Distribution Dependent Stochastic Differential
Equations®

Xing Huang®, Panpan Ren”, Feng-Yu Wang®
) Center for Applied Mathematics, Tianjin University, Tianjin 300072, China
®) Department of Mathematics, City University of HongKong, HongKong, China

xinghuang@tju.edu.cn, rppzoe@gmail.com, wangfy@tju.edu.cn

March 29, 2021

Abstract

Due to their intrinsic link with nonlinear Fokker-Planck equations and many other
applications, distribution dependent stochastic differential equations (DDSDEs for short)
have been intensively investigated. In this paper we summarize some recent progresses in
the study of DDSDESs, which include the correspondence of weak solutions and nonlinear
Fokker-Planck equations, the well-posedness, regularity estimates, exponential ergodicity,
long time large deviations, and comparison theorems.
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1 Introduction

To characterize nonlinear PDEs in Vlasov’s kinetic theory, Kac [27, 28] proposed the “propagation
of chaos” of mean field particle systems, which stimulated McKean [33] to study nonlinear
Fokker-Planck equations using stochastic differential equations with distribution dependent
drifts, see [44] for a theory on mean field particle systems and applications.

In general, a nonlinear Fokker-Planck equation can be characterized by the following distri-
bution dependent stochastic differential equations (DDSDEs for short):

(11) dXt = b(t, Xt7 gXt)dt + O‘(t7 Xt7 g)ﬁ)th,
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where W, is an m-dimensional Brownian motion on a complete filtration probability space
(,{Z:}1>0,P), Z is the distribution (i.e. the law) of a random variable &,

b= (b;)1<i<d : [0,00) X R? x 2(R%) — R?,

are measurable, and Z(R?) is the space of probability measures on R? equipped with the
weak topology. Due to the pioneering work [33] of McKean, the DDSDE (1.1) is also called
McKean-Vlasov SDE or mean field SDE.

Definition 1.1. Let s > 0.

(1) A continuous adapted process (Xs;)¢>s is called a solution of (1.1) from time s, if
t
/ E[|b(r, Xor. Ly, )| + 0, Xop, L) [P]dr < 00, 3 s,
and P-a.s.
t t
Xt = Xos +/ b(r, Xor, Zx,,)dr +/ o(r, Xep, Lx,,.)AW,, t>s.

When s = 0 we simply denote X; = X ;.

(2) A couple (X ;, Wy)sss is called a weak solution of (1.1) from time s, if W, is the m-
dimensional Brownian motion on a complete filtration probability space (€, {.%;}i=0, P)
such that (X,,)ess is a solution of (1.1) from time s for (W;,P) replacing (W;, P). (1.1)
is called weakly unique for an initial distribution v € Z2(R9), if all weak solutions with

distribution v at time s are equal in law.

(3) Let Z(R%) be a subspace of Z(R%). (1.1) is said to have strong (respectively, weak)
well-posedness for initial distributions in @(Rd), if for any .#,-measurable X;, with
Lx,, € P(R%) (respectively, any initial distribution v € Z2(R%) at time s), it has a
unique strong (respectively, weak) solution. We call the equation well-posed if it is both
strongly and weakly well-posed.

According to Yamada-Watanabe principle, for classical SDEs the strong well-posedness
implies the weak one. But this does not apply to DDSDEs, see Theorem 3.2 below for a
modified Yamada-Watanabe principle.

In this paper, we summarize the following recent progress in the study of the DDSDE (1.1):
the correspondence between the weak solution of (1.1) and the associated nonlinear Fokker-
Planck equation (Section 2), criteria on the well-posedness (i.e. existence and uniqueness of
solutions) (Section 3), regularity of distributions (Section 4), exponential ergodicity (Section
5), long time large deviations (Section 6), and comparison theorems (Section 7). Corresponding
results for general models of path-distribution dependent SDEs/SPDEs can be found in [2, 19,
36].



2 Weak solution and nonlinear Fokker-Planck equation
In this part, we first introduce the “superposition principle” which provides a correspondence
between the weak solution of (1.1) and the solution of the associated nonlinear Fokker-Planck
equation on Z(RY), then present some typical examples.

