SMOOTH COMPLEX PROJECTIVE RATIONAL SURFACES WITH
INFINITELY MANY REAL FORMS

TIEN-CUONG DINH, KEIJI OGUISO, AND XUN YU

ABSTRACT. We construct a smooth complex projective rational surface with infinitely
many mutually non-isomorphic real forms. This gives the first definite answer to a long
standing open question if a smooth complex projective rational surface has only finitely
many non-isomorphic real forms or not.

1. INTRODUCTION
We work over C. Let Vg — SpecR be an R-scheme. The associated C-scheme
V = W Xgpecr Spec C

is said to be defined over R. We call Ur — Spec R a real form, or a real structure, of
V if Ur Xgpecr Spec C is isomorphic to V' over Spec C. Two real forms Ur — Spec R and
Ugp — SpecR of V are said to be isomorphic if they are isomorphic over SpecR. (See
[BS64] and [Se02, Chapter 5] for details.) In this paper, we denote the set of real points
Vk(R) simply by V(R) when V% is fixed.

The aim of this paper is to give the first definite answer (Theorem [[1]) to the long
standing, notoriously difficult question: ”Is there a smooth complex projective rational sur-
face with infinitely many mutually non-isomorphic real forms ?” ([Kh02], [Lel8|, [DO19],
see also [DK02], [DIK04], [Bel6], [Bel7], [DEMJ21], [Ki20], [Le21], [DOY22], [Bo21al,
[Bo21b] and so on for closely related works.) Previously known examples of projective
varieties with infinitely many real forms either have dimension > 3 or have Kodaira di-
mension > 0, and in this paper we give the first examples of projective rational surfaces
with this property.

To state our result precisely, we prepare a few notations. Let
Pr := P} Xspecr Pg-
Then the smooth complex projective rational surface P := P! x P! is defined over R as
P = Pg Xgpecr Spec C.

Let A € R be a real number and 7" — P be the blow up of 16 real points (a, b) of P(R),
where

a€{0,1,2,00}, be{0,1,\, 00}.
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Let Cy17 ~ P! be the exceptional curve on T over (00,0). Let Qr € Ci17(R) = PY(R)
be a real point and let

XIIXQT—>T

be the blow up of T" at Q7. Then the surface X is a smooth complex projective rational
surface defined over R. Note that the surface X depends on the two parameters A € R

and QT c CH,T(R).
Our main theorem is now stated as follows:

Theorem 1.1. If both A € R and Qr € Ci1r(R) are generic, then the smooth complex
projective rational surface X = Xg, has infinitely many mutually non-isomorphic real
forms.

The precise definition of the genericity of A € R is given in Section 2] and the precise
definition of the genericity of Q7 € Ci1 r(R) is given in Section [3

We use results in [Lel8] and [DO19] in our proof. Especially, we prove Theorem [L.1] by
using a special K3 surface studied in [Og89] and [DO19]. We emphasize that our way of
use of a special K3 surface in the study of real forms of rational surfaces is new and highly
non-trivial as the actual main theorem (Theorem B.4]) shows.

We know that Aut(X¢,) is discrete (Lemma [3.3/(2)) but we do not know if Aut(Xg,) is
finitely generated or not for our surface X¢,.. It would be interesting to see “if the existence
of infinitely many real forms on Xg, implies that Aut(Xg,) is not finitely generated or
not”. We note that the discrete automorphism group mo(AutV) := Aut(V)/Aut’(V) is
not finitely generated for all previously known smooth complex projective varieties V' with
infinitely many real forms ([Lel8], [DO19], [DOY22]). Here, Aut’(V) denotes the identity
component of Aut(V).

It is known that V' has only finitely many real forms and the automorphism group
Aut(V) is finitely generated if V' is a K3 surface ([DIK00], [St85], see also [CF20]). As a
byproduct of our argument used in the proof of Theorem [T, we also show the following
result.

Theorem 1.2. There exist a smooth K3 surface S and a point () € S such that the blow
up S" of S at Q satisfies the following two statements:

(1) Aut(9’) is discrete and not finitely generated; and
(2) S" admits infinitely many mutually non-isomorphic real forms.

