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Abstract

Let 2 be the space of probability measures on R¢. We associate a coupled nonlinear
Fokker-Planck equation on R?, i.e. with solution paths in 2, to a linear Fokker-Planck
equation for probability measures on the product space R% x 22, i.e. with solution
paths in 2(R? x ). We explicitly determine the corresponding linear Kolmogorov
operator L; using the natural tangent bundle over & with corresponding gradient
operator V. Then it is proved that the diffusion process generated by L; on R? x 2 is
intrinsically related to the solution of a McKean-Vlasov stochastic differential equation
(SDE). We also characterize the ergodicity of the diffusion process generated by L,
in terms of asymptotic properties of the coupled nonlinear Fokker-Planck equation.
Another main result of the paper is that the restricted well-posedness of the non-linear
Fokker-Planck equation and its linearized version imply the (restricted) well-posedness
of the McKean-Vlasov equation and that in this case the laws of the solutions have
the Markov property. All this is done under merely measurebility conditions on the
coefficients in their measure dependence, hence in particular applies if the latter is
of “Nemytskii-type”. As a consequence, we obtain the restricted weak well-posedness
and the Markov property of the so-called nonlinear distorted Brownian motion, whose
associated nonlinear Fokker-Planck equation is a porous media equation perturbed by
a nonlinear transport term. This realizes a programme put forward by McKean in his
seminal paper of 1966 for a large class of nonlinear PDEs. As a further application we
obtain a probabilistic representation of solutions to Schrodinger type PDEs on R? x 2,
through the Feynman-Kac formula for the corresponding diffusion processes.
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1 Introduction

As a first result of this paper (see Section 3) we identify the continuity equation corresponding
to a non-linear Fokker-Planck equation on R? with weakly continuous solution paths in 22,
i.e. the space of probability measures on R? equipped with the weak topology. We determine
explicitly the vector field, defining the continuity equation, as a section in the natural tangent
bundle over 2. More precisely, let for m,d € N

b= (bi)lgifd: [0, OO) X Rd X P — Rd,

(1.1) ‘ J PR
o = (O-ij)lgi,jﬁd' [0, OO) XxXR*x Z - R“®@R

be Borel measurable maps and consider the corresponding nonlinear Kolmogorov operator

, Laah(e) = 5 D200t )ODA() + D bilts . 100ih ()
= Y(oo")(t, 2, 1)V) - Vh(z) + b(t, 2, 1) - V(a),
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where (¢t,z,u) € [0,00) x RY x 2, h € CZ(R?), “” denotes inner product in R? and L,
determines the nonlinear Fokker-Planck equation

(1.3) e = Ly, 11t

meant in the weak sense with test function space C5°(R?) (see Definition ?? below for details).
By the recipe suggested in [?], [?] (see also [?], [?], [?], [?], [?], [?] and [?]), which we briefly
recall in the Appendix of this paper, one then finds the well-known tangent bundle over &,
namely

(1.4) (LR = R, 1)) ez,

and a corresponding intrinsic gradient V for a suitable and sufficiently large class .Z CZ (%)
of functions F': & — R? (defined in (??) below), which maps such F into sections in this
tangent bundle, i.e.

(1.5) VZF(p) € *(R* - R ), pep

(for details see the Appendix). V7 is, of course, the well-known Otto-gradient introduced
in [?]. For the case where the space of Z -valued Radon measures on R¢ replaces &2, it
was, however, already introduced in [?], [?], even with a Riemannian manifold M replacing
R?. Then the continuity equation corresponding to the non-linear evolution equation (?7?),
which is linear and by definition an equation, whose solutions are weakly continuous paths
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of measure I'y, t > 0, in P () (the space of probability measures on & again equipped
with the weak topology), is then given as

(1.6) o'y = (Lt>*rt

in the weak sense with test function space ZC?(Z?) (see Section 3 for details). The corre-
sponding Kolmogorov operator L; is of first order and determined by a vector field in the
tangent bundle (L*(R? — R%, p)),c as follows:

(17) LtF(M) = <%(O—U*)<t’ E :u)v + b(t’ i M)? VL@F(M))LQ(RUZHRW#)’

where € 2, F € FC}HZ) and (-, ) 12ra_ra,) denotes the inner product in L*(R? —
R% 1) (see Proposition 3.1) and for o # 0 it is meant in the usual generalized sense. So,
every solution xS, t > 0, to (??) with initial condition ¢ € 2 gives rise to a solution to
(??) with initial condition the Dirac measure . in (). Mixing these initial conditions
¢ according a measure I' € Z(Z), i.e., looking at the push forward measure under the flow
generated by (??) one obtains a solution path I'y, ¢ > 0, in Z(2) of (??). Interestingly, it
turns out that the operator d; + L; with a suitable domain .# is dissipative, hence closable
on L'([0,T] x £2,TT dt). Thus ; + L; extends uniquely to a much larger space of functions
on [0,7] x & (including e.g. certain functions which are Lipschitz with respect to metrics
generating the weak topology on &?).Thus, through (??) we can construct an abundance of
measures of type I't dt on [0, T x & for which the first order operator d; + L, which is given
by a vector field over [0,T] x Z(R?), i.e. a section in (L*(R? — R%, ;1)) e »(ra), and which
in turn is canonically determined by the nonlinear Kolmogorov operator (7?), is closable on
L]0, T] x 22(R9); T} dt) (see Remark 3.2 below for details).

In the second main result of this paper (see Section 4.1) we obtain weak uniqueness in law
and Markov properties for solutions to McKean-Vlasov equations from uniqueness of their
corresponding non-linear Fokker-Planck equation and their “freezed” linear version. More
precisely, for b and o as in (?7?) consider the McKean-Vlasov stochastic differential equation
(SDE) on R? (see [?] and the references therein)

(18) dXt == b(t,Xt,gXt)dt + O'(t,Xt,gXt>th, t Z O,

where Wy, t > 0, is an (.%;)-Brownian motion in R defined on a probability space (2, #,P)
with normal filtration (.%#;);>¢ and the solution X, t > 0, is an (.%;)-adapted stochastic
process on (Q,.%) with P-a.s. continuous sample paths in R? and time marginal laws %, :=
Po X; ', t > 0. Then obviously by It6’s formula for any (probabilistically) weak solution
to (7?) its time marginals u; := Zx,, t > 0, solve the nonlinear Fokker-Planck equation
(?7?). Recently, it was proved in [5], [6] that under a natural integrability condition on o
and b the converse is also true. Hence in this sense weak solutions to McKean-Vlasov SDE
and nonlinear Fokker-Planck equations are equivalent. Once one has this equivalence, it is
fairly straightforward to get a sufficient condition for weak uniqueness for (??). For this we
consider the “freezed” linear version of the non-linear Fokker-Planck equation (?7), i.e. for
a fixed solution p, t > 0, of (77)

(1.9) Oy =L vy

ot
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and look at the pair of Fokker-Planck equations

(1.10) {at’ut = Liptte

oy =L,

Then we introduce a notion of “restricted” well-posedness for (??) (see Definition ?7(2)
below). It is “restricted” in the sense that we restrict to subclasses of probability measures
as initial data and to subclasses of solutions with certain properties. This restriction causes
major technical complications, but is necessary, because in many applications (??) is only
well posed on a subspace of &. In particular, as far as the distribution density function is
concerned , it is natural to consider the class of absolutely continuous probability measures
( see Section 5). Furthermore, when b(¢,z,-) and o(t,z,-) are Lipschitz continuous in the
Wasserstein distance Wy, (?7) and thus (?7?) is usually solved for initial distributions having
finite second moment, see [?, ?, 7] and references within. Theorem ?? below provides the
equivalence of the restricted well-posedness of (??) with that of the corresponding SDE-
version, i.e.,

(1.11) Opft = Li,,
' dX(t) =b(t, X (1), ue)dt + o (t, Y (L), s ) AW (1).

From Theorem ?7 we then deduce that the restricted well-posedness of (?7) implies that of
the McKean-Vlasov SDE (?7?). Under the assumption of restricted well-posedness we also
prove that the laws of the solutions to both the second equation in (??) and to (?77) have the
Markov property (see Theorem 4.5 and Corollary 4.6 in Section 4.3). The proof, however, is
much more involved in comparison to the case of well-posedness for all initial conditions. It
turns out that the same results hold, if in the second equations of (??) and (?7), we change
the operator L, ,,, i.e. the coefficients b and o, to another Kolmogorov operator Ewt with
coefficients b, 3. Therefore, we formulate our results in this more general case.

In Section 5 we apply these results to an interesting example, where the above nonlinear
Fokker-Planck equation is a porous medium equation perturbed by a first order (transport)
term recently studied in [?]. The solution to the corresponding McKean-Vlasov SDE can be
considered as a nonlinear distorted Brownian motion (see [?] for details).

At this point we would like to stress that for these applications it is important that
our above framework works for coefficients b and o, which are assumed to be only measur-
able in the measure variable p. This implies that we can cover cases, where the nonlinear
Fokker-Planck equation (??) is a nonlinear PDE, because in such cases b and o depend
“Nemytskii-type” (hence very singularly on u), i.e. b(t,z,-) and o(t,z,-) depend on the
measure through its Radon-Nikodym density p (w.r.t. Lebesgue measure) evaluated at x
(see Section 5 for details). The main result here is Theorem ??, by which in particular we
have the Markov property for the solutions of the corresponding McKean-Vlasov SDE (see
(7?)). Consequently, the results of Section 5 can be considered as a realization of McKean’s
vision from [?] (namely to associate certain nonlinear PDEs with non-linear Markov pro-
cesses analogously to the well-established linear case) for a large class of non-linear PDEs,
more precisely, for nondegenerate porous media equations perturbed by a transport term.



