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Abstract

Recently, the elephant random walk has attracted a lot of attentions. A wide range of literature is
available for the asymptotic behavior of the process, such as the central limit theorems, functional
limit theorems and the law of iterated logarithm. However, there is not result concerning Wassertein-1
distance for the normal approximations. In this paper, we show that the Wassertein-1 distance in the
central limit theorem is totally different when a memory parameter p belongs to one of the three cases
0<p<1/2,1/2<p<3/4and p=3/4.
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1. Introduction and main results

Random walks, are widely used in theoretical physics to describe phenomena of traveling motion
and mass transport. As a kind of interesting random walk, the elephant random walk was introduced
by Schiitz and Trimper [13] in 2004 in order to study the memory effects in the non-Markovian
processes. The name being inspired by the fact that elephants can remember where they have been.
It is a one-dimensional discrete-time random walk on integers, which has a complete memory of its
whole history. The elephant random walk model can be described as follows. It starts at time zero
on 0. At time n = 1, the elephant 7; has a Rademacher R(q) distribution, where ¢ lies between |0, 1].
For n > 1, we define

In+1 = Qnllg,,

where «;, has a Rademacher R(p) distribution, p lies between [0, 1] and £, is uniformly distributed
over {1,2,...,n}. Moreover, a, is independent of ng,. The position at time n + 1 is

n+1

Snt1 = Z 7.
i—1

In particular, when p = 0 or 1/2, the elephant random walk reduces to the classical symmetric random
walk. Since the latter random walk has been well studied, we skip the cases p = 0 or 1/2.
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The elephant random walk model has drawn a lot of attention in the past few years. One of the
interesting questions concerns the influence of the memory effect on the long time behavior. Quite
recently, via a method of connection to Pélya-type urns, Baur and Bertoin [1] derived the functional
limit theorems and showed that the limiting process of elephant random walk turns out to be Gaussian
in the diffusive regime (0 < p < 3/4) and the critical regime (p = 3/4). But, in the superdiffusive
regime (3/4 < p < 1), the limiting process of elephant random walk is non-Gaussian. See also Coletti,
Gava and Schiitz [5, 6] for central limit theorem (CLT) and strong invariance principle of elephant
random walk. With a martingale approach, Bercu [2] recovered the CLT for the elephant random
walk as 0 < p < 3/4. For 3/4 < p < 1, he also showed that the elephant random walk converges to a
non-normal random variable. The strong law of large numbers and the law of iterated logarithm are
also discussed in [2]. For the extensions of elephant random walk, we refer to Bercu and Laulin [3],
where Bercu and Laulin have established the CLT for the multi-dimensional elephant random walk.
Though the asymptotic behavior of the elephant random walk, such as CLT, functional limit theorems
and the law of iterated logarithm, has been well studied, there is no result concerning Wassertein-1
distance for the normal approximations. Set a; = 1 and denote, for n > 2,

I'(n)T'(2p) ~ 5
n = T~/ o 4\ d n — R
a Tln+2p—1) an v ;a

where I'(x) is the Gamma function. Notice that the exact values of a,, and v, can be easily calculated
via computer. In this paper, our main interest is Wassertein-1 distance for CLT of elephant random
walk. Recall that the Wassertein-1 distance for CLT is defined as follows:

+oo
|Fy, — ]y = / |y, (z) — ®(x)|d,

—00
where Fx, and ® are the distribution function of the random variable X,, = a,S,/ /v, and the
standard normal random variable, respectively. The main result of this paper is the following theorem
which gives some Wassertein-1 distance results for the CLT of elephant random walk. In particular,
we get three different convergence rates depending on the value of the memory parameter p.

Theorem 1.1. Let n > 2. The following inequalities hold.

[i] If 0 < p < 1/2, then
logn
HF(anSn—Zq—i—l)/\/'un - q>”1 <C \/ﬁ .

[ii] If1/2 <p < 3/4, then
logn
| Flans =20/ vim = ®lh < Cp=s

[iii] If p = 3/4, then
loglogn
F _ —P|)h < OC—=—.
1 F an S —2q+1)/y/om — @ll1 < Jozn

Here, C is an absolute constant and C, depends only on p.