See also Section Ml for a more precise construction of S’.

Theorem gives a positive answer for the question of Mukai to us: ”Is it possible to
make a smooth complex projective surface with non-finitely generated automorphisms group
and/or with infinitely many real forms, as one point blow up of a K3 surface ?” and gives
simplest known surfaces satisfying the two above statements. Compare with our previous
construction in [DO19).

Our proof of Theorems [L.T] and uses the uncountability of the base fields R and C
in an essential way. Especially, our proof does not tell if there exist a smooth K3 surface
S and a point @ € S such that Theorem [[.2[1) holds when the algebraically closed base
field is countable. Compare with [Og20, Theorem 1.4].
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In Section [2 we fix notations concerning a Kummer surface Km (F x F') and review some
properties of the surface from [DO19], which we will use throughout this paper. Some of
the results in Section 2 are also new. We then prove Theorem [[.Tin Section [3land Theorem
in Section Ml respectively.

2. PRELIMINARIES

In this section, we fix notations concerning automorphisms, some Kummer surface
Km (E x F') and also recall some properties of the surface. Though we will use the same
notations in [DO19], we recall all notations we will use later for the convenience of the
reader. We also recall some properties which we will use. We refer the reader to the corre-
sponding statements of [DO19] for details, while some statements presented here are new,
for which we will also give a full proof.

For a variety V and a family of subsets W; C V (i € I), we define the subgroups
Aut(V,W; (i € I)), Ine(Y, W, (i € I)) of Aut(V) by

Aut(V, Wi (i € 1)) == {f € Aut(V) | f(W3) = Wi (Vi € I)}.
Ine(V,W; (i € I)) :={g € Aut(V,W;(i € I)) | glw, = idw, (Vi € I)}.
We denote the fixed point set of f € Aut(V') by
VIi={zeV|f(z) =z}

Let F and F' be the elliptic curves defined over R respectively by the Weierstrass forms
v =x(r—1)(z—-2), )’ =22 —1)(a" - )N),

where A is a generic real number in the sense that £ and I’ are not isogenous. For instance
transcendental real number A is such a number. Let

S :=Km(E x F)

be the Kummer K3 surface associated to the abelian surface £ x F'. The surface S is also
defined over R under the natural real structure induced from the real structures of £ and
F above.

Let {a;}}_; and {b;}}_; be the 2-torsion groups of F and F respectively. Then S contains
24 smooth rational curves as in Figure 1; 8 smooth rational curves F;, F;, with 1 <17 < 4,
arising from 8 elliptic curves E x {a;}, {b;} X FF on E x F, and 16 exceptional curves
Cij, with 1 < 4,5 < 4, over the 16 singular points of type A; on the quotient surface
E X F/{—1g«r). See also Figure 1 for the configuration of these 24 smooth rational curves
on S. Note that these 24 smooth rational curves are also defined over R under the natural
real structure of S. In what follows, we use the notation in Figure 1.

Throughout this paper, we use x for the affine coordinate of £y = E/(—1g) and z’ for
the affine coordinate of F; = F'//(—1p) and set (with respect to the coordinates = and z'):

CI:El,PI:CﬂCH:OO, 00021:0, Cm031:1, CﬂC41:2

Pl::FlﬂC’H:oo, FlﬂCu:O, Flﬂclgzl, F1m014:)\.

Let 0 € Aut(S) be the involution induced by the involution (1g, —1r) € Aut(E x F).
Then 6*ws = —wg. Here and hereafter wg stands for a non-zero global holomorphic 2-form
on S, which is unique up to scalar multiplications by C \ {0}.
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FIGURE 1. Curves E;, F; and Cy; with E? = F? = C% = =2

v

We consider the quotient surface and the associated quotient morphism
T:=5/0), n: S —>T.

By definition of §, we find that T is the blow-up of P! x P! at the 16 points (a,b) (a €
{00,0,1,2}, b € {00,0,1,A}) under the identification P! x P! = C' x Fy. In particular, T'
is a smooth complex projective rational surface defined over R. Note also that the surface
T with natural real structure here coincides with the surface T" with real structure defined
in Introduction.