The third main result of this paper is about transforming the non-linear coupled Fokker-
Planck equation (??) into a linear Fokker-Planck equation on RY x &2, i.e. with solution
paths in Z(R? x &) (see Section 4.2). The motivation comes from the hope that for
the understanding of McKean-Vlasov SDEs it could be useful to study the pair process
(X(t), Lx@)), t > 0, on the state space RY x &. By the Appendix of this paper we know
that the corresponding tangent bundle is

(1.12) R? @ (L(R? = R% 1)) e -

As a consequence of this and Section 3 it is trivial to derive the Fokker-Planck equation
associated to the process (X (t), Lx«))i>0 on R? x & which again is a linear Fokker-Planck
equation, namely (see Definition ?? below)

(1.13) oA =LiA, t>0,

where (At)i>0 is a weakly continuous path of probability measures onJRd X &, ie. in
PR x ), and with the corresponding linear Kolmogorov operator L; (of course, first
order in ) on R? x & being given explicitly on a reasonably rich class ¢ of functions

G:RIx P R as
(1.14) LG =L,G + L,G
where L; is as in (??7) and

(1.15) L,G(x, 1) = Liu(G( 1)) (@)

(see Section 4.2 for details). The exact relation between solutions to (??) and (?7) is given
in Theorem ?7(i) below. In particular, an explicit formula for solutions of (??) is given
through probability kernels Py (z,(;dy, dv) € Z(R? x 2), (x,{ € R x &, s < t, which
satisfy the Chapman-Kolmogorov equations (see Theorem ?7(ii)).

As another consequence we prove the Markov property of the law of the solution (X (t), Zx«))
of the McKean-Vlasov SDE (??) in a stronger form under the stronger condition (?7?) (see
Theorem 4.11 in Section 4.4 below for the precise formulation of this result).

In the time homogeneous case a further application of the results in Section 4 is a char-
acterization of the ergodicity for solutions to (??) in terms of the ergodicity of (P;)s<: (see
Theorem 4.12 in Section 4.5). An application of this result is presented in Section 6 and
concerns a case with more regular coefficients b and o (see Theorem ?? below) where Z2(R?)
is replaced by Z,(RY), i.e. all elements in Z(R?) with finite second moments (equipped
with the Wasserstein metric). In this case even exponential ergodicity is proved.

As a further consequence, in Section 7 we then prove a Feynman-Kac formula for the
above diffusion process on R? x Z(R?), from which we derive a probabilistic representation
for solutions of Schrédinger type PDE on R? x 925(R?) of the following form

(1.16) owu(t,z,C) + Lyu(t, -, ) (x, ) + (Vu)(t,z, () + f(t,x,¢) =0, tel0,T],



where T' > 0 is fixed, (z,¢) € R? x Z5(R?), and V, f are measurable functions on [0, 7] x
R? x P25 (R?). This generalizes some known results from the literature (see [?, ?, 7, 7, 7).

Finally we would like to emphasize again that the main motivation of this paper is to
contribute to the theory of nonlinear Fokker-Planck equations on one side and McKean-
Vlasov SDEs on the other. The literature on both parts of the theory is overwhelming, so
that we apologize that an overview of the known results is beyond the scope of this paper.
Therefore, we confine ourselves to refer the reader to the monographs [?] and [?] concerning
Fokker-Planck(-Kolmogorov) equations and to [?, ?] concerning McKean-Vlasov SDEs as
well as the references therein and e.g. the very recent papers [?,?, 7,7, 2,2, 2,2, 27,7, 7].
Furthermore, we would like to stress that according to general Markov process theory via
the martingale problem given by the underlying generator (see e.g. [?] in the classical case)
there is a close connection of our results with the very nice recent works ([?], [?]) on the
Ito-formula for the process (X¢, Zx()), t > 0, coming from the McKean-Vlasov SDE (?7)
above. The connection is obvious, since one can show that our intrinsic gradient V' on
functions in FCZ () (see Appendix A) is the same as the Lions-derivative from [?]. This
fact was proved in [?]. Since, however, our approach is more analytic and based more on
nonlinear Fokker-Planck equations, we do not need this [to-formula.

2 Preliminaries and notation

Let & denote the set of all probability measures on R? equipped with the weak (= narrow)
topology and corresponding Borel-c-algebra #(2). Likewise () and (R x £) denote
the set of all probability measures on & and R? x & respectively and both are considered
with the weak topology and corresponding Borel-o-algebras. Let

(2.1) bb:[0,00) xR x 22 - R% 0,6:[0,00) x R x & = R@R™,

be Borel-measurable maps, where m, d € N. Furthermore, besides L; , in (??) we define the
following measure-dependent Kolmogorov operator on R%:

d d
_ 1 B
(2.2) Ly h(x) = 5 5 (65™)i;(t, x, 1)0;0;h(x) + E bi(t,z, n)0ih(x), h € CERY),
ij=1 i=1

and consider (more generally than (??)) the coupled non-linear Fokker-Planck equations

(2.9 {at”t e

(9tyt =L

*
tope Vg.

Let us define the following test function spaces:

(24)  FCHP) = {F(p) = g(p(m), - ,p(ha)) : n>1,9 € CH(R"), h; € C§(RY)}.
on 2 and

(2.5) @ = {(x, j1) = ho(x)F(1) : ho € C2(RY), F € FCX(P)).
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Next, consider the time-dependent differential operator L, defined by (??) and (??) with
Ly, replacing L, ,. (??) is meant in the weak sense (see Definition ??(2) below). In Section
4 we are going to establish a correspondence between solutions (p, v¢)i>0 of (?7) and those
to the linear Fokker-Planck equation

(2.6) Ny =LA, t >0,

on R?x £ again meant in the weak sense (see Definition ??(3) below). (??) is a generalization
of (??) with L, replacing Ly, in (??). Let C([s,00) — Z) denote the set of all weakly
continuous paths in & starting from s € [0,00) and C([s,00) — Z(Z)), C([s,00) —
P (R x P))are defined likewise.

Remark 2.1. For nonlinear Fokker-Planck equations (??) typically one cannot expect to
have a unique solution for every initial condition ( € & at time s € [0,00), but only for
¢ € Py, where Py € B(). In addition, even for such restricted initial conditions ( € P
generally one does not have a unique solution to (??7) in all of C([s,00) — &), but rather
in a subset thereof, whose paths in particular leave &y invariant. Therefore, we introduce
property (P) below.

For ) € B(Z) and &7 C C([0,00) — Z;) we need the following property for the pair
(’9207 52%)

(P) If i € & such that i < Cpfor some p € Py, C € (0,00), then ft € Py If (A\)>0 €
then (As1¢)i>0 € & for all s > 0, and ()\t)t>0 € o, provided ()\t)t>0 € C([0,00) — @0)
and A\, < C)\; for all ¢ > 0 and some C' € (0, 00).

Definition 2.2 (Solution to Fokker-Planck equations, see [?]). Let s > 0 be fized.

(1) (ut)ess € C([s,00) = &) is called a solution to (??) from time s, if for allt € [s,00)

(27) Jar [l 1o o) < o

and

t
(2.8) / hdj, — / hdp, + / dr / Loohdu, he CR(RY,
R4 R4 s R4

(2) A pair (pue, vi)i>s with (p)iss, ()iss € C([s,00) = &) is called a solution to (?7?)
from time s, if (ut)i>s is a solution of (?7) from time s and for all t € [s,00)

(2.9 [ ar [ (1716 ) < o0
and

t
(2.10) /hdyt:/ hdus—i—/ d?"/ L, hdv,, heCPRY.
Rd Rd s Ré

For two pairs (P, A),(Py, ) with property (P) we call (7?) well-posed in
<(¢@0,£f) (P, )) if the following holds:



(a) For every (s,() € [0,00) x P there exists a unique solution (/Lg,t)tzs to (77?)
starting from s with Mg,s = ( and (ME,SH)@ € o such that ( — ,ugi 1s Borel
measurable for all t > s.

(b) For every (s,0,() € [0,00) x Py x Py and (ug’t)tzé, as in (a) there exists a
unique solution (Vﬁf)ps to (?7?7) with usr replacing p,, r > s, starting from s

with v$% = 0 and ( ss+t>t>0 € o such that (6,¢) — l/ct is Borel measurable for
all t > s.

(3) (Ap)iss € C([s,00) = P(RE x D)) is called a solution to (??) from time s, if for all
t € [s,00)

210) [ dr [ BP0 )+ (B 101 ) () <

and for any G € €,

¢
(2.12) / GdAt:/ GdASJr/ dr/ L.GdA,.
Rix & Rix P s Ridx &
(4) Ty)i>s € C([s,00) — P(P)) is called a solution to (??) from time s, if for all
t € [s,00)

(2.13) / dr/ |81+ Nl 1)y 1) o g, ) < oo,

and for any F € FC(P)

(2.14) /Fdl“t /FdF /dr/LFdF

Remark 2.3. If (??) is well-posed, b = b, 0 = ¢ and Py C Py, we have for all (s,() €
[0, OO) X 90

gtc - /Ls t) t Z 0
because both solve (7?) with the same initial condition (.