2.1 Superposition principle

Consider the following nonlinear Fokker-Planck equation on Z2(R%):

(2.1) Oty = Ly, it

where for any (¢, 1) € [0,00) x Z2(R?), the Kolmogorov operator L;, on R? is given by

d
Zaa ity 1) 0;0; +Zb t,-, )0,

=1

l\DI»—t

for o* being the transposition of o.

Definition 2.1. For s > 0, . € C([s,00); Z(R%)) is called a solution of (2.1) from time s, if

t
/ d?”/ {||U(T’x7MT)||2 + |b(r7xuﬂr>|}ﬂr(dx> < oo, t>s,
s R4

and for any f € C°(R?),

22) wld) = [ Fow =0+ [ Lot ¢z s

Now, assume that (X, Wt)t>3 is a weak solution of (1.1) from time s under a complete
filtration probability space (Q, {.%;}i=s, P), and let p1; = L p = = Po(X;)"! be the distribution

of X; under the probability P. By Itd’s formula we have
df(fft) = {Lt,utf(Xt)}dt + <Vf(Xt)a o(t, Xn Mt)th>-

Integrating both sides over [s, t] and taking expectations, we obtain (2.2) so that u. solves (2.1)
by definition. Indeed, the following result due to [5, 6] also ensures the converse, i.e. a solution
of (2.1) gives a weak solution of (1.1), see Section 2 of [6] (and [5]).

Theorem 2.1 ([5, 6]). Let (s,¢) € [0,00) x Z(R?). Then the DDSDE (1.1) has a weak solution
(Xt, Wi)ss starting from s with L p = ¢, if and only if (2.1) has a solution (ut)i>s starting
from s with ps = C. In this case p; = Zf(tl]f"’ t>s.

2.2 Some examples

In this part, we introduce some typical nonlinear PDES and state their corresponding DDSDEs.
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Example 2.1 (Landau type equations). Consider the following nonlinear PDE for prob-
ability density functions (f;);>0 on R¢:

(2.3) o, = %div{ /R a(- — 2)(fi(2)Vf, - ftVft(z))dz},

where a : R? — R?®R? has weak derivatives. For the real-world model of homogenous Landau
equation we have d = 3 and

a(z) = ]x|2+7(1' — ), r € R

]2

for some constant v € [—3,1]. In this case (2.3) is a limit version of Boltzmann equation (for
thermodynamic system) when all collisions become grazing. To characterize this equation using
SDE, let m = d, b = idiva and o = y/a. Consider the DDSDE

(2.4) dX, = (b .Zx,)(X,)dt + (0 % Ly,)(X,)dB,

where
(Femia) = | fa—2)p(d2).

Then the distribution density f;(x) := yxé—gjx) solves the Landau type equation (2.3).

Example 2.2 (Porous media equation). Consider the following nonlinear PDE for prob-
ability density functions on R¢:

Then for any solution to the DDSDE (1.1) with coeflicients

d
b=0, o(x,u) = ﬁﬁ(x)ldxda

the probability density function solves the porous media equation (2.5).

Example 2.3 (Granular media equation). Consider the following nonlinear PDE for prob-
ability density functions on R¢:

(2.6) Ofr = Afe+div{fiVV + V(W * f,)}.
Then the associated DDSDE (1.1) has coefficients

b, ) = =VV(x) = V(W * p)(2), oz, 1) = V2lixa,
where

(Wap)(x):= [ Wz —y)u(dy).

Rd



3 Well-posedness

We first introduce a fixed-point argument in distribution and a modified Yamada-Watanabe
principle, then present results on the existence and uniqueness for monotone and singular
coefficients respectively.

3.1 Fixed-point in distribution and Yamada-Watanabe principle

Let 2(R?) be a subspace of Z(R%), and let j be a complete metric on 2 (R%) inducing the
Borel sigma algebra of the weak topology. Typical examples include

PRY = ZyRY = {p € PRY : (] - I7) < o)

for p > 0, with LP-Wasserstein distance

1

pv1
W)=t ([ e-aatanan)” wee 2@,
R4 xR4

wEE (1,v)

When p = 0 this reduces to the total variation norm

e =vllry =2 sup [u(A) —v(A)].
AeB(R?)

