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Abstract

To characterize Navier-Stokes type equations where the Laplacian is extended to a
singular second order differential operator, we propose a class of SDEs depending on the
distribution in future. The well-posedness and regularity estimates are derived for these
SDEs.
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1 Introduction

Let d € N. Consider the following incompressible Navier-Stokes equation on E := R? or R?/Z:
(1.1) Opuy = KAuy — (ug - V)uy — Vg, t€[0,T]
with V -y = 32%  dué = 0, where T > 0 is a fixed time,

we=(u',- ,ud) [0,T]x E=-RY 9:[0,T] x E— R,

and u; -V := Zle utd;. This equation describes viscous incompressible fluids, where u is the
velocity field of a fluid flow, @ is the pressure, and x > 0 is the viscosity constant.

Besides existing probabilistic characterizations on Navier-Stokes equations, see [1] and ref-
erences therein, in this paper we propose a new type stochastic differential equation (SDE)
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depending on distributions in the future, such that the solution of (1.1) is explicitly given by
the initial datum uy and the pressure . By proving the well-posedness of the SDE, we derive
the well-posedness of (1.1) in €}*(n > 2) with given pressure (which is however a part of so-
lution in Navier-Stokes equations), see [3] for an analytic characterization on the pressure to
ensure V - u; = 0.

Indeed, we will prove a more general result for the following Navier-Stokes type equation
on E:=R%or £ :=R?/7Z%

(12) atut = Ltut — (ut . V)Ut + ‘/;5, te [07T],
where
Ly = tr{a,V?} + b, -V
and
V,b:[0,T|x E—=RY a:[0,T] x E — R¥®?

are measurable, and a;(x) is positive definite for (¢,z) € [0,7] x E.
To characterize (1.2), we consider the following SDE on R? where differentials are in s €
[t,T):

AX?, = \/2ar_,(XE)dW,

T
(1.3) + {bT_S(X;’fs) - {Euo(XgT) +E/ VT_T(XgT)dr} }ds,
S y:XI

t,s

te[0,T),s€t,T), X =2 R,

where (W;)scpo,1] is a d-dimensional Brownian motion on a complete filtered probability space
(Q, 7, {Z:}scior), P). When E = T¢ := R?/Z? by extending a function f from domain E to
domain R? as

(1.4) flz+k) = f(x), v€[0,1)%keZ

we also have the SDE (1.3) for the case E = T¢.

Regarding s as the present time, the SDE (1.3) depends on the distribution of (X, ),e[s1]
coming from the future. So, this is a future distribution dependent equation, but is essentially
different from McKean-Vlasov SDEs which depend on the distribution at present rather than
future. We will use X := (X7, )o<i<s<rcr to formulate the solution to (1.2).

Let Dy :={(t,s) : 0 <t < s <T}. We define the solution X of (1.3) as follows.

Definition 1.1. A family X := (X7?,)ts2)epy xre of random variables on R? is called a solution
of (1.3), if X is F,-measurable for all x € R?and 0 <t < s < T, P-a.s. continuous in (¢, s, x),

T
e [ {HaTs(Xifs)H "

for (t,x) € [0,T] x RY, and P-a.s.

ng =x+ / \/ QCLT_T(th’T)dWT
t

T
br—o(X,) — []Euo(XgT) +E/ VTT(XgT)dr]

}ds<oo

y=X



s T
+/ {bT—r(Xgr) - |:EUO(X£{T) + E/ VT_T(X%O)CIH:| }d?”, (t, S, fL‘) S DT X Rd.
t r

y=X{,

We will allow the operator L; to be singular, where the drift contains a locally integrable
term introduced in [4] for singular SDEs. For any p,q > 1 and 0 <t < s, we write f € L(t, s)
if f = (fr(%))(2)etsxrae is a measurable function on [t, s] x R? such that

