INSTABILITY OF THE STANDING WAVES FOR THE
NONLINEAR KLEIN-GORDON EQUATIONS IN ONE
DIMENSION

YIFEI WU

ABSTRACT. In this paper, we consider the nonlinear Klein-Gordon equation
Ot — Au 4 u = |u|P~u, teR, zeRY,

with 1 <p <1+ %. The equation has the standing wave solutions wu,, = e*“!¢,
with the frequency w € (—1, 1), where ¢,, is the solution of

—Adp+ (1 —w?)p—¢? =0.

It was proved by Shatah (1983), and Shatah-Strauss (1985) that there exists a
critical frequency w,. € (0,1) such that the standing waves solution u,, is orbitally
stable when w, < |w| < 1, and orbitally unstable when |w| < w.. Furthermore,
the strong instability for the critical frequency |w| = w. in the high dimensions
d > 2 was proved by Ohta-Todorova (2007). In this paper, we settle the only
remaining problem when |w| = w., p > 1, and d = 1, in which case we prove that
the standing waves solution wu,, is orbitally unstable.

1. INTRODUCTION

In this paper, we consider the stability theory of the following nonlinear Klein-
Gordon equation

Ot — Au + u = |ulP~'u, teR, z€RY, (1.1)

with the initial data
uw(0,2) = up(x), u(0,2) = uy(x). (1.2)
Hered>1and 1 <p <1+ ;% (1 <p < oo whend=1,2). The H x L?-solution

(u, uy) of (1.1)—(1.2) obeys the following charge, momentum and energy conservation
laws,

Qu, uy) = Im/uat dr = Q(ug, uq); (1.3)

P(u,uy) = Re/Vuut dx = P(ug, uy); (1.4)
1 s 1 2 Ly 1 P+

Blusu) = gl + 5 IValls + Sl - =l = Bl (15)

The well-posedness for the Cauchy problem (1.1)—(1.2) is well-understood in the
energy space H!(RY) x L?(R). More precisely, for any (ug,u;) € H*(R?) x L*(R?),
there exists a unique solution (u,u;) € C([0,T); H}(R?) x L*(R?)) N X of (1.1)-
(1.2), with the maximal lifetime 7" = T'(||(uo, u1)||zr1xz2). Here X is some suitable
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auxiliary space. We say that the Cauchy problem (1.1)—(1.2) is globally well-posed
when 7" = oo, and that it blows up in finite time when 7" < oco. See for examples
Ginibre-Velo’s results [6, 7] for the local and global well-posedness, and Payne-
Sattinger [22] for the blow-up. We also refer the readers to [11, 12, 13] and the
references therein for the scattering.

The equation (1.1) has the standing waves solution e™“'¢,,, where ¢, is the
ground state solution of the following elliptic equation,

—A¢+ (1 —w)p — ¢ = 0. (1.6)

When the parameter |w| < 1, there exists an H'-solution to (1.6), see [26] for
example. Furthermore, there uniquely (up to some symmetries) exists a positive
radial solution ¢,, say the ground state solution, which decays exponentially at
infinity. Particularly, in one-dimensional case, the solution to (1.6) is unique up to
the symmetries of the rotation and the spatial transformation. See also [1, 4, 5]
for some examples on the existence of the multi-solitary waves of the nonlinear
Klein-Gordon equations.

The stability theory of the standing waves solution e“!¢, of Klein-Gordon
equations has been widely studied. In particular, Berestycki and Cazenave [2] proved
that it is strongly unstable by blow-up when w =0 and 1 < p < 1+ $7 see also
Shatah [24]. In the case of w # 0, Shatah [23] proved that it is orbitally stable when
1<p<1l+3andw <|w| <1. Here

_ p—1
R EEDED)

Later, Shatah and Strauss [25] showed that when 1 < p < 1+ 3, |w| < w. or
1 +§ <p<l+ ﬁ, lw| < 1, the standing waves solution e*!¢,, is orbitally unstable.
See also Stuart [27] for the stability of the solitary waves. Hence, the above results
show that w,. is the threshold of dichotomy between stability and instability.

