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1 Introduction

Throughout this paper, the graphs considered are simpitg &ind undirected. For
terminology and notation not defined here, we refer the reedBondy and Murty
[2].

Let G be a graph. For a vertexe V(G), we useNg(v) to denote the set, and
ds(v) the number, of neighbors efin G. When there is no danger of ambiguity, we
useN(v) andd(v) instead ofNg(v) anddg(v). If H andH’ are two subgraphs @3,
then we seNy (H') ={veV(H) : Ng(v)NV (H’) # 0}. For two verticesi,v € V(H),
thedistance betweeruandvin H, denoted byly (u,v), is the length of a shortest path
connectings andv in H. In particular, when we use the notatiGrto denote a graph,
then for some subgrapth of G, we setNy (v) = Ng(v) NV (H) anddy (V) = [Ny (V)|
(so, if G’ is another graph defined on the same verte¥/$&t) andH is a subgraph
of G/, we will not useNy (V) to denoteNg (v) NV (H)).

We callH aninduced subgraph of G, if for everyx,y € V(H), xy € E(G) im-
plies thatxy € E(H). For a given grapl$, G is calledS-freeif G contains no induced
subgraph isomorphic t8. Following [8], G is calledS-o-heavy if every induced sub-
graph ofG isomorphic tdScontains two nonadjacent vertices with degree sum at least
[V(G)| in G. Following [9], G is calledS-f-heavy if for every induced subgrapH i-
somorphic toSand any two vertices,v € V(H) such thatdy (u,v) = 2, there holds
max{d(u),d(v)} > |[V(G)|/2. Note that ars-free graph isS-o-heavy G-f-heavy).

Theclaw is the bipartite grapK;y 3. Note that a claw-heavy graph is also claw-
o-heavy. Further graphs that will be often considered asidddn subgraphs are
shown in Fig. 1.

\1 Vo V3 Vi—1 Vi i z
[ . 4 ®* - - - 0—0

R (Path)
Cs (Triangle)
Vi
B (Bull) N (Net) W (Wounded)

Fig. 1. Graph$3,Cs,Z,B,N andw.
Bedrossian [1] characterized all connected forbiddersgaira 2-connected graph
to be hamiltonian.

Theorem 1 (Bedrossian [1]Let G be a 2-connected graph and let R and S be con-
nected graphs other than P;. Then G being R-free and S-freeimplies G is hamiltonian
if and only if (up to symmetry) R= K3 3 and S= C3, P4, P5,Ps,Z1,75,B,N or W.
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Faudree and Gould [6] extended Bedrossian’s result by gi&viproof of the ‘only
if” part based on infinite families of non-hamiltonian graph

Theorem 2 (Faudree and Gould [6])et G be a 2-connected graph of order at least
10 and let R and S be connected graphs other than Ps. Then G being R-free and
Sfree implies G is hamiltonian if and only if (up to symmetry) R= K;3 and S=
C3, P4, P57 Pﬁ, Zl, Zz, Zg, B7 N or W.

Li et al. [8] extended Bedrossian’s result by restrictinge®rcondition to pairs
of induced subgraphs of a graph. Ning and Zhang [9] gave anatktension of
Bedrossian’s theorem by restricting Ore’s condition taviced claws and Fan’s con-
dition to other induced subgraphs of a graph.

Theorem 3 (Ning and Zhang [9])Let G be a 2-connected graph and S be a con-
nected graph other than P;. Supposethat G is claw-o-heavy. Then G being S-f-heavy
implies G is hamiltonian if and only if S= P4, Ps,Ps,Z1,2Z>,B,N or W.

Motivated by Theorems 2 and 3, Ning and Zhang [9] proposeddhewing
problem.

Problem 1 (Ning and Zhang [9]) Is every claw-heavy andZs-f-heavy graph of
order at least 10 hamiltonian?

The main goal of this paper is to give an affirmative solutmthis problem. Our
answer is the following theorem, where the graphandL, are shown in Fig. 2.

Theorem 4 Let G be a 2-connected graph. If G is claw-o0-heavy and Z3-f-heavy, then
G iseither hamiltonian or isomorphicto L; or Ls.

L1 Lo
Fig. 2. Graphd.; andL.
Theorem 4 extends the following two previous theorems.

Theorem 5 (Faudree et al. [7])f G is a 2-connected claw-free and Z3-free graph,
then G is either hamiltonian or isomorphicto L; or Lo.