Let us consider another coupled equation involving the first equation of (??) and the stochas-
tic equation corresponding to the linear Kolmogorov operator L, ; in (?7), i.e.

(2 15) at:ut = {/;ﬁk,utl’bh
dX; = b<t7 Xy, Mt)dt + 5(t> Xy, Mt)de

with solution paths (Xi, i) in RY x 9. Here (W) is an (%;)-Brownian motion on a
probability space (£2,.%,P) with normal filtration (.%;):>o and values in R™. Below we set
Lx, = Po X; ! (“time marginal law” at t). We now introduce the notion of weak solution
and weak well-posedness for (77).



Definition 2.4. (i) Let (s,60,() € [0,00) x P x Z. If (77) has a solution (ji;)i>s with
s = C, and the SDE

(2.16) dXsy =0b(t, XS

s,t

,ut)dt + 5-(t7Xs<,’tGJ ,ut)th, t 2 S7$X§‘g = 9,

has a pathwise continuous weak solution, then (Xc’f, it )i>s is called a weak solution to

(??) with initial value (0,C) at time s. 7

(i1) Let (P, ), (P, ) be two pairs with property (P). We call (2?) well-posed in
<(¢.@0,4a7),(@0,@7~)>, if (a) in Definition 7?7 (2) holds and if for every (s,0,() €
[0,00) X Py x Py and for the unique solution (ug’t)szt to (?7) there exists a unique
weak solution (ng)tzs to (?77) with uit replacing pg, t > s, such that for allt > s the
law of ng is Borel-measurable in ((,0).

Remark 2.5. Obviously, in the situation of Definition ?? (i) we have by Ité’s formula that

0 . :
l/g”t =Lyeo, 25,15 a solution to (77).

Now we consider the McKean-Vlasov SDE (77)
Definition 2.6. (i) Let (s,() € [0,00) x &. The McKean-Viasov SDE (?7?) is said to

have a weak solution starting from s with time marginal law C, if there exist an (F)-
Brownian motion Wy, t > 0, on a probability space (€, F,P) with normal filtration
(F1)i>0 and values in R™ and an (F;)-adapted continuous process (X;)i>s in R, such
that XXS = C,

t
/ dr/ (|b| + ||U||2)(T7$73XT)$XT(d$) < oo, t>s,
s R4

and P-a.s.

¢ t
Xt—Xs+/ b(r,Xr,fxr)dr—k/ o(r, X, Zx,)dW,, t>s.

(i1) Let (Py, ) be a pair with property (P). We call (??) weakly well-posed in (P, )
if for every (s,() € [0,00) X Py and any two weak solutions with time marginal laws

(L, )izsr (Lx,)izs € F and Lx, = L5 = (, we have that their laws coincide.
We close this section with recalling the following result from [?, ?].

Theorem 2.7. Let (s,() € [0,00) x &. Then the McKean-Viasov SDE (??) has a weak
solution starting from s with time marginal law ¢, if and only if (??) has a solution (iut)i>s
starting from s with us = . In this case py = ZLx,, t > s.

Proof. 1f (77) has a weak solution starting from s with time marginal law ¢ then by Remark
?? it follows that u, := Zx,, t > s, is a solution of (??) starting from s with pus = (. The
converse is proved in Section 2 of [?] (and [?]). O



3 Linearization of nonlinear Fokker-Planck equations
and construction of probability measures on |s, co) X

P

Let s > 0 be fixed. The nonlinear Fokker-Planck equation (??) can be considered as an
evolution equation in &. For evolution equations there is a standard way to linearize them
by transforming them to an evolution equation on the space of probability measures over
their state space, hence in our case onto Z(Z), i.e. the space of probability measures on &?
equipped with the Borel-o-algebra generated by the weak topology on &. More precisely,
for weakly continuous solution paths (p)e>s for (??) in &, one derives an equation for the
paths (0, )i>s in Z(Z) as follows:
For all F' € ZCE(2),

(3.1) F(p) = f(u(ha),...p(hy)), n €N, ... hy € CERY), f € CH(R"),

and for any solution path (u:)i>s to (7?) in &2, by the chain rule and (??) in the Appendix
we have

d

C 5u(F) = L) = SO0 ) ) )

n

:Zaif(ﬂt(h1)7-~-,ut(hn))/ Ly hidpg
i=1 R4

= Z <aif(ﬂt(h1), coos e (hn))

=1

(3.2) : /]Rd (%(UU*)(TZ%M)V - Vhi(x) + b(t, z, pue) - th’(@)#t@@)
5, ((%(Ja*)(t, IV 4 b(t, ), VZF()) poqmirma ).

where (o0*)(t, t), b(t, it¢) denote the maps

RSz — oo™ (t, x, ),
RSz b(t, x, 1),
which by assumption (??) (as part of the definition of the solution to (?7)) are p-integrable.

Furthermore, here we set d,,(g9(:)) := [ g(v)d,,(dv) = g(u) for a Borel measurable map

g: & — R. Hence we obtain
I )
(8:3) 00 (F) = 0 ({5 (00™)(t, )V +b(t, ), VIF()) 1agaspey) - for all F € FCHP),

which clearly is a linear equation for d,,, t > s, in .#(2?), i.e. the space of all bounded
variation measures on . Vice versa, by the above derivation, (??) implies (??) by just
taking F; € ZC%( ), | € N, such that for [ € N

F(u) = fiu(h)), h e CHRY),
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and f; € C}(R") such that <L f; — 1 as | — co. Hence we have proved the following result.

Proposition 3.1. A weakly continuous &-valued path (p)i>s satisfies the nonlinear F-P.
equation (?77) in the sense of Definition ?7(1), if and only if the &P-valued path (8,,)i>s
satisfies the linear first order F-P equation (?77).

Now we proceed in the canonical way: For ( € & let us denote a solution (fi)i>s to
(??) with initial condition u, = ¢ by u(t,¢), t > s. Then consider & equipped with the
o-algebra % generated by the maps

P3(—pt, ) e P, t>s,

where the image space is considered with the Borel o-algebra %(%?). Then for any proba-
bility measure I" on (2, %) define

Ft =To [L(t, ')_1.
Then by (??) for all F € FCZ(P)

d
dt

(3.4 — [P0 T@)

=:/éﬂwﬂﬁdﬁv+b@u%V9FW»m@megE&m%

F(p) T'i(dp)

and rewriting this in the weak sense (with test function space #CZ(Z?), see Definition 77 (4))
we obtain

d
(3.5) Ert =L, To=T,

where L, is defined in (??). Whether the above o-algebra % on & coincides with (2?)
has to be checked in every particular case and is, of course, fulfilled if the solution to (?7?)
is continuous in its initial condition ¢ with respect to a suitable topology, as is e.g. the case
for our main examples below.

Remark 3.2. By the product rule (?7) implies that for every T' as above, T € (0, 00)
and for all F € FC}P), G € CY[0,T];RY) with G(T) = 0, and F(t,u) := G(t)F(u),
(t,pn) €0,T] x 2

/OT/@(%+L9F dT, dt = —/F(o,u) F(dp).

Letting ZF denote the linear space of all such functions F, we obtain that for all nonnegative
FeZz

T 8 B
/)/(—+LJFﬂ}&§Q
o Jo O

11



i.e. the operator % + Ly with domain F is dissipative on L'([0,T] x £ ,Tdt), hence in
particular closable. So, by the above we have a means to construct a whole class of finite
nonnegative measures on [0,T) x & for which (& + Ly, F) is dissipative (hence closable) on
the corresponding L' space and Ly is given by a time dependent vector field in the tangent

bundle (L*(R? — R?, u)) e over P, determined by b and o, where b, o are arbitrary as in
(77).

4 Correspondences and their consequences

Consider the situation of Section 2.

4.1 Correspondence of (??) and (?7) and weak well-posedness for
McKean-Vlasov SDEs

Theorem 4.1. Let (P, o), (P, o) be two pairs having property (P). Then (??) is well-
posed in ((@O,M), (3%,%)) (in the sense of Definition 77 (2)) if and only if (??) is well-
posed in ((,@0,@7), (,@0,42;)) (in the sense of Definition 77 (ii)). In this case Vscf = Ly
for all (5,0,¢) €[0,00) x Py x Py, t € [s,00).

Proof. This is an immediate consequence of Remark ?? and Lemma 2.12 in [?]. The latter
lemma is indeed applicable by property (P) above. ]

Corollary 4.2. Let 0 = &, b = b and let (Py, o) be a pair with property (P). If (?7) is
well-posed in ((Py, ), (Py, o)) then (??) is weakly well-posed in (P, ).

Proof. This is a direct consequence of Theorem 77. m

4.2 Correspondence of (??7) and its linearization (77?)

Theorem 4.3. (i) Let s > 0 and (w)i>s, (U)i>s € C([s,00) = ). Then (g, Vi)i>s
solves (??) if and only if Ay == vy X 0,,, t > s, solves (77).

