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Abstract

As two crucial tools characterizing regularity properties of stochastic systems,
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ties, existing results mainly focus on the case with distribution free noise. In this
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inequality and Bismut formula for SDEs with distribution dependent noise, in both
non-degenerate and degenerate situations. As application, the exponential ergodic-
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1 Introduction

Let Z(R?) be the space of all probability measures on R? equipped with the weak topol-
ogy. Consider the following distribution dependent SDE on R%:

(1.1) dX, = b(Xy, Zx,)dt + 0y ( Xy, Lx,)dB;, t€]0,T],
where T > 0 is a fixed time, Z, is the distribution of X,
b:[0,T] x R x Z(RY) - R? ¢:[0,T] x R* x Z(R?) — R% @ R?

are measurable, and B; is a d-dimensional Brownian motion on a complete filtration
probability space (2, #,{F }icpo,n, P).

We investigate the regularity in initial distributions for solutions to (1.1). More pre-
cisely, for k£ > 1 let

PyRY) = {p € PR : |l = p(] - )% < o0},

which is a Polish space under the L*-Wasserstein distance

TEC (1,v)

1
&
Wk(:uu V) = inf (/ |ZE - y|kﬂ(d$,dy>> MV E gzk(Rd)?
R x R4

where €' (u,v) is the set of all couplings of p and v. When (1.1) is well-posed for dis-
tributions in 2, (R?), i.e. for any .Zy-measurable initial value X, with Zy, € Z.(R?)
(correspondingly, any initial distribution p € 92 (R?)), the SDE (1.1) has a unique solu-
tion (correspondingly, a unique weak solution) with Zx. € C([0,T], 2:(R?)), we consider
the regularity of the maps

PL(RY 5 ps Prpi= L, for Lx,=p, te(0,T).

Since P/ is uniquely determined by
(12) Pt = [ FAF. S € B
R

where %,(R?) is the space of bounded measurable functions on R?, we study the regularity
of functionals
P(RY 5 pr Pif(p), te(0,T),f€ BRY).

When the noise is distribution free, i.e. o(z,u) = o(z) does not depend on the
distribution argument u, the log-Harnack inequality

(1.3) Plog f(u) <log P, f(v)+ gwg(u, V)2, 0< feB(RY te(0,T],uve Py(RY,
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for some constant ¢ > 0 has been established in [9, 10, 14, 21, 22| under different condi-
tions, see also [6, 7] for extensions to the infinite-dimensional case. A crucial application
of this inequality is that it is equivalent to the entropy-cost estimate

Ent(Pyv|Pf ) < gwm, V)2, te (0,T), v € Py(RY),

where Ent(v|u) is the relative entropy of v with respect to p. With this estimate, the
exponential ergodicity of P} in entropy is proved in [14] for a class of time-homogeneous
distribution dependent SDEs. The study of (1.3) goes back to [17, 18] where the family
of dimension-free Harnack inequalities is introduced, see [19] for various applications of
this type inequalities.

Another crucial tool characterizing the regularity of p — P} p is the following Bismut
type formula for the intrinsic derivative D in u € Z2;(R?) (see Definition 2.1 below):

DLP (i) = B [f(X#) [ . ng},
c (0,7, f € B(RY), ¢ € LFR? = R ),

(1.4)

where fJ(Mé{W, dBs) is a martingale depending on i and ¢. Again, when oy(x, ) = oy(x)
is distribution free, this type formula has been established in [3, 8, 13, 22] under different
conditions, but it is open for distribution dependent noise.

However, arguments used in the above mentioned references do not apply to distribu-
tion dependent noise. The only known log-Harnack inequality for distribution dependent
noise is established in [2] for Ornstein-Ulenbeck type SDEs whose solutions are Gaussian
processes and thus easy to manage. This again does not apply to more general case. On
the other hand, intrinsic derivative estimates have been presented for a class of SDEs with
distribution dependent noise, see [11] and references. This convinces us of establishing the
log-Harnack inequality and Bimsut formula for SDEs with distribution dependent noise.

In this paper, we propose a noise decomposition argument which reduces the study
of distribution dependent noise to distribution free noise. For simplicity, we only explain
here the idea on establishing the log-Harnack inequality for the following distribution
dependent SDE:

(15) dXt = bt(Xt,D%Xt)dt + O-t(D%Xt)dBt; te [O,T]

When the equation is well-posed for distributions on 2 (R%), let Py = Zx, for the
solution with Zx, = p € P(R?). Assume that o; is bounded and Lipschitz continuous
on Z5(R%), such that

(0:07)(7) 22X 14, v € Py(RY)

holds for some constant A > 0, where ; is the d x d identity matrix. We take

51(7) ==V (0007)(7) — N1
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Then 64(y) > Ay, and [12, Lemma 3.3] implies that &,(y) is Lipschitz continuous in
v € P5(R?) as well. Moreover, for two independent d-dimensional Brownian motions W,
and W;, 3

dBt = at(oiﬂxt)_l{Ath + 5-t<$Xt)th}

is a d-dimensional Brownian motion, so that (1.5) is reduced to
(1.6) dX, = by(Xy, ZLx,)dt + AW, + 6,( L, )dW,, t e [0,T].