The main idea in the proof of Theorem 1.1 is to introduce a martingale associated to the elephant
random walk and to take advantage of powerfull limit theorems from martingale theory. In particular,
we are going to apply the CLT established in Lemma 2.4 below.



2. Proof of Theorem 1.1
Define the filtration F,, = o(n;, 1 <i <n) and
M, = a,S, —2q + 1. (1)
Then (M, Fn)n>1 is a martingale. Indeed, it is easy to see that for

E[Myy1|F] = Elani1(Sh + anng,) — 2 + 11F]
= 4150 + ant1E[an|E[ng, | Fn] — 2¢ + 1.

Taking into account that

"1
Ela,) =p+(-1)(1—p) and E[ns,|F) =) iy (2)
=1
we deduce that
"1
E[Moi1|F] = anir (Sn + 4+ (D1 -p) Y H"i) — 2 +1

=1

Sn
_ an+1<5’n+ (2p — 1)?) —2g+1
= a,S, —2¢+1
= M,. (3)

Let (AM,,)n>1 be the martingale differences defined by AM; = M; and, for n > 2,
AM, = M, — M,_;.

Denote (M), be the quadratic variation of M,,, that is (M), = > | E[AM?|F;_1]. The normalized
martingale (My,/\/Un, Fn)n>1 satisfies the following property.

Lemma 2.1. Forn > 2, we have

’ AM,; 2
< a;
Vi o = Vn
and for any t > 1, there exists a positive constant Cy such that
Ct 1
—n ", if 0 <p<3/4,
Jon. | L) o= Fo<p=3
Un, .

Ci(logn) ™', ifp=3/4.

Proof. Clearly, from Lemma 3.1 of Fan et al. [9], we have

[AM;/\/unlloo < 2ai/\/On,



which gives the first desired inequality. Next we give an estimation of |[(M),, /v, — 1|+, 1 <t < oo, for
0 < p < 3/4. From (1), we get AMy, = arer = ar(Sk — Yk—15k—1). Thus, it holds
E[(AM)?[Fi1] = aRE[(Sk — We—15-1)|Fr—1]
= A} (B[SE|Fr-1] = 27— 1Sk 1 B[Sk Fr—1] + 171571

By (2) and (. Xp,)% =1, it is easy to see that

E[Si|Fi-1] = E[(Sk-1+ arXs,)? | Fr1]
= S/% 1 + 25— 1E[a;€ng|]-"k 1] +1

2p
= 5?2 2
k1+k

= (2%-1-— 1)51671 +1

Sk 1 +1

and that

20— 1
E[Si|Fi—1] = E[Sp—1+ apXg, |Fi-1] = Sk—1 + ]f_ . Sk—1 = Yke—15k—1.

Thus, we have E[(AM;)?] =1 = a? and for k > 2,
E[(AM)?|Fea] = ai(ve—1— DSiq +1—2% 1571 +7%-15-1)
= ai(l — (-1 = 1?8 4)

= - (2p- 1Py

Hence, by the definition of v,, and M}, we obtain
n—1 2 M2
M), = —(2p—1)2 (@) (J) )
. O C DN C
k=1
Since a"% ~ 1 asn — oo (cf. equality (7)), by Minkowski’s inequality, we have for ¢ > 1,

n—1 n—1
1)~ valle < O2p — 17 SRR < 03 Ll )
k=1 k=1

where C' is a positive constant which values may change from line to line. Using Rio’s inequality (cf.
Theorem 2.1 of [12]) and ||AM;||~ < 2a;, we derive that for ¢ > 1,

k
M5 < (28 = 1) Y [|AM;|3, < (2t — 1)dwy.
i=1

In the diffusive regime 0 < p < 3/4, by (8), we get for t > 1,
2 n—1

-1
El—4p < n2—4p
Z c _4p (5)