Lemma 2.1. We have the following:
(1) S =UL_(E;UF,) and fof = 0o f for all f € Aut(S). In particular, Aut(S) =
Aut (S, UL (E; UF})). Moreover, O(R) = R for any smooth rational curve R on S.
(2) Aut(S, P) = Aut(S,C, P).
(3) Aut(T) = Aut(S5)/(0).

Proof. The assertion (1) is proved by [DOT9, Lemma 3.3] or by [Og89, Lemmas (1.3)
and (1.4)]. The assertion (2) is proved by [DO19, Lemma 3.4] as an immediate but very
important consequence of (1). Indeed, since C' = Ej is the unique irreducible component
of UL, (F; U F}) containing the point P, we find that f(C) = C if f € Aut(S, P).

We show the assertion (3). By (1), we have a natural inclusion Aut(S)/(6) C Aut(T).
By the construction of T, the quotient morphism 7 is nothing but the finite double cover
branched along the divisor D := Y7 | (7(E;) + 7(F;)). Note that D is a disjoint union of
8 smooth rational curves of self-intersection —4 and D € | — 2Kr|. We claim that

|- 26| = {D}.

This is proved as follows. Observe that D is a sum of disjoint irreducible curves with
negative self-intersection number. If dim|D| > 1, then |D| has a fixed component, as
(D?*)7 < 0. Let R be an irreducible component of the fixed component of |D|. Then R
is one of 7(F;) or w(F;), and D — R is an effective divisor which is again a disjoint union
of irreducible curves of negative self-intersection and satisfies dim |D — R| = dim |D| > 1.
Then, applying the same argument as above, we deduce that |D— R| has a fixed component,
say R, such that D — R — R’ is an effective divisor which is again a disjoint union of
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FIGURE 2. Divisors D; and D,

irreducible curves of negative self-intersection and satisfies dim |D—R—R'| = dim |D—R| >
1. Repeating this, we finally reach the case where dim |Z| > 1 for the divisor Z = 0, a
contradiction. Thus, dim |D| = 0 and the claim follows.

Let f € Aut(T). Then, since f preserves the class of —2Kp in Pic(T) ~ NS(T), we

have
4

feAut(T,) (x(E) + n(F)))
i=1
by the claim above. Hence f lifts to an automorphism of S. This completes the proof. [J

From now, we denote m(W) simply by Wr. For instance n(Cyy) = Ciyp, which is
consistent with the notation in Introduction.

Next, we recall one more important involution ¢ of S and its conjugates from [DO19]. As
in [DO19, Page 956], consider the elliptic fibrations ®p, : S — P! (i = 1, 2) on S defined
respectively by the complete linear systems | D;| of the divisors of Kodaira’s singular fiber
type,

Dy :=C+Cpy+Fi+Cia+ By + Cop + Fy + Cyy
and

D2 =C + 2011 + E2 + 2012 + E3 + 2013 + 3F17
see Figure 2l We choose C3; as the zero section of both ®p, and ®p,.

Denote by ¢ the inversion of the elliptic fibration ®p, (with respect to the zero section
C31). Then ¢ € Aut(S) and ¢ is an involution of S such that t*wg = —wg. Denote by fi

the translation automorphism of the elliptic fibration ®p, given by the section Cy; (with
respect to the zero section Cs1). Then f; € Aut(S) and fiws = wg. We finally define

by = fi " ovo fI' (Vn € Z).

Lemma 2.2. The automorphisms ¢, fi and v, satisfy the following properties:

(1) The fized locus S* is a disjoint union of three smooth rational curves Ciy, Cs1, Csy
and a smooth curve of genus 4, with self-intersection number 6.
(2) ¢ acts as a nontrivial involution on each of the smooth rational curves C, Fy, F3, Ey.
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(3) All v, fi and v, preserve C' and Chy. Moreover, i, fizes Cyy pointwisely and we have

1
te(x)=2—x, file(x) =22, ty]c(z) = ot L

Proof. (1) This assertion is proved by [DO19, Lemmas 4.2 and 4.3].