1
s q
1|22 t,s) = sup (/ ||fr13(z,1)||qud7“) < 00,
t

z€R4

where B(z,1) is the unit ball at 2, and || - ||z» is the LP-norm for the Lebesgue measure. We
denote f € HyP(t,s) if |f| + [V f| + [[V*f|| € LA(t,s). When (t,s) = (0,T) we simply denote

ip__F 20 _ 172,
Ir = Ir(0,T), H>» = H>*(0,T).
We will take (p, ¢) from the following class:
d 2
’%/ = {(p,Q) P, q > 27 -+ -< 1}
p q
We now make the following assumption on the operator L;.
(H) Let b, = bﬁo) + bf), and when F = T we extend ay, bﬁo) and bﬁl) to R? as in (1.4).
(1) a is positive definite with

lalloo + la oo := sup  Jlas(x)| +  sup  [lai(z) 7] < oo,
(t,z)€[0,T|x E (t,)€[0,T)xE

lm  sup flaue) — ) =0
=0 |z—y|<e,t€[0,T]

(2) There exist [ € N, {(pi, ¢i) }o<i<t € # and 0 < f; € Eg’:, 0 <i <, such that
I
O < fo,  IVal <> fi
i=1

(3) 1160(0)lloc = $uP(s 2)cpo,7 6P (0)] < o0, and

b(l) o b(l)
(1.5) VoW || := sup Sup| e (@) =b W)l < 00.

t€[0,T] z#y |z — |

Under this assumption, we will prove the well-posedness of (1.3) and solve (1.2) in the class
U(po,a0) = {1 0,7] x B RY Jullog + [ Vulloe + [|V20l| g0 < 00}

Recall that W1*°(E;RY) is the space of all weakly differentiable functions f : £ — R? with
[flloe + IV flloo < 0.



Theorem 1.1. Assume (H). Let ug € WH*(E;R?) and fOT |Vi||2,dt < co. Then the following
assertions hold.

(1) The SDE (1.3) has a unique solution X = (X{,) (. sz)cDrxRd-

(2) If u solves (1.2) and u € % (po, qo), then

T

(1.6) ut(x):]E[uo(Xé,’i_t’T)%— / VT_S(ng_LS)ds], (t,z) € [0,T] x E.

Tt
Moreover, there exists a constant ¢ > 0 such that for any i € {1,2} and j,j7 € {0,1},

T

(L.7)  |Vit|o < ct’?"y|vju0|yoo+c/ (s+t—T)" 7 |V Vi_y|lwds, te€(0,T).

- Tt
(3) If bV =0 and ug, Vi € €2 with fOT [Villgzdt < oo, then u given by (1.6) solves (1.2), and
w s in the class % (po, qo)-

In the next two sections, we prove assertions (1) and (2)-(3) of Theorem 1.1 respectively,
where in Section 2 the well-posedness is proved for a more general equation than (1.3). Finally,
in Section 4 we apply Theorem 1.1 to the equation (1.1).

2 Proof of Theorem 1.1(1)

Let & be the set of all probability measures on R? equipped with the weak topology, let %
be the distribution of a random variable ¢ on R?. Let

I':= C(Dyp x R%, )

be the space of continuous maps from Dy x R? to &2. For any A > 0, I is a complete space
under the metric

p(v ) = sup e Myl e YA ET,
(t,s,2)€Dp x R4

where || - ||var 18 the total variation norm defined by

”p“_ V”var ‘= sup |:u<f) - V(f)|7 v e P

|fI<1

for p(f) := [za fdp. Note that the convergence in || - ||yqr is stronger than the weak convergence.
We consider the following more general equation than (1.3):

ax7, = {M (X2 + Z4(X7, ) fds + 2ar (X[ )aW,,

(2.1)
tel0,T),s€[t,T), X}, =z R



where Zx € I is defined by {Zx }ts. = ngs, and
Z:[0,T] x R*x T — R

is measurable.
It is easy to see that (2.1) covers (1.3) for

ny A=~ [ wwrratan - [Cas [ Vi),
(t,x,v) €[0,T] x R* x T".

The solution of (2.1) is defined as in Definition 1.1 using b(Tlls(Xt”js) + Z(X{,, Zx) replacing

br_o(XT,) — {]Euo(ng) +E / ! VTT(XgT)dr]
s y=Xis
We make the following assumption.
(A) bV and a satisfy (H), and there exists (po, qo) € # and f, € f/gg such that
| Zy(z,7)| < folt, ), (t,z,7) €[0,T] x R x T
Moreover, there exists 0 < g € L*([0, T]) such that

sup |Zt(l'7’}/1) - Zt(x772)| < Gt sup ||7tl,s,z - ’7152,3,17”11617”’ te [O,TL*}/I, ’72 el
zeR? (s,x)€lt, T]xR%

When ||uo]|oo +f0T |Vi||2,dt < oo, (H) implies (A) for Z given by (2.2). So, Theorem 1.1(1)
follows from the following result, which also includes regularity estimates on the solution.