Thus, by the well-posedness, (1.5) and (1.6) provide the same operator P,. Now, consider
the conditional probability PV given W, under which fot 54(ZLx.)dW, is deterministic so
that (1.6) becomes an SDE with constant noise AddIW;, and hence its log-Harnack inequality
follows from exiting arguments developed for distribution free noise.

However, this noise decomposition argument is hard to extend to spatial-distribution
dependent noise. So, in the following we only consider (1.5) or (1.6), rather than (1.1).

Closely related to the log-Harnack inequality, a very nice entropy estimate has been
derived in [4] for two SDEs with different noise coefficients. Consider, for instance, the

following SDEs on R? for i = 1, 2:
AdX! = b;(t, X))dt + v/a;,()dB,, Xi =z e R t>0,
where a;(t) is positive definite, and for some constant K > 1,
bi(t, ) —bs(t,y)| < Ko —y|, K 'I;<at) < KI; z,y€R:t>0.

Then [4, Theorem 1.1] gives the entropy estimate

1 [t 1
Eut( Ll %) < 5 [ ds [ o) bt ) pts)dy,
0 R
@(S,y) = (al(s) - a2(3>>V1OgP2(3a y) + b2(37 y) - b1<87 y)a s> O’y S ]Rda
Zy2(dy)

where pa(s,y) = —i;— Is the distribution density function of X2, Since for elliptic
diffusion processes

/d |V 1log pa(5,9)| pa(s, y)dy
R

behaves like ¢ for some constant ¢ > 0 and small s > 0, to derive finite entropy upper
bound from this estimate one my assume

o / lote) — a

where || - || is the operator norm of matrices. To bound Ent(P;v|Pfu) for (1.5), we take
ay(s) == (0.05)(Pip), ax(s) = (0.07)(P{v).
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But (1.7) fails when ||(os0%)(Pp) — (050%)(Piv)|| is uniformly positive for small s.

The remainder of the paper is organized as follows. In Section 2 and Section 3, we
establish the log-Harnack inequality and Bismut formula for the non-degenerate case and
degenerate cases respectively. In Section 4 we apply the log-Harnack inequality to study
the exponential ergodicity in entropy.

2 Non-degenerate case

In this part, we establish the log-Harnack inequality and Bismut formula for P, f defined
n (1.2), where Py = Zxp for X{' solving (1.6) with initial distribution .
2.1 Log-Harnack inequality

To establish the log-Harnack inequality, we make the following assumption.
(A) A > 0is a constant, and there exists 0 < K € L'([0,77]) such that

b, 1) — by, v) P + N|60(1) — 6:(V) 1P < Kol — yf* + Wa(p, v)?),
10,(0,50)| + 15:(60) || < Ky, t€[0,T), 2,y € R, p,v € Py(RY).

By [5, Theorems 2.1 and 3.3] or [21, Theorem 2.1], assumption (A) implies that the
SDE (1.6) is well-posed for distributions in Z%(R?), and there exists a constant ¢ > 0
such that

(2.1) Wy (P, Pru) < cWa(v, i), p,ve Py(RY,t€[0,T).

Theorem 2.1. Assume (A) and let P; be defined in (1.2) for the SDE (1.6). Then there
exists a constant ¢ > 0 such that

c
Plog f(v) <log P,f(n) + ZWQ(,U, V)3 0< f€BRY, uve PR, te(0,T]
Equivalently,
Ent(Pv|P; ) < EWQ(M, V)2, v e Py(RY),t € (0,T).

Proof. As explained in Introduction, we will use coupling by change of measure under the
conditional expectation given W, which will be enough for the proof of the log-Harnack
inequality. But for the study of Bismut formula later on, we will use the conditional
probability and the conditional expectation given both W and Zy:

PYO .= P( . |W,.%), EVO.=E(.|W,%).
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(a) For any t € [0,T],n € P2(R?) and f € Z,(R?), let
PO (X == EVOLF(XI] = E[F(XI)|W, F),

where X/ solves (1.6) with Zyxx = p. By (1.2),

(2.2) Pf(p) =E[RVOF(X)], te0,T),ue Py(RY, f € By(RY.
Next, let
(2.3) p= /t Go(Prp)dW,, t € [0,T], u € Py(RY).