(2) Recall that ¢ is the inversion of the elliptic fibration ®p, with respect to the zero
section C3; and Ds is a fiber of this fibration. It follows that D, is invariant by ¢. Since
F7 is the only component with coefficient 3 in Ds, it is invariant by ¢. The component C'
contains a fixed point which is its intersection with C3;, see (1). It is invariant as well.

Recall that the divisor

D; = F3 42034 + F5 +2C5 + Fy + 2Cyy + 3E,

is also a fiber of ®p,, see e.g. [DO19, Page 958|. Arguing as above, we obtain that E4 and
F3 are invariant by ¢. Finally, by (1), the restriction of ¢ to each of the curves C, F}, F3, E,
is a nontrivial involution.

(3) We have seen that ¢ preserves C' and C1;. The invariance of C' by fi, as well as
the second formula in (3), are proved in [DO19, Page 957]. It follows that the point of
intersection between the two components C' and Cy; of D, is fixed by fi. As a fiber of ¢p,,
Dy is invariant by f;. Thus, C}; is also invariant by f;. By the definition of ¢,, we easily
deduce that C (resp. (1) is invariant (resp. fixed pointwisely) by ¢,,.

Finally, in the affine coordinate = of C, t|¢ is a nontrivial involution which fixes the
points C' N Cy; = oo and C N Cs; = 1. Thus, t|c(z) = 2 — x as claimed in the first formula
in (3). The last formula follows from the first two formulas. 0

Let us consider the inertia group
Ine(S, C11) ={g € Aut(5,C11) | gley, = idey, }
and its two subgroups
Ine® (S, C11) = {g € Ine(S, C11)| " (ws) = +ws},
Ine®(S, Ch11) :={g € Ine(S, C11)| g" (ws) = ws}-

As before, wg is a non-zero global holomorphic 2-form on S.
The next lemma will be also used in Sections [ and [l

Lemma 2.3. We have the following statements:
(1) Let f € Ine(S,C41). Then f € Aut(S,C, P) and we have a representation

7 :Ine(S,Chy) = Aut(C, P) ; f— fle.

The image T(Ine*(S, C11)) of Ine®(S, Cyq) is an abelian group.
(2) The automorphisms v, define infinitely many conjugacy classes in Ine*(S, C1y).

Proof. (1) Since P € Cy;, we have f(P) = P for f € Ine(S,Ch), that is, f € Aut(S, P)
if f € Ine(S,Chy). Since Aut(S,P) = Aut(S,C, P) by Lemma 2.1)(2), it follows that
f € Aut(S,C, P) and we have the representation 7.

We show that 7(Ine®(S, C41)) is an abelian group. Let f € Ine®(S, Cy;). Since ff*wg = wg
with f(P) = P, we have det df|r , = 1 for the differential map df |, , : Ts,p — Tsp. Since
df|rs » preserves the transversal lines T¢,, p and Tg p in Tgp, as f preserves both C' and
C11. Moreover, df|rg , is identity on Te,, p as f € Ine(S, C11). Thus, df|rg , is also identity
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on Tg,p as det df |z, , = 1. Hence, f|¢ is of the form f|c(z) = 2 + a (a € C). Therefore,
7(Ine®(S, C11)) is a subgroup of the additive group (C, +). In particular, 7(Ine(S, C11)) is
an abelian group. This proves (1).

(2) By Lemma[2Z2](1)(3) and the definition of ¢,, we have ¢,, € Ine(S, Cy;) for all integers
n. On the other hand, by the definitions of + and f;, we have t*ws = —wg and ffws = ws.
It follows that t*ws = —wg. Therefore, ¢, € Ine™ (S, Cyy) for all integers n.

