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alized three-dimensional nonlocal nonlinear Schrödinger equations is studied. By

defining some suitable functionals and a constrained variational problem, we first

establish the existence of standing waves, which relys on the inner structure of

the equations under consideration to overcome the drawback that nonlocal terms

violate the space-scale invariance. We then show the orbital instability of stand-

ing waves. The arguments depend upon the conservation laws of the mass and of

the energy.

Key words: Nonlocal Nonlinear Schrödinger Equations, Standing waves, Or-

bital instability

AMS(2010): 35B35, 35J50, 35Q55

1. Introduction

In this paper, we study the generalized three-dimensional nonlocal nonlinear Schrödinger

equations :

i∂tE1 +∆E1 +
(
|E1|2 + |E2|2 + |E3|2

)
E1

+A1(E1, E2, E3) +A2(E1, E2, E3) = 0,
(1.1)

i∂tE2 +∆E2 +
(
|E1|2 + |E2|2 + |E3|2

)
E2

+A3(E1, E2, E3) +A4(E1, E2, E3) = 0,
(1.2)

i∂tE3 +∆E3 +
(
|E1|2 + |E2|2 + |E3|2

)
E3

+A5(E1, E2, E3) +A6(E1, E2, E3) = 0,
(1.3)
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along with the initial data

E1(0, x) = E10(x), E2(0, x) = E20(x), E3(0, x) = E30(x). (1.4)

Here,

A1(E1, E2, E3) = −E2F−1
{

η
|ξ|2−δ

[
ξ1ξ3F(E2E3 − E2E3)

− (ξ21 + ξ22)F(E1E2 −E1E2) + ξ2ξ3F(E1E3 − E1E3)
]}

,
(I − 1)

A2(E1, E2, E3) = E3F−1
{

η
|ξ|2−δ

[
ξ2ξ3F(E1E2 − E1E2)

− (ξ21 + ξ23)F(E1E3 −E1E3) + ξ1ξ2F(E2E3 − E2E3)
]}

,
(I − 2)

A3(E1, E2, E3) = −E3F−1
{

η
|ξ|2−δ

[
ξ1ξ2F(E1E3 − E1E3)

− (ξ22 + ξ23)F(E2E3 −E2E3) + ξ1ξ3F(E1E2 − E1E2)
]}

,
(I − 3)

A4(E1, E2, E3) = E1F−1
{

η
|ξ|2−δ

[
ξ1ξ3F(E2E3 − E2E3)

− (ξ21 + ξ22)F(E1E2 −E1E2) + ξ2ξ3F(E1E3 − E1E3)
]}

,
(I − 4)

A5(E1, E2, E3) = −E1F−1
{

η
|ξ|2−δ

[
ξ2ξ3F(E1E2 − E1E2)

− (ξ21 + ξ23)F(E1E3 −E1E3) + ξ1ξ2F(E2E3 − E2E3)
]}

,
(I − 5)

A6(E1, E2, E3) = E2F−1
{

η
|ξ|2−δ

[
ξ1ξ2F(E1E3 − E1E3)

− (ξ22 + ξ23)F(E2E3 −E2E3) + ξ1ξ3F(E1E2 − E1E2)
]}

,
(I − 6)

F and F−1 denote the Fourier transform and the Fourier inverse transform, respectively

([?, ?, ?, ?]), η > 0 and δ ≤ 0 are two constants, (E1, E2, E3)(t, x) are complex vector-valued

functions from R+ ×R3 into C3, Ei(i = 1, 2, 3) denotes the complex conjugate of Ei. Due to

rotational invariance of (1.1)-(1.3), let E = (E1, E2, E3) and ξ = (ξ1, ξ2, ξ3), system (1.1)-(1.3)

is equivalent to a vetor-valued nonlinear Schrödinger equations

iEt +∆E+ |E|2E+ i(E ∧B) = 0, (M − S − 1)

B(E) = F−1

[
iη

|ξ|2 − δ
(ξ ∧ (ξ ∧ F(E ∧E)))

]
, (M − S − 2)

where ∧ denotes the exterior product of vector-valued functions, and E the complex conjugate

of E. (Indeed, a direct computation implies that equations (1.1)-(1.3) are the componential

form of the equations (M-S-1)-(M-S-2). To understand the relationship of all the components

E1, E2, E3, we adopt the componential form (1.1)-(1.3) in the present paper.)

Equations (M-S-1)-(M-S-2) arise in the infinite ion acoustic speed limit of the self-generated

magnetic field in a cold plasma, E denotes a slowly varying complex amplitude of the
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high-frequency electric field, and B the self-generated magnetic field [?, ?, ?, ?]. Due

to the gauge invariance Aj(e
iωtE1, e

iωtE2, e
iωtE3) = eiωtAj(E1, E2, E3), j = 1, 2, 3, 4, 5, 6 ,

we can study the so-called standing wave solutions of the equations (1.1)-(1.3) in the form

Ei(t, x) = eiωtui(x) (i = 1, 2, 3) with the initial condition (1.4), where ω > 0 is a real constant

parameter called frequency and ui(x)(i = 1, 2, 3) is a complex-valued function. The search

for standing waves of equations (1.1)-(1.3) leads to the following nonlinear elliptic equations

(1.5)-(1.7):

−ωu1 +∆u1 + (|u1|2 + |u2|2 + |u3|2)u1 − u2F−1[ ηξ1ξ3|ξ|2−δ
F(u2u3 − u2u3)]

+u2F−1[
η(ξ21+ξ22)
|ξ|2−δ

F(u1u2 − u2u1)]− u2F−1[ ηξ2ξ3|ξ|2−δ
F(u1u3 − u1u3)]

+u3F−1[ ηξ2ξ3|ξ|2−δ
F(u1u2 − u1u2)] + u3F−1[

η(ξ21+ξ23)
|ξ|2−δ

F(u1u3 − u1u3)]

+u3F−1[ ηξ1ξ2|ξ|2−δ
F(u2u3 − u2u3)] = 0,

(1.5)

−ωu2 +∆u2 + (|u1|2 + |u2|2 + |u3|2)u2 − u3F−1[ ηξ1ξ2|ξ|2−δ
F(u1u3 − u1u3)]

+u3F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(u2u3 − u2u3)]− u3F−1[ ηξ1ξ3|ξ|2−δ
F(u1u2 − u1u2)]

+u1F−1[ ηξ1ξ3|ξ|2−δ
F(u2u3 − u2u3)] + u1F−1[

η(ξ21+ξ22)
|ξ|2−δ

F(u1u2 − u1u2)]

+u1F−1[ ηξ2ξ3|ξ|2−δ
F(u1u3 − u1u3)] = 0,

(1.6)

−ωu3 +∆u3 + (|u1|2 + |u2|2 + |u3|2)u3 − u1F−1[ ηξ2ξ3|ξ|2−δ
F(u1u2 − u1u2)]

+u1F−1[
η(ξ21+ξ23)
|ξ|2−δ

F(u1u3 − u1u3)]− u1F−1[ ηξ1ξ2|ξ|2−δ
F(u2u3 − u2u3)]

+u2F−1[ ηξ1ξ2|ξ|2−δ
F(u1u3 − u1u3)] + u2F−1[

η(ξ22+ξ23)
|ξ|2−δ

F(u2u3 − u2u3)]

+u2F−1[ ηξ1ξ3|ξ|2−δ
F(u1u2 − u1u2)] = 0.

(1.7)

For the nonlinear Schrödinger equations without any nonlocal term, there have been

many works on the stability results of their standing waves. Berestycki and Cazenave [?],

Grillakis[?], Jones [?], Shatah and Strauss [?], Weinstein [?] and Zhang [?] investigated the

instability of solitons. On the other hand, Cazenave and Lions [?], Weinstein [?], Grillakis,

Shatah and Strauss [?] studied the stability of the standing waves.

In the study of equations (1.1)-(1.3), we still concentrate on the existence and orbital

instability of the standing waves. For the nonlocal nonlinear Schrödinger equations, to our

best knowledge, there have been no any works on the existence and instability of the standing

waves other than those in our former papers [?, ?, ?], where we studied the similar topic for

a general Davey-Stewartson system [?] and a simplified version for the nonlocal nonlinear

Schrödinger equations (1.1)-(1.3) [?, ?], in which (E1, E2, E3) = (E1, E2, 0), (ξ1, ξ2, ξ3) =

(ξ1, ξ2, 0). To attain our goal in the present paper, the main difficulty is to deal with the

nonlocal terms since the nonlocal terms may violate the space inner-scale invariance, and

we are forced to make some additional arguments for them. Fortunately, by defining some

suitable functionals and a constrained variational minimization problem, utilizing the mono-

tonicity argument for some defined auxiliary functions to deal with these terms generated by

the nonlocal effects, and applying the inner structure of the corresponding elliptic equations
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(1.5)-(1.7), we first show the existence of standing waves for the equations (1.1)-(1.3). In

addition, we establish the orbital instability of the standing waves for the equations under

consideration. The arguments of the result rely on the conservation of energy and mass as

well as the construction of a suitable invariant manifold of solution flows. However, it should

be pointed out that the uniqueness of these ground states for (1.5)-(1.7) is a much different

and difficult problem, and we do not intend to discuss it in the present paper.

This paper arranges as follows. In section 2, we give some preliminaries and state the

main results. The existence of standing waves with ground states will be established in Sec-

tion 3. At the last section, we will show the orbital instability of standing waves.

For simplicity, we denote any positive constant by C throughout the present paper.

2 Preliminaries and Main Results

In this section, we first establish the conservation laws of total mass and total energy. Then

we define some functionals, a set and a constrained variational minimization problem. At the

end of this section we state the main results of this paper.