0

By (A), BDG’s inequality and (2.1), we find constants C;, Cy > 0 such that

T
(24) E| sup [ —ffﬂ < C1Wa(u, V)Z/ Kods < CoWs(p,v)?, v € Po(RY).
0

t€l0,T]
(b) For fixed p, v € P5(R%), we take Fp-measurable X} and X} such that
(2.5) Lap = Ly —v, BIXE — X = Walu,v)?
Since X{' solves (1.6) with Zyx = i, we have Lyn = P;p and the SDE becomes
(2.6) AX} = b(XF, Prp)dt + AW, + 6,(P;p)dW,, t € [0,T).

For fixed toy € (0,71, consider the following SDE:
1 -
on s {bt(Xt’“”, Pru)+ (€ — &, + Xb - X¢] }dt + MW, + 6,(Prv)diT;,
: 0
€ [0,t0], Yo = Xg.
By (2.3), (2.6) and (2.7), we obtain
to

0

(2.8) Y- Xj = (X” Xo) + (&0 &) +& =& te0,to].

To formulate Py, f(v) using Y;,, we make Girsanov’s transform as follows. Let
1

(29) = (Y Pv) = b(XE Po) + (6, — €+ X5 — X8], 1€ [0,10]
0

By (A) and (2.1), we find a constant ¢; > 0 such that
e <er K (Walp, v)? + 1€ — “|2)

K+ 1 ,
(Sl €+ 16 - X3). te o]
0

+Cl
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Since fOT Kdt < 0o, we find a constant ¢; > 0 uniform in ¢, € (0,77, such that

1 0 & y y
@10) o [ e < W)+ 2 (18 - X+ sup (¢ - gF)
0

te[0,to]
Let dQW0 := RW04PW0, where

(2.11) RO . oJo® (3ms:dWe)=3 Jo° [Xmslds
By Girsanov’s theorem, under the weighted conditional probability QVNV’O,
N t
Wy =W, —/ ands, t € [0,t]
0

is a d-dimensional Brownian motion. By (2.7), Y; := Y; — € solves the SDE
AY; = by(Y; + €7, Prv)dt + MW, t € [0,to], Yo = XV.
On the other hand, let X} solve (1.6) with initial value X. Then
XV =XV =€, telot

solves the same SDE as Y, for W replacing W. Then the weak uniqueness of this equation
ensured by (A) implies
i = Ly o,
where %, . is the law of ¥;, under QW°, while .Z¢, o o is the law of X” under PW:0.
YiolQ 0 Xy IPW to

Since &; is deterministic given W, it follows that

PW.,0-

4,

to

@70 = Ly e oo = Ly e pvo = Lx

o
Combining this with X} =Y} due to (2.8), we obtain

(212) By f(X5) = EVOIf(X})] = Eqwolf(Yi)] = EV[RTOF(XE)], [ € By(RY).
By Young’s inequality [1, Lemma 2.4], we derive

PY " log f(X§) == EWOllog f(X!)] = Eguollog f(Y;,)]
= EVO[RY log £(X})] < log EW°[f(X;)] + EWO[R" log R
1

- to 1
—log P FOX) + 5 [ aBquallnldt, 0.< f € AR,
0



This together with (2.10) gives

i ht C
(218) P} log f(X5) < log Py FXE) +eaWa(yn )+ 2 (X0 - X574 sup |6l ~€/1?).

tel0,to]

Taking expectation for both sides, by (2.2), (2.4), (2.5) and Jensen’s inequality, we find a
constant ¢ > 0 such that

Piylog f(v) = E[P}] ®log F(X§)] < E[log P (X})] + ;- Wal )

c
<log Py, f(1) + t—Wg(u, V)2, to € (0,T], p,v € Po(RY).
0

2.2 Bismut formula

We aim to establish the Bismut type formula (1.4) for the intrinsic derivative of P,f. To
this end, we first recall the definition of intrinsic derivative, see [15] for historical remarks
on this derivative and links to other derivatives for functions of measures.

Definition 2.1. Let k € (1, 00).

(1) A continuous function f on P (RY) is called intrinsically differentiable, if for any
1 e ZrRY,

T (B o= LR B ) 3 605 D)) =ty L2 2 00

€l0 €

eR

is a well defined bounded linear operator. In this case, the norm of the intrinsic
derivative D' f(ju) is given by

HDIf(M)HLk*(u) ‘= sup |Déf(ﬂ)|-

”deLk(”)Sl

(2) f is called L-differentiable on 22, (R?), if it is intrinsically differentiable and

o (i -1\ _ Yl
p o0 =160 = DSl _ o
16l , x40 111z, )

We denote f € CHP,(R?)), if it is L-differentiable such that D f(u)(x) has a
jointly continuous version in (x, u) € R? x 22, (R%).

