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Abstract: The existence and orbital instability of standing waves for the gener-
alized three-dimensional nonlocal nonlinear Schrédinger equations is studied. By
defining some suitable functionals and a constrained variational problem, we first
establish the existence of standing waves, which relys on the inner structure of
the equations under consideration to overcome the drawback that nonlocal terms
violate the space-scale invariance. We then show the orbital instability of stand-
ing waves. The arguments depend upon the conservation laws of the mass and of

the energy.
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1. Introduction

In this paper, we study the generalized three-dimensional nonlocal nonlinear Schrédinger

equations :
101 + AE| + (‘E1|2 + |E2|2 + |E3|2) FEq (1 1)
+ Ay(E, B, E3) + Ay(Ey, Eo, E3) = 0,
i0tEy + AE; + (|E1]* 4 |Eo|? + |E3|?) Es (1.2)
—+ Ag(El,EQ, Eg) + A4(E1,E2, E3) = O,
i0,F5 + AFEs + (|E1* + | E2|* + |Es|?) Es (1.3)

+ As(E1, Ea, Es) + A¢(E1, Es, E3) = 0,
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along with the initial data
El(O, .73) = Elo(x), EQ(O, .iL') = Egg(.%'), Eg(O, ac) = Ego(x>. (1.4)

Here,

AV(Ey, By, By) = By F { (ol [616F (Bo By — B )

¢[*—o o (I—1)
— (& + &) F(B\Ez — E\Bp) + &8 F (1B — E1E3)] },

Ay(E1, Ey, E3) = E3F 1 {m%g (6263 F (E1Es — E1Es) (- 2)
— (& + &) F(B1 B3 — E\Bs) + &6 F (B2 B3 — E2E3)] }

A3(Ey, By, E3) = —E3F 1 {WL_& (616 F (B Es — E1Ej) (- 3)
— (8 + &) F(E2E3 — EaE3) + 6163 F (E1Ea — E1Ey)| },

Ay(Br, B, B3) = By F { —5 [&1&F (B2 B3 — ErE3) (I 4)
— (1 + &) F(E1Ey — E\Ey) + &8 F (E1Es — E\E3)] }

A5(B1, By, By) = —Er F {5 |6 F (B Bz — By Ey) 1)

— (§& + &) F(E1E3 — E\E3) + &&F (EyEs — EqyEs)| ),
A¢(E1, Eq, E3) = ng—l ‘ [§1§2f(EE3 — Elfg) (I —6)

GRE)
— (& + &) F (B2 B3 — B2 B3) + 6163 F (E1Ey — E1 E)] }

F and F~! denote the Fourier transform and the Fourier inverse transform, respectively
([7,?,7,7?]),n>0and 6 <0 are two constants, (E1, Es, E3)(t,z) are complex vector-valued
functions from R x R? into C3, E;(i = 1,2,3) denotes the complex conjugate of E;. Due to
rotational invariance of (1.1)-(1.3), let E = (E1, Es, E3) and & = (&1, £2,&3), system (1.1)-(1.3)

is equivalent to a vetor-valued nonlinear Schrédinger equations
iE¢ + AE + |[E|?E +i(E A B) = 0, (M —S—1)

B(E)=F! |€!2 (g/\(gAf(EAE))) (M-S -2)

where A denotes the exterior product of vector-valued functions, and E the complex conjugate
of E. (Indeed, a direct computation implies that equations (1.1)-(1.3) are the componential
form of the equations (M-S-1)-(M-S-2). To understand the relationship of all the components
E1, Ey, E3, we adopt the componential form (1.1)-(1.3) in the present paper.)

Equations (M-S-1)-(M-S-2) arise in the infinite ion acoustic speed limit of the self-generated

magnetic field in a cold plasma, E denotes a slowly varying complex amplitude of the



high-frequency electric field, and B the self-generated magnetic field [?, 7, 7, ?]. Due
to the gauge invariance Aj(@ithl,ethEQ,ethEg) = ei‘”tAj(El,Eg,Eg), j=1,2,3,4,5,6 ,
we can study the so-called standing wave solutions of the equations (1.1)-(1.3) in the form
E;(t,z) = e“tu;(x) (i = 1,2,3) with the initial condition (1.4), where w > 0 is a real constant
parameter called frequency and u;(z)(i = 1,2,3) is a complex-valued function. The search
for standing waves of equations (1.1)-(1.3) leads to the following nonlinear elliptic equations
(1.5)-(1.7):

—wuy + Aug + (Jug|? + Jual? + |us|®)ug — uzf_l["g%%]:(m% — ugug)]

unF R 1ty — )] — s ([ F (s — )

BEEE ( |§f*2‘§ (1.5)
P[5 (g — )] + s MG (g — )]
+ugF 1] \ZI%EQS}—(W@ — Wzu3)] =0,

—wug + Aug + (|ug]? + uz|* + |us|*)us — wf‘ﬂ@%%]—"(uflu;; — uiu3)|

g FU ) F (g — wgus)] — ugF [ F (uytg — wun)]

e M= (1.6)
+u F \Zleés(;]:(m@ — Uu3)] + ur F! [n%'lgt%)f(uﬁug — u1uz)]
FurF RS F (urus — w)] = 0,

—wug + Aug + (Ju1]?® + |ug|* + us|*)us — Ul]:_l[g%i]:(ul@ — Urug)]
+u1f*1[%f(u7u3 — u1u3)] — m]-'*l[lgf;f?é]-“(wufg — Ugus)] w7
tun N 82 F (wru — wntig)] + uaF [ S F (Tus — uat)] '
+usF IS F (w1 — Tug)] = 0.

For the nonlinear Schrodinger equations without any nonlocal term, there have been
many works on the stability results of their standing waves. Berestycki and Cazenave [7],
Grillakis[?], Jones [?], Shatah and Strauss [?], Weinstein [?] and Zhang [?] investigated the
instability of solitons. On the other hand, Cazenave and Lions [?], Weinstein [?], Grillakis,
Shatah and Strauss [?] studied the stability of the standing waves.

In the study of equations (1.1)-(1.3), we still concentrate on the existence and orbital
instability of the standing waves. For the nonlocal nonlinear Schrodinger equations, to our
best knowledge, there have been no any works on the existence and instability of the standing
waves other than those in our former papers [?, ?, ?], where we studied the similar topic for
a general Davey-Stewartson system [?] and a simplified version for the nonlocal nonlinear
Schrodinger equations (1.1)-(1.3) [?, 7], in which (E1, Ea, E3) = (E1, E2,0), (&1,&2,83) =
(£1,&2,0). To attain our goal in the present paper, the main difficulty is to deal with the
nonlocal terms since the nonlocal terms may violate the space inner-scale invariance, and
we are forced to make some additional arguments for them. Fortunately, by defining some
suitable functionals and a constrained variational minimization problem, utilizing the mono-
tonicity argument for some defined auxiliary functions to deal with these terms generated by

the nonlocal effects, and applying the inner structure of the corresponding elliptic equations



(1.5)-(1.7), we first show the existence of standing waves for the equations (1.1)-(1.3). In
addition, we establish the orbital instability of the standing waves for the equations under
consideration. The arguments of the result rely on the conservation of energy and mass as
well as the construction of a suitable invariant manifold of solution flows. However, it should
be pointed out that the uniqueness of these ground states for (1.5)-(1.7) is a much different
and difficult problem, and we do not intend to discuss it in the present paper.

This paper arranges as follows. In section 2, we give some preliminaries and state the
main results. The existence of standing waves with ground states will be established in Sec-
tion 3. At the last section, we will show the orbital instability of standing waves.

For simplicity, we denote any positive constant by C' throughout the present paper.

