) |15 + (0t Xo, Zx) = 0(8, Ve, Z50) |2, 0.m) Yt
0
Tn/A\S
S CnE/ |:||Xt - }/tH%,]B% + WZ,n,]B(gXt’gyt)Q + Coe—cng] dt
(2.24) o
< Cn/ [EHZmAsH%“,B + Wopn(Lx,, Hv)° +Coe_c"5] dat
0

<20, / E|| Zr, ns||7pdt + CrnCoe™ "¢,
0
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which together with (2.22) yields
(2.25) E (1 Z+,nsll75] < CCn/ {EHZTWHI’; - Coe_gc"}dt, n>1
0

for some constant C' > 0. Applying Fatou’s lemma and Grénwall’s inequality, we derive
E||Zs|[35 < liminf E [||Zr, rs]55] < sCColiminf Cre= "7 =0, T > s € (0,¢/C).
n— o0 n—o0

This implies the pathwise uniqueness up to time to := {e/C} A T.
(b2) If to = T, then the proof is finished. Otherwise, since Z;, = 0, (2.25) implies

E [ Zr,nsl78] < ccn/ E|| Zr, || 2dE + sCoe ™", n > 1, s € [to, T].
to
Using Fatou’s lemma and Gronwall’s inequality as before, we arrive at
E||Zs|[35 < liminf E [||Zr, asl35] < sCColiminf Cpe O E7CE=00) — 0 T > 5 € (to, to + ¢/C).
n— oo n— oo

Thus, the uniqueness holds up to time (2tg) A T. Repeating the procedure for finite many times, we
prove the uniqueness up to time 7. O

3 Proof of Theorem 1.1
Proof of (i) in Theorem 1.1. For each n > 1, let
bn(t, & 1) := Bn(t,€(1)) +0(t, &, pie), (8,€, 1) € [0,T] x €rm X Pru.

Obviously, (A1)—(As) imply (C1)—(Cs) for (bn, o) replacing (b, o). Thus, by Proposition 2.1, there exists
a continuous adapted process X" (¢) on H such that

X"™(t) :X(0)+/O {Bn(s,X"(s)) 4+ b(s, X', Lxn)} ds

(3.1) t
+ / o(s, X2, Zxn)dW(s), t€ [0,T],
0
and
n 64
(3.2) E [V(IXFI3)] < 6:= 2607+ 1+ S5 (-, + BV(IXol3)) . n> 1
2

Consequently, the stopping times
o= 1inf{t > 0: | X7 |7e > N}, n,N>1

satisfy

0 n, N > 1.

(3.3) P(ri < T) < VN >

Next, similarly to (2.17), by (A1), the first inequality in (As2), (3.1) and noting that || - ||z < c|| - ||& for
some constant ¢ > 0, we find a constant Cny > 0 such that

(3.4) E[ sup IX"(tATN) — X" (s ATN)|lB SCNaé, 0<s<t<T, e€(0,7).
s,tef

0.T],[t—s|<e

Now, combining (3.4) with (3.3), we arrive at

$,t<T,|s—t|<e

E [ sup (LA|X"(s) — X"(t)|]1az)}
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<Plry <T)+E

sup (IAfX"(s) X”(t)lma)]
s,tST/\‘r;\‘,Js—t\Ss
0

1
< —— +Cpnes3 N>1 0.
*V(N)+ NE3, N, >1l,e>

Since V(N) 1 0o as N T 0o, we obtain

n n . d7,x(0) ;}
3.5 E su IAIX™(s) — X" (¢t < inf : 4+ Cne3 Oase 0.
(3:5) s,th,\sEt\Se( 1X7() ()|B)] o N>0{ V(N) v v v

Due to this and (3.2), one can use the Arzeld-Ascoli theorem for measures to find that {u" := Zxn}n>1
is tight in P15, so is {A" := -iﬂ(X%,quL,WT)}nZIa where W is a continuous process on a separable Hilbert

space U such that the embedding U C U is Hilbert-Schmidt, and
t
(0= [ ols X u2AW(s), ¢ e 0.7]
0

is a continuous process on B. By the Prokhorov theorem, there exists a subsequence {nk}lgzl such that
,u(”’“) — p weakly in Pr g, and A"* — A weakly in the probability space on .@(%%JB x U). Then the
Skorokhod theorem guarantees that there exists a complete filtration probability space (Q,{.%;}+>0,P)

and a sequence (XJ*, Y'* W) such that A™* = L xrk gk ey p and

(3.6) lim (X3 = Xrllrs + V7% — Vrlre) =0

k—oo

holds for some continuous adapted process ()~(T7 f/T) on B. Since the embedding H — B is continuous,
there exist continuous maps 7, : B — H, m > 1 such that