The critical cases, |w| = w, when 1 < p < 1+ 3, are degenerate based on the
theory of Grillakis, Shatah and Strauss [8, 9]. These degenerate cases were further
investigated by Comech-Pelinovsky [3], Maeda [15], and Ohta [19]. In particular,
as an application of the theorems established in [3, 15], the standing waves solution
™', is orbitally unstable in the critical cases |w| = w. when 2 < p < 1+ 3.
However, the range 1 < p < 2 in the critical case is not covered in the previously
mentioned works, since the nonlinear term is not regular enough. Furthermore,
Ohta and Todorova [21] proved the strong instability when 1 < p < 14 3, [w| < w,
or 1+ % <p<l+ ﬁ, lw| < 1 in high dimensions d > 2, which cover the entire
instability region in the case of d > 2, see also [10, 14, 20] for some companion
results.

As the summary of the results above, the region of index that decides the
stability and instability has been completely proved, except for the final open case:
1 <p<2 |w =w.and d =1. The present paper aims to settle this remaining
problem .

Before stating our theorem, we recall some definitions. Let v = uy, @ = (u,v)7,

ﬁ
iy = (ug,u1)”, and @, = (¢, iwgy,)". For £ > 0, we denote the set U.(P,,) as

— o=
U.(9,) = {@ € H'(R) x L*(R) : (ei?fR |7 — e®®y,(- — y)||grxre <€}
y)ER?
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Definition 1.1. We say that the solitary wave solution u, = e“'¢p, of (1.1) is
stable if for any € > 0 there exists 6 > 0 such that if |dy — Pu||gixrz < 9, then the
solution U(t) of (1.1) with @(0) = iy exists for all t € R, and u(t) € Us ((ID—Z) for all
t € R. Otherwise, u,, is said to be unstable.

Then the main result in the present paper is

Theorem 1.2. Letd=1,1<p <5, we (—1,1) and ¢, be a solution of (1.6). If
lw| = \/’%1, then the standing waves solution et¢,, is orbitally unstable.

Then together with the results in [23, 25, 3, 15, 21] and Theorem 1.2, we have the
following classification of stability theory for the standing waves solution !¢, (x).

Corollary 1.3. Letd >1,1<p <1+ 3, |w| <1. Then

(1) If |w| > |we|, then the standing waves solution ‘¢, () is orbitally stable;
(2) If |w| < |we|, then the standing waves solution ¢“'¢,,(x) is orbitally unstable.

The main new ingredient in this paper is that we establish a new monotonic
inequality based on the virial identity and the modulation theory. Our argument
is completely different from [3, 15, 21]. First, our method does not require the
regularity of nonlinear term, while the previous ones in [3, 15] are based on the high-
order derivatives of the Lyapunov functional. Second, we overcome the difficulty that
the virial identity is too weak to prove the blow-up directly in 1D case due to the
lack of symmetry. Ohta and Todorova’s argument in [21] relies heavily on the radial
Sobolev inequality, so it can only handle the higher dimensional case when d > 2.

Now, we briefly describe the framework of proof. We argue by contradiction,
assuming that the solution is close to the standing wave solution for any time.
Then, the modulation argument gives the smallness of perturbation function up to
the rotation, spatial translation and scaling. Finally, we use the localized virial
identity to preclude that both the perturbation function and the scaling parameter
keep the initial sizes for any time, which leads to a contradiction.

There are two observations that play an important role in our argument. The

_)
first one is the flatness of functional E(wa) + @ (@w) respect to the scaling param-
eter A in the degenerate case. This gives a nice bound of the perturbation function
¢ in the following way,

€132 S 1A = LfllE0] #1152 + 0((A = 1)%).

Since we assume that the solution is stable, then the square of the perturbation
equation is roughly controlled by its first power at the initial moment. This is
inspired by the work of [16].

The second observation is a specific form of the localized virial identity I(t).
By suitable definition, we can prove that

I'(t) = P(u(t))
for some quantity P(«). Using the modulation theory, we decompose P() as
Alilp) + (B(®,),2) + C(Du)(A = 1)+D(y) (A — 1)°
+O(|EN 7« r2) + o((A = 1)?).



4 YIFEI WU

Then, we shall prove that the quantity P(u) satisfies the following structure: there
exist ¢; > 0 and ¢ > 0 such that

A(iy) = c1]|le(0)||x, D(®) > ¢z, and (B(®,),e) = C(d,) = 0.