2 Preliminaries and Main Results

In this section, we first establish the conservation laws of total mass and total energy. Then
we define some functionals, a set and a constrained variational minimization problem. At the

end of this section we state the main results of this paper.

2.1 Conservation Laws of the Mass and of the Energy

According to the inner structure of equations (1.1)-(1.3), making some estimates on the
nonlocal terms and using the standard contraction mapping theorem, we can establish the
local well-posedness in the energy space H'(R3) x H'(R3) x H'(R?), the conservation laws
of the total mass and of the total energy for the Cauchy problem (1.1)-(1.4).

Lemma 2.1 The Cauchy problem (1.1)-(1.4), for n > 0, 6 < 0 and

(Er0(z), Exo(z),, E3o(x)) € HY(R?) x H(R?) x H'(R?),
has a unique solution
(E1, E», E3) € C([0,T); H(R®) x HY(R?) x H'(R?))
for some T' € (0,4+00) with T'= +o0 or T' < 400 and
Lim, (1Bl sy + 1 B2l w3y + (| Bl (rsy) = +o0.
In addition, the total mass and total energy are conserved:

[ UBP + B+ |BaP)do = [ (Bl + Exf® + |EwP)da, (2.)
R R



H(E1, B2, E3)
= Jps(IVEL? + [VEo* + |VE3*)dx — § [ps(|Ea|* + [Eo|* + | E3|*)da
— Jrs (|B1P| Eof® + | Ex [P | E3|? + | B2|?| B3 |*)dx
—5 Jps £1+§2 (IF(E\Ey — By Eo)[?dE

-1 . F(E\E3 — E1E3)|?d¢
2 JRr3 EEL,(S (| ( 143 1 3)| (22)

2
1 Jis U (| F (B> B — BaBy) e
+Re [os ,’gﬁ;% (E2E3 — ErE3)F(E1 B3 — E\E3)d¢

+R€ ng IZ‘Ql 36]:(E1E2 — ElEg)f(EQE — EEg)dﬁ
+Re [os 535 F(EV B3 — E1E3) F(E1Ez — By Ep)dé
= M (E10, B2, E30).

To attain the conservation identities (2.1) and (2.2), besides using the standard arguments

on the nonlinear Schrodinger equations without any nonlocal terms, we must give some
extra discussions on the nonlocal terms, in which we will employ the Parseval identity, some
properties of Fourier transform, suitable groupings and potential coupled arguments for these
nonlocal terms. In Lemma 2.1 of [?], we established the detail of the proof for (2.1) and (2.2)
O

2.2 Variational Structures

For (u1,u2,u3) € H}R?) x HY(R3) x HY(R3) (u;(x)(i = 1,2,3) is a complex-valued

function), we define the following functionals:

S(ur,ug,uz) = 5 [ps(|Vur|? + [Vuo|? + [Vus|?)dz
+5 Jro (ur* + Jual? + us|?)dx
—1 Jus (| * + Jua|* + Jug|*)da (2.3)
—35 Jps (uaPuz]? + |u [Pus]? + [ug|?|us|*)dz
—% fRS A(uq, ug, us)dé + %Re fRS B(uy,ug,us)dg,

R(uy,ug,ug) = ng(]VuﬂQ + |Vuz|? + |Vus|?)dzx
=3 Jo (lun[* + Juz|* + |us|*)dz
—5 Jpo (lur[?luz]? + Jua[?|us]* + IU2\2!Usl2) (2.4)
—%ng (u1, u2,u3)dé + 5 Ls ng 751'5"2;5“3 d¢
+3Re [os Blur,uz, ug)dé — 6Re [ Ptieadde,
where
H}(R3) x Hl(R3) x H!(R3)
= {(f1(@), fa(2), fs(z)) € H'(R?) x H'(R®) x H'(R?),
filx ) = f1(|m|) is a function of |z| alone,i = 1,2, 3},
i (6 + &) (1 F (wwz — urus)|?)
+(E + &) (|F (wuz — wius)|?) (I1—1)
(€3 + &) (|F (uouz — wzus)[?)]

A(ur, ug,uz) =

9



B(uy,uz,u3) = =5 |§162F (Ugus — ugliz) F(urtiz — Urug)
+&183F (uguz — Uus) F (w1t — Uus) (IT —2)
+E&263F (wus — wuz) F(u1tz — uiusg) | -

A natural attempt to find nontrivial solutions to (1.5)-(1.7) is to solve the constrained mini-
mization problem

d:= inf S(uq,ug,us), (2.5)

(u1,u2,u3)eEM

where the set M is defined by
M = {(u1,u2,u3) € HH(R?) x H}(R?) x HY(R*)\ {(0,0,0)}, R(u1, us,u3) =0}.  (2.6)

From (up,ug,u3z) € H}R3) x HY(R?) x H}(R3) n > 0, § < 0, the Sobolev’s embedding
theorem and the properties of Fourier transform, it follows that functionals S(u1, ue,us) and
R(u1,u2,us3) are both well defined.

Remark 2.1. We note that for all 8 > 1, j, k,l,m =1, 2,3,

L e = [ i 7 e

We also note that if (ug,ue,us) is a critical point of S(ui,us2,u3) and hence a solution of
(1.5)-(1.7), then (E1, By, E3) = (e™'uy, e™tugy, e™tus) is a standing wave solution of (1.1)-
(1.3).

2.3 Main Results

Here, we state the main results of this paper.
Theorem 2.1. For n > 0 and 6 < 0, there exists (Q1,Q2,Q3) € M such that

(1) S(Q1,Q2,Q3) =d= (ul’ui%f;)eMS(uhuz,u:s);

(2) (Q1,Q2,Qs3) is a ground state solution to (1.5)-(1.7).

(3) (Q1,Q2,Q3) are functions of |z| alone and decay exponentially at infinity.

From the physical viewpoint, an important role is played by the ground state solution of
(1.5)-(1.7). A solution (Q1,Q2,Q3) to (1.5)-(1.7) is termed as a ground state if it has some
minimal action among all solutions to (1.5)-(1.7). Here, the action of solution (u1,ug, us) is
defined by S(u1,ug, us).

Concerning the dynamics of the ground state solution (Q1, Q2, Q3), we have the following
orbital instability result. Here, we assume that the ground state solution (Q1,Q2,Q3) of
(1.5)-(1.7) is unique.

Theorem 2.2. Forn > 0 and § <0, let (Q1,Q2,Q3) € M be given by Theorem 2.1. For
arbitrary € > 0, there exists (F1g, B2, F30) € H}(R?) x H}(R3) x H}(R3) with

B0 — Qillmirsy <&, [1B20 — Q2llmms) <&, B30 — Qsllmimrs) <€ (2.7)



such that the solution (Ep, E9, F3) of the equations (1.1)-(1.3) with the initial data (1.4)
has the following property: For some finite time T < oo, (Ei, Es, E3) exists on [0,7T),
(B, Bs, E3) € C([0,7); H} (R?) x Hy (R®) x H}(R?)) and

lim (181 (| o) + 1Ball 1y o) + 1Bs |y roy) = oo (2.8)

3 Existence of standing waves

In this section, we prove Theorem 2.1, which concerns the existence of minimal energy
standing waves of the system (1.1)-(1.3). For that purpose, we first give some key Propositions
and Lemmas.

Remark 3.1. Forn>0,0<0,0=1,2,j,k1,m=1,2,3, since

/ (|§n§l§m)9]:(Qng ?de = / £|7§l§m)9\5’: QjQr)Pde, (3.1)

ggm AT A
‘Re/ |§72l_)9-7:(Qij)-7:(Qij)d§’
<

R3 (
4/ (€2 = 6)f (|~7:(Q3Qk)\ + | F(Q;Qx)*)d¢

2 2
-5 L Wﬂczmﬁda 52)

by Theorem 2.1, (2.3), (2.4) and (2.5), one has

S(Q1,Q2,Q3)

1

=6/ (VQU +IVQl + IVQu)do + 5 [ (G +1Qaf + |Qsf)da

_75 n(& + &)
6 Jrs (I§°—0)?