Now, let S; be the blow up of S at P and S5 the blow up of S; at a finite L\p(Tsyp)—stable
subset Q of the exceptional curve P(Tsp) C S;. For the same argument as in (1), we
deduce that f € Ine*(S,Cy;) acts on P(Tsp) and the action is identity if f*ws = wg,
while the action coincides with ¢[p(zy ) if f*ws = —ws. So, Inei(S, (1) naturally lifts to a
subgroup of Aut(Ss). By [DO19, Lemma 4.5], for a suitable choice of Q, in any subgroup
of Aut(S2) which contains the involutions ¢,, the number of different conjugacy classes of
L, is infinite. The assertion (2) follows easily. O

We close this section by the following general lemma, which will be also used in the next
two sections.

Lemma 2.4. Let V' be a smooth complex projective surface. Let D be an irreducible curve
in V' such that (D?*)y < 0. Then there exists a countable subset A C D such that the
following statement holds: if @ € D\ A, g € Aut(V') and g(Q) € D, then g € Aut(V, D);
in particular, for any Q € D\ A, we have Aut(V, Q) = Aut(V, D, Q).

Moreover, this holds for any smooth rational curve D on any complex projective K3
surface V.

Proof. Let
A:={R|R CV is an irreducible curve such that R # D and (R*)y < 0},

and let

Note that the Néron-Severi group NS(V') is countable. Moreover, for any element o €
NS(V) with (a?)y < 0, there exists at most one irreducible curve R such that [R] = a.
Thus, A is a countable set. Then A is also countable. Let @) € D\ A. Let g € Aut(V)
with ¢(Q) € D. Then g*!(D) is an irreducible curve and (¢**(D)?)y = (D?)y < 0.

To complete the proof, it suffices to show g(D) = D. Suppose otherwise g(D) # D.
Note that g(Q) € DNg(D) and Q € g~'(D)ND. Since g~ (D) € A, it follows that Q € A,
a contradiction. This proves the first statement. The second one is obvious and the last
one is also clear because (D?)y, = —2 for a smooth rational curve D on a K3 surface V. 0

3. PROOF OF THEOREM [L.1]

In this section, we prove Theorem [L.Jl We use the same notation as in Section 2l For
instance, S = Km (E x F), P e C C 8, C;; C S are the same as in Section 2], §, ¢ and ¢,
are the involutions of S, and 7 : S — T is the quotient morphism by 6 and so on.

From now, we often denote the object on T induced from an object W on S by Wy. For
instance the curve 7(C4;) on T' is denoted by Ci; 7 and the automorphism of 7' induced
by f € Aut(S) under the isomorphism in Lemma Z13) by fr.

Recall that by Lemma 2.3(2), ¢, € Ine™(S,C1;) as an automorphism of S.
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Lemma 3.1. Let m > 3 and let Q4,...,Q,, be m distinct points in C11. Then, the number
of conjugacy classes of the involutions v, (n € Z) in Aut(S,C11,{Q1,...,Qm}) is infinite.
Proof. Since O, = P! and m > 3, it follows that
[Aut(S, C11,{Q1, .., Qm}) : Ine(S,C11)] < 0.

Thus, it suffices to show that the involutions ¢, define infinitely many conjugacy classes
in a subgroup of Ine(S,Cyy) of finite index. However, Ine*(S,C1;) is such a subgroup
by Lemma Z23(2). Note that Ine™ (S, C};) is a finite index subgroup of Ine(S,C};) as the
canonical representation of Aut(S) has a finite image (see e.g. [Ue75, Theorem 14.10]). O

We now apply Lemma [24] for the pair (V, D) = (S, C11). As in the proof of that lemma,
define

A:={R|R C S is an irreducible curve such that R # C; and (R*)s < 0},
and consider the countable set
A= URE,A(CU N R)

Recall that C; is defined over R and C7;(R) is an uncountable set. We say that a point
Q € C11(R) is genericif Q € AU{P, P,}.

Lemma 3.2. Let Q) € C11(R) be a generic point. Then
Aut(5,{Q,0(Q)}) = Aut(S, C11,{Q,0(Q)}) = Aut(S, Ci1,{P, P,Q,0(Q)})

and the involution 6 belongs to this group.