(ii) Let s > 0 and let Py, Py € B(P) such that for each ( € Py there exists a solution
(,ugyt)tZS to (??) with p§, = ¢ and such that for each 6 € Py there ewists a solution

v )ess to (77) wi replacing f., v > s, such that v$? = 6. Suppose that for
$D)iss to (77) with S, replacing ju,, v > h that v5? = 0. S that f
every t € [s, 00)

Py s, € P, Pox Py3((0) =15 € P

are Borel measurable. Then for every A € P (P, x 350) (= all probability measures on
90 X 90)

A, = / 5 X6, AR, dC), ¢ € [0,00),
Pox Py 8.t
is a solution to (77).

12



Proof. (i): The proof is entirely analogous to the proof of Proposition 3.1.
(ii): The proof follows by (i) since (??) is a linear Fokker-Planck equation (cf. the last
paragraph in Section 3). m

Remark 4.4. In fact one can prove that if (?77) is well-posed then so is (?7). But for the
proof one needs that any solution to (77) is of the type as Ay, t > s, is in assertion (i) of
Theorem 7?7 above. The latter was, however, recently proved in [?].

4.3 Markov property of weak solutions to McKean-Vlasov equa-
tions

In this section we fix two pairs (P, &) and (P, /) with property (P) and assume that
(4.1) (7?) is well-posed in <(320,42f), (@O,JZ;))
For (s,6,¢) € [0,00) x Py x P, we define the laws

¢
Pe oy :=Po (anf.“’e)_l, r € [s,00),

(4.2) .
Pera) = Pero,), T € R?, provided §, € %,

on C([r,c0) — R?), equipped with the o-algebra & generated by all maps m;, t > r, where
7 is the evaluation map at t. In addition, for ¢ € [s, 00) we define

(4.3) G :=0(my: u € [s,t]).

Furthermore, we denote the corresponding expectations by E¢ (. g).

As mentioned before, in general it is not possible to prove uniqueness of linear (or more
so, nonlinear) Fokker-Planck equations for all initial probability measures 6, in particular
not for Dirac measures. Therefore, we only assume a restricted well-posedness in (??7). Hence
(see [?, Lemma 2.12]) also the martingale problems corresponding to linear Fokker-Planck
equations are only restricted well-posed. Therefore, the standard fact, that well-posedness
(i.e. for all Dirac, hence all probability measures) implies that the corresponding family of
probability measures P, (= solution with initial marginal §,), * € R?, form a Markov pro-
cess, is not applicable. Nevertheless, we shall prove that under condition (?7) we have the
Markov property for our laws P¢ (s ¢) defined above and as a consequence also for the laws
of the solutions to the McKean-Vlasov equation (??). And this holds just assuming the
integrability conditions (??) and (??) on our coefficients.

As preparation for fixed (s,6,¢) € [0,00) x Py x Py and r € [s,00) we disintegrate the
measure P . co) with v$? as in Definition ??(2)(b) with respect to the map m.: C([r,00) —

\H¥Ys,r

R?) — R? as follows

(4.4) P ng’,f)(dw) = p(z,dw) V§7’f(d$),

<7(r7

where p is a probability kernel from R? to C([r, 00) — R?) such that p(x, {7, = z}) =1 for
all z € R?. The existence of such a kernel follows by standard results on disintegration of
measures.

13



Theorem 4.5. Assume that (7?) holds, let p be as in (27) and let (s,6,¢) € [0, 00)x Py x P,
and r € [s,00). Then for every g € %’b(]Rd) and t € [r,00)

(45) E(,(s,@)[g(ﬂt” ggs,?"] = /g(ﬂt(w))p(m,dw) PC»(Sﬂ)_a'e‘

Proof. Since for all ¢ € Cg°(RY)

t
o(my) — (m,) — / L, pdu, t>r

is a (%.4)>r-martingale under P, co,, it is elementary to check that for vil-ae x e R

C7
this is also true under p(x,dw) defined in (??). Hence this is also true for the measure

(4.6) P,(dw) := /p(x,dw) () dv$(dx)

for every probability density p with respect to 15, i.e. P, satisfies the martingale problem

s,r)

on C([r,00) — RY) for L, 4, With initial measure pv$f. The latter follows from the fact

that p(z,dw) is supported by {m, = x}.
Now let n € N, s <wuy-- <wup, <7, h € B((R)), h > 0 and g € %B(R?). Define the
factorized conditional expectation

p(x) = B¢ (5,00 [M(Tuss - -+ s Tup)| Toljmrmary @ € RY,

where ¢ € (0,00) so that its integral w.r.t. v5 is equal to 1. p is uniquely defined v$f-a.e.
Now consider IP, defined in (??) for this p. Furthermore, let

pi=ch(my,...,mu,).

Then p is a probability density w.r.t. P¢ ;9. We denote the image measure of p - P¢ (5
under the natural projection of C([s, 00) — R?) onto C((r,00) — R?) by P,.

Claim: P; = P,,.

It is easy to check that also IP; satisﬁes the above martingale problem. Furthermore, also
under P; the law of 7, is equal to p- vl Therefore, by (??) and [?, Lemma 2.12] the claim
follows.

By the Claim we have for g € %,(R?)

Ec¢ s0)[2(Tuys - - 5 Tu, )9 (1)
[ ot
/g m) dP, = — EC 5,0) |:/]Rd g(m(w)) p(m,, dw) p(m)}

— B [/Rdg(ﬂt(w)) Pl duw) b, )|

QIHQH—‘%

Now (??) follows by a monotone class argument. H
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Corollary 4.6. Let 0 = 5, b = b and assume that (??) holds with Py = P,. Then for
every (s, () € [0,00) x Py the law P¢ (5 ¢y of the solution of the McKean-Vlasov equation (77)
started from s at ¢ is Markov, i.e. satisfies (??7) with p as in (7).

Remark 4.7. We note that in the situation of Corollary ?? we obviously have that I/C’f §

st — M
forall0 < s <t and ( € H,.

)t

4.4 The Markov process on R? x &

In this and the next subsection we fix a pair (£, /) with property (P) (see Section 2) and
set

(4.7) Py=P, o =C(0,0)—= P),

so obviously (@0, o ) is also a pair with property (P). We also assume throughout this and
the next subsection

(4.8) (?7?) is well — posed in ((Py, &), (P, ) with (P, ) defined as in (77).

For (s,x,¢) € [0,00) x R? x Py, as in Definition ??(2)(a), (b), we denote the corresponding
solutions by (u§7t,y§7’fm)t25. For x € RY, ¢ € 2, s € [0,00) define for ¢ € [s,0)

(4.9) P o(w, G dydp) = (v x 0,¢ )(dydp),

i.e. for G: R x Py — [0,00) Borel-measurable

/ ; G(y, )Py (, ¢ dydp) = /R Gy, ps, vy (dy).
Rd J 2, d

Then by Theorem ?7?(i) it follows that Pg,(x, (;dydu) solves (?7?) starting from time s and
furthermore

(4.10) Ps(, G dydp) = (02 < 6¢)(dydp).

Proposition 4.8. Suppose (??) holds. Then the family of probability measures Ps4(z,(;-),
0<s<t, (x,0) € R x P, is a Markov transition kernel on R x Py, i.e., it satisfies the
following properties:

(Cy) Pyys(+; A) is Borel-measurable in (x,¢) for any 0 < s < t, A € P(R? x P) and
P, (2,(;+) = 0z), the Dirac measure at (z,(), for any s > 0 and (z,¢) € R x Z,.

(Cy) The Chapman-Kolmogorov equations hold, i.e. for all 0 < s < r < t and (z,() €
Rd X 90

(411) Ps,t(l‘ac; ) = / Pr,t(ynu; ')PS,T(:L‘7C; dyadu)
RdX,@o
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Proof. (C}) is obvious, so it only remains to prove the Chapman-Kolmogorov equations.
For 0 < s <r <tand (r,() € R? x &, the right hand side of (??) is equal to

/ Poo(y, 1,5 ) v5d( dy)
Rd

¢
. H5,7'7§y 4761
- / (Vr,t X0 ugr> VS,T ( dy)
Rd u’r,t,
— l"’gar’éy <75x d 5
- V’r,t Vs,'r‘ ( y) X NC P
R4

= Vg:ttsz X 6#;1& = Ps,t(x7C§ )

where we used the well-posedness of (?7), more precisely Definition ??(2)(a), (b) in the
second and third equality respectively. ]

A Markov transition kernel on R? x &, determines a family of Markov operators {Ps,:
0 < s <t} on %B(RYx P), the Banach space of bounded Borel-measurable functions on
RY x gzoi

(412)  Pof(z,0) ::/ FE) Pos(2,CdE), (2,0) €RY x Py, f € By(RY x Fy).

Rd x 2,
Conditions (C}) and (Cy) are equivalent to P f = f and the semigroup property

PS,t = Ps,rPr,t; 0<s<r<t.

By (??) and Theorem ?? we have that (??) is well-posed in (2, &), (P, «/)), with
(P, ) as in (22). For (s,2,() € [0,00) x R x P, as in Definition ??(ii) we denote
the corresponding solutions by (ng“‘, ngt)tzs on (Q,.7,(%)i>0, P) with (.%;)-Brownian mo-
tion (W;)i>0 (see Section 2). We note that the stochastic basis and the Brownian motion
depend on (s, x, (), but for simplicity we do not express this in the notation.