1 n(&t +£3) 07— 0"
66/R3 W(I}"(Qﬁh — Q1Q3)*)d¢

(&3 + &)
_65/]@3 (|f\§ :; (IF(Q2Q3 — @2Qs3)[*)d¢

+ioRe / 3 (’67‘72&52)]:(622623 — Q2 @) F(Q1Qs — 01Q)de

Lshe n&iés

3 Jrs (€7 —0)?

+gife [ FQ1Qs ~ QuQn) F(QiQs — Q)Qude > . (33)

S(F(Q1Q2 — Q1Q2)[?)de

F(Q2Q3 — Q2Q3) F(Q1Q2 — Q1Q2)dE

We continue to give some key facts.
Lemma 3.1 ([?, ?]). For 2 < o < 6, the embedding H}(R?) — L?(R?) is compact, where

H}R?) = {f(z) € HYR3) : f(x) = f(|z]) is a function of |z| alone} . O



Proposition 3.1. Let n > 0 and 6 < 0. Then the non-trivial solution to (1.5)-(1.7) belongs
to M.

Proof. Let (u1,u2,u3) be a non-trivial solution to (1.5)-(1.7). Multiplying (1.5) by u7, (1.6)
by W2, (1.7) by w3, then integrating with respect to 2 on R?, we obtain

— Jes(IVui]? + [Vua|* + [Vus|?)dz — w [ps(lur|* + [uz|? + |us|?)dx
+ Jgs (Jur|* + Jua|* + Jus|*)da + 2 [os (JurPlug|® + Jus [*|us|? + |ug|?|us|?)dz (3.4)
+fR3 A(ul,ug,ug)df — 2Re ng, B(ul,uQ,u;:,)df = 0.

We further attain the following identity:
% R3(|VU1|2 + |VU2|2 + |VU3|2)dl‘ + 37“} fR3(|U1’2 + ‘UQ|2 + |U3|2)d33
= Jas (Jua|* + Jua|* + Jus|)dz — 3 faa (Ju [Pluz]® + [ur[*|us]? + Jug|* us|*)do
—3 [os A(ur, ug,u3)dé + 3 Re [ps B(uy,ug, ug)d§
_% fR3 W%&A(ul, u2,u3)d§ + 0 Re ng W%B(ul,uz,u;g)df =0.
Here, A and B are defined by (II-1) and (II-2) in Section 2, respectively. The identity (3.5)
is obtained by multiplying (1.5) by «Vu1, (1.6) by xVug, (1.7) by xVus, then integrating

(3.5)

with respect to = in R? and taking the real parts for the resulting equations, finally using the

following estimates:

Re [ps(—wu12Vu — wugaViy — wuzzVis)de

(ITT - 1)
= % Jps(lur]* + ua]® + |us]*)dz,

Re ng (u1zVuy + uex Ve + ugxVus)dx

L ) ) ) (III—Q)
=3 Jps(lur]® + Jua|? + |u3|*)dz,

Re [ps(Ju1]? + us|? + |us|?) (w1 2V + uez Vs + usz Vs )da
= =3 Jps(lua|* + |ua|* + [ua|*)dz (I1I —3)

— 3 Jrs(JuaPlual® + [us [P|us]® + Jug|?|us|?)dz,
S 24 ¢2 _ _
Re [ps u1xVuF 1[%}"@1@ — Uyug)|dx

—Re fR5 UQ.IVEL/T_I[n(élfjsg)./"'(ulﬂg — ﬂﬂtg)]daj

= o M (e — ) e

+3 fio TGS (| F (una — wun) ),

(I11 — 4)

Re [ ma Vi F U0 F (uytis — wus)]da

2 ¢2
—Re fRs USJUVﬂl}—_l[77(é|12+£3)]:(U153 — ﬂlu;g)]dm

= oo e (s — ) e

+3 fR3 (\gﬁ5+§3 (|F (urs _U1U3)‘ )dg,

(I1I - 5)

Re ng, UQQZVﬂng_ [ Ef;fg’)f(UQﬂg — qu;),)]daz
—Re ng U3$v52f_l[%f(@62ﬂ3 — UQUg)]d$
=1 fR?’ "ﬁﬁfﬁ; (IF (uguiz — waus)|*)d¢

+3 fan BT (1F (o — Tpus)|2) e,

(I1I —6)




Re ng UQ.%'Vﬂlf"_l[‘Zl%%‘%f(UQﬂg — U3U2)]d$

+Re ng U3.Tva2]:_ [ UISES .F(U1UQ — U1UQ)]

s
—Re [ps uleﬂzf—l[IZ‘%lf%f(ung — u3lp)|dx (II1—7)
—Re [zs uQxVﬂg}"*l[gflfS F(ury — wyug)]de
Re fR3 \5|2 5]:( 2U3 — Tpuz) F (u1liy — Uy ug)d§
—0Re [zs Wf(l@ﬂg — ugus)F (uiuy — uyug)dg,
Re [ps uie Vo F ! ({535 F (utiz — Wug)|da
+Re [gs uleﬂg]:_l[g%&&]:(ulm — Uyug)]dz
—Re [ps usaVu F 1 [|Z‘£22§35.7:(U1U2 — Uyug)]dz (I11—8)
—Re [gs usaVan F (55 F (g — Wug)|da
= —3Re [ps @%f(ulus uyug)F (utlz — Uyug)d§
—0Re [s %}"(ulﬂg — Uyug)F(uite — Uyug)dE,
Re [os ugazvm]:_l["gle&éf(mu?, — Ugug)|dx
+Re [ps uzx Vi F -~ [g‘%&é]:(ulu;; — Uyug)]dz
—Re [ps u1xVusF~ 1[|Z‘5§§25}'(uw3 — Ugug)]dx (17— 9)
—Re ng, uoxVuzF [|Z‘521£26f(u1U3 — uyus)|dzx

= —§R€ ng ‘glgi_(s}—(UQuig — 'LLQUE})I(UlﬂE} — U1U3)d€

—0Re [ps %]—"(ugﬂg — Ugu3) F (uits — upug)dE.
Combining (3.4) with (3.5), one easily verifies that R(uj,u2,us) = 0, and hence (u1, u2,u3) €
M. O
Proposition 3.2. The functional S is bounded from below on M for n > 0 and § <0
Proof. Let A and B are defined by (II-1) and (II-2) in Section 2, respectively. According to
(2.3), (2.4) and (2.6), for (u1,u2,u3) € M one gets

S(ut,uz,u3)
= %ng(]VuﬂZ + |Vuz|? + |Vus|?)dx
+4 Jrs( |ul|2 + Jug|? + |us|?)dz

6 fRB 1|L§1|727J2’u3 d€ + R€ f]R3 I‘Lg|72u—276US) dg

(3.6)

Noting that 7 > 0, § < 0 and the inequality 2Re(ab) < a? + b, making some suitable

rearrangements, we obtain

—3 Jis 25220 de + S Re [o 2Ol ae > o, (3.7)

( Indeed, recall that

A(uh ug, U3> = 277_5 |:(§% + g%)(‘“r(uluiz - mu2)’2)
+(EF + &) (| F (wuz — wrus) ) (II—-1)

(&3 + &) (| F (uawz — Taus) )]

9



B(ui,ug,u3) = 7= [5152}-(172“3 — ugu3)F (u1uz — uus)
+&1&3F (ugz — Upug) F (u1tn — Urus) (II —-2)

+&283F (uus — wiuz) F(urtiz — uqug) | -

Since

Re& & F (qus — uguz) F(uiuz — Uius)

< 36| F (wws — urus)* + 581 (wgus — uatis) P,

Re&1&3F (ugtiz — Upus) F(uitg — Urug)
|2

< 1| F(wiwz — @us) |? + 33| F (uotiz — waus) 2,

Re&o&3 F (uius — uiuz) F(uitz — Ujus)
|2

< 18| F(wug — urug) | + $&3|F (urus — wiwg)|?,

through regrouping and applying some properties of Fourier transform, we con-
clude that for n > 0, and § <0,

%Re f]R5 B(Tsllqu(sug)dg

> § Jas |g\2_5 TR (63 + &) |F (witz — urug)|?