2.1 Conservation Laws of the Mass and of the Energy

According to the inner structure of equations (1.1)-(1.3), making some estimates on the

nonlocal terms and using the standard contraction mapping theorem, we can establish the

local well-posedness in the energy space H1(R3) ×H1(R3) ×H1(R3), the conservation laws

of the total mass and of the total energy for the Cauchy problem (1.1)-(1.4).

Lemma 2.1 The Cauchy problem (1.1)-(1.4), for η > 0, δ ≤ 0 and

(E10(x), E20(x), , E30(x)) ∈ H1(R3)×H1(R3)×H1(R3),

has a unique solution

(E1, E2, E3) ∈ C
(
[0, T );H1(R3)×H1(R3)×H1(R3)

)
for some T ∈ (0,+∞) with T = +∞ or T < +∞ and

lim
t→T

(
∥E1∥H1(R3) + ∥E2∥H1(R3) + ∥E3∥H1(R3)

)
= +∞.

In addition, the total mass and total energy are conserved:∫
R3

(|E1|2 + |E2|2 + |E3|2)dx =

∫
R3

(|E10|2 + |E20|2 + |E30|2)dx, (2.1)
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H(E1, E2, E3)

=
∫
R3(|∇E1|2 + |∇E2|2 + |∇E3|2)dx− 1

2

∫
R3(|E1|4 + |E2|4 + |E3|4)dx

−
∫
R3(|E1|2|E2|2 + |E1|2|E3|2 + |E2|2|E3|2)dx

−1
2

∫
R3

η(ξ21+ξ22)
|ξ|2−δ

(|F(E1E2 −E1E2)|2dξ
−1

2

∫
R3

η(ξ21+ξ23)
|ξ|2−δ

(|F(E1E3 −E1E3)|2dξ
−1

2

∫
R3

η(ξ22+ξ23)
|ξ|2−δ

(|F(E2E3 −E2E3)|2dξ
+Re

∫
R3

ηξ1ξ2
|ξ|2−δ

F(E2E3 − E2E3)F(E1E3 − E1E3)dξ

+Re
∫
R3

ηξ1ξ3
|ξ|2−δ

F(E1E2 − E1E2)F(E2E3 − E2E3)dξ

+Re
∫
R3

ηξ2ξ3
|ξ|2−δ

F(E1E3 − E1E3)F(E1E2 − E1E2)dξ

= H(E10, E20, E30).

(2.2)

To attain the conservation identities (2.1) and (2.2), besides using the standard arguments

on the nonlinear Schrödinger equations without any nonlocal terms, we must give some

extra discussions on the nonlocal terms, in which we will employ the Parseval identity, some

properties of Fourier transform, suitable groupings and potential coupled arguments for these

nonlocal terms. In Lemma 2.1 of [?], we established the detail of the proof for (2.1) and (2.2)

2

2.2 Variational Structures

For (u1, u2, u3) ∈ H1
r (R3) × H1

r (R3) × H1
r (R3) (ui(x)(i = 1, 2, 3) is a complex-valued

function), we define the following functionals:

S(u1, u2, u3) =
1
2

∫
R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

+ω
2

∫
R3(|u1|2 + |u2|2 + |u3|2)dx

−1
4

∫
R3(|u1|4 + |u2|4 + |u3|4)dx

−1
2

∫
R3(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1
4

∫
R3 A(u1, u2, u3)dξ +

1
2Re

∫
R3 B(u1, u2, u3)dξ,

(2.3)

R(u1, u2, u3) =
∫
R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx
−3

4

∫
R3(|u1|4 + |u2|4 + |u3|4)dx

−3
2

∫
R3(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−3
4

∫
R3 A(u1, u2, u3)dξ +

1
2δ

∫
R3

A(u1,u2,u3)
|ξ|2−δ

dξ

+3
2Re

∫
R3 B(u1, u2, u3)dξ − δRe

∫
R3

B(u1,u2,u3)
|ξ|2−δ

dξ,

(2.4)

where
H1

r (R3)×H1
r (R3)×H1

r (R3)

=
{
(f1(x), f2(x), f3(x)) ∈ H1(R3)×H1(R3)×H1(R3),

fi(x) = fi(|x|) is a function of |x| alone, i = 1, 2, 3} ,

A(u1, u2, u3) =
η

|ξ|2−δ

[
(ξ21 + ξ22)(|F(u1u2 − u1u2)|2)
+(ξ21 + ξ23)(|F(u1u3 − u1u3)|2)
+(ξ22 + ξ23)(|F(u2u3 − u2u3)|2)

]
,

(II − 1)
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B(u1, u2, u3) =
η

|ξ|2−δ

[
ξ1ξ2F(u2u3 − u2u3)F(u1u3 − u1u3)

+ξ1ξ3F(u2u3 − u2u3)F(u1u2 − u1u2)

+ξ2ξ3F(u1u3 − u1u3)F(u1u2 − u1u2)
]
.

(II − 2)

A natural attempt to find nontrivial solutions to (1.5)-(1.7) is to solve the constrained mini-

mization problem

d := inf
(u1,u2,u3)∈M

S(u1, u2, u3), (2.5)

where the set M is defined by

M =
{
(u1, u2, u3) ∈ H1

r (R3)×H1
r (R3)×H1

r (R3) \ {(0, 0, 0)}, R(u1, u2, u3) = 0
}
. (2.6)

From (u1, u2, u3) ∈ H1
r (R3) × H1

r (R3) × H1
r (R3) η > 0, δ ≤ 0, the Sobolev’s embedding

theorem and the properties of Fourier transform, it follows that functionals S(u1, u2, u3) and

R(u1, u2, u3) are both well defined.

Remark 2.1. We note that for all θ ≥ 1, j, k, l,m = 1, 2, 3,∫
R3

ηξlξm
(|ξ|2 − δ)θ

|F(ujvk)|2dξ =

∫
R3

ηξlξm
(|ξ|2 − δ)θ

|F(ujvk)|2dξ.

We also note that if (u1, u2, u3) is a critical point of S(u1, u2, u3) and hence a solution of

(1.5)-(1.7), then (E1, E2, E3) = (eiωtu1, e
iωtu2, e

iωtu3) is a standing wave solution of (1.1)-

(1.3).

2.3 Main Results

Here, we state the main results of this paper.

Theorem 2.1. For η > 0 and δ ≤ 0, there exists (Q1, Q2, Q3) ∈ M such that

(1) S(Q1, Q2, Q3) = d = inf
(u1,u2,u3)∈M

S(u1, u2, u3);

(2) (Q1, Q2, Q3) is a ground state solution to (1.5)-(1.7).

(3) (Q1, Q2, Q3) are functions of |x| alone and decay exponentially at infinity.

From the physical viewpoint, an important role is played by the ground state solution of

(1.5)-(1.7). A solution (Q1, Q2, Q3) to (1.5)-(1.7) is termed as a ground state if it has some

minimal action among all solutions to (1.5)-(1.7). Here, the action of solution (u1, u2, u3) is

defined by S(u1, u2, u3).

Concerning the dynamics of the ground state solution (Q1, Q2, Q3), we have the following

orbital instability result. Here, we assume that the ground state solution (Q1, Q2, Q3) of

(1.5)-(1.7) is unique.

Theorem 2.2. For η > 0 and δ ≤ 0, let (Q1, Q2, Q3) ∈ M be given by Theorem 2.1. For

arbitrary ε > 0, there exists (E10, E20, E30) ∈ H1
r (R3)×H1

r (R3)×H1
r (R3) with

∥E10 −Q1∥H1
r (R3) < ε, ∥E20 −Q2∥H1

r (R3) < ε, ∥E30 −Q3∥H1
r (R3) < ε (2.7)
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such that the solution (E1, E2, E3) of the equations (1.1)-(1.3) with the initial data (1.4)

has the following property: For some finite time T < ∞, (E1, E2, E3) exists on [0, T ),

(E1, E2, E3) ∈ C([0, T );H1
r (R3)×H1

r (R3)×H1
r (R3)) and

lim
t→T

(
∥E1∥H1

r (R3) + ∥E2∥H1
r (R3) + ∥E3∥H1

r (R3)

)
= +∞. (2.8)

3 Existence of standing waves

In this section, we prove Theorem 2.1, which concerns the existence of minimal energy

standing waves of the system (1.1)-(1.3). For that purpose, we first give some key Propositions

and Lemmas.

Remark 3.1. For η > 0, δ ≤ 0, θ = 1, 2, j, k, l,m = 1, 2, 3, since∫
R3

ηξlξm
(|ξ|2 − δ)θ

|F(QjQk)|2dξ =

∫
R3

ηξlξm
(|ξ|2 − δ)θ

|F(QjQk)|2dξ, (3.1)

∣∣∣∣Re

∫
R3

ηξlξm
(|ξ|2 − δ)θ

F(QjQk)F(QjQk)dξ

∣∣∣∣
≤ 1

4

∫
R3

η(|ξl|2 + |ξm|2)
(|ξ|2 − δ)θ

(|F(QjQk)|2 + |F(QjQk)|2)dξ

=
1

2

∫
R3

η(|ξl|2 + |ξm|2)
(|ξ|2 − δ)θ

|F(QjQk)|2dξ, (3.2)

by Theorem 2.1, (2.3), (2.4) and (2.5), one has

S(Q1, Q2, Q3)

=
1

6

∫
R3

(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx+
w

2

∫
R3

(|Q1|2 + |Q2|2 + |Q3|2)dx

−1

6
δ

∫
R3

η(ξ21 + ξ22)

(|ξ|2 − δ)2
(|F(Q1Q2 −Q1Q2)|2)dξ

−1

6
δ

∫
R3

η(ξ21 + ξ23)

(|ξ|2 − δ)2
(|F(Q1Q3 −Q1Q3)|2)dξ

−1

6
δ

∫
R3

η(ξ22 + ξ23)

(|ξ|2 − δ)2
(|F(Q2Q3 −Q2Q3)|2)dξ

+
1

3
δRe

∫
R3

ηξ1ξ2
(|ξ|2 − δ)2

F(Q2Q3 −Q2Q3)F(Q1Q3 −Q1Q3)dξ

+
1

3
δRe

∫
R3

ηξ1ξ3
(|ξ|2 − δ)2

F(Q2Q3 −Q2Q3)F(Q1Q2 −Q1Q2)dξ

+
1

3
δRe

∫
R3

ηξ2ξ3
(|ξ|2 − δ)2

F(Q1Q3 −Q1Q3)F(Q1Q2 −Q1)Q2dξ > 0. (3.3)

2

We continue to give some key facts.