Our next aim is to prove that the laws of (Xg,’f’,ug’t)&s, (s,2,() € [0,00) x RY x 2,
form a Markov process with Markov transition kernel, Py, 0 < s < ¢, defined in (??). For
(5,0,() €]0,00) x & x Py we define the laws

(4.13) Ppe) =Po (X7 pus )t = (Po (X)) x e =Prsp xd,c and
| ]P>(87I7C) = IP)(S7(5I,<)7 x E Rd7

on C([s,00) = R x Py) = C([s,00) = R?) x C([s,00) = Z;). We denote the canonical
projection on this path space by 77, ¢ € [s, 00), and equip it with the o-algebra 4° generated
by these projections. In addition, we define for t € [s, 00)

G0, =o(my : u € [s,t]).

Furthermore, we denote the corresponding expectations by Eg.¢).
Theorem 4.9. Suppose that (?77) holds. Let (Psy)i>s>0 be in (??). Then for any (s, x,() €
[0,00) x R x Py, t € [s,00), and r € [s,1]:
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(i) Plazgyom ' =Pos(x,G).
(i1) P(spc)-a.s. we have for every A € B(R? x Py)

(4.14) Plsaolmi € AlF)] = Ppag)[m € Al = Pry(my; A),
ie, Pispey, (8,2,¢) € [0,00) xRYx Py, form a Markov process with Markov transition
kernel Pg,, 0 < s <1t.

Proof. (i) is obvious from the definitions.
(ii) Since by our assumptions we have weak uniqueness for the second equation in (??), by
[?, Theorem 6.2.2] and Theorem ?? above we know that for every s <r <t, g € %,(R?)

$.riBm
(4.15) Ec (o0 [9(7)|%s] = Ecomn[9(m1)] = /R gL B aas

ForneN;s<u <---<u, <r,and H € B((R? x P,)"), we have that Ps,2,0)-a.8. with
G = lA

EaoH(my ... m )G(m})]
=E[H((XE0 1S 0,)s o (XS0 1S NGXS 1S)]

:EC,(S@) [H<<7TU17 :Ug,ul)a ) (Wun’ :ug,un))G(ﬂ-tv :ug,t)]
E[H (XS0 i)y -+ o (XG0 tosun ) B 600 [G (e 15,4

(?:?)
But since by the well-posedness of the first equation in (??) in (P, /) we have the flow
property

¢
¢ __ Hir
Ms,t - ur,t )

(??7) and (??) imply that for P-a.e. w € 2

Eg(nxg;;?w (W) G (e, Mg,t)]

$.rid
HarOxedewy b

:E[G(Xr,t ) Mlvf,?r)]
=E [G(m7)]-

(r, X$0% ()48 )

Hence altogether

E (o) [H (T -7, )G ()]

uy? u

ZE(S%C) [G(ﬂ'o Cey WOH)E(TJ(T)) [G(’/’T?)H

up (7

Hence the first inequality in (??7) follows by a monotone class argument and the second is
obvious by (i). O
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We note that since (?7) is a stronger assumption than (?7?) we get a more explicit way to
formulate the Markov property for the laws of the (unique) weak solution to the McKean-
Vlasov equation (??) (see (??), (?77) below).

(4.16) b=b, o=0.

Then for (s,() € [0,00) x Z, by (??) we have that (using our notations above) for every
0 € & there exists a unique in law weak solution (X §,’f)t23 of the second equation in (?7?)
with b, replacing b and & respectively on some probability space (£2,.%,P) with normal
filtration (.%;):>0 and (.%;)-Brownian motion (W;);>¢ (see Section 2). Again all these three
quantities depend on (s, 6, (), but for simplicity we do not express this in the notation. In
particular, for 6 := { we obtain a weak solution to (??) with marginal law ¢ at time s.

Lemma 4.10. For all (s,60,¢) € [0,00) X & x Py we have

Pes.0) = /R , P¢ (s.0)0(d).

Proof. The proof is standard, but we repeat the argument here: The two probability mea-
sures in the assertion solve the martingale problem with initial condition ( for the Kol-
mogorov operator L; . defined in (??) in the sense of [?]. But by (??) and Theorem ?? this
martingale problem has a unique solution. So, both measures coincide. O

Theorem 4.11. Let (??) hold and let (s,() € [0,00) x Py. Then:

(i) The unique weak solution to (??7) with marginal law ¢ at s has the Markov property,
i.e. for every s <r <t, g € %B(RY),

¢
t

5,7‘767rr
(4.17) Ec(o.0[9(m)[%r] = Ec o lg(me)] = /R g B gas

(i1) Psc.o) is Markov. More precisely, for s <r <t and A € B(R? x Py)

(4.18) Pcolm € A9 = Pry(m) A) Proco-as.

Proof. (i): The assertion immediately follows by (?7) and Lemma ?7.
(ii): As an easy consequence of Lemma 7?7 we get that

Pseo = / P(s2.0¢(d).

Then the assertion immediately follows from Theorem ?7(ii). ]
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4.5 Ergodicity

We recall that we still assume (??) with (%, 4/) as in (??). In this subsection we assume
additionally that for our coefficients from (?7) we have

(4.19) b,b,0 and & do not depend on t € [0, c0).

Then due to (?7?) for our Markov transition kernel Py, 0 < s < ¢, defined in (?7) we have
that P, = Pg s, i.e. it is time-homogeneous. Set

(420) Pt = PO,t7 t 2 0.

Then by (Cy) this is a semigroup of probability kernels on R% x &2 or equivalently (see (?7))
of operators on %,(R? x Z). We recall that A € Z(R? x ) is called (P,)-invariant if

(4.21) / P,G dA :/ G dA,
Rdxc@o RdXEQO

for all G € B,(R? x Py), t > 0, and that (Py) is called ergodic if there exists A € 2 (R? x
Z,) such that for all A € 2(R?x ) (or equivalently for all A = 6, x ¢, (z,() € R x Py)

(4.22) lim P,GdA = / G dA,
Rdx P,

t—o00 R x 2,

for all G € Cy(R? x Py), where the latter denotes the set of all bounded continuous functions
on R? x . In this case A is then obviously the unique (P;)-invariant measure. From the
definition of P; we now obtain the following characterization.

Theorem 4.12. Assume (??7) and (??7) hold. Then the following assertions are equivalent:
(i) (Pi)i=o is ergodic.
(ii) There ezist Voo € P, 1o € Py such that for every (z,() € R? x 2,

ué,t — oo and ng * — Vs weakly as t — oo.

In this case i and vy, are uniquely determined and the unique (Py)-invariant measure A
is giwen by A = vog X 0, . Furthermore, if b="0 and 0 = &, then i = Voo.

Proof. (ii) = (i): This is easy to see from the definition of P; in (??) and (??), and the
unique (P;)-invariant measure is A 1= v X §,,__.

(i) = (ii): Let A be the (P;)-invariant measure such that (??) holds. Let IT;: RY x &2, —
R?, and IIy: R x &y — P, be the canonical projections and define

Voo := Ao II7H(€ ) and Ay := Ao Il; (€ P(P)).
Then for every (z,() € R? x &y ast — oo

(4.23) l/g”fz — Voo weakly in &
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and

(424) 0, Ay weakly in () (hence also in Z(Z?) by extending As by zero).

0,

We claim that (??) implies Ay = §,,, for some o, € . Combining this with (??) for
A = ( x J, and using (?7?), we conclude that A = vy, % ¢, as desired.
To prove the claim, let iy € & be defined by

ool A) 1= /j H(A)As(dp) = /J WA (dp), A€ BRY),

where A, is extended to & by zero, i.e. Ay( P\ Py) = 0. For any h € Cy(RY) we take
F(u) = p(h) :== [hdp,p € &. Then F € Cy(Z). Since 6u§,t — Ay weakly in (), we
have

lim i, (1) = lim 0,¢ (F) = AalF) = uoe ().

t—oo Mot

So, 115, — fiee weakly in 22, and hence 5#6 — d, weakly in #(Z?) as t — oo. Combining
’ ,t

this with (?7) we prove Ay =0, and ps € & since A, is supported on Z.
We note that for every (¢,0) € &Py x &

Vé:f = /Vg,’f““’ 6(dx), t>0,

since the second equation in (?7?) is linear and well-posed. Hence from (ii) we have

ngf — Vs weakly as t — 00.

Now assume that b = b and ¢ = . Then for all ( € &,

Voo = w — lim 1§¢
t—oo 7’

: ¢
=w — lim
t—o0 Mo’t
= Hoos

where we used Remark ?? in the second equality. This completes the proof. O

5 Application to nonlinear distorted Brownian motion

In this section we want to apply our results to the so-called nonlinear distorted Brownian
motion (NLDBM) in which case the nonlinear Fokker-Planck equation (?7?) is a porous media
equation perturbed by a nonlinear transport term. We shall give details below, but want
to stress already now that in this case the solutions of (?7) are absolutely continuous with
respect to Lebesgue measure dz, if so is the initial condition, i.e. , u(dz) = u(t, z)dx, t > 0.
Furthermore, in the case of NLDBM the coefficients b, o in (??) (to be introduced below
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explicitly) depend “ Nemytski type” on p;, more precisely for (¢,z, 1) € [0,00) x R x 2,
where

o o dILL 00 d
(5.1) Py = {u € P|u, = € L¥R ,dw)},
we have

bt ) = b, @),

o(t,x,pn) = 6(15, x, 3—’;(9&))

(5.2)

for some Borel measurable functions
b: [0,00) x R? x R — R?,
and
5:[0,00) x R x R — R* ® R™.
Of course, for € R? we have to choose the dz-version of 3_,; in such a way that the maps

~ du
d L
[0,00) x R x Py > (t,z,p) —> b(tw, dx(as)),

d
[0,00) x RY x Py > (t, 2, p) — 5(15,33, d—”(as))
x
are Borel-measurable. But this is easily achieved by looking at the dx-version obtained by

defining j—g = 0 on the complement of its Lebesgue points. Below we shall always take this
version without further mentioning it.