Forany T > s> 0and v € @(Rd), consider the path space over @(Rd)
Crr = {n € Cls. T P(R) : p, = v},
which is then complete under the metric

Ps,r (., v.) == sup ppu, ).
tels, T

Theore.‘rAn 3.1. LetT > s > 0, and let )A(S be an F,-measurable random variable with v =
Lx. € P(RY). Assume that for any pu € Gy, the classical SDE

(3.1) dX!' =0o(t, X}, pu)dt + o (t, X', pe)dWy, t € [s,T], X! = X,

S

has a unique solution, and the map
ne Cg:T — (DS,T/L = (ng)te[s’T] € Cg:T
is contractive. Then the DDSDE (1.1) has well-posedness for initial distributions in 2 (R?).

Proof. By the fixed-point theorem, the map @, has a unique fixed point p in (5;“ 7, S0 that
by the definition of &, we have Ly = p,t € [s,T1, i.e. in this case (X{')c[s,r) is a solution
of (1.1) from time s starting at X,. If (1.1) has another solution (X, 1) With Z5 € CA'g’T,
then p == Z% is a fixed point of @, so that Lx, = L5 =: y,t € [s,T]. Therefore, by the
uniqueness of (3.1) we have Lx, = L%, = X/, which implies the uniqueness of (1.1) with
Zx. € CK;” . Since the strong well-posedness of (3.1) implies the weak one, the same argument
leads to the weak well-posedness of the DDSDE (1.1) starting from v at time s. O
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The Yamada-Watanabe principle [54] (see [30] for a general version) is a fundamental tool
in the study of well-posedness for SDEs with singular coefficients. In the present distribution
dependent setting, the original statement does not apply, but we have the following modified
version due to [21, Lemma 3.4].

Theorem 3.2 ([21]). Let T' > s > 0, and let X, be an Fs-measurable random variable with
v = . € PRY). Assume that for any p € CKA.S’:T, the classical SDE (3.1) has a unique
solution with initial value X at time s. If (1.1) fort € [s,T] has a weak solution with initial
distribution v at time s, and has pathwise uniqueness with initial value X, at times s, then it
has well-posedness for initial distributions in 2 (R%).

3.2 The monotone case

(HY) For every t > 0, b; is continuous on R? x Fy(R%), b is bounded on bounded sets in
[0,00) x RY x Py(R?). Moreover, there exists K € L} ([0, 00); (0,00)) such that

loc
lo(t, z, 1) = olt,y,v)||* < K(){|z — y|* + Wo(u, v)?},

(b(t,x,,u) - b<t7y7 V),JZ _y> < K(t){|l‘ - y|2 +W9(#’7 l/)|l' - y|}>
b(t,0,00)| + |lo(t,0,00) |55 < K(t), t>0,2,y € R p,v e Py(RY),

where §y is the Dirac measure at 0 € R<.

Under this monotone condition we have the following result essentially due to [50], where a
stronger growth condition on |b(t, 0, u)| is assumed. See also [17] for the well-posedness under
integrated Lyapunov conditions which may cover more examples.

Theorem 3.3 ([50]). Assume (H3) for some 0 € [1,00), and let o(t,z, 1) does not depend on
1 when 6 < 2.

(1) The DDSDE (1.1) has well-posedness for initial distributions in Py(R%). Moreover, for
any p > 6 and s > 0, E| X, 4|P < oo implies

E sup | X f <oo, T>t>s>0.
te(s,T)

(2) There exists increasing v : [0,00) — [0,00) such that for any two solutions Xs; and Y,
of (1.1) with %x, ., %y, € Zs(R?),

(3.2) E[Xo; — Yosl® < (B| X — Yaul")els v ¢ > 5 >0,
Consequently,
(3.3) lim IP’( sup | Xy, — Y, 25) —0, t>5>0,e>0;
E|Xos—Yesl' 50\ pefsy]
and
(3.4) W (P70, P 0)" < Wo(po, uo)eef;w(r)dr, t>s>0.
s,t s,t