Lemma 3.1 ([?, ?]). For 2 < σ < 6, the embedding H1
r (R3) ↪→ Lσ

r (R3) is compact, where

H1
r (R3) =

{
f(x) ∈ H1(R3) : f(x) = f(|x|) is a function of |x| alone

}
. 2
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Proposition 3.1. Let η > 0 and δ ≤ 0. Then the non-trivial solution to (1.5)-(1.7) belongs

to M .

Proof. Let (u1, u2, u3) be a non-trivial solution to (1.5)-(1.7). Multiplying (1.5) by u1, (1.6)

by u2, (1.7) by u3, then integrating with respect to x on R3, we obtain

−
∫
R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx− ω

∫
R3(|u1|2 + |u2|2 + |u3|2)dx

+
∫
R3(|u1|4 + |u2|4 + |u3|4)dx+ 2

∫
R3(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

+
∫
R3 A(u1, u2, u3)dξ − 2Re

∫
R3 B(u1, u2, u3)dξ = 0.

(3.4)

We further attain the following identity:

1
2

∫
R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx+ 3ω

2

∫
R3(|u1|2 + |u2|2 + |u3|2)dx

−3
4

∫
R3(|u1|4 + |u2|4 + |u3|4)dx− 3

2

∫
R3(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−3
4

∫
R3 A(u1, u2, u3)dξ +

3
2Re

∫
R3 B(u1, u2, u3)dξ

− δ
2

∫
R3

1
|ξ|2−δ

A(u1, u2, u3)dξ + δRe
∫
R3

1
|ξ|2−δ

B(u1, u2, u3)dξ = 0.

(3.5)

Here, A and B are defined by (II-1) and (II-2) in Section 2, respectively. The identity (3.5)

is obtained by multiplying (1.5) by x∇u1, (1.6) by x∇u2, (1.7) by x∇u3, then integrating

with respect to x in R3 and taking the real parts for the resulting equations, finally using the

following estimates:

Re
∫
R3(−wu1x∇u1 − wu2x∇u2 − wu3x∇u3)dx

= 3w
2

∫
R3(|u1|2 + |u2|2 + |u3|2)dx,

(III − 1)

Re
∫
R3(u1x∇u1 + u2x∇u2 + u3x∇u3)dx

= 1
2

∫
R3(|u1|2 + |u2|2 + |u3|2)dx,

(III − 2)

Re
∫
R3(|u1|2 + |u2|2 + |u3|2)(u1x∇u1 + u2x∇u2 + u3x∇u3)dx

= −3
4

∫
R3(|u1|4 + |u2|4 + |u3|4)dx

− 3
2

∫
R3(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx,

(III − 3)

Re
∫
R3 u1x∇u2F−1[

η(ξ21+ξ22)
|ξ|2−δ

F(u1u2 − u1u2)]dx

−Re
∫
R3 u2x∇u1F−1[

η(ξ21+ξ22)
|ξ|2−δ

F(u1u2 − u1u2)]dx

= 3
4

∫
R3

η(ξ21+ξ22)
|ξ|2−δ

(|F(u1u2 − u1u2)|2)dξ
+ δ

2

∫
R3

η(ξ21+ξ22)
(|ξ|2−δ)2

(|F(u1u2 − u1u2)|2)dξ,

(III − 4)

Re
∫
R3 u1x∇u3F−1[

η(ξ21+ξ23)
|ξ|2−δ

F(u1u3 − u1u3)]dx

−Re
∫
R3 u3x∇u1F−1[

η(ξ21+ξ23)
|ξ|2−δ

F(u1u3 − u1u3)]dx

= 3
4

∫
R3

η(ξ21+ξ23)
|ξ|2−δ

(|F(u1u3 − u1u3)|2)dξ
+ δ

2

∫
R3

η(ξ21+ξ23)
(|ξ|2−δ)2

(|F(u1u3 − u1u3)|2)dξ,

(III − 5)

Re
∫
R3 u2x∇u3F−1[

η(ξ22+ξ23)
|ξ|2−δ

F(u2u3 − u2u3)]dx

−Re
∫
R3 u3x∇u2F−1[

η(ξ22+ξ23)
|ξ|2−δ

F(u2u3 − u2u3)]dx

= 3
4

∫
R3

η(ξ22+ξ23)
|ξ|2−δ

(|F(u2u3 − u2u3)|2)dξ
+ δ

2

∫
R3

η(ξ22+ξ23)
(|ξ|2−δ)2

(|F(u2u3 − u2u3)|2)dξ,

(III − 6)
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Re
∫
R3 u2x∇u1F−1[ ηξ1ξ3|ξ|2−δ

F(u2u3 − u3u2)]dx

+Re
∫
R3 u3x∇u2F−1[ ηξ1ξ3|ξ|2−δ

F(u1u2 − u1u2)]dx

−Re
∫
R3 u1x∇u2F−1[ ηξ1ξ3|ξ|2−δ

F(u2u3 − u3u2)]dx

−Re
∫
R3 u2x∇u3F−1[ ηξ1ξ3|ξ|2−δ

F(u1u2 − u1u2)]dx

= −3
2Re

∫
R3

ηξ1ξ3
|ξ|2−δ

F(u2u3 − u2u3)F(u1u2 − u1u2)dξ

−δRe
∫
R3

ηξ1ξ3
(|ξ|2−δ)2

F(u2u3 − u2u3)F(u1u2 − u1u2)dξ,

(III − 7)

Re
∫
R3 u1x∇u2F−1[ ηξ2ξ3|ξ|2−δ

F(u1u3 − u1u3)]dx

+Re
∫
R3 u1x∇u3F−1[ ηξ2ξ3|ξ|2−δ

F(u1u2 − u1u2)]dx

−Re
∫
R3 u3x∇u1F−1[ ηξ2ξ3|ξ|2−δ

F(u1u2 − u1u2)]dx

−Re
∫
R3 u2x∇u1F−1[ ηξ2ξ3|ξ|2−δ

F(u1u3 − u1u3)]dx

= −3
2Re

∫
R3

ηξ2ξ3
|ξ|2−δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

−δRe
∫
R3

ηξ2ξ3
(|ξ|2−δ)2

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ,

(III − 8)

Re
∫
R3 u3x∇u1F−1[ ηξ1ξ2|ξ|2−δ

F(u2u3 − u2u3)]dx

+Re
∫
R3 u3x∇u2F−1[ ηξ1ξ2|ξ|2−δ

F(u1u3 − u1u3)]dx

−Re
∫
R3 u1x∇u3F−1[ ηξ1ξ2|ξ|2−δ

F(u2u3 − u2u3)]dx

−Re
∫
R3 u2x∇u3F−1[ ηξ1ξ2|ξ|2−δ

F(u1u3 − u1u3)]dx

= −3
2Re

∫
R3

ηξ1ξ2
|ξ|2−δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

−δRe
∫
R3

ηξ1ξ2
(|ξ|2−δ)2

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ.

(III − 9)

Combining (3.4) with (3.5), one easily verifies that R(u1, u2, u3) = 0, and hence (u1, u2, u3) ∈
M . 2

Proposition 3.2. The functional S is bounded from below on M for η > 0 and δ 6 0.

Proof. Let A and B are defined by (II-1) and (II-2) in Section 2, respectively. According to

(2.3), (2.4) and (2.6), for (u1, u2, u3) ∈ M one gets

S(u1, u2, u3)

= 1
6

∫
R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

+w
2

∫
R3(|u1|2 + |u2|2 + |u3|2)dx

− δ
6

∫
R3

A(u1,u2,u3)
|ξ|2−δ

dξ + δ
3Re

∫
R3

B(u1,u2,u3)
|ξ|2−δ

dξ.

(3.6)

Noting that η > 0, δ ≤ 0 and the inequality 2Re(ab) ≤ a2 + b2, making some suitable

rearrangements, we obtain

− δ
6

∫
R3

A(u1,u2,u3)
|ξ|2−δ

dξ + δ
3Re

∫
R3

B(u1,u2,u3)
|ξ|2−δ

dξ ≥ 0. (3.7)

( Indeed, recall that

A(u1, u2, u3) =
η

|ξ|2−δ

[
(ξ21 + ξ22)(|F(u1u2 − u1u2)|2)
+(ξ21 + ξ23)(|F(u1u3 − u1u3)|2)
+(ξ22 + ξ23)(|F(u2u3 − u2u3)|2)

]
,

(II − 1)

9



B(u1, u2, u3) =
η

|ξ|2−δ

[
ξ1ξ2F(u2u3 − u2u3)F(u1u3 − u1u3)

+ξ1ξ3F(u2u3 − u2u3)F(u1u2 − u1u2)

+ξ2ξ3F(u1u3 − u1u3)F(u1u2 − u1u2)
]
.