(3) We denote g € CH1(R? x Z2,(RY)), if g : R x P (RY) — R is C* in # € R? and
p € P (RY) respectively, such that

Vo(z,pn) = V{g(. m}(@), Diglx, m)(y) = D'{g(x,") (1) (y)
are jointly continuous in (z,y, u) € R? x R x 22, (R).
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In this part, we consider (1.6) with coefficients
5:[0,7T] x Z(RY) = RY@ R, b:[0,T] x R x 2 (R?) — R

satisfying the following assumption.

(B) A > 0 and k € (1,00) are constants, denote k* := 27. For any t € [0,T], b, €
CH(R? x Z(RY)), 6, € CH(P)(R?)), and there exists 0 < K € L'([0,7]) such
that

D by, ) () ()] + 1 D" () ()| < V(L + [y,
10:(0,60)| + Vi (-, i) (@) < VK, () € [0,T) x R x Z(R7), y € RY.

By [22, Lemma 3.1], (B) implies (A) for (22,(R%), W) replacing (£5(R%), W). So,
according to [5, Theorem 3.3], the SDE (1.6) is well-posed for distributions in 22, (R%),
and there exists a constant ¢ > 0 such that

(2.14) Wi (Pru, Prv) < cWi(p,v), pv € Z(RY),t€[0,T].

By this estimate and (A) for (22,(R?), Wy,) replacing (225(R?), W), the argument leading
to (2.13) yields that there exists a constant ¢ > 0 such that for any ¢ € (0,7],0 < f €
By(RY),

i ht C
(2.15) P log f(X§) < log P F(X{) + Wi, )+ 5 (X4 = X5+ sup [ =€),

s€[0,t]

To calculate DL P, f(u) for p € Z,(R?) and ¢ € T),x(RY), let X be Fy-measurable
such that Zyy = p. Then

Lxpyepxry = W= pro (id + ep)™t, e€l0,1].
For any ¢ € [0,1], let X/* solve (1.6) with X} = X! + c¢(X}), i.e.

AXE = by(XY7, P )t + AW, + 6,(P} o)A,
XE = XY+ ep(XE),t €0,T],e €0, 1].

Consider the spatial derivative of X}" along ¢:

Xr - Xt
VX = hiloq % t€[0,T),¢ € T, r(RY).
For any 0 < s <t < T, define
yoRe t—s I3 ’ I~ * % B 1
NP = 2ot + | (E[D'6(PIn)(X0), VoX2)], dIV, )
0
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S

- / (E[D6,(PL) (X2), VuX2)), dIF,),

» 1
M = B[({Dbs(y, VP ) (XE), Vo X)) _p + S 0(XE)
I -
1 [ (B0 s e voxs], ai).
0
The main result in this part is the following.

Theorem 2.2. Assume (B).

(1) For any pu € Z,(R?Y) and ¢ € T, x(R?), (V4X") emists in LF(Q — C([0,T],R?),P)
such that for some constant ¢ > 0,

E| sup VXt < ellolbigy 1€ PuRY, 6 € Tuu(RY).
telo,

(2) Forany f € Zy(R%),t € (0,T], p € Pr(R?) and ¢ € T, 1 (R?), DLP, f(n) exists and
satisfies

1

216 DLRS0 = 5 FXE) [ (Vb PIXE) 4 MEE, i),
0 s,t

Consequently, P, f is intrinsically differentiable and for some constant ¢ > 0,

I & ke ]%*
(2.17) ID Bt ()l < =7 (P ()™

f € BRY, ue 2(RY,te(0,T].

Proof. The first assertion follows from [3, Lemma 5.2]. By the first assertion, (B) and the

definition of (N;ff’, M;ff), we deduce (2.17) from (2.16). So, it remains to prove (2.16).
(a) Since (B) implies (A) for £, (R?) replacing &5(R?), the argument in the proof of

Theorem 2.1 up to (2.12) still applies. For fixed tq € (0,7], u € P(R?) and ¢ € T, ,(R?),

let X} solve (2.6). Next, for any ¢ € (0,1], let Y solve (2.7) for
v=u, Yo=Yy =X+ eo(X]).
Then (2.8) with (Y;,v) = (Y, u¥) becomes

. to—t t - .
(2.18) Y- Xf =2 SO(XE) + (€ — )+ — g tel0 ).

Let
H, ::/0 <E[<D158(P;u)(xg),V¢X§>}, dW), teo,T).
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By (B) and (2.14), we obtain
~ * € ~ * 2
(2.19) |64(Pi ) = 6o(Pip)||” < 2P K0l € €0,1],5 €0, T].

So, by (B), the chain rule in [3, Theorem 2.1(1)], (2.3), BDG’s inequality and the domi-
nated convergence theorem, we obtain

2

| -0

Let (5, R°) = (nt, RW) be defined in (2.9) and (2.11) for (Y;,v) = (Y7, 11f). By (B) and
(2.18), we find a constant x > 0 such that

& -¢

£

— H,

(2.20) lim E [ sup
el0 te[0,7)

|,r]s|2 < K Xu 2 |£II‘/UIE B fé‘«|2 — A
R 10017k + O(XE) P+ sup =2 ] =1 A,
e te[0,to] €

lim ™ = Vo PIn) (X2) + ML, s € [0,10].