[mmzlln < lells,  lim (lmnels = ||zl @B,
m—r o0

where [|z||a := oo if # ¢ H. Recalling Lgni 5 = Lyni p, X1k — Xpin Grp as k — 0o, (3.2) and Fatou’s
T T
lemma, one has

E|V(IXrl3e)] SE| lim VimnXrllm)] < liminf & [V(imn Xl

(3.7) ) :
= lim inf lim inf & [V(mexgkn%ﬂ)] <5< oo

m—oo  k—

Therefore we can infer from ff(;k = fX;k jp> (3-2) and (3.7) that P-a.s.,
(3.8) 7N = inf {t >0 :sup || X" ()||z > N} T oo as N 1 co.
k>1
Since f’Tn k¥ is a continuous local martingale on B with quadratic variational process
~ t ~
(Y™ ) (¢) :/ (c"o) (s,XS"’“,,uZ’“) ds, t€]0,T].
0

We deduce from (3.2), (3.6), (3.8) and (A;) that Y7 is a continuous local martingale on B with
quadratic variational process

(Y)(t):/ot(a*a) (s,f(s,zf(s@) ds, te€[0,T].

By the martingale representation theorem, there exists a cylindrical Brownian motion W(t) on U under
P such that

(3.9) Y(t):/ta(s,)?s,fj(s@) dW(s), te0,T].
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Moreover, it follows from (3.1) and "ZX;’C,W;’“)I@ =2 that P-a.s.,

X k wr) P
~ ~ t ~ ~
(3.10)  X"*(1) = X" (0) + / {Bui (5:X™(9) +b (s, X% 1) pds + Y™ (1), 1€ [0.7),k > 1.
0
So, for any N,k > 1,
~ ~ tATN ~ ~
X na) = X0+ [ {Bu (5870 b (s, X2 ) pls 4 YR AT, te 0.T)
0

Summarizing this, (A1), (A2), (3.2), (3.6) and (3.9), and then letting k — oo, we derive

B<X(t A %N)7n>w = B<X(O)’">w + /OWN { IB<B(s, X)+b (s,XSﬁgS@) ’">W } ds

tATN - -
(3.11) + </ a(s,Xs,f&@)dW(s),@ , 1€ Ho.
B 0

B
It is easy to see that (A1), (A2) and (3.7) imply that for some constant Cy > 0,

sup  lo(s, Xs, L5 )l v < Cw,
s€[0,TATN]

which means fJA%N a(s,f(s,fj(sl]@)dﬁ/(s) is an adapted continuous process on H C B. Similarly, by

(Al), (AQ) and (37),
(3.12) / T B, X) 4 b5, K L, ) s

is a continuous process on B as well. On account of (3.7) and (3.8), we identify that (X7, Wr) is a weak
solution of (1.2). O

Proof of (ii) in Theorem 1.1. Now, assume (A4). We aim to prove the continuity of X (t) in H. Since
X(t) is an adapted continuous process on B, and hence weak continuous in H, it suffices to prove the
continuity of [0,7] 3 ¢t — || X (¢)||u. By (3.8), we only need to prove the continuity up to time 7y for

each N > 1, where 7y is given in (3.8). If X € H, then B(t,X) € B and (B(t,X), X)u does not make
sense, therefore we can not use the Ité formula to || X |IZ directly. To overcome this difficulty, we consider
| T X ||3 firstly, where T, is the operator as in (A4). Applying Ty, to (1.2) with noting (A4), we see that

T, X (8 ) =T (X)) + | UL B X ) + bl X, 2 ) )
(3.13) + / . Tro(r, X, L5, 5)dW(r), te0,T]

is an LP-semimartingale on H for any p € [1, c0).
Combining this with (A1), (A4) and the Itd’s formula, we find a constant Cy > 0 such that

- _ - 4
B | (I X (A7)~ 17X A mIRE) '] < COnte— o, sl 0T 15 <1 m 21,
Since || Tz — ||u — 0 as m — oo holds for = € H and X (t) takes values in H, Fatou’s lemma implies
- - - 4
B (IK@AmIE - 16 AmIE) | <ent-o2 el e-s<t

Therefore, Kolmogorov’s continuity theorem ensures the continuity of ¢ — || X (¢t A 7n)||m as desired. [

Proof of (iii) in Theorem 1.1. By (i) in Theorem 1.1, (1.2) has a weak solution. Moreover, for any fixed
i€ Pry, it is easy to deduce from (A1), (A2), (As) and (As) that the distribution independent SPDE

dX () = {B(, X" (@) +b(t, X!, pe)}dt + o (8, X', pe)dWe, XM (0) = Xo
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has a unique solution. So, by a Yamada-Watanabe type principle, see for instance [24, Lemma 3.4] and
[30], it remains to prove the pathwise uniqueness.

