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Abstract

The Wasserstein space &, consists of square integrable probability measures on R¢
and is equipped with the intrinsic Riemannian structure. By using stochastic analysis
on the tangent space, we construct the Ornstein-Uhlenbeck (O-U) process on & whose
generator is formulated as the intrinsic Laplacian with a drift. This process satisfies the
log-Sobolev inequality and has L?-compact Markov semigroup. Due to the important role
played by O-U process in Malliavin calculus on the Wiener space, this measure-valued
process should be a fundamental model to develop stochastic analysis on the Wasserstein
space. Perturbations of the O-U process is also studied.
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1 Introduction

Let &, be the space of all probability measures on R? having finite second moments. It is a
Polish space under the quadratic Wasserstein distance

1
Wy (p,v) := inf (/ |z — y\%(dx,dy)) . M,V E Py,
R4 xRd

WS AORY)

where & (u,v) is the set of all couplings of u and v. This space has been equipped with a
natural Riemannian structure and becomes an infinite-dimensional Riemannian manifold. We
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will take the Riemannian structure induced by the intrinsic derivative introduced by Albeverio,
Kondratiev and Rockner [4], which is consistent with Otto’s structure [28] defined for probability
measures having smooth and positive density functions, see Remark 2.1 below for details. The
Wasserstein space is a fundamental research object in the theory of optimal transport and
related analysis, see [3, 37] and reference within.

To study measure-valued diffusion processes, local Dirichlet forms have been constructed
by establishing the integration by parts formula of derivatives in measure with respect to a
reference distribution = on the space of Radon measures, see [26, 29, 12, 35, 33] and references
therein. Moreover, functional inequalities have been derived for measure-valued processes, see
[16, 17, 18, 19, 31, 40, 42]. A key point in the construction of Dirichlet form is to establish the
integration by parts formula of the reference measure for derivatives in measure. The stationary
distribution = in these references is chosen as either the entropic type measures supported on
the space of singular distributions without discrete part, or the Dirichlet/Gamma type measures
concentrated on the space of discrete distributions, which have reasonable backgrounds from
physics and biological genetics. Along a different direction, a Rademacher type theorem is
established in [11] for a class of reference measures satisfying the integration by parts formula
for the intrinsic derivative.

Corresponding to Dean-Kawasaki type SPDEs, local Dirichlet forms have been constructed
on the Wasserstein sub-space over the real line induced by increasing functions (see [23, 24]
and references within), and it is proved in [25] that the associated diffusion process is given by
the empirical measure of independent particle systems.

By solving a conditional distribution dependent SDE, [41] constructed a diffusion process
on &, with generator given by second-order differential operator in intrinsic derivative, and
establish the Feynman-Kac formula for the underline measure-valued PDE. Since the SDE is
driven by finite-dimensional Brownian motion, the measure-valued diffusion process is highly
degenerate. Note that the measure-valued diffusion processes constructed in [41] extends that
generated by the partial Laplacian investigated in [9]. See also [14] for an extension to the
Wasserstein space over a compact Riemannian manifold.

In this paper, we construct and study the Ornstein-Uhlenbeck (O-U) process on the Wesser-
stein space &, whose stationary distribution is a fully supported Gaussian measure, and the
generator is the Laplacian with a drift, where the Laplacian is induced by the Riemannian
structure and is hence crucial in geometric analysis. In view of the fundamental role played
by Ornstein-Uhlenbeck process in Malliavin calculus on the Wiener space, the present study
should be crucial for developing stochastic analysis on the Wasserstein space.

Recall that the Brownian motion on a d-dimensional Riemannian manifold can be con-
structed by using the flat Brownian motion on the tangent space R%. In the same spirit, we will
introduce the tangent space on &, which is a separable Hilbert space, then recall the Gaus-
sian measure and Ornstein-Uhlenbeck process on the Hilbert space, and finally construct the
corresponding objects on &5 as projections from the tangent space. The Ornstein-Uhlenbeck
process we construct on &2, shares nice properties of the original process on the tangent space:
it satisfies the log-Sobolev inequality and the generator has purely discrete spectrum.

The remainder of the paper is organized as follows. In Section 2, we recall the Riemannian



structure induced by the intrinsic derivative due to [4], and calculate the Laplacian operator
A p,. In Section 3, we construct the Gaussian measure N, o determined by a reference measure
Lo € 5 together with an unbounded positive definite linear operator () on the tangent space
T,y = L*(RY — R?, 119), and study the corresponding O-U process on . In Section 4, we
formulate the generator of the O-U process as

Lf(u) = Az, f(p) — b(u), Df ()1,

where T}, := L*(R? — R? u) is the tangent space at p, and b(u) € T, is induced by the
linear operator () on 7),,. This formulation is consistent with that of the O-U process on a
separable Hilbert space. Finally, in Section 5 we study symmetric diffusion processes on &2, as
perturbations of the O-U process.

2 Riemannian structure on the Wasserstein space

By using the gradient flow of density functions arising from Monge’s optimal transport, Otto
28] constructed the Riemannian structure on 225, the space of measures in &, having strictly
positive smooth density functions with respect to the Lebesgue measure, see also [37, Chapter
13]. Under Otto’s structure, the tangent space at pu € £5¢ is the L?(u)-closure of {Vf : f €
C°(RY)}. The Ricci curvature was calculated in [27], while the Levi-Civita connection and
parallel displacement have been studied in [13].

In this paper, we adopt the Riemannian structure of &, induced by the intrinsic derivative
introduced in [4] (see [30, Appendix]). This structure fits well to the Gateaux derivative in
infinite-dimensional analysis, and it works to the space of general Radon measures.

The intrinsic derivative describes the variance in distribution induced by the motion of
underlying particle system, while the extrinsic or linear functional derivatives refer to the birth
and death of particles, see [8, Section 5.3] and [32] for the relation of different derivatives in
measures.