(II − 2)

Since
Reξ1ξ2F(u2u3 − u2u3)F(u1u3 − u1u3)

≤ 1
2ξ

2
1 |F(u1u3 − u1u3)|2 + 1

2ξ
2
2 |F(u2u3 − u2u3)|2,

Reξ1ξ3F(u2u3 − u2u3)F(u1u2 − u1u2)

≤ 1
2ξ

2
1 |F(u1u2 − u1u2)|2 + 1

2ξ
2
3 |F(u2u3 − u2u3)|2,

Reξ2ξ3F(u1u3 − u1u3)F(u1u2 − u1u2)

≤ 1
2ξ

2
2 |F(u1u2 − u1u2)|2 + 1

2ξ
2
3 |F(u1u3 − u1u3)|2,

through regrouping and applying some properties of Fourier transform, we con-

clude that for η > 0, and δ ≤ 0,

δ
3Re

∫
R3

B(u1,u2,u3)
|ξ|2−δ

dξ

≥ δ
6

∫
R3

1
|ξ|2−δ

· η
|ξ|2−δ

[
(ξ21 + ξ22)|F(u1u2 − u1u2)|2

(ξ21 + ξ23)|F(u1u3 − u1u3)|2

(ξ22 + ξ23)|F(u2u3 − u2u3)|2
]

= δ
6

∫
R3

A(u1,u2,u3)
|ξ|2−δ

dξ.

Hence (3.7) is valid. )

Therefore, (3.6) and (3.7) imply that on M ,

S(u1, u2, u3) ≥
1

6

∫
R3

(|∇u1|2 + |∇u2|2 + |∇u3|2)dx

+
w

2

∫
R3

(|u1|2 + |u2|2 + |u3|2)dx. (3.8)

This completes the proof of Proposition 3.2. 2

Proposition 3.3. For η > 0 and δ ≤ 0, let (u1, u2, u3) ∈ H1
r (R3) × H1

r (R3) × H1
r (R3) \

{(0, 0, 0)}. For λ > 0, we make the following scale transform:

u1λ(x) = λ
3
2u1(λx), u2λ(x) = λ

3
2u2(λx), u3λ(x) = λ

3
2u3(λx),

then there exists a unique µ > 0 (relying on (u1, u2, u3)) such that R(u1µ, u2µ, u3µ) = 0.

Furthermore, the following three estimates will occur:

R(u1µ, u2µ, u3µ) > 0, for λ ∈ (0, µ);

R(u1µ, u2µ, u3µ) < 0, for λ ∈ (µ,∞);

S(u1µ, u2µ, u3µ) ≥ S(u1λ, u2λ, u3λ), for ∀λ > 0.
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Proof. According to (2.3) and (2.4), S(u1λ, u2λ, u3λ) and R(u1λ, u2λ, u3λ) are of the following

expressions:

S(u1λ, u2λ, u3λ)

= 1
2λ

2
∫
R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx+ w

2

∫
R3(|u1|2 + |u2|2 + |u3|2)dx

−1
4λ

3
∫
R3(|u1|4 + |u2|4 + |u3|4)dx

−1
2λ

3
∫
R3(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

−1
4λ

3
∫
R3

ηλ2(ξ21+ξ22)
λ2|ξ|2−δ

(|F(u1u2 − u1u2)|2)dξ
−1

4λ
3
∫
R3

ηλ2(ξ23+ξ22)
λ2|ξ|2−δ

(|F(u2u3 − u2u3)|2)dξ
−1

4λ
3
∫
R3

ηλ2(ξ21+ξ23)
λ2|ξ|2−δ

(|F(u1u3 − u1u3)|2)dξ
+1

2λ
3Re

∫
R3

ηλ2(ξ1ξ2)
λ2|ξ|2−δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

+1
2λ

3Re
∫
R3

ηλ2(ξ2ξ3)
λ2|ξ|2−δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

+1
2λ

3Re
∫
R3

ηλ2(ξ1ξ3)
λ2|ξ|2−δ

|F(u2u3 − u2u3)F(u1u2 − u1u2)dξ,

(3.9)

R(u1λ, u2λ, u3λ)

= λ2
{∫

R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx
−3

4λ
∫
R3(|u1|4 + |u2|4 + |u3|4)dx

−3
2λ

∫
R3(|u1|2|u2|2 + |u1|2|u3|2 + |u2|2|u3|2)dx

R1λ(u1, u2, u3) :=



−3
4λ

∫
R3

ηλ2(ξ21+ξ22)
λ2|ξ|2−δ

(|F(u1u2 − u1u2)|2)dξ
−3

4λ
∫
R3

ηλ2(ξ23+ξ22)
λ2|ξ|2−δ

(|F(u2u3 − u2u3)|2)dξ
−3

4λ
∫
R3

ηλ2(ξ21+ξ23)
λ2|ξ|2−δ

(|F(u1u3 − u1u3)|2)dξ
+ δ

2λ
∫
R3

ηλ2(ξ21+ξ22)
(λ2|ξ|2−δ)2

(|F(u1u2 − u1u2)|2)dξ
+ δ

2λ
∫
R3

ηλ2(ξ23+ξ22)
(λ2|ξ|2−δ)2

(|F(u2u3 − u2u3)|2)dξ
+ δ

2λ
∫
R3

ηλ2(ξ21+ξ23)
(λ2|ξ|2−δ)2

(|F(u1u3 − u1u3)|2)dξ
+3

2λ
3Re

∫
R3

ηλ2ξ1ξ2
λ2|ξ|2−δ

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

+3
2λRe

∫
R3

ηλ2ξ2ξ3
λ2|ξ|2−δ

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

+3
2λRe

∫
R3

ηλ2ξ1ξ3
λ2|ξ|2−δ

F(u2u3 − u2u3)F(u1u2 − u1u2)dξ

−λδRe
∫
R3

ηλ2ξ1ξ2
(λ2|ξ|2−δ)2

F(u2u3 − u2u3)F(u1u3 − u1u3)dξ

−λδRe
∫
R3

ηλ2ξ2ξ23
(λ2|ξ|2−δ)2

F(u1u3 − u1u3)F(u1u2 − u1u2)dξ

−λδRe
∫
R3

ηλ2ξ1ξ3
(λ2|ξ|2−δ)2

F(u2u3 − u2u3)F(u1u2 − u1u2)dξ
}

= λ2R∗(u1λ, u2λ, u3λ).

(3.10)

Making a preliminary estimate, we can verify that

R1λ(u1, u2, u3) ≤ 0. (3.11)

((3.11) can be easily obtained by utilizing the method of verifying (3.7).)

First of all, we show that there exists µ > 0 such that R(u1µ, u2µ, u3µ) = 0, and we divide
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the proof into two cases:

Case 1 R(u1, u2, u3) > 0; Case 2 R(u1, u2, u3) < 0.

♣ If Case 1 occurs, and if there exists λ such that R(u1λ, u2λ, u3λ) = 0, then λ ∈ (1,∞)

according to (3.10) and (3.11). For j, k = 1, 2, 3, let G(λ2) = 3
4

ηλ2(ξ2j+ξ2k)

λ2|ξ|2−δ
− δ

2

ηλ2(ξ2j+ξ2k)

(λ2|ξ|2−δ)2
. Then

G′(λ2) =
(−δηλ2|ξ|2+5δ2η)(ξ2j+ξ2k)

4(λ2|ξ|2−δ)3
, which together with η > 0 and δ ≤ 0 leads to G′(λ2) ≥ 0.

Thus, G(λ2) is an increasing function of λ2 (λ2 ∈ (1,∞)). Thus there exists µ ∈ (1,∞) such

that R(u1µ, u2µ, u3µ) = 0.

♣ IfCase 2 occurs, and if there exists λ such that R(u1λ, u2λ, u3λ) = 0, then λ ∈ (0, 1). In-

deed, we consider functionalR∗(u1λ, u2λ, u3λ) defined by (3.10). Note thatR∗(u1λ, u2λ, u3λ) →
R(u1, u2, u3) < 0 as λ → 1, and R∗(u1λ, u2λ, u3λ) =

∫
R3(|∇u1|2 + |∇u2|2 + |∇u3|2)dx > 0 as

λ → 0, one can verifies that there exists µ ∈ (0, 1) such that R∗(u1µ, u2µ, u3µ) = 0. The latter

implies that µ2R∗(u1µ, u2µ, u3µ) = R(u1µ, u2µ, u3µ) = 0.

In both cases as above, there always exists µ > 0 such that R(u1µ, u2µ, u3µ) = 0.

Furthermore, we can easily check that

R(u1λ, u2λ, u3λ) > 0 for λ ∈ (0, µ),

R(u1λ, u2λ, u3λ) < 0 for λ ∈ (µ,∞).
(3.12)

By a direct calculation, we achive for j, k = 1, 2, 3,

d(ηλ5(ξ2j+ξ2k)�(λ2|ξ|2−δ))
dλ =

3ηλ4(ξ2j+ξ2k)

λ2|ξ|2−δ
− 2ηδλ4(ξ2j+ξ2k)

(λ2|ξ|2−δ)2
,

d(ηλ5ξjξk�(λ2|ξ|2−δ))
dλ =

3ηλ4ξjξk
λ2|ξ|2−δ

− 2ηδλ4ξjξk
(λ2|ξ|2−δ)2

,

which together with (3.9) and (3.10) yield that

d

dλ
S(u1λ, u2λ, u3λ) = λ−1R(u1λ, u2λ, u3λ). (3.13)

By R(u1µ, u2µ, u3µ) = 0, (3.12) and (3.13) imply that

S(u1µ, u2µ, u3µ) ≥ S(u1λ, u2λ, u3λ), ∀λ > 0.