In fact, we are able to obtain the first inequality by combining suitable initial datum
and the conservation laws, the second one by using the structure of P(#), and the last
identity by choosing suitable orthogonal conditions and applying the conservation
laws. Combining with this structure and the smallness estimate of the perturbation €
given in the previous observation, we can prove that I(t) goes to infinity as t — +o0,
which contradicts its uniform boundedness.

The following is the organization of the paper. In Section 2, we give some pre-
liminaries. It includes some basic definitions and properties, the coercivity property
of the Hessian, and the modulation statement. In Section 3, we give the virial iden-
tities, control the remainder function and the scaling parameter, and finally prove
Theorem 1.2.

2. PRELIMINARY

2.1. Notations. For f,g € L*(R) = L*(R, C), we define

Re/f

and regard L2(R) as a real Hilbert space. Similarly, for f, 7 € (LQ(R))2 = (L*(R, C))Q,
we define

—

e Rf(x)T

1

For a function f(z), its Li%-norm | f||z« = ( \f(a:)|qu> " and its H'-norm
R
1Al = (LANZ2 + 1102 F1172)2

Further, we write X S Y or Y 2 X to indicate X < CY for some constant

C' > 0. We use the notation X ~ Y whenever X <Y < X. Also, we use O(Y) to
denote any quantity X such that |X| <Y; and use o(Y') to denote any quantity X
such that X/Y — 0, if Y — 0.

2.2. Some basic definitions and properties. In the following, we only consider

one dimension problem and the case of 1 < p < 5, in which w, = ,/’%1. Let

i = (u,v)T, ®, = (P, iwd,)T. Recall that the conserved qualities,

Im/uv dx,

B@) = 30l + 5lualis + 3lluls = =Nl
First, we give some basic properties on the charge and energy.

Lemma 2.1. The following equalities hold,
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o #e(el)] , =o
(2) If |w| = we, then (p+ 3)E ( w) +8wQ ( w) —0.

Proof. Note that

Q (82) = —wleuli.
Moreover, by rescaling, we find,
bu(@) = (1 — &) 7169 (V1 —wPx).
This implies that
Q(®2) = w1 =) nlE.
Hence by a direct computation, we have

2

d — 2 4
20 (#2) =~ =P 1= ool
This gives (1). For (2), we have
— 1 1
B (@2) = 5100115 + 5
From the equation (1.6), we obtain that
102001z + (1 = w?)|fullz2 — H%H’iﬁl = 0;

1020172 — (1 = w?)lI b7z o 119! Ton =

1
1+ w?)||@ull7> — mH%’ a5

These give that
— 1
E(®) = ——=(p— 1+ 4?) ||
(o= 1+ ) ol
—>
Combining the value of ) (@w) above, we obtain (2). O

Now we define the functional S, as

Su(@) = E(@) + wQ(q).

S (@) = ( Uy +uv— Pt ) Y ( _vu ) .

— —
Note that S’ (®,) = 0. Moreover, for the vector f = (f, ), a direct computation
shows that

Then we have

g —f
From the invariance of S’ ( w) in the rotation and spatial transformations, we have
& — =
So(@ ) =0,  SU(®.)0,P. = 0. (2.2)

Indeed, from

we find that
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and

S1(82)0,80 = ~0,5L (L~ )| =0

y=0

This gives (2.2). IR
Moreover, taking the derivative of S/, (CIDw) = ( gives that

S1(32)0.%, = —Q'(B).

Then a consequence of Lemma 2.1 (1) is
Corollary 2.2. Let A\ € RT, w = +w,, then
— —
S (@) — S (B2) = o((A — 112).

Proof. From the definition and the Taylor’s type expansion,

Sr(Pre) — S (@)
=5,(Ba0) — S(B0) + (0~ Dw(Q(B0) ~ Q(32))

Note that

we find that

where we use (2.3) for the second identity. Using Lemma 2.1 (1), we have

d%@(@_mi) _ =0
Hence,
(@) (o - @2). (3. - ) ) = o((r - 12).
and

—
o

Q(@r) — Q) = o(A - 1).

Thus we obtain the desired estimate.