2.1 Intrinsic derivative

We will simply denote pu(f) = [ fdu for a measure p and a function f € L'(x). For any p €
and measurable ¢ : R? — RY, let po ¢! be the image of y under ¢, i.e.

(o ¢™)(A) = u(¢7'(A))

for measurable sets A C RY. It is easy to see that po ¢~ € &2, if and only if
¢ €T, :=L*R"— R p),

where L2(R? — R?, 1) is the space of measurable maps ¢ from R? to R? with

6]l 2200 = (u(|6]*))? < .



So, it is natural to take T}, as the tangent space at p, which is a separable Hilbert space with
inner product

(21) <¢1’¢2>le = M(<¢17¢2>) = /Rd<¢l7¢2>dlu’7 ¢17¢2 S T,u'

Let id € T, be the identity map, i.e. id(x) = .
Definition 2.1. Let f € C(Z%,), the class of continuous functions on &,.

(1) We call f intrinsically differentiable, if for any pu € &,

T3 6 Dof () :=lim flpo (id + e€¢>—1> — f(p)

eR

is a bounded linear functional. In this case, the intrinsic derivative D f(u) is the unique
element in 7, such that

(Df(p), o)1, = p((@, Df(n))) = Do f(p), ¢ €T

(2) We write f € CY(P,), if f is intrinsically differentiable such that D f(u)(z) has a version
jointly continuous in (u,z) € Py x RY. We denote f € C}(S2,) if moreover f and D f
are bounded.

(3) We denote f € C*(), if f € C'(u), the continuous version D f(u)(x) is intrinsically
differentiable in p and differentiable in z, such that

D f(u)(x,y) == D{DF() (@) Hm)y), VDf(p)(w) = V{Df(p)(-)}(=)

have versions jointly continuous in all arguments. We write f € C?(Z?%) if moreover
f,Df,D*f and VD are bounded.

When f € C'(22), we automatically take D f(u)(x) to be the jointly continuous version of
Df, which is unique. Indeed, by the continuity, D f(x)(+) is unique for each u € &5 with full
support, so that it is unique for all y € &, since the set of fully supported measures is dense in
P5. Under the Riemannian metric given by (2.1), the space &7, becomes an infinite-dimensional
Riemannian manifold.

To make calculus on &,, we introduce the displacement of the tangent space. For any
¢ € T}, consider the displacement of measures along ¢ from pu:

[0,00) D s+ po (id+ sp) ' € Ps.
Then the tangent space is shifted as
(2.2) Toiarssy—r = Tpo (id+ s¢) ™ i={ho(id+s¢)": heT,}, s>0,
where h o (id + s¢) ™' € To(iats4)—1 is uniquely determined by

(2.3) (ho(id+s¢) ™", ¢, = (h, ¢ o (id + s¢)>Tu, Y € Thioliarse)-1

po(id+sgp)—1

4



where 1) o (id + s¢) € T), is due to
I o (id + s¢)I|7,, = u(l o (id + 5¢)|%)
= {po (id+s¢)" H(|*) <00, ¥ € Thofiarss)

Obviously, To(ia+sg)-1 2 T, o (id + s¢)~'. On the other hand, for any ¢ € T)o(iarse)-1, (2.4)
implies ¢ := ¢ o (id + s¢) € T,, and

=10 (id+s¢)"t €T, o0 (id+ s¢) ™

(2.4)

Therefore, (2.2) holds.

The following result implies that a function f € C}(Z%,) is L-differentiable, i.e. it is intrin-
sically differentiable and

2.5 i o (id+6)™) — fp) = Dof ()]
18]l 2., 0 161 22y

In this case, the intrinsic derivative is also called the L-derivative, which coincides with Lions’
derivative introduced in [7].

Proposition 2.1. Let f € C'(2?) such that for any u € P,

(2.6) lim hmsup/ (|Df o (id+ ¢)~ | — ) dp =0,
R4

N=ro0 H¢||L2( )M)

=0.

then (2.5) holds, i.e. [ is L-differentiable.

Proof. Let p € &5 and ¢ € T,,. By (2.2) we have ¢ o (id + 5¢) " € T)o(iarsp)—1 for s € [0,1],
and

%f(u o (id + 59)™") = lim Flpo (id+ (s + 5)@;) — f(po (id + s¢) ™)

i F({po (id+ s¢) ™} o (id+edo (id+ s¢) ™)) — f(puo (id+ s¢) ')
el0 g
= Dyo(iarss)-1 f (1o (id + 5)7") = p((¢, {D f(no (id + s¢) ™)} o (id + 59))).
Combining this with f € C'(2%,), we arrive at

|[f(po (id+¢)7") = f(n) = Dy f ()l

lim sup
H‘ﬁ”[ﬂ(u)io H(b”LQ(,u,)

y | Jy £ f(po(id+ s¢)"Y)ds — Dy f(u)|
= limsup

18]l 2.,y 40 &1l 22

< “msup/ (o, {Df(uo(z’d+s¢>*1)}o(z’d+s¢>—Df(u)>)(ds
16120 Jo 19]lz2g)

1
< hmsup/ {Df(uo (id+s6)™")} o (id + s¢) = Df ()] 12,y ds = 0,
HQZ’HLQ(H)M) 0

where the last step follows from the continuity of Df, (2.6) and the dominated convergence
theorem. u



We are ready to introduce the chain rule for the intrinsic derivative in the distribution of
random variables. Let .Z; be the law of a random variable under a probability space (€2, .%,P).
The following result follows from Proposition 2.1 and [5, Theorem 2.1(2)] for p = 2, see also
[22, Lemma A.2] for an earlier result.