This completes the proof of Proposition 3.3. 2

Now, we begin to prove Theorem 2.1.

Step 1: Proof of (1).

Let {(Q1n, Q2n, Q3n), n ∈ N} ⊂ M be a minimizing sequence for (2.5). There then has

R(Q1n, Q2n, Q3n) = 0

and

S(Q1n, Q2n, Q3n) → inf
(u1,u2,u3)∈M

S(u1, u2, u3) as n → ∞. (3.14)
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In view of η > 0, δ ≤ 0 and Young’s inequality, combining (3.6) with (3.14) yields that

∥Q1n∥H1
r (R3), ∥Q2n∥H1

r (R3), ∥Q3n∥H1
r (R3) are all bounded for all n ∈ N. Thus there exists a

subsequence

{(Q1nk, Q2nk, Q3nk), k ∈ N} ⊂ {(Q1n, Q2n, Q3n), n ∈ N} (3.15)

such that as k → ∞,

Q1nk ⇀ Q1∞ weakly in H1
r (R3), Q1nk → Q1∞ a.e. in R3, (3.16)

Q2nk ⇀ Q2∞ weakly in H1
r (R3), Q2nk → Q2∞ a.e. in R3, (3.17)

and

Q3nk ⇀ Q3∞ weakly in H1
r (R3), Q3nk → Q3∞ a.e. in R3. (3.18)

For simplicity, we still denote {(Q1nk, Q2nk, Q3nk), k ∈ N} by {(Q1n, Q2n, Q3n), n ∈ N}. From
Lemma 3.1, (3.16)-(3.18), it follows that

Q1n → Q1∞ strongly in L4
r(R3),

Q2n → Q2∞ strongly in L4
r(R3),

Q3n → Q3∞ strongly in L4
r(R3).

(3.19)

Since

∥Q1n∥L2
r(R3) ≤ C, ∥Q2n∥L2

r(R3) ≤ C, ∥Q3n∥L2
r(R3) ≤ C,

the boundedness of {(Q1n, Q2n, Q3n), n ∈ N} inH1
r (R3)×H1

r (R3)×H1
r (R3) and the Gagliardo-

Nirenberg inequality

∥v∥p+1

Lp+1
r (RN )

≤ C∥∇v∥
N
2
(p−1)

L2
r(RN )

∥v∥p+1−N
2
(p−1)

L2
r(RN )

, v ∈ H1
r (RN ), 1 ≤ p <

N + 2

N − 2
,

imply in particular that ∫
R3 |Q1n|4dx ≤ C

(∫
R3 |∇Q1n|2dx

) 3
2 ,∫

R3 |Q2n|4dx ≤ C
(∫

R3 |∇Q2n|2dx
) 3

2 ,∫
R3 |Q3n|4dx ≤ C

(∫
R3 |∇Q3n|2dx

) 3
2 .

(3.20)

Here and henceforth, C > 0 denotes various positive constants. Via (3.20), η > 0, δ ≤ 0 and

R(Q1n, Q2n, Q3n) = 0,

∫
R3

|Qjn|2|Qkn|2dx ≤ 1

2

∫
R3

(|Qjn|4 + |Qkn|4)dx, (3.21)

where j, k = 1, 2, 3, we thus obtain∫
R3(|∇Q1n|2 + |∇Q2n|2 + |∇Q3n|2)dx
≤ C

(∫
R3 |∇Q1n|2dx

) 3
2 +

(∫
R3 |∇Q2n|2dx

) 3
2 +

(∫
R3 |∇Q3n|2dx

) 3
2

≤ C
(∫

R3(|∇Q1n|2 + |∇Q2n|2 + |∇Q3n|2)dx
) 3

2 .

(3.22)
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(3.22) yields that ∥∇Q1n∥2L2
r(R3) + ∥∇Q2n∥2L2

r(R3) + ∥∇Q3n∥2L2
r(R3) is bounded away from 0.

Furthermore, we claim that (Q1∞, Q2∞, Q3∞) ̸= (0, 0, 0). Assume to the contrary that

(Q1∞, Q2∞, Q3∞) ≡ (0, 0, 0), from (3.19), it follows that

Q1n → 0 strongly in L4
r(R3),

Q2n → 0 strongly in L4
r(R3),

Q3n → 0 strongly in L4
r(R3).

(3.23)

Thus, (3.21) implies that as n → ∞,∫
R3(|Q1n|4 + |Q2n|4 + |Q3n|4)dx → 0,∫
R3(|Q1n|2|Q2n|2 + |Q1n|2|Q3n|2 + |Q2n|2|Q3n|2)dx → 0,

R1λ(Q1n, Q2n, Q3n)|λ=1 → 0,

(3.24)

where R1λ(Q1n, Q2n, Q3n) is defined by (3.10) with replacing (u1, u2, u3) by (Q1n, Q2n, Q3n)

. In view of R(Q1n, Q2n, Q3n) = 0, one would then conclude that as n → ∞,∫
R3

(|∇Q1n|2 + |∇Q2n|2 + |∇Q3n|2)dx → 0,

which contradicts to (3.22). Thus (Q1∞, Q2∞, Q3∞) ̸= (0, 0, 0).

Let Q1 = (Q1∞)µ, Q2 = (Q2∞)µ, Q3 = (Q3∞)µ with µ > 0 uniquely determined by

the condition R(Q1, Q2, Q3) = R[(Q1∞)µ, (Q2∞)µ, (Q3∞)µ] = 0, where (Q1∞)µ, (Q2∞)µ and

(Q3∞)µ are defined by Proposition 3.3. Thus Lemma 3.1 yields that, as n → ∞,
(Q1n)µ → Q1, (Q2n)µ → Q2, (Q3n)µ → Q3, strongly in L4

r(R3),

(Q1n)µ → Q1, (Q2n)µ → Q2, (Q3n)µ → Q3, weakly in H1
r (R3),

(3.25)

whereas R(Q1n, Q2n, Q3n) = 0 and Proposition 3.3 imply

S[(Q1n)µ, (Q2n)µ, (Q3n)µ] ≤ S(Q1n, Q2n, Q3n). (3.26)

Hence, from (3.25) and (3.26) one concludes

S(Q1, Q2, Q3) ≤ S[(Q1n)µ, (Q2n)µ, (Q3n)µ] ≤ S(Q1n, Q2n, Q3n)

= inf
(u1,u2,u3)∈M

S(u1, u2, u3)
(3.27)

which together with R(Q1, Q2, Q3) = 0 yields that (Q1, Q2, Q3) ∈ M . Therefore, (Q1, Q2, Q3)

solves the minimization problem

S(Q1, Q2, Q3) = min
(u1,u2,u3)∈M

S(u1, u2, u3). (3.28)

This completes the proof of (1) of Theorem 2.1 .

Step 2: Proofs of (2) and (3) of Theorem 2.1
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We first prove (2). Since (Q1, Q2, Q3) is a solution of the minimization problem (3.28),

there exists a Lagrange multiplier Λ such that

δ′
Q1

[S(Q1, Q2, Q3) + ΛR(Q1, Q2, Q3)] = 0,

δ′
Q2

[S(Q1, Q2, Q3) + ΛR(Q1, Q2, Q3)] = 0,

δ′
Q3

[S(Q1, Q2, Q3) + ΛR(Q1, Q2, Q3)] = 0.

(3.29)

Here, δ′u1
T (u1, u2, u3) denotes the variation of T (u1, u2, u3) with respect to u1. By the formula

δ′u1
T (u1, u2, u3) = ∂

∂ζT (u1 + ζδ′u1, u2, u3)|ζ=0, and by taking δ′Q1 = Q1, δ
′Q2 = Q2 and

δ′Q3 = Q3, we obtain from (3.29) that

B1(Q1, Q2, Q3) = 0, B2(Q1, Q2, Q3) = 0, B3(Q1, Q2, Q3) = 0, (3.30)

where
B1(Q1, Q2, Q3) = −(1 + 2Λ)∆Q1 + ωQ1 − (1 + 3Λ)|Q1|2Q1

−(1 + 3Λ)Q1|Q2|2 − (1 + 3Λ)Q1|Q3|2

−(1 + 3Λ)Q2F−1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)]

−(1 + 3Λ)Q3F−1[
η(ξ21+ξ23)
|ξ|2−δ

F(Q1Q3 −Q1Q3)]

+(1 + 3Λ)Q2F−1[ ηξ1ξ3|ξ|2−δ
F(Q2Q3 −Q2Q3)]

+(1 + 3Λ)Q2F−1[ ηξ2ξ3|ξ|2−δ
F(Q1Q3 −Q1Q3)]

−(1 + 3Λ)Q3F−1[ ηξ2ξ3|ξ|2−δ
F(Q1Q2 −Q1Q2)]

+(1 + 3Λ)Q3F−1[ ηξ1ξ2|ξ|2−δ
F(Q2Q3 −Q2Q3)]

+2ΛδQ2F−1[
η(ξ21+ξ22)
(|ξ|2−δ)2

F(Q1Q2 −Q1Q2)]

+2ΛδQ3F−1[
η(ξ21+ξ23)
(|ξ|2−δ)2

F(Q1Q3 −Q1Q3)]

−2ΛδQ2F−1[ ηξ1ξ3
(|ξ|2−δ)2

F(Q2Q3 −Q2Q3)]

−2ΛδQ2F−1[ ηξ2ξ3
(|ξ|2−δ)2

F(Q1Q3 −Q1Q3)]

+2ΛδQ3F−1[ ηξ2ξ3
(|ξ|2−δ)2

F(Q1Q2 −Q1Q2)]