To introduce b and & concretely in the case of NLDBM we consider maps : R — R,
D:R? — R? and b: R — R satisfying the following hypotheses:

(H) (1) BeCHR), B0)=0,v<pB(r) <y, VreR, for 0 <y < v < oo.
(i) b€ Cp(R) N CH(R).
(iii) D € Cp(R%RY) N WL (RY; RY).
(iv) D = —V®, where ® € C'Y(R?), & > 1, ‘x}igoo@(x) = +oo and there exists
m € [2,00) such that =™ € L!(R?).
A typical example for ® is
(5.3) d(z) = C(1 + |z))*, 2 € RY,

with o € (0, 1].
Then we have for the corresponding (¢-independent) Kolmogorov operator (??) for u € P:

(5.4) L,h(z) := %%Ah(m) +b(u,(2))D(x) - Vh(z), v € R h € CZ(RY),
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where we set @ := 3(0), i.e. compared to (??) we have for (¢, z, 1) € [0,00) x R? x &,
O'(t, l’,,U/) B(UM(I'))
(5.5) Up T

Cuulr)
b(t, x, p) = b(uy())D(x).

Here Id denotes the identity matrix on R?. Hence (??) becomes an equation for density

wu(t,-) = % and then reads as

1
(5.6) Owu(t, z) = §A5(u(t,x)) — div(D(x)b(u(t, z))u(t, x)).
In this section we consider the case b = b, o = 7. So, the first equation in (??) is just (??)
and the second reads

(5.7) O, = %A(%%) — div(D(-)b(u(t, ),
(as always in this paper) meant in the weak sense.

In particular, if ¢ := ugdx € & is the initial condition for the solution of (??), then
according to our notation in Definition ?7(2)(b) the solution to (??) starting from s € [0, c0)
with 6 € Z, is denoted by ug;f, t>s.

The corresponding McKean-Vlasov equation reads:

(5.8) AX, = b(Lx, (X)) D(X,)dt + 23 (X))

dw,.
2 Zx, (X)) K

We recall that by Theorem ?? we have that (??) and (?77?) are equivalent (with i, = Zx,, t >
0). (??) and consequently weak solutions of (?7) have been analyzed in [?], [?] and the
solution process to (?7) has been named nonlinear distorted Brownian motion, because in
the linear case, i.e. b =constant and [ =identity, (??) reduces to the SDE for distorted
Brownian and (?7?) to the corresponding linear Kolmogorov operator.

Now let

o = C([0,00) = Py) N L=([0,00) x RY).

Then obviously condition (P) in Section 2 holds. The following is our main result on
NLDBM.

Theorem 5.1. Assume ??(i)-(iv) hold. Then:
(i) (??) is weakly well-posed in (P, o).

(i) Nonlinear distorted Brownian motion has the Markov property. More precisely, for
every (s,¢) € [0,00) x P the law P sy of the (unique weak) solution of (?77) started
from s at ¢ satisfies (7?7) with p as in (77).
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Proof. (i): By [?, Proposition 2.2] and [?, Theorems 2.1 and 3.1] in the case of NLDBM we
have well-posedness for (?77) in (P, &) (as defined above). Hence the assertion follows by
Corollary 77?7 above.

(ii) is then a consequence of (i) and Corollary ?7. O

Remark 5.2. If additionally we make the following assumptions:

(H) (v) b(r) >by >0 forallr € R
(UZ) ’ylA(I) — bO\VQDP S 0,

then it has been proved in [?] (see Theorems 6.1 and 6.5 in there) that (??) has a stationary
solution which is unique in a slightly restricted class of probability densities in L'(R?, dz).
Hence nonlinear distorted Brownian motion as a unique invariant measure in this class.

6 Exponential ergodicity of P,

In this section, we let b(t,x, 1) = b(z, ) and o(t, 2, u) = o(z, ) do not depend on ¢, and
consider the exponential convergence of the Markov process generated by L = L; on the

Wasserstein space
3
2= {ue = ([ oPuian) <oo}
R

To this end, we will take &, = 3% = Y,, which is a Polish space under the Wasserstein
distance

Walu,v) = inf ( / |x—y|2w<dx,dy>),
R xR

wEE (V)

where €' (u, v) is the set of couplings for p and v.
We will need the following linear growth and monotone conditions.

(A) b,b,0,5 are continuous on R? x &, and there exist constants K, \, s, A\, > 0 such
that for any (z, u), (y,v) € R x £y, we have

(6.1) {lol+ lloll + 1ol + ll7]1} (2, 1) < K1+ [z] + llull2),
(6.2)  2(b(x, ) = by, v), 2 —y) + oz, 1) — o (y, 1) s < KWl v)* = Az -y,

(6:3)  2(b(x, 1) — by, v),x —y) +llo(z, p) — o (y, V) lirg < EWa(p,v)* = Az — .

According to [?, Theorem 2.1}, under (A) both the SDE (??) and the second equation in
(7?) are well-posed for initial distributions in &%. We denote Pf( = Zx, for X} solving (?7?)
with ZLx, = ¢ € P5. Then by Theorem ??, the coupled equation (?7?) is well-posed for

c@o: @0:322, WZJMNZC([O,OO)% 322),
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with py = P for pg = ¢, t > 0. We denote by (Xf’m)tzo the solution to the second equation
in (??) starting at z. Then we have

(6.4) AXS" = b(XE", PrO)dt + a(XS", PrO) AW, X§* = .

Thus, Theorem ?? implies condition (?7), so that by Proposition 7?7 we see that (?7?)
gives a time-homogenous Markov transition kernel

(6.5) Pi(z,(;-) ==Pos(z, () = ,S,”th,z X 0pr¢e, 12>0,(z,¢) € R? x P,

generated by I:(: Lt > 0). For any v, u € &5, the distribution of the L-diffusion process
(X¢, pe) at time ¢ with Zx, = 0 and po = ¢ is given by

(6.6) P.(0,(;-) = / Py(z,¢;)0(dz) = Lyco X 0pr¢, (0 € Pt >0,
Rd ¢

where X solves (??) for s = 0, i.e.
(6.7) AXS? = p(X$?, PrO)dt + a(X2, PrO)dw, Lyco=10.

Let W5 be the L2:-Wasserstein distance induced by the following metric on R? x 2,:

(@, 1), (1)) = V| — > + Wa(p, v)?.

Then for any two probability measures A;, Ay on E := R? x &,

p 2 . : 2 .
WQ(A17A2) T He‘ro”l(lll\f;,Ag) /EXEP((I’M)7 (ya V)) H((dxadﬂ)a (dyady))u

where € (A1, Ay) is the set of all couplings of A; and As.

Theorem 6.1. Assume (A). If A\ > k > 0, then P, has a unique invariant probability
measure N = Vg X 0, for some [io, Voo € Po, such that for any (,0 € P,
R(e—()\—m)t _ e—Xt)

E+A—\

WE(P(0. G -), A < Wa(C, pec)” (e_“_")t + ) + W (0, va)’e ™, £ >0,

where when Kk + XA = \,
—(A=RK)t _ A=At _

€ T TC e >0

K+A—A

Consequently, the unique solution (g, V4)i>o to (77) with po, vy € P satisfies

W?(,Utaluoo)Q + Wy (1, Voo)2

A—kK)t
< Wa(po, foo)? (e“”)t +

R(e( —e
K+ A=A

—Xt) _
> + Wy (v, Vo) e ™™, ¢ >0.
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Proof. 1t suffices to prove the first assertion.
Firstly, by [?, Theorem 3.1], (A) implies that P} has a unique invariant probability
measure [i, such that

(6.8) Wy (P poo)? < €AWy (( poc)?, £20,( € P
Next, by (??), there exist constants c1, ¢y > 0 such that
200(%, ioo), ) + 10(, poc) | s < €1 = 2lz]?, @ € R

It is standard that this implies the existence of an invariant probability measure vy, of the
diffusion process X; associated with the SDE

Take an .Zy-measurable random variable (Xo, X$?) on R? x RY, such that Z % x50y €
€ (Vso, 9) and

(6.10) E| Xy — X512 = Wy(0, vs)?.

Let (X;)i>0 solve (??) with initial value X, which has law v.,. Since v, is the invariant
probability measure for the solution, we have

(6.11) L, = Voo, t2>0.
So,
(6.12) Ws(Lyco,veo)® SEX? = X%, ¢ > 0.