(M), — vnls < 4C(2t — 1) Z —up < C(2t—1)———
k=1

I'(2p)
3 — 4p



In the critical regime p = 3/4, by (9), we have for ¢ > 1,

(M) = onlle < C2E=1) ) o = C@2t-1). (6)
k=1

Consequently, again by (8) and (9), we obtain the desired inequality. This completes the proof of
lemma 2.1. O

For simplicity of notation, denote by

n

1<i<n, X,= 252‘ and (X)), = ZE[@?]E,I].
=1

i=1

AN,
=

From the last lemma, we have:

&i

Lemma 2.2. Forn > 2, we have

Cn ' fo<p<1/2,
]| o < Con~ G20 if1/2 < p < 3/4,
C(logn)™'/2,  ifp=3/4,

and for any t > 1, there exists a positive constant Cy such that

Cy 4
n )
3—4p

H<X>n_1Ht§ if 0 <p<3/4,

Ci(logn)~!, ifp=3/4,
where C' is an absolute constant and C), depends only on p.

Proof. We only need to prove the first inequality. The second one holds obviously. By Stirling’s
formula

1 1 1
logF(:c):(x—g)logx—m+§log27r+0(—) as T — 00,
x
we deduce that

lim a,n**~! =T(2p). (7)

n—oo

Moreover, in the diffusive regime (0 < p < 3/4), we have

. Un F(Zp)2
nhﬁnolo n3=4 3 _4p’ (8)

and, in the critical regime (p = 3/4), it holds

lim =3 (9)

n—oo logn 4

5



See also Bercu [2] for the equalities (7)-(9). Hence, by Lemma 2.1 and the equalities (7)-(9), we have
C nl2, if 0<p<1/2,
6]l < {8 Cpn G2 if 1/2 < p < 3/4,
Clogn)~Y2,  if p=3/4,
which gives the desired inequality. O
In the sequel we shall use the following conditions:

(A1) There exist a positive constant p and a number &, € (0, 3], such that
E[&|*T°|Fi1] < PE[EFi1] a.s. foralli=1,2,...,n.
(A2) There exists a number 4, € [0, 3], such that
(X)) = 1|oo <02 foralli=1,2,...,n.
With conditions (Al) and (A2), we have the following lemma for the mean martingale CLT, which
is of independent interest. The proof of the lemma is given in the next section. Notice that the

convergence rate of the Wassertein-1 distance in the following lemma is same to the best possible
Berry-Esseen bound for martingales, see Fan [8] and El Machkouri and Ouchti [7].

Lemma 2.3. Assume the conditions (A1) and (A2). Then

HFXn _(I)Hl S Cp(én+6n)7 (10>
where
A 5ﬁ ifp € (07 1)a
= { enlloge,|  ifp>1. (11)

The condition (A2) is very restrictive, while we have the following lemma when condition (A2) is
dropped. The proof of this lemma is present in Section 4.

Lemma 2.4. Assume condition (A1). Then for anyt > 1,
1/2t
|Fx, = @ll1 < Crp (8 + (BIX)n — 1 + B max &) ), (12)
1<i<n

where £y, is defined by (11).

Now, we are in position to prove Theorem 1.1. Recall that X,, = a,,S,,/\/vn. By Lemma 2.2, it is
easy to see that

n~l, if0<p<3/4,
E[(X), — 1] <

C(logn)_l, if p=3/4.
Applying Lemmas 2.2 and 2.4 to X, with £ =1 and

Cn /2, if0<p<1/2,
en=13 Cp,n~B=W/2 if1/2 <p<3/4,
C(logn)~1/2, if p=3/4,
we obtain the desired inequalities of Theorem 1.1. This completes the proof of Theorem 1.1. O



3. Proof of Lemma 2.3

In the sequel, constants C' and (), are always numerical constants that may change between
appearances. In the proof of Lemma 2.3, we shall use the following technical lemma of Van Dung et
al. [14].

Lemma 3.1. Let X and Y be two random variables. Then for r > 1/2,
IFx — @l < [Fxsy — @] +2(2r + 1By X]| L2
The following lemma can be found in Fan [8].
Lemma 3.2. Under condition (A1), & has a bounded conditional variance, that is,
EE}|Fii] <ep as. (13)
foralli=1,2,... n.
In the proof of Lemma 2.3, we also need the following lemma.