Since A, is deterministic given W and .%, this together with (2.12) and the dominated
convergence theorem yields

hm ‘Ptl(/)I/’()f(X(l)J‘E) - Pt‘:)V’Of(XM) _ 1 ]EWO J(‘()(M)R5 — 1:|
(2 21) el0 £ el0 to £

1w o \
= B 10t [ (Ve Pri(x2) s v

(b) Let DS,Q“PWO be the conditional distribution of a random variable & under PO By
Pinsker’s inequality and (2.15), we have

i 2
||fsl|up<1 |PtV°V0 (XE) = R X0 = 2Ent(ngE|PWvo‘gxég|w,o)

< W', 1) + 1 (LI + swp (6 — &),

t€[0,to]

This together with Wy (u®, 1) < €l|@[|1r(,) implies that for some constant c(to) > 0,

1PV F(XE) — PO F(XE)

HE e
< lltto) (Ilzvgn + 6XE) + sup BEZ81) e e o,y

t€[0,to] €
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Combining this with (2.4) and (2.19), we may apply the dominated convergence theorem
to (2.21) to derive

. t
lim —=2
€10 €

W.,0 I W,0 o W.,0 HEY W.,0 o
Dy P f(1) :zlimE[PtO J(Xo ) = By f(XO)]:E{ Py "Xy ) — By T f(XE)

€l0 9

1

to
=5 E {f(Xt‘f))/ <VN§‘;T;bs(',Ps*M)(X5)+M§fi(§’ dWs>1-
; ,

3 Degenerate case

Consider the following distribution dependent stochastic Hamiltonian system for X; =
(x\V, x?) e Rmte.

Y

(3.1)

ax = {ax + MxP}dt,
dXt(2) - bt<Xt7$Xt>dt + at<gXt)dBt7 te [0’ TL

where B = (Bt)scpo, is a d-dimensional standard Brownian motion, A is an m x m and
M is an m X d matrix, and

o:[0,T] x ZR™) 5 RI@R?Y, b:[0,T] x R™ x 2(R™?) — R?

are measurable, where Z2(R™"4) is the space of probability measures on R™*? equipped
with the weak topology. For any k& > 1, let

PR = {p € PR ally = pl] - [9)F < o0},

which is a Polish space under the LF-Wasserstein distance W;. When (3.1) is well-posed
for distributions in 22, (R™*%), let Pru = L, for the solution with initial distribution
p € P (R™+). We aim to establish the log-Harnack inequality and Bismut formula for

P = [ AP, f € R
Rm
By the same reason reformulating (1.5) as (1.6), instead of (3.1) we consider

(32) dx) = {axV + MxP}dt, )
‘ AX P = by(X;, Lx,)dt + AW, + 5,(Lx,)AW,, t € [0,T],

where W, W, are two independent d-dimensional Brownian motions, and
5:00,7] x Z(R™?) — R @ R

are measurable.
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3.1 Log-Harnack inequality

To establish the log-Harnack inequality, we make the following assumption.

(C) X > 0is a constant, (&, b) satisfies conditions in (A) for (z, ) € R™4 x 22, (R™+4),
and the following Kalman’s rank condition holds for some integer 1 <1 < m:

(3.3) Rank[A'M,0 <i <[ —1] =m,
where AY := I, is the m x m-identity matrix.

By [21, Theorem 2.1}, (C) implies that (3.2) is well-posed for distributions in &y(R™4),
and there exists a constant ¢ > 0 such that

Wy (P, Pfv) < cWo(u,v), p,v € Py(R™) ¢ € [0,T).

So, as in (2.4), we find a constant C' > 0 such that

(3.4) E[ sup. |¢f — ssﬁ] < Wi, v} v € Po(RIH).

te€[0,T]

To distinguish the singularity of P, in the degenerate component z() and the non-
degenerate one ), for any ¢t > 0 we consider the modified distance

p(x,y) = \/t*ﬂx(l) —yW2 4 2@ — y@2, 7,y € R,

and define the associated L?-Wasserstein distance

TEE (1)

3
Wapor)i= nt ([ pteenan )
RnL+dXR77L+d

It is clear that

1 1vT?
(3.5) TQ—\/lW§ <W3, < t—2W§> te(0,T].

For t € (0,77, let
Qi = / t ye_SAMM*e_SA*ds.
0
According to [16], see also [23, Proof of Theorem 4.2(1)], the rank condition (3.3) implies
(3.6) Q7 < et ™, t€(0,T]

for some constant ¢y > 0.
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Theorem 3.1. Assume (C) and let P} be associated with the degenerate SDE (3.2). Then
there exists a constant ¢ > 0 such that

T2
Pilog f(v) —log B f (1) < 3= o Wa(uv)? < %Wz(umﬂ

S (O,T], n,ve yz(Rm—i_d), 0< fe %b(Rm—i_d).