On the other hand, let A = v x §,_ . Then (??) implies
(6.13) Wa(Py(0,¢5-), A)* < WP, o) + Wa(Lyeo, v0)?, 2 0.
By (?7), (?7), (??) and It6’s formula, we obtain
A X’ — X,
= (200X, PEQ) = B(Ku o), X7 = Xo) + 0(XE7, Q) = (Ko, o) et + A,
< A{RWo(PrC, o) — MX? = Xy }dt +dM;, ¢ >0,

where

AM,; = 2((a(X77, Pr¢) — a( Xy, p100)) AWy, X0 — X,)

is a martingale. Combining this with (??), (??) and (?7?), we get

- _ t_
ElX;? — X,* < e™ME|[Xo — X571 + AW (¢, fioo)? / e A=)
(6.14) 0
At o | FW3((, fioo)? —(A—r)t At
— e MWy (1, 1 )2 4+ 2 o) _ :
e 2 (1, Uso)” + P S (e e )
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where when k + A\ = )\,

A—r)t _ A=At _ (A=s)t __ 1
S = e Mlim £ - te

K+A—A soA A— 8

Combining (?7?) with (??), (??) and (?7?), we derive

7( _
€ v

R(e—(k—n)t _ e_j‘t)

K4+ X—\

W (P(6, ;) A)? < Wa(C, p1oo)? (e‘“‘”)t + ) + e MWy (0, vs)?, t > 0.

As a consequence, A is the unique invariant probability measure for the L-diffusion process.

]

7 Feynman-Kac formula for PDEs on R? x &

In this section we aim to solve the PDE (??) by using the diffusion process generated by L;.
To this end, we first recall the notion of intrinsic/L-derivative, and present some classes of
differentiable functions on &,, see Appendix below for a geometry explanation which implies
that the class of cylindrical functions .#C?(Z?) is included in C’,Sl’l)(gzg).

Definition 7.1. Let f be a real function on P,, and let Id : R — R? be the identity map.

(1) We call f intrinsicly differentiable at pp € Py, if

LQ(Rd — Rd; :U’) 3 ¢ — V;/f(,u) = lelﬂ)l f(p“ © (Id + igb)l) — f(lu“)

15 a well defined bounded linear functional. In this case, the intrinsic derivative is the
unique element V7 f(u) € L*(R? — R%; 1) such that

(V7 F (1), d) 2y = VI f(1), ¢ € LA(R? — RY po).
f is called intrinsicly differentiable if it is intrinsicly differentiable at any p € Ps.

(2) We call f L-differentiable on & if it is intrinsically differentiable and

i W o ddt ¢)) = f(u) = VI f(w)]
16112,y 0 [l 22(u)

:0, /LG@Q

Let CY(22,) be the set of all L-differentiable functions f : Py — R with V7 f(1)(y)
having a jointly continuous version in (u,y) € Py x R, and denote f € CHDPy) if
moreover V7 f () (y) is bounded.

(3) Wewrite f € COV(2y) if f € CH(Py) and V7 f(u)(y) is differentiable in y, such that
VAVZ (1) ()} y) is jointly continuous in (u,y) € Py x R If moreover f € C}H(Py)
and V{VZ f(u)(-)}(y) is bounded, we denote f € C’él’l)(g%)
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7.1 Main result
We will work with the following class C}> (L1 ([0,T] x R? x 22,).

Definition 7.2. We write f € 05’2’(1’1)([0,T] X R x D), if f(t,z, ) is continuous in
(t,z, 1) €10, T] x RY x Py, C? inx € RY, OV in p € Py, such that the derivatives

Vit ap), Vf(tap), VZftzwy), VIVZFE ()} y)

are bounded and jointly continuous in (t,x,p,y) € [0,T] x R? x Py x R If moreover
Ouf (t,, 1) is continuous in (t,x,p) € [0,T] x R x Py, we denote f € 02’2’(1’1)([0,T] x RY x
Ps); and write f € C (L) (Rd X Po) if f(t,x, 1) does not depend on t.

According to Section 4, for any (x, 1) € R x 2, the Ly-diffusion process (X5 1) ess
starting at (x, u) generated by L, on R? x &, can be constructed as follows: j; = P* (L 1S

S,

the law of X; which is the unique solution of (??) from time s with Zx, = u, and (Xst )i>s
is the unique solution to the second equation in (?7) with X/ = x.
The main result in this section is the following.

Theorem 7.3. Assume that b,o,b,5 € 05’2’2([0,T] x RY x ). Then for any V,f €
Cg’z’(l’l)(Rd X Py) where V is bounded, and for any ¢ € C:’(l’l)(Rd X Py), the PDE (?7)
with w(T,-,-) = ® has a unique solution u € 02’2’(1’1)([0,T] x R x ), and the solution is
given by

u(t, z, p)

T
b b t

for (t,z, 1) € [0,T] x R x P,

When b = b and 0 = & do not depend on t and V = 0, this result is included by
(7, Theorem 9. 2] under slightly strongly conditions where the class Cl? 20D g replaced by

Cb sz f € Cb ) means it is in Cg,z,(1,1) such that

sz

Vf(t, SL’,/J,), V2f(t,$, :U’)7 V’@f@,%, :U’)(y)7 v{v9f<t’ Z, :U’)()}<y)

are Lipschtiz continuous in (z, 1) € R? x &2,. Moreover, [?, Theorem 9.2] generalizes (with
jump) and improves (under weaker conditions) the corresponding earlier results in [?, 7, ?].

7.2 Proof of Theorem ?77?

We first recall the following result taken from [?] (see also [?, ?]), which was proved for time
independent coefficients b = b and o = &, but the proof obviously works for the present time
dependent coefficients, since all calculations therein only rely on the regularity of coefficients
in the space-distribution variables (z, 1) but has nothing to do with derivatives in time.
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Lemma 7.4. Let b,0,b,5 € Cy*?([0,T] x R x 22,). Then
VX (2), VEXE (2), VIX5 (1)), VIVIXG()()}Hy)

are jointly continuous in (t,x,p,y) € [s,T| x R x Py x R, and there exists a constant ¢ > 0
such that

E(IVXE @I + IV2X5 @IF + 197X (020, 19197 X250 ) <
holds for all 0 < s < T and (v, ) € R x Py.
Replacing (b, &) in (?7) by (b, o), we consider the SDE
(72) AV = bt Y47, PLgdt + o(t, VA7, Py dW;, Vi — .

Then the Markov property of the solution implies
(7.3) Py = /d Zijﬂ(dI)7
R

where Py = Zx, for X; solving (??) from time s with £x, = p. Combining this with
Lemma ?7?, which applies to Y/;* replacing X" by taking (b,5) = (b,0), we have the
following result.

Lemma 7.5. Let b0 € 05’2’(1’1)([0,T] x R? x 92,). Then the assertion in Lemma 77 holds
for YI* replacing X1, and for any f € C’él’o)(gzg),
VP ) = [ BTV 00 N P (72| ()

(7.4) ,,
+E[{VYE W) Y7 (P ()],

where for vectors vy, vy € RY,
<{VYZ,L£.(Z)}U17U2> = <v02y;ljt’.<z>>vl>a
and {V7Y; 7 (0)(-) }v1 € LA(R? — R% ) is defined by
(V7Y WO }1,0) 12 = (VIAYZ O v), ¢ € LR RY ).

Proof. Let f € 05170)(@2), i.e. fis L-differentiable with V7 f(u)(y) having a bounded jointly
continuous version. For a family of random variables {£° : e € [0,1)} with £° := %
existing in L'(P), we have

(75) fim (L) = [(Zxo) _ -

el0 9

e=0

(V7 (Le0))(£(0)),£°).
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See for instance [?, Proposition 3.1], which is slightly extended from [?, Proposition A.2].
Since PJyp = [pa Ly p(dz), it follows form (??) that for any ¢ € L?(p),

V7 (P (1 { ( / Z pottasen . H dz) ( / oo 1 dz))}

/R (V7 F)(PL) (V) VIV (1) + Vo Y25 () ()
B [ [(9Y O D)0

+ (IVVE N7 DL (V). 6(2)) | u(dz).
Therefore, f(P;,-) is intrinsic differentiable such that (??) holds. O

e=0

Lemma 7.6. Assume thatb,0,b,5 € C}” ([O T xRIx Py). For V,f e 05’2’(1’1)([0, T) x
4 Py), let u be in (7?). Then u € q?““ ([0,T] x RY x 92,).

Proof. The proof is more or less standard, but for completeness we present below a brief
proof.

Obviously, u(t, z, i) is joint continuous in (¢, z, ). Next, by making derivatives in (x, )
for u in (?7?), we obtain

Vult, - p)(x) = [eft (<v1<1>< P o) (XI5, VX0 (2)
Sy <viv<-,P;Tu><Xsz>,vinf;rx»dr)
[ el () OXH), VX

RO PL) [ (VO P (X200, 97X <x>>de) dr] =12
t

and

V@u(t’ Z, )(U) (y)

= B ol VOS5 (9B Pl (10, T X5 0))
F O P [ 97V P 0)), V7 X )0
VIR BN i)0) + SO P [ VO B0
[ O R (S )0, X)) + 7 X B0 )

0 XU F) [ {97V 0.5 P )0) + 97 VOXE Paa) ) )0 )]

Combining these with Lemma ??, we finish the proof. ]
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We will need the following lemma, which follows from [?, Theorem 3.3] or [?, Proposition
A.6] under the stronger condition

T
(7.6) / E(jouf? + |8:]4)dt < o0, T € (s,00),

where || - || is the operator norm of matrices.