Proof. We briefly explain the proof of Theorem 3.3(1), while (2) can be easily proven by using
[to’s formula. For any T > s > 0, v € Zy(R?Y) and p € ‘fsle, (H3}) implies that (3.1) for
t € [s,T] is well-posed with initial distribution v at s. Moreover, by It6’s formula, and (H3)
with o(t,z, 1) not depending on p when 6 < 2, we find a large enough constant A > 0 such
that ®,r is contractive on CK;VT under the complete metric

s (s 1) := S[ur;] e MW (py, i), p it € CYyp
tels,

Then the well-posedness follows from Theorem 3.1. O

3.3 The singular case

In this part, we consider the existence and uniqueness of (1.1) with singular drift and non-
degenerate noise. We first introduce some results derived in [57, 42, 56] for distribution de-
pendent drifts satisfying local integrability conditions in time and space but bounded in distri-
bution, in [24] for the case with locally integrable drifts having linear growth in distribution,
and in [22] for drifts with an integrable term and a Lipchitz term. These three situations are
mutually incomparable.

3.3.1 Integrability in time-space and boundedness in distribution

When the noise is possibly degenerate, the strong/weak well-posedness will be discussed in the
next section under a monotone condition.
We will consider weak solutions having finite ¢-moment, for ¢ in the following class:

P = {p € C([0,00);[1,00)) : 0 < ¢ < ¢¢p for some constant ¢ > 0}.

Let
Ps(RY) = {pe PR : |ully == u(e(] - 1)) < oo},

which is equipped with the ¢-total variation norm

| = vllprv == sup ‘M(f) - V(f)’> pv e PRY.
If1<a(])

We denote || - [|g7v by || - lo.rv when ¢ =1+ |- |? for some 6 > 0. For fixed T' > 0, let
ro = O0.T]: Z(BY) = {n:[0.7) > 24(B) lim |l — pslov =0, s € 0,71},
which is a complete space under the metric

pro(p,v) == sup || — villgrv
te[0,7)

For any i € 67,4, denote

b(t,x) == b(t, z, ), o'(t,z) :=o(t,z, ), a(t,x):= %{0“(0”)*}(t,x), (t,r) € [0,T] x R%



Definition 3.1 (Linear Functional Derivative). Let ¢ € ®. A function f : Z4(R?) — R is said
to have linear functional derivative D¥ f : 22,(R?) — R, if it is measurable, and

(i) D¥f is measurable with [p, D f(p)dp = 0;
(i) For any compact K C Z4(R?), sup,c |[DF f(1)| < k¢(|-|) holds for some constant k > 0;
(iii) For any p,v € P4(R?),

lim LU =80 = J0) [ pr e ()0 — ) (dy).

sl0 S R4

By taking v = ¢,,, we see that if f has linear functional derivative, then the convex extrinsic
derivative

D f(u)(y) = lim A = s J; 0u) = F 1) _ DF f(u)(y) — 5 D" f(p)(y)du

exists. See [38] for links of more derivatives in measure. For i = 1,2, let

(3.5) fi:{(p,q)e(1,oo)><(1,oo):g+§<i}.

Definition 3.2. For any p > 1, let Ep be the space of all measurable functions g on R? such
that

1
lols, = sup ([ 1oL emsende)” < e
R

z€R4

Moreover, for any p,q > 1, let Eg(T) be the space of measurable functions f on [0, T] x R¢ such
that

' Y
gy = s ([ ([ ealrigeaente)ar) < oc
zeR4 0 R4

It is clear that

1
T ‘
iz < Wl = ([ 1762912

The following result is due to [57, Theorems 3.5 and 3.9], see also [43] for a special case
where ¢(r) = r? and b(t, x, ) is bounded and Lipschitz continuous in the total variation norm
uniformly in (¢, z).

Theorem 3.4 ([57]). Let oo* be invertible, ¢ € ®, and p,q € (1,00) with e : =1 — ;?l — % > 0.

(1) If there exist constants a € (0,1), N > 1, and r > % such that for any p € €y,

|a"(t,x) — a(t,y)| _
sup a +  sup {[la(| + (@) @) + 1 paery < N,
te[0,T),xy |$ - ?J| (t,z)€[0,T]xR?
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and that .
i § [ o) = e+ 10 = Bl | o

o160 (V,1t)—>
then (1.1) has a weak solution for t € [0,T] and any initial distribution in P4(R?).