(3.7)

Equivalently, for any t € (0,T] and p,v € Po(R™9),

c(1vT?)

Bt (P VIR0 < e (o) < L Dy

-3
Proof. For any to € (0,7] and pu,v € P5(R™4) let Xy, Yy be Fp-measurable such that
(3.8) Lxy =1y Lyvy =V, Elpi(Xo,Y0)*] = Way, (1, v)*.

Let X; solve (3.2) with initial value Xy, we have Py = Zy,. Let

(3.9) v=(0"0®) =" - XV 7Y - X¢Y) =) - Xo.

For fixed ¢, € (0,77, let

T)M* o Qto ( + V;f; V)’

W,V fo —rA to—r (2) T en v v i
‘/1507 = (§] M{—U + _(gto _fto) +§T’ _57’ }dlr‘
; to to

By (3.6), we find a constant ¢; > 0 independent of ¢, € (0,7 such that

g () 1= = (8l — & = v) -
(3.10) 0

B11) sw {tolof, (0] + law (0]} < iy (s O+ o]+ sup 6~ €/1).
te[0,to] te(0,to]

Let Y; solve the SDE with initial value Yj:

(3 12) d}/;(l) — {AYt(l) + MY't(Q)}dt’ )
AV = (X, P ) + 0y ()}t AW, + G (Pyv)dW, -t € [0, 1]

This and (3.2) imply
Y = X = o (1) + 0 + & — ¢

v — x = et u<1>+/ DA Ly, () + v —&lds, te[0,t).
0

Consequently,
2 2
Yt(() ) - Xt(o) = gto €t0 + U(Q) + fto gl{é = 07
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to
S
v — X = etody® / e@o—s)f‘z\4{—(§t0 & —v?) 40 4 ¢ gg}ds
0

to —r
_ etoAQtoQ;Ol (U(l) + / *TAM{ tO (2) + (fto félo) -+ Sn/ - gﬁ}dﬂ”)
0
= 07

so that
(3.14) Y, = Xy

On the other hand, by (3.13) and (3.11) we find a constant ¢ > 0 uniform in ¢y € (0, 7]
such that

sup [Y; = Xl < 25 {62002+ @R+ sup Jgf - g}
t€[0,to] to t€[0,to)
(3.15) ., o
= el X0 0P+ sup - )
te(0,to]

To formulate the equation of Y; as (3.2), let
1 * *
(3.16) N i= X{bS(YS, Prv) —by(Xs, Pip) — oy (s)}, s €[0,t0).
By (C), (3.11) and (3.15), we find a constant ¢z > 0 uniformly in ¢ € (0,7 such that

mol? < o B { W)+ 150 pry (00, Y0)? 4 6 sup |6/ - &)
t€|0,to

(3.17)
+ ety (puo(Xo, Vo) + sup [€F — €?).
te[0,to0]
By Girsanov’s theorem,
t
Wt = Wt _/ nstJ le [Outo}
0

is a d-dimensional Brownian motion under the weighted conditional probability measure
dQW:0 .= RWOqPW 0 where

RW’O = efoto <7787dVVS>_%f(fO |773|2d5.
Let £ = (0,£Y). By (3.12), Y, := Y, — £ solves the SDE
{dfft(l) = {4V + MY 1 Mg Y,

AV, = b,(Y; + &, Pro)dt + AW, t € [0,t0], Yy = Y.
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Letting X} solve (3.2) with X = Y, we see that XV := XV — £ solves the same equation
as Y; for W, replacing W;. By the weak uniqueness and (3.14), (2.12) holds for R™*¢
replacing R?, i.e. for any f € %,(R™9),
(3.18) Py U f(X7) =BV F(X)] = VRO f ()] = EMO[RMOF(X, ).
Combining this with Young’s inequality and (3.17), we find constants ¢4 > 0 such that

- , - - - - 1 to
Py "log f(X§) —log Py *F(XE) < EVOIR™ log R = “Eus /0 e |*dlt

< C4{W2(#> V)2 + 15 pyy (Xo, Yo)? + 254 up. & — 54‘!2}-
te(0,to

(3.19)

By taking expectation, using Jensen’s inequality, (3.4), (3.5) and (3.8), we prove (3.7). [

3.2 Bismut formula

We will use Definition 2.1 for R™*¢ replacing R?. The following assumption is parallel to
(B) with an additional rank condition.

(D) (G,b) satisfies (B) for R™*? replacing R?, and the rank condition (3.3) holds for
some 1 <[ <m.