Proposition 2.2. Let (& ).cpo1) be a family of Ré-valued random wvariables on a probability
space (Q, F,P), such that p. == % € &5 and

. . fs - 50
= lim —
o im =

exists in L*(P). Then for any f € C'(2?,) such that
IDf(p)(x)] < e(l+z), zeRY pe Py, Wy(u,p) <1
holds for some constant ¢ > 0, we have

d 1 f('ﬁ/ﬂés)_f(’zﬁﬁo)
Il oo (Fe) =1im .

dsls=0

= E[(Df(#o)(fo)a&)}'

Remark 2.1. Below we explain that the above Riemannian structure is consistent to that
introduced in [28], and W, is the intrinsic distance.

(1) We first recall the geodesic on &2, given by optimal coupling. Let py € &5 be absolutely
continuous with respect to the Lebesgue measure. Then for any iy, s € &5, there exists
an optimal coupling (hy, ho) € T),, x T}, such that

pi = po o hi (i =1,2), Wo(uur, pa)? = po(|h1 — hol?),

so that
vi= oo (thy + (1= Dhe) ™, t € [0,1]

is the geodesic linking 1 and po, i.e.
vo = fg, V1= 1, Wa(vs,vr) = [t — s|Wy(p, pp) for t,s € [0, 1].

Indeed, by the definition of Wy, we have

Wy (vs, 1) </ po(|thy + (1 — t)hy — shy — (1 — s)hsl?)
< [t = s|Vpo([hy = hof?) = (¢ = s)Wa(p1, p2), 0<s<t<1,
which together with the triangle inequality implies

W (1, p2) < W, vs) + Wa(vg, 1) + Wo (g, 1) < Wa(pg, p2), 0<s <t <1,

and hence, Wy (vs, 1) = |t — s|Wy(pq, uo) for all ¢, s € [0, 1].



(2) To compare the intrinsic derivative with Otto’s derivative, let u € Z2§¢ as required by the
later. Then for any ¢ € C§°(R?), we have h := Vi € T, and for small s > 0,

[0,8] > 7+ po (id+rh)™*

is geodesic, so that in the framework of Otto, the directional derivative of a function f
at p along h is given by

4 f(po (id+rh)™") :=lim flpo(id+rh)™) — fu) |

dr lr=0 rl0 r

which coincides with the intrinsic directional derivative Dy, f(u). So, these two Rieman-
nian structures are essentially the same, but the one given by intrinsic derivative is more
complete as it works on the whole space &2s.

In general, it seems more reasonable to take the tangent space as L*(R? — R?, ;1) rather
than the L2(p)-closure of {V) : 1 € C5°(R%)}, since the optimal map between singular
measures may be not of gradient type.

(3) To see that Wy is the intrinsic distance, let f € C}(%%). By Proposition 2.2 for the
reference probability pg such that T}, is the class of square integrable random variables,
we have

1
F) = Fm) = [ S F (Bt
0
/ <{Df Vt thl + (1 — t)hQ) hl — h2>Tu0dt'
Therefore, when ||Df(v)||z,, = {Df()} o (thy + (1 — t)hy) HT < 1, we have

|f (1) = fp2)] < by = b3,y = Walpa, p2),

while for Df(v) = |h1 Zﬂ being the constant vector field along the geodesic 14, there
holds

| (1) = fua)| = Wa(pa, p2).

This exactly fits to the relation of the gradient operator and the intrinsic distance for
finite-dimensional Riemannian manifolds.

2.2 Laplacian

Recall that on a d-dimensional Riemannian manifold, the Laplacian is defined as the trace of
the second-order derivative V? (i.e. Hessian operator). Below we define the Laplacian on 22,
in the same way.

Let pp € %5 and let {¢n}m>1 be an ONB (orthonormal basis) of 7}, := L*(R? — R?, p).
Note that the number of {¢,,} is finite if and only if y has finite support. We write f € Z(A,,)



if f € C}(P,) such that

Aoy f(p) = trl, {D*f ()} = > D3 f(p) = Dy, {Dy,, f}(1)

m>1 m>1

(2.7) ; | 1
=2 de LZO{D¢m°(id+a¢m)—1f}(u o (id + epm) ")
m>1

exists. We have the following formulation of A, .
Proposition 2.3. For any p € P, and f € 2(A,),

80 =3 [ {01000 () s

m>1

(VD ()(2), 6m(w) © O () 115 pia(d)u(dy),

where (-,-)gs is the Hilbert-Schmidt inner product for matrices, and the right-hand side does
not depend on the choice of the ONB {¢}>1. Consequently, for any f € C2(Ps) and p € Py,
we have f € D(A,) if and only if the following series exists:

(DS} i= 3 [ (VDI()a), () © Gn(a)s ().

Proof. Noting that

{ Dy, ofidrepn)-1.f (o (id + edpm) ")
= {p o (id + edpm) "} (@m0 (id + €)', Df (o (id + edm) "))
= N(<¢ma Df(po (id + 5¢m)_1)(id + 5¢m)>)a

we deduce from (2.7) that

D3, £ = S| u({om Do (id + 26,) )i + 0,)

- /Rd Rd(DQf(u)(x,y),cbm(x)®¢m(y)>HSN(d$)NJ(d?/)
+ /Rd<VDf(u)(x), Om () @ (7)) s p(dz),

where the first term comes from the derivative <|._oDf(p o (id + €¢,,,) ') by Proposition 2.2
for & := id + €¢y,, and the other term follows from the derivative <L|._oDf(u)(id + €¢yn).
Therefore, the desired formula holds.