Theorem 6 (Chen et al. [5])If G is a 2-connected claw-f-heavy and Z3-f-heavy
graph, then G is either hamiltonian or isomorphicto L; or Lj.
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We remark that there are infinite 2-connected caveavy andz-o-heavy graph-
s which are non-hamiltonian, see [8].

Together with Theorem 3 and Theorem 4, we can obtain thewallp result
which generalizes Theorem 2.

Theorem 7 Let G be a 2-connected graph of order at least 10 and S be a connected
graph other than Ps. Supposethat G is claw-o-heavy. Then G being S-f-heavy implies
Gishamiltonianif and only if S= Py, Ps,Ps,2Z1,25,Z3,B,N or W.

2 Preliminaries

In this section, we will list some necessary preliminariésst, we will introduce the
closure theory of clave-heavy graphs proposed IBada [4], which is an extension
of the closure theory of claw-free graphs due to Ryjac€R.[1

Let G be a graph of orden. A vertexx € V(G) is calledheavy if d(x) > n/2;
otherwise, it is calledight. A pair of nonadjacent verticels,y} C V(G) is called a
heavy pair of G if d(x) +d(y) > n.

Let G be a graph ana € V(G). DefineBY(G) = {uv: {u,v} C N(x), d(u)+
d(v) > [V(G)|}. Let G? be a graph with vertex s&t(G?) = V(G) and edge set
E(G?) = E(G) UB(G). Suppose thaBZ[N(x)] consists of two disjoint clique§;
andC;. For a vertexy € V(G)\ (N(x) U{x}), if {x,y} is a heavy pair irG and there
are two verticesg € C; andxp € C, such thatxy,xy € E(G), theny is called a
join vertex of x in G. If N(x) is not a clique an@|N(x)] is connected, 069 [N(X)]
consists of two disjoint cliques and there is some join veofex, then the vertex is
called amo-€ligiblevertex of G. Thelocally completion of G at x, denoted by, is the
graph with vertex se¥ (G}) =V (G) and edge se& (G} ) = E(G)U{uv:u,ve N(x)}.

Let G be a clawe-heavy graph. Thelosure of G, denoted byl (G), is the graph
such that:

(1) there is a sequence of graphis G, . . ., Gt such thatG = Gy, G; = clo(G), and for
anyi € {1,2,...,t — 1}, there is aro-eligible vertexx of G;, such thaG;, 1 = (Gj)y ;
and

(2) there is na-eligible vertex inG;.

Theorem 8 (éada [4])Let G be a claw-0-heavy graph. Then

(1) the closure clo(G) is uniquely determined;

(2) thereisa Cs-free graph H such that clo(G) isthe line graph of H; and
(3) the circumferences of clo(G) and G are equal.

Now we introduce some new terminology and notations@be a clawe-heavy
graph andC be a maximal clique ofl,(G). We callG[C] aregion of G. For a vertex
v of G, we callvaninterior vertex if it is contained in only one region, andi@ntier
vertex if it is contained in two distinct regions. For two verticess € V(G), we say
uandv areassociated if u,v are contained in a common region®f otherwiseu and
v aredissociated. For a regiorR of G, we denote byr the set of interior vertices of
R, and byFg the set of frontier vertices dR.

From the definition of the closure, it is not difficult to geetfollowing lemma.
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Lemma 1 Let G be a claw-0-heavy graph. Then

(1) every vertex is either an interior vertex of a region or a frontier vertex of two
regions,

(2) every two regions are either digoint or have only one common vertex; and

(3) every pair of dissociated vertices have degree sumlessthan |V (G)| in clo(G) (and
inG).

Proof In the proof of the lemma, we &' = cly(G).

(1) Letv be an arbitrary vertex db. SinceG' is closedNg (V) is either a clique
or a disjoint union of two cliques i®&’. Thusv is contained in one or two regions of
G, and the assertion is true.

(2) LetR andR be two regions of5, andC andC’ be the two maximal cliques
of G’ corresponding t&® andR/, respectively. IIC andC’ have two common vertices,
sayu andyv, thenu andv will be o-eligible vertices ofG’, contradicting the definition
of the closure ofz. This implies thaC andC’ (and thenR andR) have at most one
common vertex.