™
I\
4
s,
dors
Bl
<
[\o}
<
)
|
<
[\o}
<
)
N—
3

ul u2,’l,L3
6IR6 ep=s  d&.

Hence (3.7) is valid. )
Therefore, (3.6) and (3.7) imply that on M,

1
S(onua, us) > ¢ /3(|Vu1|2 + [Vus|? + [Vug|2)de
R

w
+2/ (”U,1|2 + |’LL2|2 + |U3‘2)dl‘ (38)
R3

This completes the proof of Proposition 3.2. O
Proposition 3.3. For n > 0 and § < 0, let (u1,u,u3) € H}(R3) x HY(R?) x H}(R3) \
{(0,0,0)}. For A > 0, we make the following scale transform:

uin(z) = )\%ul()\w), ugx(z) = )\%U/Q()\[IJ), ugx(z) = )\%u?)()\x),

then there exists a unique g > 0 (relying on (ui,us,us3)) such that R(uiy,uzy,,us,) = 0.

Furthermore, the following three estimates will occur:

R(uiy, uop, uzy,) >0, for A€ (0,u);
R(uiy, uop, usy) <0, for A€ (pu,00);
S(UIWUQWUS;L) > S(upy, ugn,usgy), for YA > 0.
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Proof. According to (2.3) and (2.4), S(uyx, uox, usx) and R(uqy, ugy, usy) are of the following
expressions:

S(uix, uax, usy)

(3.9)

UU3 — UU3

(
]:(Ulus —Ujus

= 5N Jps (IVur* + [Vuo|? + [Vug[*)dz + 4 [os(jur]® + [uz]® + [ug]?)dz
— A% Js (lua |* + [uz]* + |ug|*)dz
— oA Jgs (Jun Pluz? + Jur [Plus]® + Juz [ us|*)de
=X Jps 17;2@%2 (IF (urty — Tyuz)[?)dg
—10 s "§Z|§E+52 (IF )[2)de
—133 fis Bt ( )I2)de
+5 )\3Ref 3 7;);2521525)]: qus — ugug)F(uiug — uyus)d§
+IX3Re [ps 2 S §f§535)1-“(mu3 — uyuz)F(uituz — Ugug)dé
—i—%/\?’Re Jgs )\2|£|£21£35 | F (ugug — ugug) F(u1tz — trug)dE,

R(u1x, ugy, usy)
_\2 2 2 2
=M { [s(|Vw|? + |[Vug|? + |Vus|*)da
_%)\fR3(’u1‘4 + ua|* + |us|*)dx
=5 Js (Jua Plual® + [ua|*fuz|* + ua|*|us|*)da

3)\ fRS 77/\ £1+£2

)\2 L ’.F ’U,1U2—’LL1U2 2)df

3)\ fRd n§2(§£+§2 (| F (upws —EQU3)\2)d§
2
3)\ fRS 77§2|§12+§3 (|]:(u s _H1U3)‘2)d§
2
A foo bt sB (F (e — ) )
2
F4A fyo (ot (7 (uathy — Tous) )
5y [ (D) )
+3A L3 (| F (wiag — wyug)|®)d
Rix(ur,ug,u3) := fR‘"’ (N2€12= 62(’ (u1i3 1 3;| )d¢§

+3X3Re Jxs )\2‘£|255}"(u2u;3 — ugu3)F (uuz — uyug)dé
+3A\Re [gs A;\IZ\%E%]:(MW — uyuz)F(
+3ARe [gs %}"(ug% — ugusz)F(u

—ARe fRS m}'(uzz@ — uotz) F (u1u3 — Uyug)dé
—MRe [gs %}"(ulm — i) F(

—ARe [ps m?(uy@, — ugus)F (ujug — u71u2)d§}

= A2 R*(uqy, ugy, Usy).-

u g — urug)dg

Utz — Urug)dé

’U,1UQ — ’U,1UQ)df

(3.10)
Making a preliminary estimate, we can verify that

Rm(ul,uz,u;ﬁ,) S 0. (3.11)

((3.11) can be easily obtained by utilizing the method of verifying (3.7).)
First of all, we show that there exists p > 0 such that R(uq,,u2,,us,) = 0, and we divide
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the proof into two cases:
Case 1  R(up,usg,us) > 03 Case 2 R(up,usg,us) < 0.
& If Case 1 occurs, and if there exists A\ such that R(uqjx,usgx,usy) = 0, then A € (1, 00)

2(¢2 2 2(¢2 2
according to (3.10) and (3.11). For j,k = 1,2,3, let G(\?) = 3G o (GG pen

TAONEP-s 2(0%EP-0)?
SN2 EI2 B2 (£210 £2
G'(\?) = ( &7)\4'3\2%557?)25] +£’“), which together with 7 > 0 and § < 0 leads to G'(\?) > 0.

Thus, G()\?) is an increasing function of A\? (A\? € (1,00)). Thus there exists p € (1,00) such

that R(u1y,, ugu, usy,) = 0.

& If Case 2 occurs, and if there exists A such that R(uqy, ugy, usy) = 0, then A € (0,1). In-
deed, we consider functional R*(uqy, us2y, usy) defined by (3.10). Note that R*(uyy, ugx, usy) —
R(uy,uz,u3) < 0 as A = 1, and R*(uix, uax, usn) = [ps(|Vur|? + [Vug|? + |[Vus|*)dz > 0 as
A — 0, one can verifies that there exists o € (0,1) such that R*(u1,, uay, us,) = 0. The latter
implies that p2R* (w1, ugp, usy) = R(u1p, uoy, us,) = 0.

In both cases as above, there always exists u > 0 such that R(ui,, uayu,us,) = 0.

Furthermore, we can easily check that

R(uqy, ugn,usy) >0 for Ae(0,p),

(3.12)
R(uix, ugx,usy) <0 for A& (u,00).
By a direct calculation, we achive for j,k =1, 2, 3,
d(nA3(E3+€2) /(N2[E2=0))  3nAM(E24€7)  2moAt(E2+€7)
dX TN (%P9
d(nN°&&/ (V2 IE2=3)) _ 3nAig 2000*E;€x
dx T ONER-s (Mg o)
which together with (3.9) and (3.10) yield that
d -1
as(up\,uz\,us)\) = A7 R(ux, uax, usy)- (3.13)
By R(u1p, u2u,u3,) =0, (3.12) and (3.13) imply that
S(wip, oy, usy) > S(ury, ugn, usgy), VYA >0.
This completes the proof of Proposition 3.3. |

Now, we begin to prove Theorem 2.1.
Step 1: Proof of (1).
Let {(Q1n, Q2n,Q3n),n € N} C M be a minimizing sequence for (2.5). There then has

R(Q1n, Q2n,Q3,) =0

and

S(Q1n, Q2n, Qsn) — inf S(u1,ug,us3) as n — oo. (3.14)
(u1,u2,u3)EM
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In view of n > 0, § < 0 and Young’s inequality, combining (3.6) with (3.14) yields that

|Qunll a2 ®sys [|Q2n 1R3> |Q3nllf1(rs) are all bounded for all n € N. Thus there exists a

subsequence
{(ank}a Qanv Q3nk)7 ke N} C {(QITH Q2na QSn)a n e N} (315)
such that as k — oo,
Q1nr — Q100 weakly in Hi(Rg), Qnk — Qioo a.e. in R3, (3.16)
Qonk — Q200 weakly in Hﬁ(Rg), Qonk — Q2o a.e. in R3, (3.17)
and
Qank — Q300 weakly in HYR?),  Qsur — Q300 a.e. in R3. (3.18)

For Simphdt}’a we still denote {(ank» Qana Q?mk)a ke N} by {(anv QQna Q3n)a ne N} From
Lemma 3.1, (3.16)-(3.18), it follows that

Q1n — Q100 strongly in LH(R3),
Qaon — Qase Strongly in Lf(RS), (3.19)
Q3n — Q300 strongly in LE(R3).