−2ΛδQ3F−1[ ηξ1ξ2
(|ξ|2−δ)2

F(Q2Q3 −Q2Q3)],

(3.31)
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B2(Q1, Q2, Q3) = −(1 + 2Λ)∆Q2 + ωQ2 − (1 + 3Λ)|Q2|2Q2

−(1 + 3Λ)|Q1|2Q2 − (1 + 3Λ)|Q3|2Q2

−(1 + 3Λ)Q1F−1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)]

−(1 + 3Λ)Q3F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−(1 + 3Λ)Q1F−1[ ηξ1ξ3|ξ|2−δ
F(Q2Q3 −Q2Q3)]

−(1 + 3Λ)Q1F−1[ ηξ2ξ3|ξ|2−δ
F(Q1Q3 −Q1Q3)]

−(1 + 3Λ)Q3F−1[ ηξ1ξ2|ξ|2−δ
F(Q1Q3 −Q1Q3)]

+(1 + 3Λ)Q3F−1[ ηξ1ξ3|ξ|2−δ
F(Q1Q2 −Q1Q2)]

+2ΛδQ1F−1[
η(ξ21+ξ22)
(|ξ|2−δ)2

F(Q1Q2 −Q1Q2)]

+2ΛδQ3F−1[
η(ξ22+ξ23)
(|ξ|2−δ)2

F(Q2Q3 −Q2Q3)]

+2ΛδQ1F−1[ ηξ1ξ3
(|ξ|2−δ)2

F(Q2Q3 −Q2Q3)]

+2ΛδQ1F−1[ ηξ2ξ3
(|ξ|2−δ)2

F(Q1Q3 −Q1Q3)]

+2ΛδQ3F−1[ ηξ1ξ2
(|ξ|2−δ)2

F(Q1Q3 −Q1Q3)]

+2ΛδQ3F−1[ ηξ1ξ3
(|ξ|2−δ)2

F(Q1Q2 −Q1Q2)],

(3.32)

B3(Q1, Q2, Q3) = −(1 + 2Λ)∆Q3 + ωQ3 − (1 + 3Λ)|Q3|2Q3

−(1 + 3Λ)|Q1|2Q3 − (1 + 3Λ)|Q2|2Q3

−(1 + 3Λ)Q1F−1[
η(ξ21+ξ23)
|ξ|2−δ

F(Q1Q3 −Q1Q3)]

−(1 + 3Λ)Q2F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−(1 + 3Λ)Q1F−1[ ηξ1ξ2|ξ|2−δ
F(Q2Q3 −Q2Q3)]

+(1 + 3Λ)Q1F−1[ ηξ2ξ3|ξ|2−δ
F(Q1Q2 −Q1Q2)]

−(1 + 3Λ)Q2F−1[ ηξ1ξ3|ξ|2−δ
F(Q1Q2 −Q1Q2)]

+(1 + 3Λ)Q2F−1[ ηξ1ξ2|ξ|2−δ
F(Q1Q3 −Q1Q3)]

+2ΛδQ1F−1[
η(ξ21+ξ23)
(|ξ|2−δ)2

F(Q1Q3 −Q1Q3)]

+2ΛδQ2F−1[
η(ξ22+ξ23)
(|ξ|2−δ)2

F(Q2Q3 −Q2Q3)]

+2ΛδQ1F−1[ ηξ1ξ2
(|ξ|2−δ)2

F(Q2Q3 −Q2Q3)]

−2ΛδQ1F−1[ ηξ2ξ3
(|ξ|2−δ)2

F(Q1Q2 −Q1Q2)]

+2ΛδQ2F−1[ ηξ1ξ3
(|ξ|2−δ)2

F(Q1Q2 −Q1Q2)]

−2ΛδQ2F−1[ ηξ1ξ2
(|ξ|2−δ)2

F(Q1Q3 −Q1Q3)].

(3.33)

Multiplying B1(Q1, Q2, Q3) = 0 by Q1, B2(Q1, Q2, Q3) = 0 by Q2 and B3(Q1, Q2, Q3) = 0

by Q3, then integrating the resulting equations with respect to x on R3, we get

K1(Q1, Q2, Q3) + ΛK2(Q1, Q2, Q3) = 0, (3.34)
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where

K1(Q1, Q2, Q3) =
∫
R3(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx

+ω
∫
R3(|Q1|2 + |Q2|2 + |Q3|2)dx

−
∫
R3(|Q1|4 + |Q2|4 + |Q3|4)dx

−2
∫
R3(|Q1|2|Q2|2 + |Q1|2|Q3|2 + |Q2|2|Q3|2)dx

−
∫
R3 A(Q1, Q2, Q3)dξ + 2Re

∫
R3 B(Q1, Q2, Q3)dξ,

(3.35)

K2(Q1, Q2, Q3) = 2
∫
R3(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx

−3
∫
R3(|Q1|4 + |Q2|4 + |Q3|4)dx

−6
∫
R3(|Q1|2|Q2|2 + |Q1|2|Q3|2 + |Q2|2|Q3|2)dx

−3
∫
R3 A(Q1, Q2, Q3)dξ + 6Re

∫
R3 B(Q1, Q2, Q3)dξ

+2δ
∫
R3

A(Q1,Q2,Q3)
|ξ|2−δ

dξ − 4δRe
∫
R3

B(Q1,Q2,Q3)
|ξ|2−δ

dξ,

(3.36)

A(Q1, Q2, Q3) = η
|ξ|2−δ

[(ξ21 + ξ22)(|F(Q1Q2 −Q1Q2)|2)
+(ξ21 + ξ23)(|F(Q1Q3 −Q1Q3)|2)
+(ξ22 + ξ23)(|F(Q2Q3 −Q2Q3)|2)],

(3.37)

B(Q1, Q2, Q3) = η
|ξ|2−δ

[ξ1ξ2F(Q2Q3 −Q2Q3)F(Q1Q3 −Q1Q3)

+ξ1ξ3F(Q2Q3 −Q2Q3)F(Q1Q2 −Q1Q2)

+ξ2ξ3F(Q1Q3 −Q1Q3)F(Q1Q2 −Q1Q2)].

(3.38)

On the other hand, multiplying B1(Q1, Q2, Q3) = 0 by x∇Q1, B2(Q1, Q2, Q3) = 0 by x∇Q2,

and B3(Q1, Q2, Q3) = 0 by x∇Q3, then integrating the resulting equations with respect to x

on R3 and taking the real part, one obtains

K3(Q1, Q2, Q3) + ΛK4(Q1, Q2, Q3) = 0, (3.39)

where

K3(Q1, Q2, Q3) = −1
2

∫
R3(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx

−3ω
2

∫
R3(|Q1|2 + |Q2|2 + |Q3|2)dx

+3
4

∫
R3(|Q1|4 + |Q2|4 + |Q3|4)dx

+3
2

∫
R3(|Q1|2|Q2|2 + |Q1|2|Q3|2 + |Q2|2|Q3|2)dx

+3
4

∫
R3 A(Q1, Q2, Q3)dξ +

δ
2

∫
R3

A(Q1,Q2,Q3)
|ξ|2−δ

dξ

−3
2Re

∫
R3 B(Q1, Q2, Q3)dξ − δRe

∫
R3

B(Q1,Q2,Q3)
|ξ|2−δ

dξ,

(3.40)

K4(Q1, Q2, Q3) = −
∫
R3(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx

+9
4

∫
R3(|Q1|4 + |Q2|4 + |Q3|4)dx

+9
2

∫
R3(|Q1|2|Q2|2 + |Q1|2|Q3|2 + |Q2|2|Q3|2)dx

+9
4

∫
R3 A(Q1, Q2, Q3)dξ − 9

2Re
∫
R3 B(Q1, Q2, Q3)dξ

−δ
∫
R3

A(Q1,Q2,Q3)
|ξ|2−δ

dξ − 2δ2
∫
R3

A(Q1,Q2,Q3)
(|ξ|2−δ)2

dξ

+2δRe
∫
R3

B(Q1,Q2,Q3)
|ξ|2−δ

dξ + 4δ2Re
∫
R3

B(Q1,Q2,Q3)
(|ξ|2−δ)2

dξ.

(3.41)
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Here, A(Q1, Q2, Q3) and B(Q1, Q2, Q3) are defined by (3.37) and (3.38), respectively. Thus

by (3.34), we obtain

3

2
K1(Q1, Q2, Q3) +

3

2
ΛK2(Q1, Q2, Q3) = 0. (3.42)

Noting that

3
2K1(Q1, Q2, Q3) +K3(Q1, Q2, Q3)

=
∫
R3(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx− 3

4

∫
R3(|Q1|4 + |Q2|4 + |Q3|4)dx

−3
2

∫
R3(|Q1|2|Q2|2 + |Q1|2|Q3|2 + |Q2|2|Q3|2)dx− 3

4

∫
R3 A(Q1, Q2, Q3)dξ

+ δ
2

∫
R3

A(Q1,Q2,Q3)
|ξ|2−δ

dξ + 3
2Re

∫
R3 B(Q1, Q2, Q3)dξ − δRe

∫
R3

B(Q1,Q2,Q3)
|ξ|2−δ

dξ

= R(Q1, Q2, Q3) = 0,

(3.43)

in view of (3.39), (3.42),(3.43), one can verify that

3

2
ΛK2(Q1, Q2, Q3) + ΛK4(Q1, Q2, Q3) = 0. (3.44)

(3.44) is equivalent to

Λ[
3

2
K2(Q1, Q2, Q3) +K4(Q1, Q2, Q3)] = ΛK5(Q1, Q2, Q3) = 0, (3.45)

where

K5(Q1, Q2, Q3) = 3R(Q1, Q2, Q3)−
∫
R3(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx

+ δ
2

∫
R3

A(Q1,Q2,Q3)
|ξ|2−δ

dξ − 2δ2
∫
R3

A(Q1,Q2,Q3)
(|ξ|2−δ)2

dξ

−δRe
∫
R3

B(Q1,Q2,Q3)
|ξ|2−δ

dξ + 4δ2Re
∫
R3

B(Q1,Q2,Q3)
(|ξ|2−δ)2

dξ.