Proof. Observe that A = 6(A) by Lemma2.1l(1). It follows that 6(Q) is also a generic point,
i.e. outside AU{P, P}. The first identity is a consequence of Lemma [24. The second
one is a consequence of Lemma ZT|(1) because the union of 8 curves S? = UL, (E; U F})
intersects C1; exactly at P and P;,. The assertion on 6 is also clear because {Q,0(Q)} is
invariant by 6. Note that the lemma still holds if we replace {Q,#(Q)} by any non-empty
set of generic points which is invariant by 6. O

From now until the end of this section, we assume that Q € C11(R) as in the last lemma.

Let Sg — S be the blow up at @ and 6(Q). Then 6 lifts to an automorphism of Sg and
we have the quotient morphism

7 So = X = Xg, := Sg/(0).

Then X is the same surface in Theorem [[T] except that the choice Qr = 7(Q) € T is not
yet specified. We have natural morphisms

X 5T —P=P xP!,

where T — P is the blow up at 16 points (a, b) as in Section 2 and X — T is the blow up
of T at Qr := 7(Q). Observe the following lemma.

Lemma 3.3. The surface X satisfies the following statements:
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(1)
NS (X) ~ Pic X = Z[H1]| ® Z[H,] & &, ;Z[C; x]) ® Z[Eg,],
where letting H; (i = 1, 2) be the two general Tulings of P, which are defined over
R, we denote the pullback of H; on X by the same letter H;, the curve Cjj x is
the proper transform of the curve Cyjr = m(Cyj) on X and Eq,. is the exceptional
divisor of the blow up X — T at Qr = 7(Q).
(2) The natural representation

p: Aut(X) — Aut(NS (X)) = Aut(Pic (X))
1S 1njective.
Proof. The first assertion is clear from the morphism X — 7" — P. Let us show the second
assertion. Let g € Ker(p). Then ¢([Eg,]) = [Eg,], 9([Cijr]) = [Cijr| in Pic(X). Note
that |Eg,| = {Eq,} and |C;; x| = {Cij x}, as the curves are irreducible of negative self-
intersection numbers. Therefore, g(Eq,) = Eq,, 9(Cijx) = Cij x as divisors on X. Thus,

g descends to the automorphism gp € Aut (P! x P!) under the blow-down X — P = P! x P!
so that the 16 points (a;, b;) are pointwisely fixed by gp. Recall that

Aut (P! x P') = (PGL (2,C) x PGL (2,C)) - (s),

where s(x,y) := (y,z) for (z,y) € P! x P1. Then by gp(a,b) = (a,b) for all 16 points (a, b),
it follows that gp = idp. Hence g = id x as well. O

Note that the involutions ¢, € Aut(S) descend to the involutions ¢, € Aut(7) by
Lemma [2.1[(3). Then by the choice of ) and by Lemma 2.3(2), ¢, v € Ine(T, Cy1,7). Thus,
the involutions ¢, r lift to the involutions on X, which we will denote by ¢, x.

The actual main theorem of this paper is the following, from which Theorem [L.1] stated

in Introduction is deduced. We use here the notion of genericity introduced just before
Lemma

Theorem 3.4. For every generic point Q € C11(R), the number of the conjugacy classes
of the involutions v, (n € Z) in the group Aut(X) is infinite.

Proof of Theorem [3.4] implies Theorem[L1. We closely follow an argument of [Lel8]. Let
¢ = (idx,, ¢) be the complex conjugation of

X = Xg Xgpecr Spec C — Spec C

with respect to the natural real structure X of X in the construction. As the divisors
in the formula in Lemma B3|(1) are all defined over R with respect to the natural real
structure of X, it follows that ¢* is trivial on Pic (X). Thus, we have (co foc¢)* = f*
on Pic (X) if f € Aut(X) . Since co foc € Aut(X), it follows from Lemma B3|(2) that
co foc = f, that is, f is defined over R and the conjugate action of the Galois group
Gal(C/R) = (c¢) on Aut(X) is trivial as well. Thus, by [Lel8, Lemma 13] and by the fact
that the conjugacy classes of {¢, x} under Aut(X) is infinite by Theorem B.4], we conclude
that X admits infinitely many mutually non-isomorphic real forms. U