(2.3)
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2.3. Coercivity. First, we need the following lemma.

Lemma 2.3. Let 1, = (0ybu, iwdydw)T, \IT:, = (2w, 0)T, then
_%

Moreover, if |w| = w,, then

(SL(@2) i) <0

Proof. Note that from the equation (1.6), we have
(= Ope + (1 — W) — p ' Re — ig? "' Im) D, ¢, = 2weh,,.

Then (2.4) follows from a straightforward computation.
For (2.5), we have

— -
<S”( )¢wa¢w> = <\ijaww>
d
~20 [ 0, 0.0.ds o0l
o d — 9
= ——Q (@) — lleulz-
Using Lemma 2.1 (1), when |w| = w,,

(@) = Nl <.

This proves the lemma.

Now we have the following coercivity property.

Lemma 2.4. Let w = dw,. Suppose that € € H(R) x L*(R) satisfies
o = L= o —
<€,Z(I)w> = <§7aacq)w> = <§7\ij> = 0.

(SL@DEE) 2 €] s

Then

Proof. First, we show that

Ker <Sz (iﬁ)) = Span{iiﬁ, Gxii}

Indeed, from (2.2), we have
{i@:ﬁ,@xa} C Ker(SZ (ii))
Hence, to prove (2.6), we now turn to show that if
su(®2) =0,
then
f: cliCIT: + 62&,3(17:.
Let f = (f,g), then from (2.1), the equality (2.7) is equivalent to

_f:r:Jc + f —PWZ_IRef - ngfj_llmf + ng = 07
—wf =0

(2.6)

(2.7)

(2.8)
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This implies that f obeys the equation

_f:ca: + (1 - OJQ)f - quf;_lRef - quf.)_llmf = 0.
Then from Proposition 2.8 in Weinstein [28], we obtain that there exist ¢; € R, ¢y €
R,
f = Claxgbcu + Colhyy-
This yields that
g =1iwf = c1iwd, ¢, + Coiw - i,
Hence we have (2.8) and thus we prove (2.6).
Second, we claim that
H
S (<I>w) has exactly one negative eigenvalue. (2.9)
To prove (2.9), we need some well-known facts. It is known that the operator
—Opp + (1 —w?) — ¢! is non-negative, (2.10)
and the operator
_ama: + (1 - WZ) - p%_l
has exactly one negative eigenvalue (see Page 489 in Weinstein [28]). That is, there
uniquely exists a pair (A_q, f_1) € R~ x H*(R) such that
—Opaf 1+ (1 =) for —pdb for = A i o

%
Moreover, the formula (2.5) implies that S/’ (@w) at least exists one negative eigen-
value. That is, there is at least one negative eigenvalue and its associated eigenvec-

~ —

tor, say (A_1,€_1) € R™ x H'(R), such that
SU@E L = A, (2.11)
Using (2.1), this yields that
{ —O0rz§1 + &1 — pdl ' Reéy —igl ' Iméy +iwn_y = Aiéy,
n-1 —iwé1 = A_11_1,
where £_; = (€-1,m—1). This further implies that

D1+ (1= W) — pdP Re€_; —ig? ' Tmé_; = A, (1_‘*’;71 + 1)5,1,
nN-1= lf;\wflf—y
Now we use facts (2.10) and (2.11), to obtain that

2

~ w
)\1<1 S+ 1) — A, and £, =f.. (2.12)

Then we find that given A\_; < 0, there exactly exists one negative solution A1 <0,
satisfying the first equation in (2.12). This implies S”(®,,) has exactly one negative

eigenvalue. That is, there uniquely exists (A_1,£ 1) satisfying (2.11). This proves
(2.9).
Now we are ready to prove the lemma. Since ¢, is exponentially localized,
— . .
S"(®,,) can be considered as compact perturbation of

9 (—8@ +1 zw) .
—Ww 1
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Therefore its essential spectrum is [2(1 — w?), 00) and by Weyl’s Theorem its spec-
trum in (—o0,2(1 —w?)) consists of isolated eigenvalues. Without loss of generality,
we may assume that 5,1 is the L? x L2-normalized eigenvector associated to the
negative eigenvalue A_1, that is