As is explained in step (b2) in the proof of Proposition 2.1, we assume that Cny — oo as N — oo and
it suffices to prove the pathwise uniqueness up to a time to > 0 independent of the initial value X (0).
Let 7, be defined by (2.21). As is shown in (b1) in the proof of Proposition 2.1, it follows from (A4s),
1t6’s formula and BDG inequality that there is a constant Ky > 1 such that

EWZMAJ%E]gkbcn/T(EWZMAA@B]+G*&Odn s€0,T],n>1.
0
By Fatou’s lemma and Gronwall’s inequality, this implies
E[|Zs]75] < lminfE [||Zr, asl75] < liminf sKoe™ 0“7 =
n—oo n—o0

provided s < to := £/Ko. Therefore pathwise uniqueness holds up to time to, and hence the proof is
finished. O

4 Proof of Theorem 1.2

It suffices to verify conditions in Theorem 1.1 for suitable choices of H,B, By, J, and T5. Let j(x) be a
Schwartz function such that 0 < j(¢) < 1 for all the & € R? and 5(¢) = 1 for any |¢| < 1. For any n > 1
and f € H := L*(T% — R% ), we define

(4.1) T = n fy nl@) = o= S0 G (/)
kezd
and
4.2) Tof = (I=n"28) 7 f = 37 (L+n " k%) J(k) /.
kezd

Obviously, for any s > 0,

(4.3) D*J, = JuD*, DTy =TaD",
(44) <Jnf,g>H5 = <.f7 Jng>H57 <Tnfag>HS = <f7Tng>H57 fvg € HS7
(4.5) [ Tnfllms VAT flls < N fllas, IVInfllas VIVT.fllas S nllfllas, n>1,f € H,

where for two sequences of positive numbers {an, by }rn>1, an S by means that a, < cb, holds for some

~

constant ¢ > 0 and all n > 1. Moreover, we write a, = 0(b,) if limp— o0 b;lan = 0. Then
(4.6) | X — JnX|lgr =0o(n" %), 0<r<s,XeH"

and for any r > s,

(4.7) |JnX||ar S n" %|| X||gs uniformly in X € H®.

To verify conditions in Theorem 1.1, we need more properties of J,,, T, and D®. In general, the commu-
tator for two operators P, () is given by

[P, Q] := PQ — QP.
Lemma 4.1. There exists a constant C' > 0 such that
I[Tns (g Vf L2y < ClVGllooll FllLzgy, 7> 1 f € LT = RY ), g € WH(T? — RY ).

Proof. It is worth noticing that in 1-D case, the above commutator estimate has been established for a
different mollifier on the whole space, see [22]. In current setting, periodicity is required and the mollifier
is different, so we present also the proof here.
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Let 8, denote the I-th partial derivative in R%. Since [Ty, 8] = 0 for I € {1,2,--- ,d}, we have

T (g V)]fl\Lz(u)fZHZT (9101f;) Zglal (s |

L2(p)
<d Z HT (9100f5) — 9i'Tn (Ouf5) HL2(;L) =d Z H ”’gl]alfj L2(n)
7,l=1
Hence, it suffices to find a constant ¢ > 0 such that
(4.8) T, 91007200y < llVlIZos If 17200, fr9€CH(TY),1<1<dn> 1.
Noting that
1 B 1 B (m —k,m+k) i k);(m; + kj)
+ozlkl2 14 pim2 (14 SRR A+ zlm[?) (1 + e Ikl )L+ 5 |mf?)’