Lemma 3.3. Let G be a function R — R, which has derivative G' which together with G belong to
LY(R). For a random variable X and a constant a > 0, it holds

too X 4t
Bl [ To(F e < 1611mx - ol + alc

Proof. Let N be a standard normally distributed random variable. By the definition of expectation,
it is easy to see that

[ ]

—00 —00

/_+OO /_:o (Fx(e) - ())& (- t)dtdx’. (14)

o a

1
a

— 4t
Using integration by substitution with { :j B :ca , we deduce that the r.h.s. of equality (14) equals

to | fj;o fj_;o(Fx(U) — ®(v))G'(u)dudv|. Hence, from (14), we have

‘E[/JFOOG(X:t)dt] - E{/JFOOG(N:t)dt} ‘ < |G| Fx - B[ (15)

—0o0 —00

On the other hand, it holds

E[/_JFOOG(N;—t)dt} :/_:O/_:OG<$:t)<I>’(x)dtdx§a||G|]1. (16)

[ee]

Combining (15) and (16) together, we obtain the desired inequality. O



Now, we are in position to prove Lemma 2.3. We follow the argument of Grama and Haeusler [10],
where Grama and Haeusler proved a Berry-Esseen’s bound for CLT instead of Wassertein-1 distance
for CLT. For simplicity of notations, denote

| en+0n if pe(0,1),
= { en|logen| + 0, if p> 1. (17)

Set T'= 1+ 6, and introduce a modification of the conditional variance (X) as follows:
Vi = <X>k1{k<n} + Tl{k:n}. (18)

It is obvious that Vi, = (X)), 1 <k <n, V,, =T > (X),. Let ¢ be a large constant depending on p
and satisfies ¢ > 2, whose value will be chosen later. We introduce a discrete time predictable process

Ay =2 +T-V,, k=1,...,n.

Then Ay, is Fi_1-measurable and non-increasing, which is easily to verify. Moreover, it is obvious that
Ag=cy2 4+ T, A, = c?y2. For y > 0 and u,z € R, denote

By (z,y) = @(“\;;)

Let N be a standard normal random variable, which is independent of X,,. By Lemma 3.1 we deduce
that

1Fx, — @l < |Fx,trevan — @1 + Cryn

—+o00
- / ’E@u(Xn, Ap) — @(u)’du + Cim.
—0o0
Applying triangle inequality to the first term in the last line, we have
“+o00 “+00
IBx, @l < [ [B0,(X0, A) — BOL(Xo, Ag)|dut [ [B®u(Xo, A0) - b(w)|du+ Cir
— 0 — 0
For the second term in the r.h.s. of the last inequality, by the definition of Ay, it is easy to see that

teo +o0
/_Oo ‘E(I)H(XO’AO) B q)(u)’du - / }@(#) - @(u)’du < CoYn, (19)

oo IR +T

then it follows that

+oo
B, = @l < [ [BOL(X0, 42) — B, (X0 Ag)|du + O (20)

Next, we give an estimation for [*° [E®,(X,, An) — E®, (X0, Ao)|du. By a simple telescope, we
derive that

E®, (X, An) — E®y(Xo, Ag) = [Z (X, Ag) — (Xk_l,Ak_l))].
k=1

8



Using the fact

0?2 0
7q>u 5 = 27(I)u yY)s
g2 2ul2:Y) By (z,y)
we deduce that
E®,(X,,A,) — E®y(Xo, Ag) = 11 — Ir + I3, (21)
where
I = E 3 Dy (X, Ag) — Pu(Xp—1, Ag) — g@u(quaAk)fk - liz@u(kabAk)&% , (22)
— ox 20z
= Y A A g A)A
I, = E[Zq)u(Xk—la k1) — Pu(Xp—1,Ax) — @¢u(Xk—1, k)AVL], (23)
1 n
Is = §E[Z 8352 u(Xk—1, Ae) (A(X)k — AVk)} (24)

with A<X>k = <X>k — <X>k_1 and AV, =V, —Vi_1,k =1,2,...,n. Notice that, as %;q)u(Xk—lyAk)
is Fr_1-measurable, it holds

0? 0?
B[ 55 ®u(Xim1, 46| = E| 5 50u(Xit, A)ALX)].
Next, we give estimates for [*_|Ii|du, [ |L|du and [_|I3|du, respectively. Denote by ¢ the
density function of the standard normal random variable. Moreover, 6;’s stand for random variables
satisfying 0 < 0 < 1, which may take different values in different places.