(3) Letu,v be two nonadjacent vertices withy (u) + dg/ (V) > n=|V(G)|. Then
u,v have at least two common neighbors@\ Suppose thati andv are not in a
common clique ofG'". Let x be a common neighbor af andv in G'. SinceNg (X)
is not a clique inG, it is the disjoint union of two cliques, one containingnd the
other containing. Sinceuv € BY(G'), x is ano-eligible vertex ofG/, a contradiction.
Thus we conclude that v are in a common clique &', i.e.,u andv are associated.

O

The next lemma provides some structural information onomesgi

Lemma 2 Let G be a claw-0-heavy graph and R be a region of G. Then

(1) Risnonseparable;

(2)if visafrontier vertex of R, then v hasan interior neighbor in Ror Ris complete
and has no interior vertices,

(3) for any two vertices u,v € R, there is an induced path of G from u to v such that
every internal vertex of the path isan interior vertex of R; and

(4) for two verticesu,vin R, if {u,v} isa heavy pair of G, then u, v have two common
neighborsin Ig.

Proof LetG;,Gy,...,G; be the sequence of graphs, aadks, ..., x 1 the sequence
of vertices in the definition ofl,(G).

(1) Suppose thaR has a cut-vertey. We prove by induction that would be a
cut-vertex ofGi[V(R)] for all i € [1,t]. Sincey is a cut-vertex 0fG1[V (R)] = R, we
assume that 2 i <t. By the induction hypothesig,is a cut-vertex ofG;_1[V(R)].
Let R andR’ be two components d;_1[V(R)] —V, u be a vertex oR andv be a
vertex ofR”. Thenu andv have at most one common neighlyon R. Note that each
two maximal cliques ol,(G) is either disjoint or have only one common vertex (see
Lemma 1 (1)). This implies thatandv have no common neighbors@®_1 — V(R).
Hence{u,v} is not a heavy pair o6. Note that aro-eligible vertex ofG;_; will be
an interior vertex ofly(G). This implies thaly is not ano-eligible vertex ofG;_1.
Thusx;_1 # Y. Note thatx_; has no neighbors iR or has no neighbors iR”. This
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implies that there are no new edgesGnbetweenR andR’. Thusy is also a cut-
vertex of Gi[V (R)]. By induction, we can see thgtis a cut-vertex ofly(G)[V (R)],
contradicting the fact that(R) is a clique incly(G).

(2) Note thatl,(G)[V (R)] is complete. IR has no interior vertex, theRcontains
noo-eligible vertex ofG. Since the locally completion @ at everyo-eligible vertex
does not add an edge® R=clo(G)[V(R)] is complete.

Now we assume th&has at least one interior vertex. SupposeVets no interi-
or neighborsirR, i.e.,N(v) Nlgr = 0. Using induction, we will prove thdg, (v)Nlr =
0. SinceNg, (v) Nlr = 0, we assume that 2 i <t. By the induction hypothesis,
Ng, ,(v)Nlr = 0. Note thatx_1 is either nonadjacent to or nonadjacent to every
vertex inNg, , (v) NV (R). This implies that there are no new edge$pbetweerv
andG;i[V(R)] —v. HenceNg, (v) NIr = 0. Thus by the induction hypothesis, we can
see thaly,g)(v) NIr = 0, a contradiction.

(3) We use induction ot (t is the subscript 06 = cly(G)) to prove that there
is an induced path d&;[V (R)] from u to v such that every internal vertex of the path
is an interior vertex oR. Note thatuv is an edge irG; [V (R)]. We are done if =t.
Now suppose that there is an induced pgaf G;[V (R)] from u to v such that every
internal vertex of the path is an interior vertexRfWe will prove that there is an
induced path of5;_1[V(R)] from u to v such that every internal vertex of the path is
an interior vertex oR. If P is also a path oG;_1[V(R)], then we are done. So we
assume that there is an edge € E(P) such thau'v' ¢ E(Gj_1). This implies that
U,V €N(x_1). SincePis an induced path d&;, x,_; has the only two neighbots, v/
onP. We also note that_; € V(R) is an interior vertex. ThuB' = (P—u'V') Uu'xv
(with the obvious meaning) is an induced pathGf [V (R)] from u to v such that
every internal vertex of the path is an interior vertexRofThus by the induction
hypothesis, the proof is complete.