Next, it is easy to see that A, f(u) does not depend on the choice of the ONB {¢,, }n>1.
In deed, for another ONB {¢,, };n>1 in T}, we have

ng - Z(Q;ma ¢Z>TN¢I7 m > 1,

>1



Z:lwm,cb» 1, (s S, = Lpmty, bl > 1.
So,
{(D21(10)(@.9), du(2) @ Gu(y)) s + (VDS (1) (@), bn(2) © na)s }
= 1<ém,¢k>n<q§m,¢z>n
< {{D2 1 (1) @), 6u(2) @ n())ms + (VDS (1) @), dn(a) @ 61() s |
= 2 tan {(D* /0@ ).0u(0) & 6(0))s + (VDI ) ) © s

{21 (1)(@.9). 0n(2) © 6 (@) + (T DS ()(2), G(2) & b (@)ns

3
Il

Finally, let {e;}1<i<q be the standard ONB in R%. For any f € CZ(%%), by the Schwarz
inequality we obtain

2

[ AP0 ) & ) s ()|

> Z [ DR ) e ) )|
< ||D2f||ooii (mzxwi,asm%);(n;<ej,¢m>%u)é

d
= 1D*flloe Y lleallzgllesllizg = dID* f(u)llos < o0

1,j=1

Therefore, f € Z(Ay,) if and only if tr{VD f(1)} exists.

Remark 2.2. We present some comments on Z(A,,).
(1) If p has finite support, then 7}, is finite-dimensional so that CZ(%2) C 2(4,,).
(2) Let fi(p) := [pawip(dz),1 <i < d. Then for any p € & and g € CF(R?),
f=g(fr,-, fa) € 2(A,).

Indeed, this case we have

Df(u) = (Vg)(fr(pm), -, falw)),

9



D*f (i) = (V) (fu(w), -+, falp),
so that VD f = 0 and for the standard ONB {e;}1<i<q in R?,

Bond ) = 32 D@00+ falw)) [ ol nn(dn)n(dy)

d d
m>114,5=1 REXR

(0:059)(F1(1)s -+ fa()) D 1l Sms €2)) (D €5))

M=

5]

= D _(0:0;9)(Jr(w), - -+, fa(p))ul{eis €5))

~.
Il
—
i
—

S

J

B s fal))s wE P

Il
—

(3) In general, cylindrical functions of type

Fw) = g(u(f), - ulfa)), =1, fi € GG(RY), g € CF(R")
may not in 2(A,,), although they are in C} ().

3 Ornstein-Uhlenbeck process on Wasserstein space

As already explained in Introduction based on the construction of Brownian motion on a
Riemannian manifold, we will start from the O-U process on the tangent space 7T, for a
reference measure g € ;.

To make sure that any p € % is the distribution of some h € T, under the probability
Lo, i.e. 1= pigo h™t, we assume that g is absolutely continuous with respect to the Lebesgue
measure. In this case, for any p € &, there exists a unique h € 7T),, such that

U(h):=pooh™t =p,  Wa(uo, p1)* = po(lid — h|?).

This h is called the optimal map as solution of the Monge problem for Wy, see [37, Theorem
10.41] or [3]. The map V¥ : T, — &, is a Lipschitz surjection, i.e. ¥(T},)) = &, and

Wy (U (h), U(R) < pollh = B*)2 = | = Rllz,,, Bk €T,

In the following, we first introduce some facts for the O-U process on the Hilbert space T),,,
then construct the corresponding one on .

3.1 O-U process on tangent space

Let @ be a positive definite self-adjoint operator in 7),, with eigenvalues {g, },>1 and eigenbasis
{hy}n>1 such that g, T oo as n T oo and

[e.9]
Zq,jl < 0.
n=1

10



Then the centred Gaussian measure on 7T),, with covariance Q! is given by

= gnh NUNNE:
Ga(dn) =TT (5=)" exp | - % d(h, h)r,,

n=1

under the coordinates {(h, hyn)7, }n>1 referring to the expansion

h=> (b ho)g, b, €Ty,

n=1

The associated O-U process can be constructed as (see [10, (5.2.9) or (6.2.1)])
t
(3.1) hy = e “hy + \/5/ e QU=qw,, t >0,
0

where W, is the cylindrical Brownian motion on 7}, i.e.
W, =Y Bih, t>0
n=1

for independent one-dimensional Brownian motions { B} },,>1.

Let (L, 2(L)) be generator of the O-U process, which is a negative definite self-adjoint
operator in L?(Gg). The domain 2(L) includes the class of cylindrical functions .#C2(T),,)
consisting of

h— f(h) == F({(h,hi)1, .-+ (hha)1,), n>1,F € CHR"),

and for such a function,

n

Lf(h) = Af(h) = (QV f(h), B)1,, =Y (07F = qu0,F) (F)((h, ha)ayy -+ o (b b)),

i=1

where A and V are the Laplacian and gradient operators on T),, respectively. Moreover, the
integration by parts formula yields

82 E(F.9) = [ (ViVin,dGo=~ [ (Fl9Ga. F.oeFCHT).

ro ro

Consequently, (&,.ZC2(T,,)) is closable in L*(Gg) and the closure (&, 2(&)) is a symmetric
conservative Dirichlet form. Moreover, it satisfies the log-Sobolev inequality (see [20, 21])

(3.3) Go(f*log f*) < =&(f.]), [€ 2(&), Go(f?) =1.

2
il

The generator has purely discrete spectrum, i.e. the essential spectrum of L is empty.
Indeed, consider the following one-dimensional O-U operators {L; }i>1:

Lio(r) =¢"(r) —qr¢'(r), reR.

11



It is well known that each —L; has purely discrete spectrum consisting of simple eigenvalues
O'(—L,L> = {)\’L,k : k Z 0},

where \;o = 0,1 = ¢ and \;; T oo with linear growth as k 1 co. Since ¢; T oo as ¢ 1 oo and
L is the independent sum of these operators, i.e.