Theorem 2.1. Assume (A). Then the following assertions hold.
(1) (2.1) has a unique solution, and the solution has the flow property

(2.3) XP = Xol, 0<t<s<r<T, reR%

(2) Foranyj>1,

X*:H—EU — Xz
S I t,s t,s
VX[, = lim ———

s € t,T]
el0 g

exists in L(Q — C([t, T);RY),P), and there exists a constant c(j) > 0 such that

(2.4) sup E[ sup |Vvas|j} <c()), veRL
(t,x)€[0,T)xRd | s€[t,T] ’

(3) Forany0<t<s<T,veER?and f € %,(RY),
25)  VE[(X,)}() = —E [f(Xi;) [ (Ve v, dWr>].
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Proof. (a) We first explain the idea of proof using fixed point theorem on I'. For any v € T,
we consider the following classical SDE

A = {0 () + 20X ) s + v/ 2ar (X)) aw,

(2.6)
te0,7),s€[t,T), X" =z €R™

By [2, Theorem 2.1] for [t, T] replacing [0, T], see also [4] for b)) = 0, this SDE is well-posed,
such that for any j > 1 and v € R?, the directional derivative

X77$+€U _ X’77$
. t,s t,s
V. X" :=lim
’ el0 g

, set,T]

exists in LY(Q2 — C([t, T]; RY),P), and there exists a constant ¢(j) > 0 such that

(2.7) sup ]E{ sup \VUX]Z;CV] <c(j)|vf, veRY,
(t,2)€0,T]xRd | s€[t,T) '

and for any f € %,(RY),

. 1 T ’ -1 T T
(2.8) VAES(X) }(2) = ;E{f(XZ; )/ <(\/ 2ar—,)  (X{7)V X, dWr>:|~
t
By the pathwise uniqueness of (2.6), the solution satisfies the flow property

v,z
(2.9) XJE =X 0<t<s<r<T, zeR"

Moreover,
¢(7)t,s,x = gxg’:, (t, S,.fl?) & DT X Rd

defines a map @ : I' — I'. If ® has a unique fixed point 4 € T', then (2.6) with v = 7 reduces
0 (2.1), the well-posedness of (2.6) implies that of (2.1), and the unique solution is given by

xr YT
Xt,s - Xt,s .

Then (2.3), (2.4) and (2.5) follow from (2.9), (2.7) and (2.8) for v = 7 respectively. Therefore,

it remains to prove that ® has a unique fixed point.
(b) By the fixed point theorem, we only need to find constants A > 0 and § € (0, 1) such
that

(2.10) pA(@(71), ®(v?)) < dpa(vH %), At el

Below, we prove this estimate using Girsanov’s theorem.
For ¢ = 1, 2, consider the SDE

AX;7 = B (X00) + Z(X0T 1) pds 4+ \/2ar (XGD)AWL,
te[0,T],s €t,T], X/} =z € R



By the definition of ®, we have
(2.11) (V)50 = Lyia, 1=1,2, (t,5,2) € Dr x RY.

Let
/ zy) 1 x x
55 = ( 2aT—s(Xt1,7s )) {Zs(th,;; 771) - Zs(th,; 772>}’ s € [taT]'
By (A), there exists a constant K > 0 such that

(212) |£S‘ < Kgs sup ny;,r,x - 73%7“@””617“'

(r,x)€ls,T]xR4
By Girsanov theorem,
W, =W, —/ &dr, s €[t T]
t
is a Brownian motion under the weighted probability dQ; := R;dP, where

Ry = el EdWe)=3 [ l&sds.
With this new Brownian motion, the SDE for X! becomes
dX;; = {b(Tlls(Xif) + Zs<Xt1,f,72>}ds +\2ar_(X}H)AW,, s € [t,T).
By the (weak) uniqueness for the SDE with ¢ = 2, we derive
gxgﬂ@t —EXPE T (V) 1,505
where XX37,5|Q75 is the distribution of Xif under Q;. Combining this with (2.11), we get

(2.13) 127 )50 = P15l lvar = sUP ’E[f(X;’f) - f(th,’sm>Rt” < E[R, —1].