Proof of Theorem [3.]. We denote by X, the unique smooth curve of genus 4 in S* given in
Lemma[2.2(1). Since the involutions ¢ and 6§ commute, o6 is a nontrivial involution of the
K3 surface S preserving wg. Thus, S*°Y consists of exactly eight points by the fundamental
result due to Nikulin [Ni8(], see also [Mu88|, (0.1)]. On the other hand, according to Lemma
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2.2(2), ¢ acts as a nontrivial involution on the four disjoint smooth rational curves C, Fi,
F;, E4. Then each of the eight distinct points C* U F} U Fy U EY is fixed by both 6 and ¢
by Lemma [2.1](1). From these observations, we conclude that

C'UFIUFLUE; =8NS’ =5 = {z € S|iz) =0(x)}.

Thus, by Lemma 2.2/(1)(3), the fixed locus T of ¢, € Aut(T) is equal to the disjoint
union of the four smooth irreducible curves

Cugr =n(fi"(Cn)) , 7(fi"(Cs1)), 7(fi"(Caa)) » w(f1" (X)),
whose self-intersection numbers are —1, —1, —1, 3 because the self-intersection numbers
of C1,C31, C3y, 29 are —2, —2, —2. 6 respectively.

Since ¥ is a nef and big divisor on S, so is 7(f; "(Xo)) on T. It follows that there are
only finitely many irreducible curves D,,..., Dy for some positive integer k& > 3 such
that (Dp;.m(fi "(20)))r = 0 for i = 1,..., k. We may and will assume that D,; = Cy 7,
Dyo = 7(f;"(Cs1)), Dpz = w(fy "(Cs4)). Observe that all these curves have negative self-
intersection numbers. Therefore, except for i = 1, they belong to the family A defined
above. This, together with Lemma [3.2] imply

(Q1) Aut(S,{Q,0(Q)}) = Aut(S, C11,{Q,0(Q)}) = Aut (S, C11, {P, P1,Q,0(Q)});

(Q2) Qr :==7(Q) ¢ D,; N Cyyr for any n and any i > 2.

Recall that X = X¢,. is the blow up of 7" at the point Q7 € Cy1r(R). Let Eg, C X
be the exceptional curve over Q7. We may and will identify Aut(7,Qr) as a subgroup
of Aut(X) in a natural manner. Suppose g € Aut(X) and g~*
m,n > 0. We first show that g € Aut (7T, Qr).

Since ¢, 7 is a nontrivial involution and C4; 7 is contained in its fixed locus, ¢, x acts as

Olpx 0¢g = Ly x for some

a nontrivial involution on Eg,. Therefore, it fixes exactly two points of Ey,, say P, and
P,>. We may assume that P,,; = Cy; x N Eg,. Here, Cy; x is the proper transform of C'; 7
in X. Then the fixed point locus of ¢, x € Aut(X) (resp. iy x € Aut(X)) is the disjoint
union of the point P,y (resp. Py,2) with four smooth irreducible curves, of self-intersection
numbers —2, —1, —1, 3, which are the proper transforms of the fixed locus of ¢, 1 (resp.

Lm,T)- Since g lo ln,x © G = lm x, We have

g(XWﬂ,X) — XLn,X .
It follows that
9(Chix) = Cuix, g(m(fi™(S0)™) = 7(fi"(20))~, 9(Pu2) = P,

where we add the superscript X to denote the proper transform of a curve to X. Note
that the irreducible curves in X which do not intersect m(f; ™(30))* (resp. 7(f; ™ (Zo))™)
are exactly Eg,, Dpy, ..., DX (vesp. Fg,,DxX,,..., D). Thus,

g(Eg,UDX U...UDX)=Ey UDNU...UDY.
Then by Property (Q2) above, we have that Eg, doesn’t intersect D2, and D;%. Using

mi

that g(P2) = P2, we obtain g(Eq, ) = Eg,. Therefore, g € Aut(T, Qr).
Using Property (Q1) and Lemma 2](3), we have