= Z Lifin(Chy hi)r,,)s  fin(r) == f(h — (b, hi)1, hi +1h;),
=1

the spectrum of —L is purely discrete with eigenvalues
n
Z)\i,k“ n>1k >0.
i=1

According to the spectral theory, the pure discreteness of the spectrum for L is equivalent to
the compactness in L?(Gg) of the associated Markov semigroup P, = el for t > 0, they are
also equivalent to the compactness in L?(Gg) of the set

{Fe2(&): &(f):=E(f. )+ Go(f*) <1}

Let C;(T,,) be the class of all bounded functions on 7),, with bounded and continuous
Fréchet derlvatlve By an approximation argument, see the proof of Lemma 5.2 below for

F =0, we have 2(&) D C}(T,,,) and (3.2) implies

8(f.5) = Go((V ], Vi)r,, ) = / (VF. V)1, dGg, [, € CHT,).

Tug

3.2 O-U process on ¥,
We first introduce the Gaussian measure and the corresponding O-U Dirichlet form on &2.
Definition 3.1. Let U : T,,, — P, ¥(h) := oo h™*.

(1) Nypg := Ggo P! is called the Gaussian measure on &, with parameter (p0, Q).

(2) Define the following O-U bilinear form on L*(N,, o) :

&) ={f € L*(Nyq): fol e P&}
5U,ngﬁowyom, f,9€2(8).

It is easy to see that L?*(N,, o) consists of measurable functions f on & such that fo WU €
L*(Gg), so that

L*(Nuq) = {p = Go(flV = p) : [ e L*Go)},
where Go(-|¥) is the conditional expectation of G given ¥, and

Go(f|¥ = p) := Go(f|¥)|,_

It is easy to see that N, o is shift-invariant in the following sense.

12



Proposition 3.1. Let h € T,, be a homeomorphism on R%. Then N, o = N,poh-1.goi-1 Jor

Q o h™! being the linear operator on T, o1 determined by

{Qoh™ Yy := guhn, n>1,
where {Bn}nzl :={hy o 71_1}”21 is an ONB of T,poh1-
We have the following result for the O-U process on &,.
Theorem 3.2. Let (&, 2(&)) be defined above. Then the following assertions hold.

(1) (&,2(8)) is a conservative symmetric Dirichlet form on L*(N,, o) with 2(&) D Cp ()
and

(3.4) 5(f.9) = /@ (DF (1), Dg())z, No.o(dp), .9 € CL(P).

Moreover, the following log-Sobolev inequality holds:
2
(3.5) Nuo.o(f*log %) < ag(f, £ FE€2(8), Nualf) =1

(2) The generator (L, 2(L)) of (&, 2(&)) has discrete spectrum, and satisfies

P(L) D D(L) = {f € L*(Nuq): fo¥ e (L)}
Lf(n) = Go(L(f o W)W = p) := Go(L(f o W)[W)|,_,, € D(L).

(3) Let P, be the associated Markov semigroup of (6, 2(&)). Then P, is compact in L*(N,, q)

for any t > 0, P, converges exponentially to N, o in entropy:

(3.6) Nuoo((Pif)log Pif) < e N, o(flog f), >0, 0< f, Nyolf) =1,

and it 1s hypercontractive:

1P 20N, 00271 (Mg @) = sup 1PN Loy, 0) < 1
(37) ”f”LP(N#O’Q)Sl

t>0, p>1, pi=1+(p—1)e*.

Proof. (1) We first prove that (&, 2(&)) is closed and (3.4) holds, so that (&, 2(&)) is a
symmetric conservative Dirichlet form in L*(N,, o).
Let

E(f) = EU ) + e,y o G = EF )+ 1F12q)-
Let {fn}n>1 C 2(&) such that
lim & (fn— fm) = 0.

m,n—00

13



Then f :=limy, oo frn exists in L*(N,, o) and by definition, {f, o ¥},>1 C Z(&) with

lim & (fyoW — f,0W) =0.

m,n—00

Thus, the closed property of (@Ea , .@((57’ )) implies

fol = lim f,oW € 2(&),
n—oo

so that f € 2(&) by definition. Thus, (&, Z2(&)) is closed.
On the other hand, let f € C}(4%). By Proposition 2.2 for the reference probability 1, we
see that for any h,

Vo(f o W)(h) = % s:()(f o W)(h+s5¢) = (¢, (Df)(Y(h))(h)1,,, ¢ € Th,
so that
(3.8) V(foU)(h) = (Df)(T(h)oh, [eCHP), heT,,

Hence, f € C} (%) implies fo U € CHT,,) C Z(&), so that f € Z(&) by definition.
It remains to verify (3.4), which together with (3.3) implies (3.5). By (3.8) and N, o =
GQ o \Iffl,

&(

~~

)= &(fol,go ) = / (V(f 0 1), V(g0 W)z, dCo

Ty

po(({DF(¥(R))} o h,{Dg(¥(h))} o h))Go(dh)

Tug

Il
S

{T(R)}(Df(¥(h)), Dg(¥(h))))Gq(dh)

HO

1((Df (1), Dg(12))) Nyo,o(dps)

2

(Df (1), Dg(1)) 1, Nuo,o(dp),  f,g € Cy(F).

2

T

Therefore, (3.4) holds.
(2) Since (L, 2(L)) has purely discrete spectrum, the set

{Fe2(8): &) =E. N+ I/txey <1}
is compact in L?(Gg). By the definitions of N,, o and (&, Z(&)), this implies that the set
{Fe2(): &(f) =601+ 12w, 0 < 1}

is compact in L?*(N,, o). So, L has purely discrete spectrum.