Let X be Fp-measurable such that Zxp = p € P(R™?), and let X}* solve (3.2)
with initial value X}'. For any ¢ > 0, denote

pe = po (id +e¢) ™, X(’)ﬁ = X{ + eo(X{).
Let X! solve (3.2) with initial value X% So,

X=X, P =%

X#E7 te[O,T],EZO.

By [3, Lemma 5.2, for any ¢ = (¢, ¢¥) € T,, 1, (R™+?), (D) implies that

XH— Xn
VXM= lim = — =
el0 g

exists in LF(Q — C([0,T]; R™*4); P), and there exists a constant ¢ > 0 such that
| sup (VX0 < ol 1€ PUB.0 € Tu(R™)
€0,

Finally, for any ¢ € (0,7 and s € [0, ¢], let
t ~
e = [ (BUD S P)(X0), TuXp)], )
0
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t
t—
Vi = / e"“AM{ o) - Dot 4
0

o S(tt; ) M* fsA*Qtl{gb XM +Vu¢}

and define
N = e (XE) + / eCAM Ll (r) + ¢ (XE) + 4 }dr
0
N = af?(s) + ¢ (XE) + 447,
ML = E[(Dfb(z, ) (Prp) (XL, Vo X O] _p — (@) (5).
Then we have the following result.

Theorem 3.2. Assume (D) and let N;ff) = (N(l) Ns(i)) c R4 (0 < s < t. For any

s,t

te (O7T]7 He :@k(Rm—i—d)? ¢ S Tp,k(Rm+d) and f S %b(Rm—i_d);

320 DIRf0 = B[ F0) [ (TP + bz, aws)).

Consequently, P,f is intrinsically differentiable, and there exists a constant ¢ > 0 such
that

320 ID"ASGle g < oy (BIS

()P, te (0,T), f € By(R™).

Proof. Tt is easy to see that under (D), (3.21) follows from (3.20). So, it suffices to prove
(3.20).

Let X} solve (3.2) with initial value X{, and for any ¢ € (0, 1], let Y, solve (3.12) for
Yo = Y5 = X! + (X)) and v = p°. Then

gyo = XYOE =p
Let o (s) be defined in (3.10) for v = p°. By (2.20) and (3.9), we have
N
(322) lglig gato (S> = aégd)(s)ﬂ s € [07 tO]?

while (3.13) and (3.16) reduces to
(V)™ = (X1)® = (1) + 20 (XE) + & — &t

t
(Y)W — (XD = st g (x2) + / EDANLaf () + 2D (XE) + € — € ds,
0

and
]- * € * €
= 3 bV Powt) = (X B) — (g, Y ()}t € [0,t0]
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Then by (2.20) and (3.22), we have
1

o Z(VE YR NH®
(3.23) 161161 €<Yt Xt') = Nz
Let

RE — ooz AW =3 [3° n|2dt.
By (3.18), we obtain
Pt‘(;v’of(Xéf) = EW’O[f(X%L;E)] = EW’O[R‘S]C(X#))], f e %b<Rm+d).

As in (2.21), by (D), (3.23) and (2.20), we derive

PYOF(XE) - BYOF (XU

to

~ e __ 1
lim —1imEVO[ ) 2 }
(3.24) - T e ©
= T [700) [ (Vb B+ M, )],
Finally, similarly to the proof of (2.15), since (D) implies (C) for (£ (R™), W,) re-
placing (P, (R™4), W,), the argument leading to (3.19) implies
P log F(X8) ~log P FOXE) < elto){W(p.)? + o (X0 XE)* + sup [6] — ¢t}
t€|0,to

for some constant ¢(ty) > 0. Therefore, as shown in step (b) of the proof of Theorem 2.2,
this enables us to apply the dominated convergence theorem with (3.24) to derive

EIP ) = PO _ gy o =1

Déptof(/o = lim <10

el0 15
1

to
=-E {f(Xff))/ <vNﬁzﬁbs(',Ps*M)(X5) + ML, dWQ}
. ,

4 Exponential ergodicity in entropy

Following the line of (2.11), we may use the log-Harnack inequality to study the expo-
nential ergodicity in entropy. To this end, we consider the time homogeneous equation
on R4

(4.1) dX, = b(X,, Lx,)dt + AW, + 6(ZLx,)dW,, t >0,
and the degenerate model on R™+¢
(42) dxV = {Ax{Y + Mx?P e,

' dX? = b(X,, Ly,)dt + AdW, + 6( Ly, )dW,, ¢ >0,

where A > 0 is a constant.
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4.1 Non-degenerate case

(E) There exist constants K, 61,0, > 0 with 6 := 0y — 6; > 0, such that for any u,v €
Py(RY) and z,y € RY,

[b(z, 1) = 0y, V)| + [o(p) — a(v)] < K(|x —y| + Wa(p,v)),
2(b(z, p) = bly,v), @ —y) + lo(k) — oW)lzs < —Oalx — y|* + 0: W, v)?,
where || - || gs is the Hilbert-Schmidt norm.