(a) Estimate of [*_|I1|du.
For brevity of notation, denote by Tj_; = * \/Xi L. Clearly, it holds

= Zn: ERk )
k=1

where
5, 102 5
Ry = Ou(Xk, Ap) — ®ou(Xp—1, Ag) — %(I)u(Xk—laAkz)gk — §@<I>u(Xk—1,Ak)5k
_ €k . & _ €k . 1 " §k_ \2

To bound up the bound (25), we distinguish two cases as follows.
(1 )Caseof| Sk |<1+|T’“ 1l

R — @l// T = 0 é—k fk 3
Rl = |50 kmxm)]
2+

< (I)///( 2k gk H p




When

Rl < (19T \/gi)H!@”( )y

2+p

*ek\ﬁ H ’

IN

@//(

where

g | O (T — i) 2 197 (Ti),

k 0, otherwise.
Recall that |\/€—Z—k| <1+ @ and 0 < 6,0, < 1. By the inequality max{|®"(t), |®"(t)|} < ¢(t)(1+
t2), it follows that

gk‘ é-k 2 gk 2+p
< Tp_1—0 1 T 1—06 L
|Rk‘ = Qo(kl 1\/A—k)< +(k1 1m)>‘m’
§k |2tP
< gl(Tk—l)‘i , (26)
where
g1(z) = sup  p(t)(1+t2).
|t—2|<1+]2]/2
()Caseof| |>1+|T’“ iy

It is easy to see that for |[Az| > 1+ m , it holds

Bo + ) = 0(o) - ') - 5@ (@) (A0 < (HE LT o))+ o)) ol

C / " 24p
< (o + 1Y @1+ 12" @) 1Aal
Cy

24
< WMM . (27)
Then in this case we have
|Ry| < g2(Th— 1)!F’2+p (28)
where
92(2) = EERs T

Now, we return to the estimation of bound (25). Set
G(2) = 91(2) + 92(2),

10



then it is easy to verify that G € L', G’ € L' and G(z),z > 0, is non-increasing in z. By (26) and
(28), it holds

Bel < 6T |2 (29)
k| > k—1 \/Aikz .
By (29) and condition (A1), that is E[|&[*T°|Fr_1] < en A(X)y, we derive that
1
n1 < S BIR| < B[Y Gy A E[|&[**| Fi1]

k=1 k=1

< ng[ZG T, 1)Alip/2A<X>k}
k

<<0E| ; G(Th1)—— A}j S AVA] (30)

To bound up (30), we introduce the stopping time 7; as follows: for any ¢ € [0, 7],
7 = min{k < n: (X)) > t}, where min () = n. (31)

Denote (0%)k=1,...n be the increasing sequence of moments while the stopping time has jumps, then
AV, = f[ak _— dt and k = 7y for t € [0k, 0ky1). This follows from the definition of 4. Therefore, we
have

o 1
—=G(T,—1)dt
; /[0k70k+1) Aijp/Q t

/T 1
— [ (T, (32)
0 Aifp/Q

n
ZG T—1) 1+ /2
k=1

Set a; = ¢*y2 + T — t. By Lemma 3.2, we have
AV =T -V 1 =148 — (X)p1 =146 —(X)p + A(X), <202 + 2.