Since

[Qnllr2msy < C; 1Q2nllr2ws) < C, 1 Qsnll2msy < C,

the boundedness of {(Q1n, Q2n, Q3n),n € N} in H}(R?)x H}(R3) x H} (R3) and the Gagliardo-
Nirenberg inequality

N +2

p+1—5 (p—1)
2 v e HYRY), 1<p<—y

L2 RN) )

pl)

ol gy < CIIVOllZ

B ol

imply in particular that

fRB \an\4dm <C (f]I{3 IVQ1n| dx)
fR3 |Q2n|4d$ <C (fIR3 |VQ2n| dﬂj‘)
fRS |Q3n| dx < C (f]R3 |VQ3n| d:ﬁ)

(3.20)

njw [SI[3Y Njw

Here and henceforth, C' > 0 denotes various positive constants. Via (3.20), n > 0, § < 0 and

(anaQQTL?QE}n - O / ’an| ‘an’ZdCE <z / (’an|4 + |an| ) (321)
where j, k = 1,2, 3, we thus obtain

Joa (V@) + [V Q20| + IV Qsn|?)da
< C (fus IVQuald2) * + (fys [V Qunf*dr) + (Js IV Qanld)
< O (fos (IVQinl? + [VQan|? + [VQ3n[?)dz) 2

3
2

(3.22)
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(3.22) yields that HVQMH%%(R?,) + HVQQnH%g(Rg) + HVanH%g(Rg) is bounded away from 0.
Furthermore, we claim that (Q100, @200, @300) # (0,0,0). Assume to the contrary that
(Q100s Q200, Q30) = (0,0,0), from (3.19), it follows that

Q1n — 0 strongly in L1(R?),
Q2n — 0 strongly in L(R3), (3.23)
Q3n — 0 strongly in LE(R3).

Thus, (3.21) implies that as n — oo,

Jrs (1Qn|* + |Q2n|* + |Q3n|*)dz — 0,
fR3(‘Q1n|2‘Q2n|2 + |Q1n’2|Q3n’2 =+ ’QQnP’Qi’mP)dx — 07 (324)
Rix(Q1n, Q2n, Q3n)[r=1 — 0,

where Ry (Q1n, Q2n, Q3n) is defined by (3.10) with replacing (u1,uz2,us3) by (Q1in, Q2n, Q3n)
. In view of R(Q1n,Q2n,R@3n) = 0, one would then conclude that as n — oo,

/3(|vc31n|2 FIVQon? + [VQsn 2 — 0,
R

which contradicts to (3.22). Thus (Q1o0; @200, @3c0) 7 (0,0,0).
Let Q1 = (Qioo)p, Q2 = (Q200)p, @3 = (Q300), With p > 0 uniquely determined by

the condition R<Q17 Q27 Q3) = R[(Qloo)/u (QQOO),UJ (Q300)[L] = 07 where (Qloo);m (QQOO)M and
(Q300)y are defined by Proposition 3.3. Thus Lemma 3.1 yields that, as n — oo,

(an)u — Qla (QQn),u — Q27 (Q?m),u — Q?n strongly n L%(R?))v

3.25
(Qua)y = Q1 (Q2u)p = Q20 (Q3n)p — Q3, weakly in H}(R?), ()
whereas R(Q1n, Qan, Qsn) = 0 and Proposition 3.3 imply
S[(Q1n) s (Q2n) s (Q3n)u] < S(Qin, Q2ns Qsn).- (3.26)
Hence, from (3.25) and (3.26) one concludes
S(Q1,Q2,Q3) < S[(Qun)u: (Q2n) s (Qn) ] < S(Q1n, Q2n, Q) (527)

= inf S(u1,ug,us)
(u1 Ju2,u3)EM

which together with R(Q1, Q2, @Q3) = 0 yields that (Q1, @2, Q3) € M. Therefore, (Q1,Q2,Q3)

solves the minimization problem

S(@1,Q2,Q3) =  min_ S(u, uz, ug). (3.28)

(u1,u2,u3)eM

This completes the proof of (1) of Theorem 2.1 .
Step 2: Proofs of (2) and (3) of Theorem 2.1
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We first prove (2). Since (Q1,Q2,Q3) is a solution of the minimization problem (3.28),

there exists a Lagrange multiplier A such that

05:15(Q1, Q2, Q3) + AR(Q1, @2, @3)] = 0,
05, 15(Q1, Q2, Q3) + AR(Q1, @2, @3)] = 0, (3.29)
05;15(Q1, Q2, Q3) + AR(Q1, @2, @3)] = 0.

Here, &;, T'(u1, u2, u3) denotes the variation of T'(u1, u2, ug) with respect to u1. By the formula
Oy, T(uy, ug, u3) = éT(T(ul + ¢0'ur, u2,u3)|c=0, and by taking 8Q1 = Q1, Qs = Q2 and
§'Q3 = Q3, we obtain from (3.29) that

Bl (Qh Q27 Q3) = 07 BQ(QI? Q27 Q3) = Oa B3(Q17 Q?a Q3) = 0? (330)

where

B1(Q1,Q2,Q3) = + 20)AQ1 +wQ1 — (1 + 3M)|Q1/°Qx
1+3M)Q1]Q2* — (14 3A)Q1|Q3]?
1+ 30)QyF 1 [2 §E+£2 F(Q1Q2 — Q1Q2)]

—(1 )
—( )
—( )
(1430057 1[ “1“3 F(Qi@s ~ Q1Qs)
( )
( )
—( )
)

‘SP
Q|
w
|
&
@
&

f (

+(1430)Q2F ' 5|2,5]:(EQ3 - Q1Q3)]

L+ 30)QsF ! [E5 F(Q1Q2 — Q1Q2)] (3.31)

+(1+30) Qs F [ 5 F(Q2Qs — Q2Q5)] '
+206Qs F ! [agﬁiiﬁng@l@ - Q1Q2)]
+208Qs F [T F(Q1Qs — Q1Qs)]
—21\5@2}-_1[(‘5"253 F(Q2Q3 — Q2Q3)]
—208Q2F [ F(Q1Qs — Q1Q3)]
+206Qs F [ F(Q1Q2 — Q1Q2)]
~200QsF [ 5 F(Q2Q5 — Q2Q3)],
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+ 20)AQ2 + wQ2 — (1 + 3M)|Q2[*Q
1+ 30)|Q117Q2 — (1+3A)|Q32Q2
1+30M)QF Y él;r% F(Q1Q2 — Q1Q2)]

B(Q1,Q2,Q3) = —(1 )
—(1+34)
—(1434)
—(1+30)QsF [ ?*53 F(Q2Qs — Q2Q3)]
—(143A)
—(1434)
< )
)

O F~ 1[ S F(Q2Q3 — Q2Q3)]
14+ 3M)Q1F~ 1[ | zf F(Q1Q3 — Q1Q3)]