(3.46)

Noting the expressions of A(Q1, Q2, Q3) and B(Q1, Q2, Q3) in (3.37) and (3.38), applying the

Young’s inequality, we have

δ
2

∫
R3

A(Q1,Q2,Q3)
|ξ|2−δ

dξ − 2δ2
∫
R3

A(Q1,Q2,Q3)
(|ξ|2−δ)2

dξ

−δRe
∫
R3

B(Q1,Q2,Q3)
|ξ|2−δ

dξ + 4δ2Re
∫
R3

B(Q1,Q2,Q3)
(|ξ|2−δ)2

dξ ≤ 0.

Then, in view of (Q1, Q2, Q3) ̸= (0, 0, 0), R(Q1, Q2, Q3) = 0, η > 0 and δ ≤ 0, there holds

K5(Q1, Q2, Q3) ≤ −
∫
R3

(|∇Q1|2 + |∇Q2|2 + |∇Q3|2)dx < 0. (3.47)

which implies that K5(Q1, Q2, Q3) ̸= 0 and thus Λ = 0 by (3.45). Hence, from (3.30), (3.31),

(3.32) and (3.33), it follows that (Q1, Q2, Q3) solves the following equations:

−ωQ1 +∆Q1 + (|Q1|2 + |Q2|2 + |Q3|2)Q1

−Q2F−1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)] +Q3F−1[
η(ξ21+ξ23)
|ξ|2−δ

F(Q1Q3 −Q1Q3)]

−Q2F−1{ η
|ξ|2−δ

[ξ1ξ3F(Q2Q3 −Q2Q3) + ξ2ξ3F(Q1Q3 −Q1Q3)]}
+Q3F−1{ η

|ξ|2−δ
[ξ2ξ3F(Q1Q2 −Q1Q2) + ξ1ξ2F(Q2Q3 −Q2Q3)]}

= 0,

(3.48)
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−ωQ2 +∆Q2 + (|Q1|2 + |Q2|2 + |Q3|2)Q2

−Q1F−1Q1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)] +Q3F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−Q3F−1{ η
|ξ|2−δ

[ξ1ξ2F(Q1Q3 −Q1Q3) + ξ1ξ3F(Q1Q2 −Q1Q2)]}
+Q1F−1{ η

|ξ|2−δ
[ξ1ξ3F(Q2Q3 −Q2Q3) + ξ2ξ3F(Q1Q3 −Q1Q3)]}

= 0,

(3.49)

−ωQ3 +∆Q3 + (|Q1|2 + |Q2|2 + |Q3|2)Q3

−Q1F−1[
η(ξ23+ξ21)
|ξ|2−δ

F(Q1Q3 −Q1Q3)] +Q2F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−Q1F−1{ η
|ξ|2−δ

[ξ2ξ3F(Q1Q2 −Q1Q2) + ξ1ξ2F(Q2Q3 −Q2Q3)]}
+Q2F−1{ η

|ξ|2−δ
[ξ1ξ2F(Q1Q3 −Q1Q3) + ξ1ξ3F(Q1Q2 −Q1Q2)]}

= 0.

(3.50)

That is, (Q1, Q2, Q3) solves the equations (1.5)-(1.7). As (1.5)-(1.7) are the Euler-Lagrange

equations of the functional S(Q1, Q2, Q3), applying Proposition 3.1, we conclude (Q1, Q2, Q3)

is a ground state solution of (1.5)-(1.7). Furthermore, it is obvious that (Q1, Q2, Q3) are

functions of |x| alone. Motivated by the works [?, ?], we can obtain that (Q1, Q2, Q3) has

exponential decay at infinity, which will be shown in the Appendix A for convenience.

This completes the proof of Theorem 2.1. 2

4 Orbital Instability of Standing Waves in R3

In this section, we show the instability of standing waves of (1.1)− (1.3) in R3 obtained in

Theorem 2.1 (Theorem 2.2). We first give a key proposition to show Theorem 2.2.

Proposition 4.1. Let δ ≤ 0, η > 0 and u1λ(x) = λ
3
2u1(λx), u2λ(x) = λ

3
2u2(λx), u3λ(x) =

λ
3
2u3(λx) for λ > 0. Suppose that (u1, u2, u3) ∈ H1

r (R3)×H1
r (R3)×H1

r (R3) \ {(0, 0, 0)} and

(u1, u2, u3) ∈ K, where

K =
{
(u1, u2, u3) ∈ H1

r (R3)×H1
r (R3)×H1

r (R3),

R(u1, u2, u3) < 0, S(u1, u2, u3) < S(Q1, Q2, Q3)} .
(4.1)

Then there exists 0 < µ < 1 such that R(u1µ, u2µu3µ) = 0 and

S(u1, u2, u3)− S(u1µ, u2µu3µ) ≥
1

2
R(u1, u2, u3). (4.2)

Here, S(u1, u2, u3) and R(u1, u2, u3) are defined by (2.3) and (2.4), respectively.

Proof. By a direct calculation, we can easily show the estimate (4.2). 2

Now, we begin to show Theorem 2.2.

Proof of Theorem 2.2. Let (E1, E2, E3) ∈ H1
r (R3) × H1

r (R3) × H1
r (R3) be a solution to

the equations (1.1)-(1.3) with (1.4) on [0, T ). By the conservation laws of the total mass and

of the total energy (2.1) and (2.2), we get

S(E1(t), E2(t), E3(t)) = S(E10, E20, E30), t ∈ [0, T ). (4.3)

19



Let

J(t) =

∫
R3

|x|2(|E1|2 + |E2|2 + |E3|2)dx. (4.4)

By a direct calculation, one achieves

d2

dt2
J(t) = 8R(E1, E2, E3). (4.5)

We further need to show, for some initial data, that the right-hand side of (4.5) is strictly

negative (that is, R(E1, E2, E3) < 0). One first notices that

S(Q1, Q2, Q3) = min
(u1,u2,u3)∈M

S(u1, u2, u3) > 0. (4.6)

Let (E10, E20, E30) ∈ K such that

(|x|E10, |x|E20, |x|E30) ∈ L2
r(R3)× L2

r(R3)× L2
r(R3). (4.7)

We shall see later that such (E10, E20, E30) exists. We claim that there is a finite time T such

that

lim
t→T

(∥E1∥H1
r (R3) + ∥E2∥H1

r (R3) + ∥E3∥H1
r (R3)) = +∞. (4.8)

Indeed, for such (E10, E20, E30) ∈ K, one has

S(E1, E2, E3) = S(E10, E20, E30) < S(Q1, Q2, Q3), t ∈ [0, T ), (4.9)

and

R(E1, E2, E3) < 0, t ∈ [0, T ). (4.10)

The latter is true, for otherwise, by continuity, there would exist a t1 > 0 such that 0 < t1 < T ,

and

R(E1(t1), E2(t1), E3(t1)) = 0, (4.11)

which implies that (E1(t1), E2(t1), E3(t1)) ∈ M . This contradicts Theorem 2.1 and (4.9).

Next, for a fixed t ∈ [0, T ), (E1, E2, E3) = (E1(t), E2(t), E3(t)), and let 0 < µ < 1 be such

thatR(E1µ, E2µ, E3µ) = 0, (E1µ(x), E2µ(x), E3µ(x)) = (µ
3
2E1(µx), µ

3
2E2(µx), µ

3
2E3(µx)) (see

Proposition 3.3). Since

S(E1µ, E2µ, E3µ) ≥ S(Q1, Q2, Q3), S(E1, E2, E3) = S(E10, E20, E30), (4.12)

in view of Proposition 4.1, we have

R(E1, E2, E3) ≤ 2[S(E1, E2, E3)− S(E1µ, E2µ, E3µ)]

≤ 2[S(E10, E20, E30)− S(Q1, Q2, Q3)]

=: φ < 0.

(4.13)

(4.5) and (4.13) then yield that
d2

dt2
J(t) ≤ 8φ < 0, (4.14)
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which implies that T must be finite and that

lim
t→T

(∥E1∥H1
r (R3) + ∥E2∥H1

r (R3) + ∥E3∥H1
r (R3)) = +∞.

In order to complete the proof of Theorem 2.2, we need to show (E10, E20, E30) ∈ K with

(4.7). Let

E10(x) = λ
3
2Q1(λx), E20(x) = λ

3
2Q2(λx), E30(x) = λ

3
2Q3(λx), λ > 1. (4.15)

By Proposition 3.3, the functions E10(x), E20(x), E30(x) verify

R(E10, E20, E30) < 0, S(E10, E20, E30) < S(Q1, Q2, Q3), λ > 1. (4.16)

In addition, by Theorem 2.1, one sees that (Q1(x), Q2(x), Q3(x)) have exponential decays at

infinity, and hence

(|x|E10, |x|E20, |x|E30) ∈ L2
r(R3)× L2

r(R3)× L2
r(R3).

As λ → 1,

∥E10 −Q1∥H1
r (R3), ∥E20 −Q2∥H1

r (R3), ∥E30 −Q3∥H1
r (R3)

can be made arbitrarily small. We thus complete the proof of Theorem 2.2. 2

Appendix A

In this Appendix, we will show the exponential decay at infinity of the solution (Q1, Q2, Q3)

to the equations (3.48)-(3.50).