By [21, Theorem 2.1], this assumption implies that (4.1) is well-posed for distributions in
2, and P} has a unique invariant probability measure ji € %, (R?) such that

(4.3) Wao (P, 1)* < e "Wy (u, )%, ¢ > 0.
The following result ensures the exponential convergence in entropy.

Theorem 4.1. Assume (E) and let P} be associated with (4.1). Then there ezists a
constant ¢ > 0 such that

max {Wy(P; 1, f1)?, Ent(F; pulf2) }
< ce™® min {Wy(p, 1)*, Ent(u|n)}, p€ Po(RY),t > 1.
Proof. According to the proof of [14, Theorem 2.3], (E) implies the Talagrand inequality
WQ(M?:E>2 < ClEnt(M’/j)a HE ‘@2(Rd>

for some constant ¢; > 0. According to [14, Theorem 2.1], this together with (4.3) and
Theorem 2.1 implies the desired assertion.
O

4.2 Degenerate case

To study the exponential ergodicity for the degenerate model (4.2), we extend the as-
sumption (A1)-(A3) in [20] to the present distribution dependent case.

(F) & and b are Lipschitz continuous on &, (R™4) and R™ x 2, (R™4) respectively.
(A, M) satisfies the rank condition (3.3) for some 1 < [ < m, and there exist
constants r > 0,6y > 6; > 0 and g € (—|| M|, [|M||') such that

L. - x

515G =3 W)l + (bl 1) = by, v), 2 = y& g (21 = y0))
+ <r2<x(1) _ y(l)) + WOM(IQ) _ y(2)), A(I(l) _ y(l)) + M(x(2) _ y(2))>
S 81W2(M7 V)2 - 62|l’ - y|27 T,y € IR7Tb-i_d7 JINAS QZ(RmJ’_d)-
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In the distribution free case, some examples are presented in [20, Section 5], which can
be extended to the present setting if the Lipschitz constant of 6(u) and b(x, ) in pu €
Py(R™4) is small enough.

Theorem 4.2. Assume (F). Then P} associated with (4.2) has a unique invariant prob-
ability measure i, and there exist constants c, A\ > 0 such that

max { Ent (P} ul i), W (P, 1)} < oMWy (u, 1), ¢ > 1, € Po(R™).
Proof. Let

2
1
p(z) == %]x(l)\z + 5\:1:(2)|2 + rrolzM, Mz®), = (2W, 2®) € R™H,

By ro||M|| < 1 and r > 0, we find a constant ¢y € (0, 1) such that

(4.4) colz)? < p(x) < cgtlzf?, =€ R™H,

Let X, and Y, solve (4.2) with initial values

(4.5) Lxo =1y, Ly =v, Wa(pu,v)?> =E[| Xy — Yo|?].

By (F) and It6’s formula, we obtain

(4.6) dp(X, — V) < {01W2(Pt*p, Prv)? — 65X, — Yt\Q}dt +dM,
for some martingale M;, and

dp(X:) < {OE(IX.] - 6al X7 + € + C1X;| Jt + i

for some martingale M; and constant C' > 0. In particular, by (4.4), the latter implies

(4.7) sup E[| X;|?] < oo.
>0
Since
(4.8) Wao P, Pv)* < E[JX, - Yil],

(4.6) and (4.4) imply

Elp(Xi = Yi)] = E[p(X, = Y)] < —co(b2 — 91)/ Elp(X, = Yo)ldr, t2>s2>0.

By Gronwall”s inequality, we derive

Elp(X; — Y;)] < e @ ® W E[p(X, — V)], t20.
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This together with (4.4), (4.5) and (4.8) yields
WP, Prv)? < EJIX, — 2] < e Efp(X, — Yo)] < e 90 p(X, — ¥o)
< 6626700(02761)15E[|X0 i Yb|2] _ 06267c0(92701)tw2(u7 I/)Q, t > 0’ p,v € 92<Rm+d>‘

As shown in [21, Proof of Theorem 3.1(2)], this together with (4.7) implies that P has a
unique invariant probability measure i € 95(R%), and

(4.9) Wa (P, j1)? < ¢y e O OW,y (4, 1)?, ¢ >0, € Pp(R™).
Finally, by the log-Harnack inequality (3.7), there exists a constant ¢; > 0 such that
Ent(Pyuli) < eiWo(u, i),

Combining this with (4.9) and using the semigroup property P = PSP} for t > 1, we
finish the proof. O

When b is of a gradient type (induced by o) as in [14, (2.21)] such that the invariant
probability measure f is explicitly given and satisfies the Talagrand inequality, we may
also derive the stronger upper bound as in Theorem 4.1. We skip the details.
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