—

SU( w)é-1 —:\—15—17 and “g—IHL?xL?:l- (2.13)

According to these, we may write the decomposition of é’ along the spectrum of

S1(®.) as

- - = —
§=a_1§ 1+ ap1i1P, + a9 20, P, + 177,
. o e L2 T o a7
with a_1,a01,a02 € R, and 77 verifying (17,£_1) = (77,iD,) = (7, 0,P,,) = 0 and
12
(0(®@2)7.7) 2 [l 10 (2.14)
o = o=
Since (£,iP,,) = (£, 0,P,) = 0, we have ag; = ago = 0, and thus
E=aqé it (2.15)
. . - - —>
Similarly, noting that (2/1w,zCI> ) = (U, 0,P,) = 0, we write

Yy =011+, (2.16)

with b_; € R and g verifying
(.61 = (7.102) = (7,0,85) = 0, and (S1(82)7.5) 2 1771, 2
From (2.15), we find
<S” DE §> A d?, + <5;j(<1§>)ﬁ, ﬁ>. (2.17)

Hence by (2.14), we only need to estimate A_ja?,. To this end, we shall use the
third orthogonality condition.
For simplicity, we denote

0 = — (S(®2) i)

then from (2.5), we have dp > 0. Moreover, using (2.16) we obtain the relationship
Aib%, =~ — (S(® ) 7, 3). (2.18)

Furthermore, the formulas (2.4) and (2.16) imply

\ITZ = 5\—15—15—1 + S, (iﬁ)g*

—

—)
Hence, with combination of (2.15) and the orthogonality condition (£, ¥,,) = 0, we
have

3 "N =
Ara—1bog +(S;(®w)g, ) = 0. (2.19)
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Together with (2.18) and (2.19), and using the Cauchy-Schwartz inequality, we ob-
tain that

_ (s2(@? D DEE)s

(2.20)
b+ (S1(®2)7.9)
Hence this combining with (2.17) and (2.14), gives
" <S,/( )77 ﬁ> SH( ) " =\
S £, ¢ + S (D),
< ( ) > (50—|—(S”( )§ §> < ( ) 77>
_ <SH( o) @ (2.21)

>
—> /r/ 1 2
Using (2.20) again, and by Holder’s mequahty, we have

a2y S e
Hence, from (2.15),

€l zese S 020+ g S Il
This together with (2.21), yields

(SL@EE) 2 [Ell7eso (222)
Lastly, from the definition of S”(@w) in (2.1), we have

Ha‘HleQ ~ <S”( )5 5) + H£|’L2><L2
Therefore, followed from (2.22), we obtain that

(SL@DEE) 2 13 (223)
This finishes the proof of the lemma. 0

2.4. Modulation. The modulation method was first introduced by Weinstein [28],
and strengthened by the mathematicians such as Martel, Merle, Raphaél [16, 17, 18].
We use the modulation argument inspired by these works. Particularly, in the Klein-
Gordon setting, we use a similar form established by Bellazzinil, Ghimenti, and Le
Coz in [1], who considered the total linearized action. The following modulation
lemma says that if the standing wave solution is stable, then after suitably choosing
the parameters, the orthogonality conditions in Lemma 2.4 can be verified.

Lemma 2. 5. Let w = tw.. There exists g > 0, such that for any € € (0,&q), if
u(t) € U ( w) for any t € R, then the following properties is verified. There ezist
C-functions
0,9) :R* R, X:R—R",

such that if we define 5 by
- . —
f(t) = e_ze(t)u(ta T y(t)) - (b)\(t)wy (224)
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then gsatisﬁes the following orthogonality conditions for anyt € R,
- — 5 — - —
<€7lq))\(t)w> = <§7aacq))\(t)w> = <57‘1’A(t)w> = 0. (2.25)

Moreover, the following estimates verify
1€l sz + A =1] Se,
and for any t € R,

|0 — Aw|+ [y] + |)‘| = O(Hgmem)'

Proof. Since the argument is standard, see c.f. Proposition 1 in [16] and Proposition
9 in [1], we give the proof much briefly. The existence of the parameters follows from
classical arguments involving the implicit function theorem. More precisely, fixing
t € R and writting @ = @(t) for short, we denote Fj,j = 1,2,3 : Uy (®,) x R x R x Rt
by