Recall that Ay = 242 + T — Vj, then we deduce that A,, < a; and
1
Ay > P24 T —t— AV, > 2+ T —t — (262 +£2) > 50t

Thus, by (30) and (32) and the fact $a; < A;, < a, it holds

T 1
|| < é‘ﬁE[/O WG(Tn—l)dt]

< ol+el2ep /OT aij’)/?E[Gc_\/{‘;_lﬂdt (33)

Applying Fubini’s theorem to the last inequality, we have

oo T o ru—X
< 9l+p/2_p el .
/ I |du < 214120 /0 T /QE[ /_ G( e )du} dt (34)

—0o0 (e 9]

11



By Lemma 3.3, we get

too ru— X,
E[/ G(1>du} < Cs||Fx,,_, — @1 + Cov/as.

By Lemma 3.1, we have

1,y = @lh < [1Fx, — @1+ C7|B[(Xn — Xrm1) X717

T—1

Now we consider E[(X,, — X,,_1)?|F,,_1]. It is easy to see that

BI(X, — X1 Fna] = B[ 3 €1F,1] = B[ 3 BgIF | 7]

k=1¢ k=T¢
= E[(X)n — (X)r 1 Fr ]
S Vn - VTt—l
g ag,

where the last line follows by the fact
Vi = Vi1 Vo=V, + AV, <T —t + 2 +26% < ay.

Combining (34)-(37) together, we obtain

[z [0 e el [0
I|du < 86/ Fx, — @[ + 95/ .
—00 " 0 a2+p/2 " 0 a§1+p)/2

After some simple calculations we deduce that
T at 2
I+p/2 S P
0 a P PCP

/Tdt<{0p if pe (0,1),
0 al(t1+p)/2 — | Clloge,| ifp>1.

and

Since €, < 7, finally we get

+o0 C
[ inlu< S0y, - 8]+ Cpaci
oo pcP
where &, is defined in (11) and -, is defined in (17).

(b) Estimate of [ [I5|du.

By a two-term Taylor expansion, we get

1 = 02 5
I, = §E[ 5y 2u(Xht, Ak — A4 AAR.

k=1

12



By the fact that g;@ (x,y) =4 8; ®,(x,y), we deduce that

1 e 0*
L= B g

3 Py (Xp—1, A, — HkAAk)AA%]
k=1

n

1 1 — Xk—1
B 8\/%]3[;; (Ap — QkAAk)Q(pm(\/Ak - ekAAk>AA%]

Since |AAy| := Ay — Ap_1 = AV), < €2 + 252, we have
Ap < Ap — 0L AA, < P2+ T — Vi + €2 + 262 < 24,.

Set G(z) = Supj¢_|<2 |#" ()], then G(z2) is decreasing in @ > 0. It follows that

1= B[y o(" )

e[S o)),

where the last line follows by the facts that [AA,| < €2 4+ 262 and AAy = AVy. Tt is easy to verify
that G, G’ € L' and |¢"”'(2)] < G(2) for any z > 0. By an argument similar to the proof of (39), we

deduce that

IN

oo Cn .
ldu < Sy, — 8], + Gyt (40)
—0oQ

(c) Estimate of fj;o |I5|dwu.
Since A(X) = AVj, 1 <k < n, AV, — A(X), <262, we have

19
Bl = [3Bla®uC s, A AX), - AV,
2
< BTl £ SEI Gl

Set é(z) = SUp|;—t|<1 ‘(p/(t)|7 then
1 -
13| < C?E[G(Tnfl)]'

Notice that G, G’ € L', by Lemmas 3.3 and 3.1, we get

oo 1 Too U—Xn_l
< P—
/OO Is)du < 2E[/OO G( - )du]
C
< 22 3 IFx, = @l + Cps(En +6n), (41)

where the last line follows by the fact that VA, = ¢y, = ¢ (€, + on).-

13



Combining (39)-(41) together, we get

+o0 C
|01+ ]+ e < S P, = B+ Cpaln + 60). (12)
—0o0
Implementing the last bound in (20), by (21) we derive that
Cra .
[Fx, — @[l < W”FX" = @1+ Cps5(En + ). (43)
Choosing the value ¢ such that pc? = 2Cy, it follows that