|fI<1

By Pinsker’s inequality and the definition of R;, we obtain

T
(2.14) (E|R, — 1))* < 2E[R, log R,] = 2Eq, [log R] = QEQt/ 1€, [2ds,

t

where Eq, is the expectation under the probability Q;. Combining (2.13) and (2.14) with (2.12),
and using the definition of p,, we arrive at

T
||®(71)t,s,x - @(72)@5,17“110‘7" S <2K2/ 952, sup ||7;,r,y - 7s2,r,y||12)ards>
t (ry)€ls, T]xR4

N

T
< (¥4 %) (QKQ/ g§e2’\(T_s)ds) . (t,x) €[0,T] x RY
t

Therefore
pA(@(71), @(7%) < expa(v', 77,
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where

N[

T
£y = sup (2[(2/ gzeQ’\(St)ds) 10as A1 oo.
¢

t€[0,T]

By taking large enough A > 0, we prove (2.10) for some 0 < 1.

For later use we present the following consequence of Theorem 2.1.

Corollary 2.2. Assume (A) and let
Pof(z) = E[f(X7)], (t,s,2) € Dr xR, f € Z(RY).
Then there exists a constant ¢ > 0 such that for any function f,

IVl < emin {(s = )73 fllcs [V Sll },
IV2Psf e < (s = ) 2|V fllcy 0 E<t<T.

Proof. By (2.5) we have
VP sflloo < et —8)7 2 floo

for some constant ¢ > 0. Next, by chain rule and (2.4),
VP f(2)] = [EAVA(XE,), VXL < eV llee, (t5,2) € Dr x R?
holds for some constant ¢ > 0. Moreover,
VP f(x) = E{VF(X{)), VXE)] = Elg(XE)],

where g(X7,) = (Vf(X},), E(VX]|X},)). Combining this with (2.5) and (2.4), we find a
constant ¢ > 0 such that

1 -y .
< L maceom? (& [l 1dwx o) < 9 sl

Then the proof is finished. O]

IV2Psf (@) < [ VE[g(XE)]]

I/\

_E[\g (xz)| ‘/ V2ar) X2V XT, dWT>

3 Proofs of Theorem 1.1(2)-(3)

We will need the following lemma implied by [5, Theorem 2.1, Theorem 3.1, Lemma 3.3], see
also [4] and references within for the case b = 0.

Lemma 3.1. Assume (A)(1),(A)(3) and Hb(O)HEZg < 0o for some (po, qo) € H# . Let oy = \/2a,.
Then the following assertions hold.



(1) Foranyp,q>1,A2>0,0<ty<t; <T and f € f/g(to,tl), the PDE
(3.1) (O + Lo)us = Aug + fi, t € [to, ta],uy, =0,

has a unique solution in .Hg’p(to,tl). If (2p,2q) € A, then there exist a constant ¢ > 0
such that for any 0 <ty <t; <T and f € fﬂg(to,tl), the solution satisfies

lulloe + IV tlloo + 100 + Ve )l 2oy 1) + IVl £5t0.10) < €l f |28 00000)-

(2) Let (Xi)iep,r) be a continuous adapted process on R? satisfying

t t
(3.2) Xt:X0+/ bS(XS)der/ os(Xs)dWs, te€[0,T].
0 0

For any p,q > 1 with (2p,2q) € A, there exists a constant ¢ > 0 such that for any X,
satisfying (3.2),

e [ inxiar|7

(3) Let p,q > 1 with g + % < 1. For any u € ﬁg,p with ||(0¢ + b(l))uHZg < 00, {ur(X¢)beepm
15 a semimartingale satisfying

) <l (49 € Drf € Bits)

dug(Xy) = Lyug(Xy)dt + <Vut(Xt) o (Xy) th> € [0,T].

In the following we consider £ = R? and T¢ respectively.