Fu(@,0,5.0) = (€100 )5 Fa(d, 0,9, 0) = (€ 0,80 ) s Ba(@0,9.0) = (€000
Then
Fy(®,,0,0,1) =0, forj=1,2,3
Moreover, a direct computation gives that
k1 O,F1 O\Fy

0pFy 0,F, O\Fh
OpFy 0,F; O\Fj

(@.0.y.0)=(Fx0,0.1)

_>
S 0
- 0 _”aﬂfq)WHL?xL2 0 7 0.
0 0 b7

Therefore, the implicit function theorem implies that there exists ¢g > 0, such that

—

for any € € (0, &), for any u € U.(P,), there exist continuity functions
(0,y) : Ua(éw) - RQ, A Ua((ﬁw) - R+7

such that F;(,6,y,\) =0 for j =1,2,3.

The parameters (6,y,\) € C! in time can be followed from the regularization
arguments, see c.f. Lemma 4 in [16]. Now we consider the dynamic of the parame-
ters. From (2.24), we have

— i i
(t) = "D (E+ Prn) (8, +y(t)).
Then using this equality, the equations
u=v, v =Au—u+|ulftu,
and (1.6), we obtain that
- . S — ) S — . _— -
DE+i(0 — M) (€ + Paprw) + 905 (€ + Prppyw) + AwdrPryw = N(§).  (2.26)

Here we have used the notations f = 8,f for the time dependent function f, and

—

N () verifying
(N©),f) = O(”a‘Hle?)Hﬂ‘HleQ’ for any f € H' x L*.
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Now multiplying (2.26) by i® )., 0P (1) and \I/,\(t)u/,, respectively, integrating by
parts and then using the orthogonal conditions (2.25), we obtain that

(6 — M) (quiw + (€ <I>TZ>) + (0,8, 1) — Mol i03Brs) = O(|[E]] 1, 12):

: A= . — o=
(0= X0) (G, 0,82) + 9 (102 Brc oz + (0:€. 0,000

— (€ 0:0:8.0) = O(€]|y1,,2):
and
(6 — N) (i€, Wns) + (0, Wno)
— (2 orls + (€T ) = O8] )
With combination of these three estimates, we obtain that

6 = ol + 131 + 1Al = O([|€]l 1 c2)-
This finishes the proof of the lemma. O

3. PROOF OF THE MAIN THEOREM

3.1. Localized virial identities. To prove main Theorem 1.2, one of the key in-
gredient is the localized virial identities.

Lemma 3.1. Let ¢ € C'(R), then
d

%Re/uﬁt dr = / [uel? = Jus? = [u? + |uP*] da;

d 1 2
RG/SOE (%@s) dr = _§/g0’ﬂut|2 + ’Ux\z - ’U\z + m’u‘pﬂ} dx.

Proof. It follows from a direct calculation. See [21] for the details. O
Now we define the smooth cutoff function pr € C*(R) as
¢r(x) =z, when |z| <R, ¢r(x) =0, when |z|> 2R,

and |¢| < 1 for any x € R. Moreover, we denote

4
= 1Re/uut dx + 2Re/ng(a7 — y(t))uxﬁt dx.
p —

Then from Lemma 3.1 we have the following lemma.

I(t)

Lemma 3.2. Let R >0, if |[y| <1, then
+3 16w .
I/(t> = — ]% . 2E(u0,u1) — pTlQ(U(),Ul) - 2yP(U0,U1) +

SO( [l Pl ).
lz—y(t)|2R

e —
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Proof. First, we have

iRe/ng (z — y(t))ustiy do = —g)Re/@}% (z — y(t))us Uy do

dt
—l—Re/ng(x— ())jt(umut) dx.

Then from Lemma 3.1 and the momentum conservation law, we obtain

iRe/ng@ — y(t))uxﬂt dr = —yRe/gp’R(x — y(t))uwﬂt dx

dt

_1 / . 2 2 2 p+1

5 | o= o) [l + u? = uf? + =t do
= —yP(ug,uy) — yRe/ [goR(x — y(t)) — 1}uzﬂt dx
_1 2 2 2 i p+1

5 [l + sl = o+ =) do

_1 / . - 2 2 2 = p+1
5 | [ea(o = o) = 1) (sl + aaf? | + =™ do.