’g;f F(QiQs — Q1Q3)]
L3 F(Q1Q2 — Q1Q2))]

14+ 3M0)Q3F~ 1[
Q?r/r 1[5

(3.32)

m |
/\

(Q7Q2 — 1Q2)]
F(Q2Q3 — Q2Q3)
(Q2Q3 — Q2Q3)
F(@Qs — Q1Q3)
( )
F( )

@Q1Q3 — Q1Q3
Q1Q2 — Q1Q2)],

]
]
]
]
]

+ 20)AQ3 4+ wQ3 — (14 3A)|Q3/°Q3
1+30)|Q1°Qs — (1+3A)|Q2Q3
51+§3 _
1+ 3M)Q1F el F(Q1Q3 — Q1Q3))]

B3(Q1,Q2,Q3) = —(1 )
—( )
—( )
—(1+30N)Q2F~ 1[% (Q2Q3 — Q2Q3)]
—( )
( )
—( )
)

14+ 3MQF 1 55152 F(Q2Q3 — Q2Q3)]
+(1+ 30 F 1 Z&&’ F(Q1Q2 — Q1Q2)]
1+30)QF 7Y Zlefs F(Q1Q2 — Q1Q2)]
né1 ( )]

+(1+3M)Q2F~ 1[ _25

(3.33)

K,.‘

Q103 — Q1Qs3
Q3 — Q1Q3)]
Q2Q3)]

Qs — Q2Q3)]
1Q2 — Q1Q2)]
Q2)]

)l

e Ve
+ |
m Sy
o ho—|
\/M

SN Sy
S w

‘@@‘@‘@‘

mm
m%w
=
)
S

(1€ )2
Tep—sz” Q1Q3 — Q1Q3)].

Mlﬂtlplylng Bl(Ql)Q27Q3) =0 by @7 BQ(Ql:QQvQ?)) =0 by QQ and B3(Q15Q27Q3) =0
by @3, then integrating the resulting equations with respect to 2 on R3, we get

K1(Q1,Q2,Q3) + AK2(Q1,Q2,Q3) =0, (3.34)
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where

K1(Q1,Q2,Q3) = [pa(IVQ1* + [VQ2f* + [VQs|)dw

+ [rs (|Q1]7 + Q2] + Q3*)dz

— Jos(1Q1* + [Q2]* + |Q3]*)dz

=2 [pa(|Q11*Q2] + [Q117(Qs]* + |Q2]*|Q3]*)dx

— Jps A(Q1, Q2,Q3)dE + 2Re [ B(Q1, Q2, Q3)dE,

K3(Q1,Q2,Q3) =2 [ps(IVQ1]* + [VQ2|* + |VQ3|?)dx:

=3 [pa(|Q1]* + Q2" + |Qs]*)da
—6 [os(1Q1 Q2 + Q1 *|Qs]* + |Q2[*|Qs[*)dz
BfRS Q17Q27Q3 d§+6RefR3 Q17Q27Q3) "g

126 fpo AQQ2Q5) g 45 R [, L2205 e,

A(Q1,Q2,Q3) = ‘5|§,5[(£%+§%)(’]:(Q1@_a@2)|2)
+(&8 + &) (I F (@193 — Q1Q3)%)
+(&5 + &) (1 F(Q2Q3 — Q2Q3)*)],

B(Q1,Q2,Q3) = 756167 (Q2Q3 — Q2Q3)F (Q1Qs — Q1Qs)

+61&83F (Q2Q3 — Q2Q3) F(Q1Q2 — Q1Q2)
+£63F(Q1Q3 — Q1Q3) F(Q1Q2 — Q1Q2)].

(3.35)

(3.36)

(3.37)

(3.38)

On the other hand7 mUItlplylng By (Qh Q27 Q3) =0 by .'L'V@, B2(Q1a QQv Q3) =0 by iUV@,
and B3(Q1,Q2,Q3) = 0 by VQ3, then integrating the resulting equations with respect to

on R? and taking the real part, one obtains

where

K3(Q1,Q2,Q3) + AK4(Q1,Q2,Q3) =0,

K3(Q1,Q2,Q3) = —1 [s(IVQ1 +|VQ2|? + |VQs|?)dx

=32 [ (|Q1)? + Q2] + |Qs]?)dx

+% Jos(1Q1]* + Q2| + |Qs|*)dx

+3 [2s(|Q1%Q2) + Q1] |Q3\2+|Q2\2!Q3|2)dx

+3 fRS Q17Q2)Q3 d§+ b) ng %d&
~3Re foa B(Q1. Q2, Q3)dE — 6Re oo PGP0 de,

K4(Q1,Q2,Q3) = — [pa(IVQ1* +[VQ2f* + [VQs[*)dx

+% Js (1Q1* +1Q2|* + |Q3]*)da

+35 s (1Q171Q2f* + [Q1171Q3]* + |Q2*|Q3]*)da

+9 [rs A(Q1,Q2, Q3)dE — 9RefR3 (Q1,Q2,Q3)dE
5fR3 6%2@2 ,Q3) d£—252 fRS %1‘2622 Q3)d§

+20Re [gs %df + 46%Re g, %2#2)@3)(%
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Here, A(Q1,Q2,Q3) and B(Q1,Q2,Q3) are defined by (3.37) and (3.38), respectively. Thus
by (3.34), we obtain

gfﬁ(@h Q2,Q3) + gAK2(Q17 Q2,Q3) = 0. (3.42)
Noting that

3K1(Q1,Q2,Q3) + K3(Q1,Q2,Q3)
= [es(IVQ1? + |VQ2|? + |VQ3|?)dz — 3 [pa(|Q1]* + |Q2[* + |Q3]")dx
ng3 1Q1121Q2* + |Q111Qs )% + |Q2[*|Q3]?)dx — 2[5 A(Q1, Q2, Q3)dE  (3.43)
+5 e i’“?é\?fﬁ“dé +§Re [y BQ1, Q2 Qa)de — 0Re [y PG de
= R(Q1,Q2,Q3) =0,

in view of (3.39), (3.42),(3.43), one can verify that
SAK2(Q1, @2, Q0) + AK1(@1,02,Q3) = 0, (3.44)
(3.44) is equivalent to
AGK2(Q1,Qa, @) + Ka(Q1, @2,Q0)] = AK3(@1,Q2.Q5) =0, (345)

where

K5(Q1,Q2,Q3) —3R(Q1 Q2,Q3) — [ps(IVQ1I* + [VQ2|* + |VQ3|?)dx

(Q1,Q2,Q3) (Q1,Q2,Q3)
+3 [ %df — 262 [, Wdf (3.46)
4%&r%%$%+W&&r%%@@

Noting the expressions of A(Q1,Q2,RQ3) and B(Q1,Q2,Q3) in (3.37) and (3.38), applying the

Young’s inequality, we have

) A(Q1,Q2,Q3) A(Q1,Q2,Q
§fR3 ( |€1‘2_25 3) df - 252 f]R3 |£1|2 25)23)d£

—0Re [y 2OLE2E) e + 452 Re [, 9299 e < o,
Then, in view of (Q1, Q2,Q3) # (0,0,0), R(Q1,Q2,Q3) =0, 7> 0 and § < 0, there holds

K5(Q1,Q2,Q3) < — /M(IV&F +|VQ2|? + |VQs[*)dz < 0. (3.47)

which implies that K5(Q1,Q2,@3) # 0 and thus A = 0 by (3.45). Hence, from (3.30), (3.31),
(3.32) and (3.33), it follows that (Q1, @2, Q3) solves the following equations:

—wQ1 + AQ1 + (|Q1* + |Q2* + |Q3/*) Q1
—QaF~ [nE‘l;Q)‘F(QlQQ — Q1Q2)] + Q3 F '[* éf;rgg’ F(Q1Q3 — Q1Q3)]
—Q2F 56163 F (Q2Qs5 — Q2Q3) + £263F(Q1Qs — Q1Q3)]} (3.48)
+QsF 562637 (Q1Q2 — Q1Q2) + §16F(Q2Q3 — Q2Q3)]}
-0,
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—wQ2 + AQ2 + (|Q1* + Q2] + |Q3/*)Q2
—Q1F Q1" 51%2)]'“(691@2 —Q1Q2)] + Q3 F ' |§|22+53 F(Q2Q3 — Q2Q3)]
—Q3F~ 1{|5§7 [£16F (@Q1Q3 — Q1Q3) + £163F(Q1Q2 — Q1Q2)]} (3.49)
+Q1 F~ 1{|£;7 (€163 F(Q2Q3 — Q2Q3) + &6 F (Q1Q3 — Q1Q3)]}
-0,

—wQ3 + AQs + (|Q1* + Q2 +[Q3[*) Qs

—Q1F~ [”?2%%1);(@1@3 — Q1Q3)] + Qo F [* éT;ﬁ‘?’ F(Q2Q3 — Q2Q3)]

~ Q1 F {7 6= [£263F (Q1Q2 — Q1Q2) + £16F(Q2Q3 — Q2Q3)]} (3.50)

+Q2F 56167 (Q1Qs — Q1Qs) + £16F(Q1Q2 — Q1Q2)]}

= 0.

That is, (Q1, @2, @3) solves the equations (1.5)-(1.7). As (1.5)-(1.7) are the Euler-Lagrange
equations of the functional S(Q1, Q2, @3), applying Proposition 3.1, we conclude (Q1, Q2, Q3)
is a ground state solution of (1.5)-(1.7). Furthermore, it is obvious that (Q1,Q2,Q3) are
functions of |z| alone. Motivated by the works [?, 7], we can obtain that (Q1,Q2,Q3) has
exponential decay at infinity, which will be shown in the Appendix A for convenience.

This completes the proof of Theorem 2.1. O

4 Orbital Instability of Standing Waves in R?

In this section, we show the instability of standing waves of (1.1) — (1.3) in R3 obtained in
Theorem 2.1 (Theorem 2.2). We first give a key proposition to show Theorem 2.2.
Proposition 4.1. Let 6 <0, n > 0 and ujy(z) = /\%ul()\:r), ugy(x) = /\%ug()\x), ugx(z) =
)\%u;z,(/\a:) for A > 0. Suppose that (u1,us,u3) € H}(R?) x H}(R?) x H}(R3)\ {(0,0,0)} and

(u1,uz,u3) € K, where

K = {(u1,u2,u3) € H}(R®) x H}(R?) x H}(R3),

(4.1)
R(u1,u2,u3) < 0,S(ur,uz,u3) < S(Q1,Q2,Q3)} -
Then there exists 0 < pu < 1 such that R(uy,, ug,us,) = 0 and
1
S(ul, ug, U3) — S(ulu, UQuu?)u) Z §R(U1, ug, U3). (4.2)
Here, S(uy,u2,us) and R(u1,us,us) are defined by (2.3) and (2.4), respectively.
Proof. By a direct calculation, we can easily show the estimate (4.2). O

Now, we begin to show Theorem 2.2.
Proof of Theorem 2.2. Let (Ei, E2, E3) € H}(R3) x H(R?) x H(R?) be a solution to
the equations (1.1)-(1.3) with (1.4) on [0,7"). By the conservation laws of the total mass and
of the total energy (2.1) and (2.2), we get

S(EA(t), Ba(t), E3(t)) = S(Eho, E20, E30),t € [0,T). (4.3)
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Let

30 = [ 1ePUB + Bl + Esf)da. (1.4
R
By a direct calculation, one achieves
d2

@J(t) = 8R(F1, Ea, E3). (4.5)

We further need to show, for some initial data, that the right-hand side of (4.5) is strictly
negative (that is, R(E1, E2, E3) < 0). One first notices that

S(Ql, QQ,Qg) = min S(ul,uz,ug) > 0. (4.6)

(u1,u2,u3)EM

Let (El(), Es, Ego) € K such that
(121 B, |2l Eao, |2l Bso) € T2(R?) x I2(R%) x [2(RY). (47

We shall see later that such (E1g, Eag, E30) exists. We claim that there is a finite time 7" such

that
Lim (1Bl ey + 1 B2l sy + 1B g ) = +o0. (4.8)
Indeed, for such (E1g, E9, F39) € K, one has
S(En, B, E3) = S(FE10, B2, F30) < S(Q1,Q2,Q3),t € [0,7), (4.9)
and
R(El, FEs, Eg) <0,t e [0, T) (410)

The latter is true, for otherwise, by continuity, there would exist a t; > O such that 0 < t; < T,
and

R(El(tl),Eg(tl),Eg(tl)) =0, (4.11)

which implies that (E1(t1), Ea(t1), E3(t1)) € M. This contradicts Theorem 2.1 and (4.9).
Next, for a fixed t € [0,T), (E1, E2, E3) = (E1(t), E2(t), E3(t)), and let 0 < g < 1 be such
3 3 3
that R(E1y, Eay, Esy) = 0, (E1u(x), Eau(x), Esu(x)) = (02 Ex(ux), p2 Ex(ux), p2 Es(ux)) (see

Proposition 3.3). Since
S(E1u, Eays E3,) > S(Q1,Q2,Q3), S(E1, Ea, E3) = S(E10, E20, E3p), (4.12)

in view of Proposition 4.1, we have

R(E\, Ey, E3) < 2[S(E1, Eo, E3) — S(E1u, Eoy, Esy))
< 2[S(Eno, E20, E30) — S(Q1,Q2,Qs3)] (4.13)
=: ¢ < 0.
(4.5) and (4.13) then yield that
d2
- < )
o2 J(t) <8p <0, (4.14)
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which implies that T must be finite and that
L (1Bl ey + 1 B2l sy + 1B g ) = +o0.

In order to complete the proof of Theorem 2.2, we need to show (Eig, Fop, E39) € K with
(4.7). Let

Bio(z) = A2Q1(\x), Eao(z) = A2Q2(\x), Esoz) = A2Q3(\x), A > 1. (4.15)
By Proposition 3.3, the functions E1g(x), Faoo(x), Eso(x) verify
R(Eh, E29, Esg) <0, S(En0, B, E3) < S(Q1,Q2,Q3), A> 1. (4.16)

In addition, by Theorem 2.1, one sees that (Q1(x), Q2(x), @3(x)) have exponential decays at

infinity, and hence
(|| B0, [2| B0, [2| Ezo) € LE(R?) x LY(R?) x L(R?).