Lemma 7.7. Let a : [s,00) — R? and 3 : [s,00) — R¥®™ be progressively measurable with

T 2 T
(7.7) E(/ ]at|dt) +E/ | B]]2dt < o0, T € (s,0).

S

For X, € L*(Q — Z,;P), let py = ZLx, for
¢ ¢
X=X, +/ o,dr —|—/ G.dW,, t>s.

Then u. € C([s,00) = Ps) and for any f € C’lgl’l)(gzg),

df ()
dt

= E[%%@*,V{Vg”fwt)(-)}(XtDHs + o (V7 f))(X)). 12 s

Proof. Since pus € &5 and (?77?) holds, it is easy to see that u. € C([s,00) — P,). For any
n>1 let of = ailfja,<ny, B = Bilyjp.|<n}, and let pf = Ly for

t t
X=X, —I—/ oz:}dqu/ BrdW,, t>s.
Then

lim sup Wa(ug', p) =0

n—oo tE[S,T]

and (??) holds for (o, Bf') replacing (o, 5¢). So, by [?, Theorem 3.3] or [?, Proposition
A.6], we obtain

F2) = ) B [ [5080(B0Y VIV FOCHOE s + (0, (97 £ )0

for t > s. Since V¥ f(u)(y) and V{VZ f()(-)}(y) are bounded and continuous in (,y), by
(7?) we may apply the dominated convergence theorem with n — oo to derive

Flue) = f(s) +E / 54082 T 97 F) (HO0)) g+ s (V7 F ) (), 2 .

Then the proof is finished. O]

We now apply Lemma ?? to prove the following Itd’s formula for (X}, Pr,u).

S,t Y S,
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Lemma 7.8. Assume that there exists an increasing function K : [0,00) — (0, 00) such that
(7.8) {lol+lloll + ol + 1711} (¢, 2, 1) < K (@) + || + [[pll2), (8,2, 1) € [0,00) x R x P
Then for any f € C*WD (R x P,) and s € [0,7),

AF (XU, Poyp) = Lr fOXEF Pt + (V£ Pop) (XE0). o(t, XU PLg)dWa), ¢ € [5,T).
Proof. 1t is easy to see that (?77) implies (?7?) for

Q= b(t7Xt7 PS*,t:“’)’ /Bt = U(t’ Xt’ Ps*’tu)

for X; solving (?7) from time s with Zx, = p. By Lemma ??7 and the definition of L; in
(?7), for any z € R? we have

df(=, Ps*,t/ﬁ) =L f(, P:,t/L)dtv t=>s.
Combining this with It6’s formula for X7/ in (77), we obtain
AFQGE P = {df (& P} e + 1P QG0 o
= Lo f(XE Plop)dt + (V (- PLpu) (X)), o (8 XE, Pl o) dWE).
We are now ready to prove Theorem 77 as follows.
Proof of Theorem ??. (a) We first prove that w in (??) solves (?77). Let (¢,z,u) € [0,7T] x
R? x P,. For any € € (0,7 — t) we have

T
u(t’ x, :U’) — K |:(I)(XZ%L’ PZT,LL)eftT V(r,X{f’rz,P{f,«u)dr + / eft V(49,Xt‘f"9 7Ptf9“)d9f(7n, X;f;#’ P;:r,u)dT:|
t

:II+I27

where

T
I ::El®(XZ¥7RTTM)eLZEV(T,Xﬁ; ,Ptfru)dr_i_/ ol VO.X1 7Pt*,0”)d6f<r7 X ngrﬂ)dT:|,
t

t,r
+e

x * T 3 *
I =E [(I)(Xt“;» Pt*TN){eftT Vi Xe Plemdr oo V(“Xffrmvpt,r“)d’”}

t,r

t+e
V(0,X 18 Py o n)d6 T
+/ elt VOXTTFlomdop (. x Py p)dr
t
‘ [IV(O,X15E Pron)do [T V(0,X15E P, u)de e o
+ {e ¢ e e — ettt e e }f(?“, Xtﬂ” 7P157r/1“)dr :
t+e

By the Markov property of (X{,", P},it)reft,1, We obtain

v,y

T *
]1 B E{E |:CI)(X:-;1‘ T Pt*+e TV>eftha V(T7Xt+€’T7Pt+E’TV)dT
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T

v,y * JL_Vv(e,.xY . Pr _ ,v)do

+ / f(?“, Xt—f—a,'m Pt—i—e,ry)e i+e the, 07" e, dr
t+e

(yvy):(XﬁiiEVPtft+au) }
—_ /J/7$ *
= Eu(t + ¢, X{ 1., Pt,t+5:u)'

Combining this with Lemma ?? and Lemma ?7, we arrive at
t+e
L =u(t+e,x,p1)+ ]E/ Lou(t +¢, -, ) (X775, Php)dr.
t
Noting that w(t,z,u) = I + I3, b,o,® and f are continuous with linear growth, V is con-

tinuous and bounded, and u € C} ’2’(1’1)([O,T] x RY x 9,), we may apply the dominated
convergence theorem to derive

lim u(t7 €, :u) — u(t +e,7, :U’)
el0 g

1 t+e ~
= liﬂ)l —]E{ / Lou(t+¢,-, ) (X", Prop)dr + Ig}
elo € ¢ ’ ’

= Lou(t, -, )z, 1) + (uV)(t,z, 1) + £(t, 2, ).

Therefore, u solves (??), and d;u is continuous on [0, 7] x RY x Z2,), so that by Lemma ??
and the definition, we have u € C’,}’z’(l’l)([O,T] x R x 92,).

(b) Let u € CY21D([0,T] x R? x &%) be a solution to (??), we prove that it satisfies
(??7). Indeed, let

W,z

t
ny = u(t, X" P;tu)efstV(T’X;’Tx’PéT“)dr +/ f(r, X107 P;T/L)efs VOX0PLomdqr e [0,T).

st 8,7 )
By Lemma ?7 and (?7?), for any s € [0,T), we have

dnt = {(at + ]:t>u(t7 ) )(Xéff, Ps*,t:u) + (UV) <t7 Xﬁ,;txa Ps*,t:u’) + f(ta X;f;txa Ps*,t:u)

(Vult, -, Php)(XE), ot X7, PLyn)dWy) fel VXer Fiar

s,t vt s,

— ol VOXEEPLA0dr (Tt -, PE) (XEE), o(t, X0, Pry)dWy), ¢ € [s,T).

ER AR RN

Therefore, for any s € [0, 7],

u(s,z, pu) = Ens = Enp
T
= E{U(T, Xéf’;f’ P;,Tﬂ)efsT V(r, X5 Py p)dr ‘|‘/ f(?“, X P;rﬂ)eﬂ'V(@,XZ’OI,P;gM)dedT}’

s,r 7
S

that is, u satisfies (77?). O
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A A natural tangent bundle over &

It is well-known how to identify natural tangent bundles over “manifold-like” state spaces M
and their corresponding gradients. For this one has to fix a large enough space of “smooth”
real-valued functions .# (“test functions”) on M and for each x € M a set of “suitable
curves” v* : [0,1] — M, v(0) = x along which we can differentiate ¢ — f(7*(t)) at t =0
for all f € #. This construction has been performed in [?], [?] (see also [?], [?], [?],
1?1, [?], [?], [?]) with the space M being the space I' of all Z,-valued Radon-measures on
a Riemannian manifold, i.e. I' is the configuration space over this manifold. The space
Z there consists of so-called finitely based smooth functions on I'. It turns out that in
this case the resulting tangent bundle (7,I'),er consists of linear spaces 7,I" given by pu-
square integrable sections over the underlying Riemannian manifold. Let us now present the
completely analogous construction in the case we are concerned with in this paper, where
the underlying Riemannian manifold is R? and T is replaced by Z(R%) =: &. Define (see

(?7))
F = FCHP)
and for p € 2, ¢ € L*(R? — R? ) :
(A1) V() :=po (Id+tg)~", >0,
So, in our case the set of “suitable curves” starting at u € & are labelled by ¢ € L?(R? —
R?, ).
Claim: The resulting tangent bundle over & is (1, 2),c» = (L*(R? = R% 1)) e »
Proof. Let F € F = ZFC}(P) and p € &. Then
(A.2) F() = Fu(h), ., (ha).

for some n € N, hy,...h, € CZ(RY), f € C}HR") and thus by the chain rule for all ¢ €
L2(R? = R?, )

PO mo
= @), ) ) )
(A3) = (@D ulh)..... 1)) Vi 6) 2

Define the corresponding gradient for F' € #CZ(2) by

n

(A4) VZF(u) =Y (0:if)(p(ha), -+, (b)) Vi € L*(R? — R?, po).

i=1
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Then by (??) we have for all ¢ € L*(R? — R<, p)

d

(A5) S POB)mo = (V7 F (1), 6) s s

In particular, the definition of V¥ F is independent of the particular representation of F in
(?7).

Remark A.1. We note that for F € FC}H ) we have that VZF is bounded on RY. So,
the right hand side of (?7) is well-defined also if merely ¢ € L*(R? — R%, ). For simplicity
of notation and extending the inner product we keep the notation

JU97 F ), b = (97 F (). 0)

L2 (RA—RY, )

also in this case in the entire paper.
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