Since supp [¢g(z — y(t)) — 1] C {z: |z —y(t)] > R}, |¢k| < 1 and || S 1, we get

. 1
= —yP(uo,u1) — B / (|ut|2 + |ug > = |ul®* + p—|u|p+1) dr

2O( [l da).
lz—y(t)|= R

Moreover, from Lemma 3.1,

d
%Re/u'at dx — / Uut|2 _ ‘U’I|2 _ "u,|2 + ’u‘]’+1:| dx

Combining the two estimates above, we obtain that

4 p+
I'(t) = — 24P (——1> 2, -
(t) yP(uo, u1) + o e |72 =

p+3

3
Il

+p—|| ull7 e
o[ |ut]2—l—|ux\2+ P+ P ds). (3)
lz—y()|=R

Note that when |w| = w,,

4 p+3 p+3
(575 = ) leelte = ZE Sl + E=L el + 2555l

p—1
8 . p+3 16w
o —1 e — W“”L? - p—l 2E(U0,U1) - p—Q(Uo,m)

Inserting this equality into (3.1), we prove the lemma. O
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3.2. The choice of initial data. In this subsection, we choose the initial data such
that it is close to the standing waves solution but leads the instability. We set

T = (14 a)®.,. (3.2)

Here, a € (0, ap) is an arbitrary small constant, and ag will be decided later. Then
we have

Lemma 3.3. Let @y be defined in (3.2), then
P(up) =0,
and
Qi) — Q (®2) = —2aw]| 63 + O(a?).
Proof. 1t follows from the definition that P(uy) = 0. Now consider Q(uy). We write
Qo) — @ (82) = (@' (B2) .0 — B2) + O(io — L3 12)

= — w (s, U — Pu) — (idy, u1 — iwdy) + O(d®)

= — 2aw||gu[l7> + O(a”).
This finishes the proof of the lemma. 0

Using the above lemma, we can scale the main part in I'(t).

Lemma 3.4. Let @y be defined in (3.2), then
p+3 16w 5—p

—y 1 2B() = = Q0] = S - daw| sl + O(a?).
Proof. Making use of Lemma 2.1 (2), we have
p+3 B 16w o
B0 9B — ——
P (o) - lQ(w))
p+3

-2 e (8)] - 2

p—1
- o (E) - ;250 (%)
-2 ol - ()] - 25w - ()]

Since
B(iy) — B (1) = [Su() - 5. (22) | - w]@(@) - (22) ]
we further write

p+3 ., 16w .
P 9pa) - =2
- (o) - 1Q(U0)

3 — 5 — —

= - P2 o) - s (82) | - =2 2wfo(m) - @ (30) ]
p p—

By Taylor’s type extension, we have

5 — N —
Suliio) = S (®2) = 0o — B2 |31,12) = Oa?).

Now using Lemma 3.3, we prove the lemma. 0
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Similar computation also gives

Lemma 3.5. Let A € R with A\ < 1, 1y be defined in (3.2), then

Saliio) — S () = =201 = Daw? |62 + O(e?).

Proof. By the definition of S, we have

Shaliio) — S (®2)
,

—S, (i) — S.. (@w) SO = 1w [wao) —Q, (qi) } .

Since
_>
S(d) - 8 (®5) = O(a?),
then by Lemma 3.3, we prove the lemma. O

Now we control the rest terms of the virial identity in Lemma 3.2. We argue
by contradiction, and suppose that the standing wave solution u,, is stable. That

is, for any_)s > 0, there exists_}a constant ag > 0, such that for any a € (0, ap), if
Uy € Uy(®,,), then u(t) € U.(P,) for any t € R. We may assume that @ € Ug(éw)

for ¢ < gg, where ¢ is determined in Lemma 2.5. Hence by Lemma 2.5, we can
write

u=e"(oro +OC -y w = (Dwhre +1)(- —y) (3.3)
with 5: (&,m) satisfying the orthogonal conditions (2.25).