1Fx, — @1 < 2C,5(én + 0n). (44)
This completes the proof of Lemma 2.3. ([l

4. Proof of Lemma 2.4

We follow the approach of Bolthausen [4]. The main idea is to construct a new martingale difference
sequence (éi,]:})lgiSN, based on a modification of (&;, F;)1<i<n, such that Zf\il E[fﬂ]:}_l] =1 as.,
and then apply Lemma 3.1 to the new martingale different sequence for obtaining Wassertein-1 distance
in the central limit theorem for X,,, that is

|Fx, — @1 < [|Fy,, — @l +22t + 1)|E[|Xn — Xal?|X] |2 (45)

The first term can be estimated via Lemma 2.3, and the second term can be dominated via Theorem
2.11 of Hall and Heyde [11].
We introduce the following stopping time

T =sup{k <n:(X)p <1}.

Let d be a positive number such that 0 < 6 < e,. Let r = Ll_g{)fj, where |z stands for the largest

integer not exceeding x. Clearly, it holds r < L(S%j Let N=n+r+1.Formr+1<i<7+r,let (; be
random variables such that

1
P(Ci:idl}—‘r)zi;
and for ¢ =7+ r+ 1, let (;4,r+1 be such that

P(Grorn = 20— (X), —rd)V? | B) = L,

with the sign determined independent of everything else; and let (; =0 if 7+ r + 1 < i < N. Denote

& = gil{ig’r} + Ci1{7'<i§7'+r} + C’il{i:T+r+1}a i=1,...,N, (46)

Fi=Fifori<tand F;, = o{Fr, ¢, 7+1<j<i}fort+1<i<N. Then (éi,]:})lgig]v still forms
a martingale difference sequence. Moreover, it holds that

N T Trd1
S EEIFa] =) EZIFia]+ > 41— (X),—rd)
=1 i=1 i=r+1

=1 a.s.
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and that, by the fact § < g,
E[&[|Fioa) < fBIE|Fia],  fori=1,...,N.
Let Xy = Zf\;l &, by Lemma 2.3, we have
[Fg, — @l < Cpén. (47)

Using Lemma 3.1, we obtain for ¢ > 1/2,

N 1/2t
|Fx, = ®lly < [IFy, — @l +2(2¢ + D[ B[ | X - X[ %]

o0

. 1/2t
< Cén+Cy (E\XN _ Xn]Qt) . (48)

For the estimation of E|Xy — X,,|%, we first note that

N

Xy —Xo= ) (&-&),

i=7+1

where we put & = 0 for ¢ > n. As 7 is a stopping time, (éz — &i)r+1<i<n still forms a martingale
difference sequence. By Theorem 2.11 of Hall and Heyde [11], it holds for t > 1/2,

N
. Lt .
oy 2t < ‘ 2 A_‘ et

By - X, <Ci(E 3 Bl - 6l B e 6 6P (19)

As E[&é\]}i_ﬂ =0for7+1<i<N, we get
N
Z E[(& — &)*|Fi1] Z E[&|Fia] + ) Elg1Fia) = 1-2(X)r + (X)u.
i=7+1 1=7+1 i=7+1
Notice that 1 — E[¢Z 1| F;] < (X),. Hence, by the inequality
la +b|' < max{271 1} (Jal* +p["), t>1/2, (50)
and Jensen’s inequality, we deduce that
t
| S Bl 6P 1 < |00 — 14 282,17

i=7+1
< (X0 = 11" + (B2 7))
< ({00 = 1" + Ell6rn [*| ). (51)
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Taking expectations on both sides of the last inequality, we have

‘ Z E - &) |]:z 1’ <Ct<E]< In —1’t+E|§T+1|2t)

i=7+1
ot 2t
< Co(BIX)n — 1] + B[ max [6]). (52)
Similarly, by inequality (50), it holds
L2t < g2t S2t
B[ max 16 —&l7] < GE[max [&[7 +67). (53)

Applying the last inequality and (52) to (49), we get

B[Sy — Xl < Cy(BI{X)n — 1 + E[max &[] +6%). (54)
Sisn
Combining the last inequality with (48) and letting § — 0, we obtain the desired inequality. O
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