14



Next, let f € L*(N,,.o) such that fo ¥ € Z(L). By the definition of (&, 2(&)), we obtain

/y 9(1)Co(L(f 0 D)\ = 1) Ny o(dpr) = / (g0 W)E(f o W)dC

Tug

=—8(goV,fo¥)=-8(f,9), g€ (&)

Thus, f € Z(L) and Lf (1) = Go(L(f o W)|¥ = p).

(3) The log-Sobolev inequality (3.5) is equivalent to each of (3.6) and (3.7), see [21]. More-
over, by the spectral theory, since L has purely discrete spectrum, B is compact in L*(N,, o)
for t > 0. 0

Remark 3.1. In general, Z(L) # 2(L). For any f € 2(L), we have

E(go ¥, foy)) =E(g,f) = —Nuqlg(Lf)) = Gollgo W) (Lf) o V), g€ Z(&).

If {goW:gec 2(&)} is dense in 2(&), this would imply that fo W € Z(L) and L(f o ¥) =
(Lf) o W. If so, the O-U process on &, stating at 14y could be constructed as vy = ¥(h;) for
hy in (3.1) with vy = W(hg). However, in general this is not true, as there might be different
ho satisfying vy = W(hg) and the corresponding ¥ (h;) may have different distributions. In the
next section, we formulate L as Laplacian with a drift on &,.

4 Generator as Laplacian with drift

We shall introduce a subclass of Z(L), such that for functions in this class the generator is
formulated as

Lf(p) = Az, f(p) — (b(w), Df (1)),

for a drift (b, 2(b)):
b: Py D D(b) 3 p—blu) €1,

This is compatible with the finite-dimensional case where the O-U process has a generator of
type
Lof(z) = Af(x) — (Az) - V f(z)

for a positive definite d x d-matrix A.

Definition 4.1. Let 2 be the space of functions f € CZ(%%) such that for Gg-a.e. h,

{Df(mooh™)yoh € 2(Q), fe€D(Dyugon),

and

| [Anttooh7) = (. QUD S o 1Y bl [[Goldh) < oo

Ho

15



Theorem 4.1. We have 2 C 2(L) and for Ug;(h) = (h,Q{Df(pooh™")}o h]>T# ,

(4.1) Lf(p) = Az, (1) = Go(ULI¥ = ), fe2.
Formally, we may write Lf(1) = A, f(1) — (b(p), D f())7, where the drift is given by
() = Go({Qh} o h | W(h) = ).

Proof. (a) Let h € T),, and i := pgoh™"'. Recall that for any h € T),,, hoh™! € T, is determined
by

(4.2) (hoh™,¢)1, = (h,¢poh)r, ., ¢€ET,.

Then by Proposition 2.2 for the reference probability P = ug, we obtain

v g O eh) = (f 0 B)(R)
Vi(f o 9)(h) = lin '

(4.3) g {00 (et ) — oo b / DS (h), B

el0
= <Df(:u’)7 71 o h71>T# = D}thflf(M% %’7 h € T,uo? H = o © h'il

(b) By definition, for any f € 2, Lf given in (4.1) is a well-defined function in L*(N,, o).
It suffices to prove the integration by parts formula

(4.4 50,00 =~ [ oI Nusaldi). 9 € CL)
Sirnp];if denote f=foWandj=goW. By (3.4) and the integration by parts formula for G,
sit.9)= [ (V] 93)d0 - Z /T () ) (91,) ()Gl
@9 =% [ [0~ 509 70 ot
- Z /T qn (hy hazy, (Vi ) () = Vi, Vi, f(h)}GQ(dh).
By (4.3),
Z;qn (B )1,y (Vi f) zgqn (s B 1, (s ¥ (B))5,
_ f} il By, U (D (10 0 h™Y 0 WY, = (, QUD (o 0 )} o Ml
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so that

Z / B) by by, s ¥ (1)1, G (lh)
(4.6) Tuo

N /J 9(1)Gq <<h, QUDS (oo ™)} o hl),,

() = 1) N o (dp)
By Proposition 2.2, (4.3) also implies

thvhnf(h) = i

A
(4.7) - /RR (D)

" /Rd (VD f)(po 0 h™")(h(x)), b () @ () ,; o0 (d)
= I(n) + Ix(n),

where p = oo h™t.

B = [ (DNl b 9), (o o h)(a) @ (0 h)(0)) (ol

(D) (o © (h+ ehn) ) (At ehn), Tn)

(o 0 h™1)(A(@), h(y)), h(2) @ hu(y) ) ghto(d) p0(dy)

Ir(n) = /Rd (VD) (po o h™) (), (hyo h™1)(@) ® (hn 0 h™H)(2)) y ghi(de).
Let {¢y}m>1 be an ONB of T), := L?*(R? — R?, 11). By (4.2),

hn o h_l = Z<hn o h_l> ¢m>Tu¢m = Z(hn7 (bm o h>Tu0¢m>

s0 that - -
ih ZZu s 6m © 1)tto (P, &1 © h))
DD ), 0n(a) © ) ety
= 3 pulfon o hotro ) L D200, 60(2) © 1) gh( ()
- Z (Omtn) [ (D200 0:0),0m(2) © 1) gty
-y / (DD (0:9), () © (1)) g ().
Similarly, -

> In) ZZ% ns m © B))pio({Pn; &1 © h))

m,1>1 n=1

17



- / (TDF) (1) (&) @) © (@) gh(de)
= Z/ ((VDF)()(@), pm(2) @ dpm(2)) ().

m>1

These together with (4.7) and Proposition 2.3 yield
Z Vi Vi f(h) = Do, (oo h7Y).

Combining this with (4.5) and (4.6), we prove (4.1).