31 E=R1
Proof of Theorem 1.1(2). Let uw € % (po, qo) solve (1.2). Then
(3.3) we H2r, (0 + ™M - V)ullzz < oo

as required by Lemma 3.1(3). It remains to prove (1.6), which together with Corollary 2.2
implies (1.7).
Let
%, = tr{ap_V*} + b, -V

(3.4) ) T
bi(z) == br_y(x) — Buo(X/7) — ]E/ Vi_o(X{)ds, (t,2) € [0,T] x R

Since [[uol|o+ fy [[Villoodt < 00, [[6®]|z20 < 00 implies by(x) := b, (2)+5{ () with [[5O| 20 <

co. Then (A) holds for b replacing b, so that by (3.3) and Lemma 3.1(3), the following Itd’s
formula holds for X7, solving (1.3):

(3.5) dur—s(X[,) = (05 + L) ur—s(X7,)ds + {Vur_s (X[ )} \/2ar—s(XF,)dW,, s € [t,T],

9



where (Vu)j; := (0;u')1<ij<a- By (1.2) and (3.4), we obtain
(as + XS)UT—S(XES) + VT—S(Xtajs)

~{ [ - Bwz) -5 ) VeV (),

y=X{s
Combining this with the follow property (2.3) and (3.5), we derive
Euo(Xyr) — ur—i(z) = E[ur—r(Xi7) — ur—(X7,)]

r T
:E/ﬂ{(mﬂiw—ﬁde&J—E/nfoxgyh) .v}m~xxgms
t . y:XtJis

T
—E/&%Aﬁﬁm (t,2) € [0,T] x R".
t

Letting .
hy == Suﬂgd UT—t(x) - EUO(X;I:T) - E/ VT—S(ng)dS ; tE [O,T],
HAS t
we arrive at .
hy §/t hs||Vul|oods, t € [0,T].
By Grownwall’s inequality we prove h; = 0 for ¢ € [0, 7], hence (1.6) holds. O

Proof of Theorem 1.1(3). (a) Let P, f = E[f(X],)] for f € %,(R?), where X[, solves (1.3).
For u given by (1.6) we have

T
(36) U = PT—t,TUO -+ / PT_t7SVT_5dS, te [O, T]

Tt
By |luolleo + fOT | Villoodt < 0o and (1.7), we find a constant ¢ > 0 such that
(3.7) [ulloo + IV ulloo < ¢ [VPurlloo < ct™2, ¢ € (0,T].

Moreover, the SDE (1.3) becomes

dth:s - \/TH(XZL@)dWS + {bT—s - uT—s}(XffS)dS’

(3.8) N )
te0,T],se[t,T],X}, =z €cR,

and the generator in (3.4) reduces to
L= tr{aT,SVQ} + {bT,s — uT,s} -V, s€10,T].
(b) We prove the Kolmogorov backward equation

(3.9) 0P, f = —ZLP.f, fe€:tel0,s],s€(0,T).

10



For any f € 67, by Itd’s formula we have

(3.10) Pof(z) = f(z) + / P (% f)(@)dr, (t.5) € Dr,

t

where [ P, (2 f)(x)dr = E [ 2 f(X],)dr exists, since Krylov’s estimate in Lemma 3.1(2)
holds under (A) and ||ul|o < 0.
By (3.10), we obtain the Kolmogorov forward equation

(3.11) OsPrsf = Pus(Zf), selt,T].

On the other hand, b*) = 0 and (A) imply

(3.12) 1 Flligy < collf

for some constant ¢y > 0. By Lemma 3.1(1), for any s € (0,7, the PDE

(3.13) O+ ZL)u=—-Lf, t€l0,s],a,=0

has a unique solution @ € % (po, qo), such that

(3.14) 1923009 < 1l Z 2z 0

holds for some constant ¢; > 0 independent of s. By It6’s formula in Lemma 3.1(3),
di(X5,) = =L F(X5) + (VFXE), vV 2ar— (X5 ,)dW,), t €0, s].

This and (3.11) imply

0= (o) = (o) ~ [ (P o (o)

= ty(z) — /t L (P f)dr = () — Puof() + f(2), te0,s)

dr
Thus,
(3.15) u =P sf — f, t€]0,s].

Combining this with (3.13) we derive (3.9).
(¢) By (3.7) and (3.9), we see that u solves (1.6) with u € % (po, qo) provided

(3.16) |]V2u||igg < 00.
By (3.12), (3.14) and (3.15), we find a constant ¢, > 0 such that

sup [[V2P o f Iz 0. < 2l fllgz, s € (0,7, f €.

te(0,s]

Combining this with (3.6), b") = 0 and [wollg2 + fOT [Vil|2dt < oo, we prove (3.16).