Aut(T', Qr) = Aut(S5,{Q,0(Q)})/(0) = Aut(S, Cn, {P, P, Q,0(Q)})/(0)-

Then by Lemma [3.1] the conjugacy classes of {¢, x} in the group Aut(T, Qr) is infinite.
Since ¢, x cannot be conjugated to ¢, x by elements in Aut(X) \ Aut(7, Qr) as observed
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above, the conjugacy classes of {¢, x} in the group Aut(X) is infinite too. This completes
the proof. N

4. PROOF OF THEOREM

We continue to use the same notations as in Section 2l For instance, A € R is generic
and
P=CnC, EC, Ci CS:KHI(EXF), fl,LGAut(S)

are the same as in Section 2land all defined over R with respect to the natural real structure
of the elliptic curves E and F'.
In this section, we prove the following theorem, from which Theorem clearly follows.

Theorem 4.1. There exists a point Q € C11(R) such that the blow up S” of S at Q) satisfies
the following two statements:

(1) Aut(9’) is discrete and not finitely generated; and
(2) S" admits infinitely many real forms which are mutually non-isomorphic over R.

Proof. Note that C11(R) is an uncountable set. By Lemma [2.4] there exists a point ) €
C11(R) \ (C'U Fy) such that

Aut(S, Q) = Aut(S, 011, Q)
Let S’ be the blow up of S at ) and Eg C S’ be the exceptional divisor. Then
Aut(S,Cq, Q) = Aut(S, Q) = Aut(S").

Note that |Kg/| = {Eg} by the canonical bundle formula. The last equality follows from
this.

Recall the affine coordinate x of C' in Section 2l and the actions of f;, ¢ on C' described
as in Lemma 2.2/ In particular, we have

do(x) =2 =2, wlo(z) = (fi"ore [)(z) =
Let f3:=to0¢. Then f3 € Aut(S,C) and we obtain

fiwg =ws and fs]c(x) =o+1.

1
2n—1

— X.

By Lemma [2.3] we have the representation
T IHGS(S, 011) — Allt(C, P)

and the image 7(Ine®(S, C11)) is an abelian group. On the other hand, since f; "o fzo f]* €

Ine®(S, Chy) and
—n n 1
I1 Of30f1|0($):$+2_n>
it follows that the abelian group 7(Ine®(S, C11)) contains a non-finitely generated abelian
group as a subgroup, see e.g. [DO19, Proposition 2.5(2)]. Thus, Ine®(S, Cy1) is not finitely
generated. Consider the sequence of finite index subgroups (see the end of the proof of

Lemma [B.7] for the first inclusion)
Ines(S, 011) C IDG(S, 011) C AUt(S, Ciy, {P, P, Q}) = Aut(S, Cii, Q) = Aut(S, Q),

and the equality
Aut (S, Q) = Aut(S")



RATIONAL SURFACES WITH INFINITELY MANY REAL FORMS 12

under the natural identification made above (using the fact that S is a smooth K3 surface).

Therefore, Aut(S’) is not finitely generated, as it has a finite index subgroup Ine’(S, C4;)

which is not finitely generated, see e.g. [DO19, Proposition 2.5(1)]. Hence (1) is proved.
Since @ € C11(R) C S(R), it follows that S’ is defined over R. Consider the group

Ine® (S, C11) == {g € Ine(S,C1)| g* (ws) = +ws}

defined in Section @l By Lemma 23, ¢, € Ine™(S,Cy;) and Ine™(S,Cyy) is a finite in-
dex subgroup of Aut(S,Ci1,{P, P;,Q}) = Aut(S’) (under the natural identification made
above). By Lemma B ¢, define infinitely many conjugacy classes in Ine* (S, C4;). Note
that Gal(C/R) acts trivially on Ine®(S, C1,), see e.g. [DO19, Lemma 4.6]. Then by [LelS8,
Lemma 13], S" admits infinitely many real forms which are mutually non-isomorphic over

R. O]
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