5 Perturbation of the O-U process

Let V be a measurable function on &5 such that

N o(dp) = "IN, o(dp)

is a probability measure on &?;. We consider the pre-Dirichlet form
§V(£,9) = [ DFw). Dy(m)n, N, f.9 € G 7).
Py

If this form is closable in L*(N) ), then its closure (6", 2(&")) is a symmetric conservative
Dirichlet form, whose generator can be formally written as

L" f(u) = Lf (1) + (DV (1), Df (1)),

We call the associated Markov process a perturbation of the O-U process.
A simple situation is that V' is bounded. In this case, the closability of (&Y, C}(22,)) follows
from that of (&, C}(2?,)), and (3.3) implies the log-Sobolev inequality (see [15])

Nyo(f?log f?) < o SPVIVEV(F f), fe D(EY), Nuyolf?) =

1

Consequently, the associate Markov semigroup P is hypercontractive and exponentially con-
vergent in entropy. Moreover, the compactness of {f € 2(&) : &(f) < 1} in L*(N,, ) implies
that of {f € 2(&V) : &V (f) < 1} in L*(N}; ), so that the generator L' has empty essential
spectrum and P is compact in L*(N)y, ;) for t > 0. In the following, we intend to extend these
to unbounded perturbation V.

In the framework of local Dirichlet forms, unbounded perturbations have been studied in
many papers, where the key points are to prove the closability of the pre-Dirichlet form and
to see which properties of the original Dirichlet form can be kept under the perturbation, see
for instance [2, 6, 34] and references within. However, in all of related references one needs
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an algebra of bounded measurable functions &7 C Z(L) which is dense in Z(L) such that the
square field is given by

1
(5.1) U(f.9) = 5{L(f9) = fLg—gLf}, f.ge o
In the present situation, the square field reads

L(f,9)(1) = (Df(1), Dg(p))r,, 1 E P2, [.g € Cp(Ps).

But we do not have explicit choice of the algebra <7 such that (5.1) holds, since from Theorem
4.1 we can not confirm that cylindrical functions of type

= (I)(H(fl)a T 7M(fn))? n > 1)@ € Cgo(Rn)vfl € C§O<Rd)

are included in Z(L). Therefore, we again come back to the tangent space 7),, by considering
the following probability measure on 7T),,:

GH(dh) = VMG, (dh),

and the corresponding bilinear form

EV(F,9) = /T (Vf,Vi)1,,dGy, [,§€ Cy(Ty).

K0
By studying properties of &Y, we obtain the following result under assumption
(A) V € CY(2,) such that dN;;Q := eVdN,, o is a probability measure on &, and there
exists p > 1 such that

| {1pvise @ < IDvell, }¥we( < o

Theorem 5.1. Assume (A). Then the following assertions hold.
(1) (&Y, C3(P,)) is closable in L*(N)y, ), and the closure (Y, 2(&Y)) is a symmetric con-

servative Dirichlet form.

(2) If there exists A > i such that Ny, o(eMPVI®) < oo, where | DV ||(p) = | DV (11)]|7,

then the associated Markov semigroup PY is compact in LQ(N/QQ) fort > 0.

(2) If there exists € > 0 such that

1+¢ 2 _
(52) /J < 241 1DV +eV++sV )de]’Q < 00,
2
then there exists a constant ¢ > 0 such that

(5.3) MOQ(fQ log f2) < c&Y(f, f), fe2(&Y), MOQ(fQ)
Consequently, for any t > 0,

1P nvy, goemny, ) S 1 P> 1, pr=1+(p— e/,
H0>» HO>
N’Z)’Q((Ptvf) log Ptvf) < e_4t/CNl‘t/oaQ<f log f)a f > O ,uo Q(f) =1.
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Noting that Ny, o = Gg o ¥, dGY, :=e"°¥dGy, is a probability measure on T}, and

gV(f? g) = /T <Vf, Vg)Tuonga .f?g € C;(T#O)a

Ho

according to the proof of Theorem 3.2, Theorem 5.1 is a consequence of the following Lemma
5.2 for F =V o ¥, where the condition |[VF|z, e + IVE|[7, € L'(Ggq) for some p > 1

is much weaker than ¥ 1ot ¢ Np=1LP(Gg) used in [2, Proposition 3.2]. We will use the
dimension-free Harnack inequality and Bismut formula for P, to prove the closability under this
weaker condition. Moreover, the condition (5.4) for the log-Sobolev inequality is slightly better
than that in [1, Lemma 4.1] where F'* + ¢F~ is replaced by (1 + ¢)|F].

Lemma 5.2. Let F' € CY(T),,) such that GH(dh) := e"MWGq(dh) is a probability measure on
Tyy and |V F||z, e + IVF|[7, € L' (Gq) for some constant p > 1. Then:

(1) The bilinear form

GP(F.5) = / (VF.Vi)r, AGE, f.5€ FCMUT,,)

Thug
is closable in L*(G{), and the closure (EF, D(ET)) is a symmetric conservative Dirichlet
form. Moreover, 2(EF) > CH(T,,).

AIVFIE,,

(2) If there exists A > i such that Gg(e < 00, then the associated Markov semi-

group PF is compact in L*(G{) fort > 0.

(3) If there exists € > 0 such that

14e 2 + -
(5.4) / QEE TP T g o
T,

0]

then there exists a constant ¢ > 0 such that
(5.5) Go(f*log 1) < c&7(f, ), [e 2(6"), GG(fH) = 1.

Proof. (1) We will establish the integration by parts formula

(5.6) EX(f.9)=— / (LY )dGE, [.ge FCUT,,)

Tug

for LV f :== Lf + (VF, Vf)TMO, so that (£F,.#C2(T,,)) is closable. Since a function in .7 C}
can be approximated by functions in .#C%(T,,) under the Cj}-norm, this also implies that
(&Y, FCNT,,)) is closable.