11



3.2 E=T¢

In this case, all functions on E are extended to R? as in (1.4), so that the proof for £ = R?
works also for the present setting if we could verify the following periodic property for the
solution of (1.3):

(3.17) XiF=X!,+k, (ts)€ Dy, xR’ keZ
Let )Z':t = X[, + k. Since the coefficients of (1.3) satisfies (1.4), ngs solves (1.3) with thft =
x + k. By the uniqueness of (1.3) ensured by Theorem 1.1(1), we derive (3.17).

4 Application to (1.1)

For any n € N, let 6" be the class of real functions f on E having derivatives up to order n
such that

1l =D NIV flloo < o0,
i=0
where VOf := f. Moreover, for a € (0,1), we denote f € €,"** if f € € such that

[ fllggeee = 1 g+ sup I D= VWL o
’ TH#Y |(L’ _y|a

Consider the following future distribution dependent SDE on R%:
T
(4.1) dX{, = {E/ Vor (XZ,)dr — Eug (X 1) ds +V2kdW,, X, =xz,5€[t,T].
s y=X7,

See Definition 1.1 below for the definition of solution. When E = T¢ := R?/Z? we extend uyg
and g; to R? periodically, i.e. for a function f on T¢, it is extended to R? as in (1.4). With
this extension, we also have the SDE (4.1) for the case F = T¢.

Theorem 4.1. If there exists n > 2 such that uy € €, and o, € €, for a.e. t € [0,T] with

T
/ (I + il ) df < oo.
0

Then (4.1) is well-posed and (1.1) has a unique solution satisfying

(4.2) sup ||ugllen < oo,
te[0,T

and the solution is given by

T
(4.3) w(®) = Bug(X7_y ) =B [ Vor (X7 )ds.

T—t

12



We only prove for £ = R? as the case for E = T? follows by extending functions from T¢
to R? as in (1.4).

Let I; be the d x d identity matrix. By Theorem 1.1 with b = 0,a = kl; and V = -V,
for any (po, qo) € 2, (1.1) has a unique solution in the class % (po, qo), and by (4.3),

T

w(e) = Buo(XF_yp) ~E [ Vor(Xf,)ds
(4.4) ST
= Pr_;rup(x) —/ Pr_ Vor_s(x)ds, (t,z)e[0,T] x RY.
T—t

By (3.8) for the present a and b, X{, solves the SDE

(4.5) dX7, = V2rdW, —ur_o(X[,)ds, X[, =x,t€[0,T],s€tT],

and the generator is
Ly =kA —ur_s-V, s€[0,T].

It remains to prove (4.2). To this end, we present the following lemma.

Lemma 4.2. Let P, f := E[f(X},)] for the SDE (4.5). Let m > 1 such that

(4.6) sup Jugllgm + [|f llme < o0,
t€[0,T]

then sup; sepy. ||.Pt75f||<gbm+1 < 00.

Proof. By (4.5) and sup;c(o 7 [[uel|5 < 00, we have

sup  E[||[V'X7,[] <oo, 1<i<m.
(t,s,2)€D xR 7

By chain rule, this implies that for some constant ¢y > 0,

(4.7) sup || P sglley < collgller, g € €
(t,S)EDT

Let P? = e". By 9,P° , = PY ,xA and (3.9), we have
0P ,P..f =P (VP fur_,), r€Ilts]
So,

(4.8) Pf =P f— / P° (NP, f up_,)dr.
t
It is well known that for any a, 8 > 0 there exists a constant c, g > 0 such that

(4.9) 1Pl goin < ast gl t> 0,9 € G
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This together with (4.8) implies that for some constants ¢y, co > 0,

° _3
1o fll ey < callfll ey + 01/ (t+71—s) 2 |(VPsf ur—p)|lgm-rdr.
@ & t b
Combining this with (4.7) and || f]lgm + sup,eo 1y |uel|4m < 00, we obtain

sup ||Pt,sf|| mid < 00.
(t,S)EDT cgb

By this together with (4.8) and (4.6), we find a constant ¢ > 0 such that

sup || P fllymer < co| fllgme
(t,s)eDT

+cy sup / (t+r— s)’%H(VPT’Sf, Up—y)|| -ydr < oo.
(t,8)eDr Jt (6)13

We now prove (4.2) as follows. By u € % (po, qo), we have
[ufloo + [ Vtrlloo < 00

Combining this with (4.4) and Lemma 4.2, we prove (4.2) by inducing in m up to m = n.
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