(4) Since every vertex ifigr has at least one neighbor@— R and every vertex
in G— R has at most one neighbor &, we havelNg_r(Fr\{u,v})| > |FrR\{u,V}|.
Furthermore, we have= |Ig\{u,v}|+ |[FR\{u,v}| + |[V(G — R)| + 2. Thus, we get

n<d(u)+d(v)

= dIR(U) + le(V) + dFR(U) + dFR(V) + dG,R(U) + dG,R(V)

< d|R(U) + d|R(V) + 2|FR\{U,V}| + dG,R(U) + dG,R(V)

< dig (U) + dig (V) + [FR\{U, V}| + [NG-r(FR\{U, V})| + [NG-r(U)| + [Ne-R(V)|

= i (U) + dig (V) + [FR\{U,V}| + [Ne-r(FR)|

< dig (W) + dig (V) + [FR\{u, v} + V(G- R)],
and

dig(U) +dig (V) = n—[FR\{U,V}| = [V(G—R)[ = [Ir\{u,v}| +2.

This implies thau, v have two common neighbors Ia. O

Let G be a graph and be an induced copy a3 in G. We denote the vertices of
Z asin Fig. 3, and say thatis center-heavy in G if a; is a heavy vertex o&. If every
induced copy oz in G is center-heavy, then we say tl@ais Z3-center-heavy.



On hamiltonicity of graphs under Ore- and Fan-type heavgmsajph conditions 7

Fig. 3. The GraplZs.

Lemma 3 Let G be a claw-0-heavy and Z3-f-heavy graph. Then clo(G) is Z3-center-
heavy.

Proof LetZ be an arbitrary induced copy 8§ in G’ =clo(G). We denote the vertices
of Z as in Fig. 3, and will prove that, is heavy inG'.

Let R be the region of5 containing{a, b,c}. Recall thatir is the set of interior
vertices ofR, andFy is the set of frontier vertices &.

Claim 1 |Nr(a2) UNR(a3)| < 1.

Proof Note that every vertex i6 — R has at most one neighbor If Nr(az) =0,
then the assertion is obviously true. Now we assumeNkéa,) # 0. Letx be the
vertex inNg(az). Clearlyx # a andaix ¢ E(G'). If agx ¢ E(G'), then{ap,a;,a3,x}
induces a claw i3/, a contradiction. This implies thaix € E(G'), andx is the
unique vertex i (az) NV (R). ThusNgr(a2) UNr(a3) = {x}. O

Claim 2 Let x,y betwo verticesin IrU {a}. If xy € E(G) and d(x) +d(y) > n, then
X,y have a common neighbor in Ig.

Proof Note that every vertex iRg has at least one neighbor@- Rand every vertex

in G—Rhas at most one neighbork By Claim 1,|V(G—R)| > |Fr| + 1. Moreover,

sinceais not the neighbor odi; andag in R, [V(G—R)| > |Fr\{a}| + |[Nc_r(a)| + 1.
If X,y € IR, then

and
dig(X) +dig(y) > n— [l = V(G -R)[+1=Ig[+ 1.

This implies thak,y have a common neighbor Ip.
If one ofXx,y, sayy is a, then
n<d(x)+d(a)
= dIR(X) +diz(a) + drg(X) +drg(a) + dec_r(a)
< diz(X) +diz(a) + |Fr|+ |[FR\{a}| + dc_r(a)
< dig(X) +dig(a) + [Fr| + V(G- R)[ - 1,
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and
dir(x) +dig(a) > n—|Fr| — V(G—R)|+1=Ig| + 1.

This implies thai,a have a common neighbor Ig. O

By Lemma 2 (3)G has an induced pat from ato ag such that every vertex of
Pis either in{a,a;,a,as} or an interior vertex outsidg. Leta, &}, a,, a5 be the first
four vertices ofP.

Note thata; is eithera; or an interior vertex in the region containifig, a; }. This
implies thatdg (a1) > de(a;) > d(a}). If &) is heavy inG, thena; is heavy inG’
and we are done. So we assume #iat not heavy irG.

If abcais also a triangle i3, then the subgraph induced bg. b, c,a],a,, a5} is
aZsz. SinceG is Zz-f-heavy andy is not heavy inG, b andaj are heavy irG. By
Lemma 1 (3),b andaj are associated, a contradiction. Thus we conclude that one
edge of{ab,ac,bc} is notinE(G).

Note thatRis not complete. By Lemma 2 (23,has a neighbor ifg.

Claim 3 diz(a) =1.

Proof Suppose thatl,(a) > 2. Letx,y be two arbitrary vertices itNi;(a). If xy €
E(G), then{a,x,y,a,,a,,a;} induces &3 in G. Note that] is not heavy inG. Thus

x andaj are heavy inG. Note thatx anda; are dissociated, a contradiction. This
implies thatNi,(a) is an independent set.