Jj=1

by Tn = (I — LA)™", (1.12), and (1.13), we find a constant ¢ > 0 such that

T, 1017132 = WTa(9010) = 9Tw(@0) Bz = 7 |1+ 72 b13) ™ 6017 () — gt s )

kezd

2
my my —~ -~
= — k —
<1+n12|1c|2 1+ 5 |m2> 2 9tk —m)f(m)

mezd

2

o {y(Tnazajf)(m) ik (Tnazf)(r)n) }

n2(1+ 5[kl n2(1+ [k[?

d
kezd ' j=1 mezd
2
i (0:0)Tn0105 1) (k) ik F ((D30)Tnd1f) (k)
st n2 1+ 5 k[2) n?(1+ 5 |k[?)
1 1
szdz; {;H(ajg):ﬁnazajfuizm + ﬁu(ajg)Tnasziw} < elIValZllFIIZ2

where the last step is due to the fact that

1 1
17000572,y + S IT00S 3, < OISRz, 21

holds for some constant C' > 0. Then we obtain (4.8) and hence finish the proof. O

We also need the following lemma on the commutator estimates for D?.

Lemma 4.2 ([25]). Let p,p2,ps € (1,00) and p1,pa € (1,00] such that
1 1 1 1 1

P PL P2 P3 pa
Then for any s > 0, there exists a constant C' > 0 such that
1D, f19llr ) < CUIY Fllws ol D 7 glliwe uy + 1D fllws gl oa )

holds for all f,g € H* N WHh°(T% — R%; p).

We are now ready to prove Theorem 1.2. Let s,s’ be given in Assumption (B). Take H = H®,
B=H*®, Hy = C*(T%R?), and let J,, and T, be given in (4.1) and (4.2), respectively. Take

(4.9) B(t,X)=B(X)=—(X-V)X, Bn(t,X)=Bn(X)=J.B(J.X), t>0, X € H".

Obviously, (A1) follows from (Bi). So, it remains to verify (Asz), (As), (A4) and (As).
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Proof of (A2). By (4.5), we have
1B (8, X)) |l mzs < [|[(JnX - V)X || < | JnX |5 |VIn X || s < 0 || X ||Fe,
and
[1Bn(t, X) = Bn(t,Y)|[ms <[(JaX - V)Jn X = (JnY - V)JnY |1

SIX N IV (In X = JnY ) [me + |1 X = Ylas VI Y ||
Sn (X Nes + 1Y la)[[ X = Y|ae.

Finally, by identifying H* and (H Sl)* via the Riesz isomorphism, then (A2) follows from the above
estimates and (4.6). O

Proof of (A3). Tt follows from Lemma 4.2, integration by parts, H*~" < W (4.3) and (4.5) that for
some C' = Cs > 0,

[(Bn(X), X) s

< ’([DS, (JnX - V)JuX],D* Jn X)

+ ’((JnX V)D*Ju X, D*Jn X)),

L2(p) ()
<Call Jn X |2 IV In X lloo | X |72 + |V In X || oo |0 X | 7
(4.10) <(Cs + VI X || gro—1 [| X || Frs, X € H:= H".
Then above estimate and (Bz) yields (As). O

Proof of (A4). Let T, be defined in (4.2). It is easy to see that (1.9) is satisfied. So, to verify (A4)
it remains to check (1.10). By (4.3), (4.4), (4.5), Lemma 4.2, integration by parts, Lemma 4.1, and
H? — Wl“’o, we find constants c1, ce, c3 > 0 such that

<T"l{(X ) V)X}, T7LX>H3

L2 ()

< <[Dsa (X : V)X] aDST3X>L2(u)

L2(p)

|
= ’([DS, (X -V)X],D°TiX) o, + (Tu{(X - V)D* X}, DT, X)

+ ’([Tn, (X - V)|D*X, D*T,. X)

+ ‘((X -V)D*T,X,D°T, X)

L2(w)
<al| X || VX [loo|Tn X |25 + c2l VX [loo || X |2 | T X [| 225
<es3||X||}s, X € H° =H.

Therefore, (1.10) holds. O
Proof of (As). By (Bs), for any N > 1 it suffices to find a constant Cx > 0 such that
(B(t,X) = B(t,Y),X =Y) yo <CON[IX =Y}, X,Y € Grpe .
Let Z=X-Y. By H° — H* < W* and Lemma 4.2, we find constants ci1,c2 > 0 such that

(B(t,X) = B(t,Y), X —Y) ;0
=—(Z-V)X,Z)yo = (Y -V)Z,Z) s

<allXlw 21 + (D7 (v 9)2).07'2)

L2(p)

2 s’ 2
<al|X|us[|Z|5s + 2l D° Y2 IV Zl Lo () 121 s + 2l VY (ool Z 11500
<ar|| Xl 125 + c2llY a1 210

which is the desired estimate. O
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