Consider the equations (3.48)-(3.50):

−ωQ1 +∆Q1 + (|Q1|2 + |Q2|2 + |Q3|2)Q1

−Q2F−1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)] +Q3F−1[
η(ξ21+ξ23)
|ξ|2−δ

F(Q1Q3 −Q1Q3)]

−Q2F−1{ η
|ξ|2−δ

[ξ1ξ3F(Q2Q3 −Q2Q3) + ξ2ξ3F(Q1Q3 −Q1Q3)]}
+Q3F−1{ η

|ξ|2−δ
[ξ2ξ3F(Q1Q2 −Q1Q2) + ξ1ξ2F(Q2Q3 −Q2Q3)]}

= 0,

(3.48)

−ωQ2 +∆Q2 + (|Q1|2 + |Q2|2 + |Q3|2)Q2

−Q1F−1Q1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)] +Q3F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−Q3F−1{ η
|ξ|2−δ

[ξ1ξ2F(Q1Q3 −Q1Q3) + ξ1ξ3F(Q1Q2 −Q1Q2)]}
+Q1F−1{ η

|ξ|2−δ
[ξ1ξ3F(Q2Q3 −Q2Q3) + ξ2ξ3F(Q1Q3 −Q1Q3)]}

= 0,

(3.49)
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−ωQ3 +∆Q3 + (|Q1|2 + |Q2|2 + |Q3|2)Q3

−Q1F−1[
η(ξ23+ξ21)
|ξ|2−δ

F(Q1Q3 −Q1Q3)] +Q2F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−Q1F−1{ η
|ξ|2−δ

[ξ2ξ3F(Q1Q2 −Q1Q2) + ξ1ξ2F(Q2Q3 −Q2Q3)]}
+Q2F−1{ η

|ξ|2−δ
[ξ1ξ2F(Q1Q3 −Q1Q3) + ξ1ξ3F(Q1Q2 −Q1Q2)]}

= 0.

(3.50)

Let

g1(Q1, Q2, Q3)

= −ωQ1 + (|Q1|2 + |Q2|2 + |Q3|2)Q1

−Q2F−1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)]

+Q3F−1[
η(ξ21+ξ23)
|ξ|2−δ

F(Q1Q3 −Q1Q3)]

−Q2F−1{ η
|ξ|2−δ

[ξ1ξ3F(Q2Q3 −Q2Q3) + ξ2ξ3F(Q1Q3 −Q1Q3)]}
+Q3F−1{ η

|ξ|2−δ
[ξ2ξ3F(Q1Q2 −Q1Q2) + ξ1ξ2F(Q2Q3 −Q2Q3)]},

(A− 1)

g2(Q1, Q2, Q3)

= −ωQ2 + (|Q1|2 + |Q2|2 + |Q3|2)Q2

−Q1F−1Q1[
η(ξ21+ξ22)
|ξ|2−δ

F(Q1Q2 −Q1Q2)]

+Q3F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−Q3F−1{ η
|ξ|2−δ

[ξ1ξ2F(Q1Q3 −Q1Q3) + ξ1ξ3F(Q1Q2 −Q1Q2)]}
+Q1F−1{ η

|ξ|2−δ
[ξ1ξ3F(Q2Q3 −Q2Q3) + ξ2ξ3F(Q1Q3 −Q1Q3)]}.

(A− 2)

g3(Q1, Q2, Q3)

= −ωQ3 + (|Q1|2 + |Q2|2 + |Q3|2)Q3

−Q1F−1[
η(ξ23+ξ21)
|ξ|2−δ

F(Q1Q3 −Q1Q3)]

+Q2F−1[
η(ξ22+ξ23)
|ξ|2−δ

F(Q2Q3 −Q2Q3)]

−Q1F−1{ η
|ξ|2−δ

[ξ2ξ3F(Q1Q2 −Q1Q2) + ξ1ξ2F(Q2Q3 −Q2Q3)]}
+Q2F−1{ η

|ξ|2−δ
[ξ1ξ2F(Q1Q3 −Q1Q3) + ξ1ξ3F(Q1Q2 −Q1Q2)]}.

(A− 3)

Then equations (3.48)-(3.50) reduce to the following system:

−∆Q1 = g1(Q1, Q2, Q3), (A− 4)

−∆Q2 = g2(Q1, Q2, Q3), (A− 5)

−∆Q3 = g3(Q1, Q2, Q3). (A− 6)

By the expressions of gi(Q1, Q2, Q3) (i = 1, 2, 3), for η > 0 and δ ≤ 0, we conclude the

following properties:

−∞ < lim(Q1,Q2,Q3)→(0+,0+,0+) gi(Q1, Q2, Q3)/Qi

≤ lim(Q1,Q2,Q3)→(0+,0+,0+) gi(Q1, Q2, Q3)/Qi

= −ω < 0,

(A− 7)
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−∞ ≤ lim(Q1,Q2,Q3)→(+∞,+∞,+∞) gi(Q1, Q2, Q3)/Q
5
i ≤ 0. (A− 8)

Furthermore, motivated by Lemma 1 and Radial lemma A.II in [?, ?], we can establish the

following two lemmas.

Lemma A1. Under the properties (A-7)-(A-8), if (Q1, Q2, Q3) is a spherically symmetric

solution of (A-4)-(A-6) then (Q1, Q2, Q3) ∈ C2(R3)× C2(R3)× C2(R3).

Lemma A2. Let N = 3. The radial function Qi ∈ H1(R3) (i = 1, 2, 3) is almost everywhere

equal to a function Ui(x), continuous for x ̸= 0 and such that

|Ui(x)| ≤ C3|x|−1∥Qi∥H1(R3) for |x| ≥ α3, (A− 9)

where C3 and α3 are two constants depend only on the dimension N (N=3).

We now begin to prove the exponential decay at infinity of the solution (Q1, Q2, Q3) to

(A-4)-(A-6). That is, we need to show the following proposition.

Proposition A1. Under the properties (A-7)-(A-8), if (Q1, Q2, Q3) is a spherically sym-

metric solution of (A-4)-(A-6) then

|DαQi(x)| ≤ Ce−β|x|, x ∈ R3 (A− 10)

for some C, β > 0 and for |α| ≤ 2.

Proof. By lemma A1 Qi(i = 1, 2, 3) is of class C2(R3), and it satisfies the equations below:

−∂2Qi

∂r2
− 2

r

∂Qi

∂r
= gi(Q1, Q2, Q3), (A− 11)

where i = 1, 2, 3. Let Pi = rQi (i = 1, 2, 3), then Pi satisfies

∂2Pi

∂r2
=

[
−gi(Q1, Q2, Q3)

Qi

]
Pi.

For r large enough, say r ≥ r0, one gets −gi(Q1, Q2, Q3)/Qi ≥ ω/ε for any ε ≥ 1.

(Indeed, Lemma A2 yields that Qi(r) → 0 as r → +∞).

Next, let Wi = P 2
i (i = 1, 2, 3), then Wi solves

1

2

∂2Wi

∂r2
=

(
∂Pi

∂r

)2

+ (−gi(Q1, Q2, Q3)/Qi)Wi.

Thus for r ≥ r0 one has ∂2Wi
∂r2

≥ 2ω
ε Wi, and Wi ≥ 0.

Further, let

Zi = e−
√

2ω/ε r

(
∂Wi

∂r
+

√
2ω/εWi

)
. (A− 12)

Direct calculation yields that

∂Zi

∂r
= e−

√
2ω/ε r

(
∂2Wi

∂r2
− 2ω

ε
Wi

)
≥ 0. (A− 13)

This implies that Zi is nondecreasing on (r0,+∞).

We now claim that

Zi(r) ≤ 0 for r ≥ r1 > r0. (A− 14)
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(Otherwise, if there exists r1 > r0 such that Zi(r1) > 0, then Zi(r) ≥ Zi(r1) > 0

for all r ≥ r1. In view of (A-12),

∂Wi

∂r
+

√
2ω/εWi ≥ Zi(r1)e

√
2ω/ε r, (A− 15)

which implies that ∂Wi
∂r +

√
2ω/εWi is not integrable on (r1,+∞). But P 2

i and

Pi
∂Pi
∂r are integrable near ∞ (Pi = rQi, Qi ∈ H1(R3)), so that ∂Wi

∂r , and Wi are also

integrable (Wi = P 2
i ), a contradiction).

(A-14) then implies that

∂(e
√

2ω/εrWi)

∂r
= e2

√
2ω/εrZi ≤ 0 for r ≥ r1. (A− 16)

Hence Wi(r) ≤ Ce−
√

2ω/εr and in turn

|Qi(r)| ≤ Cr−1e(−
√

2ω/ε/2)r for r ≥ r1, (A− 17)

for certain positive constants C, r1, ω > 0 and ε ≥ 1.

Next, we show the exponential decay of ∂Qi

∂r (i = 1, 2, 3) at infinity.

Note that ∂Qi

∂r satisfies

r2 ∂Qi

∂r

∂r
= −r2gi(Q1, Q2, Q3). (A− 18)

Applying (A-7) and the exponential decay of Qi, it is easily verified that for r large enough,

say r ≥ r0, one has

ω1|Qi| ≤ |gi(Q1, Q2, Q3)| ≤ ω2|Qi|, (A− 19)

where ω2 ≥ ω1 ≥ 0. Hence integrating (A-18) on (r,R), using (A-17) and letting r,R → +∞
shows that r2 ∂Qi

∂r has a limit as r → +∞. This limit can only be zero by (A-17).

Now, integrating (A-18) on (r,+∞) then yields that ∂Qi

∂r has exponential decay.

Finally, the exponential decay of ∂2Qi

∂r2
(and thus |DαQi(x)| for |α| ≤ 2) follows immedi-

ately from equations (A-11).

The proof of the exponential decay of Qi at infinity is completed. 2
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