Since{a,x,y,a;} induces a claw irG, and{a},x}, {a},y} are not heavy pairs of
G by Lemma 1 (3), we havéx,y} is a heavy pair of5. We assume without loss of
generality thak is heavy inG.

If ais also heavy inG, then by Claim 2a,x have a common neighbor i,
contradicting the fact thati, (a) is an independent set. So we conclude thistnot
heavy inG.

Since{x,y} is a heavy pair of5, by Lemma 2 (4)x,y have two common neigh-
bors inlg. Let X,y be two vertices ifNi;(X) NNz (y). Clearlyax,ay’ ¢ E(G). If
Xy € E(G), then{x,x,y,a,a;,a,} induces aZ3 in G. Sincea is light, X ,a, are
heavy. Note thak’ and &, are dissociated, a contradiction. Thus we obtain that
Xy ¢ E(G).

Note that{x,x,y’,a} induces a claw irG, anda is light in G. So one vertex of
{X,y'}, sayX, is heavy inG. By Claim 2,x,X' have a common neighbaf in Ig.
Clearlyax” ¢ E(G). Thus{x,x,x",a,a},a,} induces &3. Sincea is not heavy irG,

X ,a, are heavy irG, a contradiction. 0

Now letNi;(a) = {x}.
Claim 4 Ng(a) =V(R)\{a}.

Proof Suppose tha¥ (R)\({a} UNRr(a)) # 0. By Lemma 2 (1)R— x is connected.
Lety be a vertex iV (R)\ ({a} UNr(a)) such thata,y have a common neighbar
in R—x. Note thatz is a frontier vertex oR. Let Z be a vertex ifNg_gr(2). Then
{z,y,a,Z} induces a claw irG. Since{a,Z}, {y,Z} are not heavy pairs d&, {a,y}
is a heavy pair 06. By Lemma 2 (4)a,y have two common neighborsig, contra-
dicting Claim 3. O
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By Claims 3 and 4, we can see thia§ = 1. Recall that one edge ¢&b, bc,ac} is
notinE(G). By Claim 4,ab, ac € E(G). This implies thabc ¢ E(G), and{a,b,c.a} }
induces a claw its. Since{b,a}}, {c,a}} are not heavy pairs @, {b,c} is a heavy
pair of G. By Lemma 2 (4)p andc have two common neighbors i, contradicting
the fact thatlg| = 1. O

Following [3], we defineZ? to be the class of graphs obtained by taking two
vertex-disjoint trianglesyazaza;, bibobsbs and by joining every pair of vertices
{a,bi} by a pathP, = gctc?: -- ciki ~2p, fork; > 3 or by a triangleybicia;. We denote
the graphs inZ? by R, |, 1,, wherel; = ki if a,b; are joined by a patR, andli =T
if &, b; are joined by a triangle. Note thiat = Pr1 1 andL, =Ps17.

Theorem 9 (Brousek [3])Every non-hamiltonian 2-connected claw-free graph con-
tains an induced subgraphH € &2.

3 Proof of Theorem 4

Let G’ = clo(G). If G is hamiltonian, then so i6& by Theorem 8, and we are done.
Now we assume thas’ is not hamiltonian. By Theorem &' contains an induced
subgraphH = R, |, 1, € &. We denote the vertices ¢ by a,bj,¢; and ciJ as in
Section 2. By Lemma 33’ is Zz-center-heavy.

Claim1 Forie€ {1,2,3},li =3or T; and at most one of {l1,1,13} is3.

Proof If one of {I,l2,13} is at least 4, sayy > 4, then the subgraph &' induced
by {a1,ap,a3,¢},c2,C3} is aZs (we setc3 = by if I, = 4). Thusct is heavy inG'. If
I, =T, then the subgraph @& induced by{ay,a;,as, by, bl,c'll’z} is aZs, implying
b, is heavy inG'. But c% and b, are dissociated, a contradiction.lf = T, then
the subgraph of5’ induced by{az,a17a3,c%,...70'22’2,b27b1} is aZ withr > 3,
implying ¢ is heavy inG'. Butc} andc} are dissociated, a contradiction again. Thus
we conclude thdt =3 orT foralli =1,2,3.