To this end, we make approximations of F. Let ¢ € C®°(R) such that ¢(r) = r for |r| <1,
1> ¢ >0and ¢(r) =0 for |r| > 2. For any m,n > 1, let

Ey = m@(F/m), Fpyn:=P1F,.

20



We have
(5.7) F € Co(Ty) NCHT), |[VER| < [IVF.

Since P, f(ho) = E[f(h:)] for Ry in (3.1), by [38, Theorem 3.2.1 and Theorem 3.2.2] for A =
—Q,b=0and o(t) = v/2, we have the Harnack inequality

(5.8) (B f(h+ )P < (B fr(h)em™ 0 F > 0p > 1,00 € T,
and the Bismut formula

o VIt o i
(5.9) VB, f(ho) = TE/O F(h)e @dW,, t >0, € By(Th).

By (5.9), we see that F,, € C}(T,,), and (5.8) together with (5.7) and @ > 0 implies
| P Fo(ho + €v) — PiF(ho)| < E|Fy(ee™ % + hy) — Fi(hy))|

< IE/ IV Full,, (re=% + hy)dr
0

€ - r2v|?
< [ BIVEAE, ) (o) ar
0

&2 v\2

~ 1 \
< E(PtHVFH%LO)?(ho)eW*l), €>0,ho,v€T,.
By letting € | 0 we derive
(5.10) IV Emallzy, = 11 Fullz,, < (PLIVEIR, )5,

Since F,,,, € C}(T,,), the integration by parts formula for G¢ yields

J

0]

— _/ eFm*”g{if+ Vva,nf}dGQ
T

Ho

(VF,V§)r, efmndGg = / {vvf(erg)—eFm’ngvvam,n}dGQ
Tho

- — / {f](f/ + vam,n)f}eFm’”dGQ, f, fj € ggCg(Tuo).
T,

Ko

Noting that (5.10) implies

G(L+ Vor, )| < en(l+ PLIVEIE, ), n>1
for some constant ¢,, > 0, which are bounded in LP(G) since
Go(P1|VFIly, ) = Go(IVFIly, ) < oo,

by the dominated convergence theorem we may let n — oo to derive

/T (V. Vi)r,,edGo = —/T {é(E+VVFm)f}€F’"dGQ-

Ko Ko
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Since (5.7) and e’ + ||V F||z, e € L'(Gg) implies
(L + Vg, fle™ < c(1+ |VF|z,,)e"" € L'(Gy),

by using the dominated convergence theorem again, we may let m — oo to get (5.6).
Next, let f € C}(T),), and for any n > 1 let

n

foi=Fomn, mah:=> (h hi)z, hi.

=1

Then {f,}n>1 C FCUT,,) C 2(EF), and

lim / {Fa = £+ 19— PIZ, }dGY

= lim/ Z{| Vi f) o — Vi fI? + Z Vi, f]? }dGF

n—00
l=n+1

<lim [ |(Vf)om, — V|3, + Z ImeIQ}d%:Oa

n—00
T l=n+1

where the last step follows from Vf € Cy(T,,) and the dominated convergence theorem. So,
fea(En.
(2) Tt suffices to prove that the set

BE i {F e ClT): EF(P) = 677 F) + GI(P) < 1)

is relatively compact in LQ(GS). By the chain rule and Young’s inequality, for any € > 0 and
f € BF, we have

Gi(fet, fek) < GE(P) + (1 + e-1><fF<f fya i

Go([*e"|IVFIlz,,)

B 1+ ~ 1+5 AIVE|32
1 2 F 72 F %
<l4et+ 75 ‘G (fe logGQ f2eF o(f?e")1log Gg (e 0).

Since Go(|[V(fe?)|3, ) < &i(fe?, fe=) and Go(f?e") = G5(f?) < 1, by combining this with
(3.3) we derive

s F & F _ l+es zr 2 F N \valt
&i(fez ) <1 ! &i(fez 2 “log G Tuo ).
1(fez, fe?) +e 4+ ) (fez, fe?) + 4)\ og ( o)
Since A\ > QL we may take small ¢ > 0 such that % < 1, so that this estimate and
Gg (e/\HVF“T 0) < o0 yield

&(fe7, fez)<C, feBF

for some constant C' > 0. Since L has empty essential spectrum, this implies that the set
{fe* : fe Bf}

22



is relatively compact in L?(Gg), equivalently, Bf" is relatively compact in L*(G§).

(3) The proof of (5.5) is similar to that of [1, Lemma 4.1], but we make a more careful
estimate by separating F* and F~. Let f € C}(T),) such that Gg(fQ) = 1. By (3.3) and
Young’s inequality, we obtain

GoH(f*log f7) = Go(f*e" log(f?e")) — Go(f*Fe")
2 F -
< EGQ(HV(J”@)H%MO) + Go(f*F ")

20 +riY) 55 5 2 H[l4r _
< ) geG o (PR orlg, + 1))
Uhl T
21 +r7Y) —n - - ~ ~ 1dry 1
< 2L G0 )4 raGl( P og ) + ralog Gl (54 [V FIE, + )
1 2

2(1 -1y _ o 5 ~ 147 2 1—7o e
== J;Tl _)gF(f7f)+T2Gg(f210gf2)+r2IOgGQ<eQT2q11||VF||THO+F++ e )
1

for any 1,7 € (0,1). By taking 7 small enough and rs close enough to 75 such that

1—T2v<1+7"1

_1> S&“,
)

T

we deduce from this and (5.4) that the defective log-Sobolev inequality
Go(flog [?) < 6V (f, ) + oy [ € 2(ET).GH(f*) =1

holds for some constants ¢;,cy > 0. Since the Dirichlet form is irreducible, according to [39,
Corollary 1.3] for ¢(p) = 2 — p, this implies the log-Sobolev inequality (5.5) for some constant
c > 0. O
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