As A — 1,
1 E10 — Q1 3®3), [ B20 — Q2|1 (r3), [ E30 — Q3| 3 (3

can be made arbitrarily small. We thus complete the proof of Theorem 2.2. O

Appendix A

In this Appendix, we will show the exponential decay at infinity of the solution (Q1, Q2, Q3)
to the equations (3.48)-(3.50).
Consider the equations (3.48)-(3.50):

—wQ1 + AQ1 + (|Q1* +|Q2]* +|Q3[*) Q1
—Q2f71[77?§\%2+52)]:(621@2 — Qi1Q2)] + Qs F[* é|12+£3 F(@1Q3 — Q1Qs)]
—Q2F 516167 (Q2Qs — Q2Q3) + £263F(Q1Q3 — Q1Q3)]} (3.48)
+Q3}—_1{|g|2%5 (6263 F (Q1Q2 — Q1Q2) + 16 F(Q203 — Q2Q3)]}
-0,

—wQ2 + AQ2 + (|Q1* + Q2] + |Q3/*)Q2
—QF Q1 [" 51+£2)~7'-(Q1Q2 — Q1Q2)] + Qs F [~ |§|22+53 F(Q2Q3 — Q2Q3)]
—Q3F~ 1{|£|2 [£16F(Q1Q3 — Q1Q3) + &16F (Q1Q2 — Q1Q2)]} (3.49)
+Q1F~ 1{|5|2 516183 F(Q2Q3 — Q2Q3) + L6 F(Q1Q3 — Q1Q3)]}
-0,
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—wQ3 + AQ3 + (|Q1> +1Q2* + |Q3/*) Q3

~QuF~ [”}§f2*§1>f<621@—@@3)] + QoF MG F(@2Q5 — Q2Q)]

— 1 F 5667 (Q1Q2 — Q1Q2) + 167 (Q2Qs — Q20Q3)]}
+QF 56167 (Q1Qs — Q1Qs) + §16F(Q1Q2 — Q1Q2)]}
= 0.
Let

91(Q1,Q2,Q3)
= —wQ1 + (|Q1* + Q2 + |Q3/*) Q1
— QuF U2 ?J%)HQle ~ Q1Q>)]
+ QsF 1™ é;ﬁﬂ* F(QiQs — Q1Qs)]
— QoF M5 [616F(Q2Q3 — Q2Q3) + &6 F(Q1Q3 — Q1Q3)]}
+ Q3 F~ 1{ G s[£263F(Q1Q2 — Q1Q2) + £16F(Q2Q3 — Q2Q3)]},

92(Q1,Q2,Q3)
= —wQa + (|Q1* + Q2 +|Q5/*)Q2
— Q1 F tQu[? |§‘12+§2)]:(Q1@ Q1Q2)]
+ Qs F [ |§|22+53 F(Q2Q5 — Q2Q3))
— Q3 F~ 1{‘ 51616F(Q1Q3 — Q1Q3) + &16F(Q1Q2 — Q1Q2)]}
+ Q1 F~ 1{ e s[E163F (Q2Q3 — Q2Q3) + L83 F(Q1Q3 — Q1Q3)]}-

93(Q1,Q2,Q3)
= —wQs + (|Q1* + Q2 +|Q3/*)Q3
— Q" [% (Q1Q5 — 01Qs)]
+ QuF 1™ éfﬁa F(Q2Q3 — Q2Q3)]
— Q1 F M5 [66F(Q1Q2 — Q1Q2) + &1&F(Q2Q3 — Q203)]}
+ Q2 F 1{ s[E16F(Q1Q3 — Q1Q3) + 1863 F(Q1Q2 — Q1Q2)]}-

Then equations (3.48)-(3.50) reduce to the following system:

_AQl = gl(Qla Q27 Q3))

—AQ2 = g2(Q1,Q2,Q3),
—AQ3 = g3(Q1,Q2,Q3).

(3.50)

(A-1)

(A4-2)

(A—4)

(A-5)
(A -6)

By the expressions of ¢;(Q1,Q2,Q3) (i = 1,2,3), for n > 0 and § < 0, we conclude the

following properties:

—o0 < M(Ql’Q%QS)ﬁ(oﬂoﬂoﬂ gi(Qh Q2, QS)/Qz
< lim(Q17Q27Q3)ﬁ(o+,o+,o+) gi(Qb Q2, QB)/QZ
= —w <0,
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—00 < lIM(Q, 0y,04)— (+o04o0+00)  9i(Q1,Q2,Q3)/Q? < 0. (A-38)

Furthermore, motivated by Lemma 1 and Radial lemma A.II in [?, ?], we can establish the
following two lemmas.

Lemma A1l. Under the properties (A-7)-(A-8), if (Q1,Q2,Q3) is a spherically symmetric
solution of (A-4)-(A-6) then (Q1, Q2,Q3) € C*(R?) x C%(R3) x C?(R3).

Lemma A2. Let N = 3. The radial function Q; € H'(R3) (i = 1,2, 3) is almost everywhere

equal to a function U;(x), continuous for = # 0 and such that
Ui(a)] < Csla| " H|Qill rmsy for |z] > as, (A-9)

where C3 and a3 are two constants depend only on the dimension N (N=3).

We now begin to prove the exponential decay at infinity of the solution (Q1,Q2,Q3) to
(A-4)-(A-6). That is, we need to show the following proposition.
Proposition Al. Under the properties (A-7)-(A-8), if (Q1,Q2,Q3) is a spherically sym-
metric solution of (A-4)-(A-6) then

|DYQ;(x)| < Ce P12l 2 e R? (A —10)

for some C, > 0 and for |a| < 2.
Proof. By lemma A1 Q;(i = 1,2,3) is of class C2(R?), and it satisfies the equations below:

Qi 20Q;

= Gi 5 3 ) A-11
52 5 gy Y (Q1,Q2,Q3) ( )
where i = 1,2,3. Let P, =rQ; (i =1,2,3), then P; satisfies
P _ [—9i(Q1, Q2,Qs) p
or? Qi b
For r large enough, say r > r¢, one gets —g;(Q1,Q2,Q3)/Q; > w/e for any e > 1.

(Indeed, Lemma A2 yields that Q;(r) — 0 as r — +00).
Next, let W; = P2 (i = 1,2,3), then W; solves

]

02 f 8 A 2
%@:;/ = (P> + (—0i(Q1,Q2,Q3)/Q:) W;.

or

Thus for r > g one has 6;?2/" > %‘”Wi, and W; > 0.
Further, let

Z;=e Ve <5aVVz + \/2w/EWi) . (A—12)
r
Direct calculation yields that
aZi /2 /e 02WZ’ 2w
= wiEerT | ——= — —W; ) >0. A-1
ar or? 5 Wi)=0 ( 3)

This implies that Z; is nondecreasing on (rg, +00).
We now claim that
Zi(r) <0 for r>1mr1>1p. (A—14)
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(Otherwise, if there exists r; > rg such that Z;(r1) > 0, then Z;(r) > Z;(r1) > 0
for all » > r;. In view of (A-12),

ag}ﬂfz + \/QW/EWi > ZZ'(’I“l)eV 2w/e r, (A — 15)

which implies that 8;‘:" + y/2w/eW; is not integrable on (r1,+occ). But P? and

7

P %I:i are integrable near co (P; = rQ;, Q; € H'(R?)), so that 8(};7‘{1', and W, are also

integrable (W; = P?), a contradiction).

(A-14) then implies that

8(6‘/2‘”/ETW¢)

= e2Vler 7. < for r>r. (A —16)
Hence W;(r) < Ce™V2/%" and in turn
|Qi(r)| < Cr=tel=V2/e2r for p > py, (A—17)

for certain positive constants C, r1, w > 0 and ¢ > 1.

Next, we show the exponential decay of agff (i =1,2,3) at infinity.

Note that 6§f satisfies
r2 0Q;
air = _TQ.gi(Qla QZa QS) (A - 18)

Applying (A-7) and the exponential decay of @Q;, it is easily verified that for r large enough,
say r > 19, one has
w1|Qil < [9:(Q1, Q2, Q3)| < w2|Qil, (A —19)

where wy > w1 > 0. Hence integrating (A-18) on (r, R), using (A-17) and letting r, R — +00
shows that 7"2% has a limit as 7 — 4o00. This limit can only be zero by (A-17).

Now, integrating (A-18) on (r,4o00) then yields that % has exponential decay.

Finally, the exponential decay of % (and thus |D*Q;(x)| for |a| < 2) follows immedi-

ately from equations (A-11).
The proof of the exponential decay of @Q); at infinity is completed. O
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