If two of {l1,l2,I3} equal 3, say; = |, = 3, then the subgraphs & induced by
{a1,ap,a3,¢},b1,b,} and by{ap,a1,as,cl, by, 01} arezg’s. This implies thatt and
c} are heavy irG'. But ¢} andc} are dissociated, a contradiction. Thus we conclude
that at most one ofl4, 2,13} is 3. O

By Claim 1, we assume without loss of generality that 13 =T andl; = 3 or
T. If G’ has only the nine vertices id, thenG' = L; or L,, andG has noo-eligible
vertices. This implies thas = L; or L,. Now we assume th&' has a tenth vertex.

Let Abe the region containinfp, ay, a3} andB be the region containingos, by,
bs}. Forli =T, letC; be the region containinga;, b;, ¢ }; and ifl; = 3, then IetC%
andC? be the regions containingy, ¢t} and{by,cl}, respectively.

Claim2 [V(A)| = [V(B)| = V(G| = 3; andif I = 3, then [V (C})| = [V(C?)| = 2.
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Proof Suppose thdv/ (A)| > 4. Letx be a vertex iV (A)\{a1,ap,as}. Then the sub-
graphs ofG’ induced by{ap,as,x,by,bs,c3} and by{as,a;,x,bs,by,co} areZs's.
This implies thab, andbg are heavy inG’. Since there are two vertices, x nonad-
jacent tob, andbs, b, andbs have at least two common neighborsGh Lety be a
common neighbor df, andbg in G’ other tharb;. Theny € V(B), and the subgraphs
of G' induced by{b,,b;,y,a,,a3,c3} is aZs. Thusa, is heavy inG'. By Lemma 1
(3), a» andbgs are associated, a contradiction. Thus we conclude\#at)| = 3, and
similarly, |[V(B)| = 3.

Suppose thalv (Ci)| > 4 for [ = T. We assume up to symmetry tH&t(Cy)| >
4. Let x be a vertex inV(Cy)\{az,b2,co}. Then the subgraph o&’ induced by
{ap,C2,X%,a3,b3,b1} is aZs, implying thatag is heavy inG. If 11 =T, then the sub-
graph ofG’ induced by{hy,c,,x,b1,a1,a3} is aZs; if I; = 3, then the subgraph &
induced by{by,c,,x,b1,¢c1,81} is aZz. In any case, we havg is heavy inG'. But
az andb; are dissociated i, a contradiction.

Suppose thay = 3 and|V(C})| > 3. Letx be a vertex iV (C})\{as,ci}. Then
the subgraphs o&’ induced by{as,cl,x,a,by,bs} and by{cl a;,x, by, by, o} are
Z3's. This implies thaia, andb; are heavy inG'. But a, andb; are dissociated, a
contradiction. Thus we conclude tHat(Cl)| = 2, and similarlyV(C?)|=2. O

In the following, we seB= {ve V(G') : Ng/(v) "V (H) # 0}.
Claim 3 Iy =3, andfor x € S, xcp,xc3 € E(G).

Proof By Claim 2, all the neighbors @f;,az,a3,b;, b2, bs andc% (if I = 3) are inH.
Note thatG’ has at least 10 vertices. The vertieesay, az, by, by, b3 andc% (if 1, =3)
are not heavy ilG'.

Letxbe a vertexirs. Suppose thdj = T. Note that cannot be adjacentto all the
three vertices;, ¢, c3. We assume up to symmetry tha € E(G') andxc, ¢ E(G').
Then the subgraph &' induced by{ay, b, c,,a1,¢1,X} is aZs, implyinga; is heavy
in G, a contradiction. Thus we conclude that= 3.

Suppose that one edge xd,, xc3 is not in E(G'), sayxc, ¢ E(G'). Then the
subgraph of53’ induced by{ay, b, ¢z, a3, c3, X} is aZs, implying a3 is heavy inG/, a
contradiction. Thus we conclude thab, xc3 € E(G). O

Let x be a vertex irS. By Claim 3,xc,,xc3 € E(G). If G’ has only ten vertices,
thenC = a]_azagCgXCszbgb]_C%al is a Hamilton cycle of5, a contradiction. Suppose
now thatG' has an eleventh vertex. Sin@ is 2-connected, lex' be a vertex in
S\{x}. By Claim 3,Xc,,Xc3 € E(G'). Thusxx' € E(G'). Note thatNg (x) is neither
a cligue nor a disjoint union of two cliques &f. This implies thak is ano-eligible
vertex of G/, a contradiction.

The proof is complete. O
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