3.3. Lower control of ||u; — iwu||r2. In this subsection, we prove the following
lemma.

Lemma 3.6. Suppose that & = (&,n) defined in (3.3) satisfying the orthogonal
conditions (2.25), then

lue — dwul|7: =(X = 1)°w?|[du |72 + I — wé|z.
+O(IA =17+ alA = 1+ 2.
Proof. By (3.3), we expand it as
lur — iwull72 =llidwdr, + 1 — iw(r + )l

=[li(A = Dwoxe, + 1 — iwg]|Z:

=(A = D22 ([proll7e + 200 = Dw(n — iws, igaw) + [In — iwt][7..
Noting that

[prallZe = lgullZz + O(IX = 1)),
then combining with the third orthogonal condition in (2.25), we further get
e — wull2s =(A = 12 gl + 200 — D(n, ions)
+ [l — iwg|72 + O(IA = 1P). (3.4)
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Now we consider the term (n,i¢y,). First, we use the charge conservation law to
obtain

Qi) - @ (®5) +Q (82) - @ (2x)
= Q(7) - Q ()
= (€. Xw0ns) = (mi0n) + O(ElFnss).
Then by the third orthogonal conditions in (2.25), we have
(nion) = Q (8x5) - @ (®2) = [Q(@0) = @ (82) | + O(IMns2).
From Lemma 2.1, we have
Q () - Q (o) =o(r-1p),

and from Lemma 3.3, we have

Therefore, we obtain that

(nign) = O(a+ N =11+ IElEnas2). (3.5)
Now together (3.4) with (3.5), we obtain the desirable result. O

3.4. Ejpper control of HEH mixr2- In this subsection, we give the following estimate
on [[§]l e
Lemma 3.7. Let £ = (&,m) be defined in (3.3), then
1€]171xz2 = OlalA = 1] +@®) + o((A = 1)%).
Proof. From the charge and energy conservation laws,
Sy (o) = Sx(2)
= 81 (@) — Sx (0a0) + Sua (Bn)

1 —\ = — -
= 5 (S0 (B2) €.8) + S (B) + 0(IEsse).
Hence by Lemma 2.4,

€3 ze < 5 (5K (F2) )

[t 50 ()] - [0 (55 - 5 (5] )
By Lemma 3.5,

S)\w Uo

S (22) = =200 = Daw?|lgu 2 + O(a?)
and by Corollary 2.2,
— —
S,\W(CI))\UJ) — SAW((I)M) = 0(()\ — 1)2).
Therefore,

1€ z2 = O(alA = 1]+ @®) + o((A = 1)%) + o (€]l 12)
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Then, after absorbing the last term by the left-hand side one, we finish the proof of
this lemma. U

—

3.5. Proof of Theorem 1.2. As discussed above, we assume that @ € U.(®,,), and
thus |\ — 1] < e. First, we note that from the definition of /(¢), we have the time
uniform boundedness of (%),

ﬁ
sup (1) 5 R0z + 1)) (3.6)
S

Now we consider the estimate on I’(t). First, by (3.3), the exponential decaying of

1 3
¢wand§§)\§§>

[l fup + ] o
z—y(t)|=R

S [ lonl ool vier o +1er +1of] do
z|>R

2 1
)
Hence by Lemma 3.2,
7)== 213 9B (ug, ur) — 25 Q(ug, )
- p— 1 0, 41 p— 1 0, 41

— QQP(Uo,ul) +

1
e = il + O (€] p + )

p—1 R

Now by Lemma 3.4, Lemma 3.3, and Lemma 3.6, we have

5—0p .
I'(t) =1 daw?||@ull72 + (A = 1)*0?(|@ull72 + [l — iwg]|Z:

—I—O<a2+a|)\— 1+ A= 1P+ ||, e + %)

Setting R = a2 and applying Lemma 3.7, we further get
dD—0p .
I'(t) Tp—1 daw?||@ull7z + (A = 1)*w?(|gull72 + [In — iwg]|7:
+0(a® +alx —1]) + o(|]A — 1]%).
Choosing € and ay small enough, we obtain that for any a € (0, ao),

5—
I(t) 20— - 207 gu3a

This implies that I(t) — +oo when ¢ — 400, which is contradicted with (3.6).
Hence we prove the instability of the standing wave u, and thus give the proof of
Theorem 1.2.
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