(2) In addition to conditions in (1), if for any (t,x) € [0,T] x R?, o(t,z,-) has linear func-
tional derivative on Ps(RY), and there exist constants 3 € (0,1),C > 0 and some
K € L([0,T];(0,00)) such that

sup |DFo(t,z,)(u)(y) — DFo(t, o', (1) ()|
(t,u)G[O,T}XF)—”d)(Rd)
<C(lz—2'[+ |y — ), z, 7', y,y € RY

ot -, 1) = b(t, - )z, < K@O)llw = vy, t€[0,T]pve Ps(RY),
then (1.1) is has weak well-posedness for t € [0,T] and initial distribution in Ps(RY).
When o = /21,4 and
it < [ huta =ty

holds for some (p,q) € #1 and h > 0 with [|A[[ 4o 7y,7,) < 00, the well-posedness for (1.1) is
proved in [42, Theorem 1.1]. In general, [42] presents the following result.

Theorem 3.5 ([42]). Assume that for each t,x, b(t,z,-) and o(t,z,-) are weakly continuous,
and there exist co > 1 and v € (0,1] such that for all t > 0,2,y,¢ € R? and p € P (R?),

co el < lo(t x| < coll, otz p) — oty w)] < |z —yl.
Moreover, under the weak topology of 2(R?),

sup 10#]| g7y < 00
peC([0,T];2(RY))

holds for some (p,q) € 1. Then for any B > 2 and v € P5(RY), there exists a weak solution to
(1.1) with initial distribution v. If in addition, o(t,x, ) does not depend on p, |Vo| € L (T)
and
16(t, -, 1) =0, - )z, < bllw —vlloav, n,ve P
for some £ € LY([0,T]), 0 > 1 and (p1,q1) € #1, then for any B > 20, (1.1) has well-posedness
from time O for initial distributions in P5(RY).
The following weak existence for (1.1) with supercritical drift is due to [56].

Theorem 3.6 ([56]). Let 0 = 2y, b(t,x, 1) = [pa K(t, 2, y)p(dy) for some measurable
function K on [0,T] x R? x RY such that dvi( ,5Yy) <0 and

K(t,l’,y) < ht(‘r y)

holds for some (p,q) € 2 and h > 0 with [|h|[ 140 7y,7,) < 00- Then for any 53 € [0, 2/( ))
and v € P5(RY), (1.1) has a weak solution with initial distribution v.



3.3.2 Integrability in time-space with linear growth in distribution

Comparing with above results, besides the singularity in x in the following we also allow b(t, =, i)
to have a linear growth in .

(H2) Let 0 > 1. There exists a constant K > 0 such that for any ¢ € [0,7],z,y € R? and
JUSZAS 997

lo(t,z, wII* v ll(eo™) " (¢, 2wl < K,

lo(t,z, 1) = oty V)| < K(lv = y| + Wy (. v),

Ho(t,z, 1) —a(t,y, )} —{o(t,z,v) = oty )} < Klz = y[Wo(u, v).
Moreover, there exists nonnegative f € Eg(T) for some (p,q) € # such that

b(t, 2, )| < (1 + ||ullo) fe(w),
b(t,z, 1) —b(t,z,v)| < filx)||p—vl|orv, t€[0,T],x€ Rd,u,u € Py.

Theorem 3.7 ([24]). Assume (H3). Then (1.1) is well-posed for initial distributions in P, :=
Nim>6Pm, and the solution satisfies Lx. € C([0,T]; Py), the space of continuous maps from
[0,T] to Py under the metric Wy. Moreover,

(3.6) E[ sup \Xtﬂ < 0.
te[0,T

3.3.3 Drifts with time-space integrable and Lipschitz terms

In this part we allow the drift to include a Lipschitz continuous term in x, but the price we
have to pay is that the singular term is in L{(7T') rather than [N/g(T ) and the diffusion does not
depend on distribution.

For any p,q > 1, let LY(T) be the space of measurable functions f on [0,7] x R? such that

" Y
||f||Lg(T) = (/0 ( y |f(t,:v)|pdx) dt) < 00.

(H3*) o(t,x, ) = o(t,z) does not depend on p and is uniformly continuous in z € R? uniformly
in t € [0,T]; the weak gradient Vo(t, ) exists for a.e. ¢ € [0, 7] satisfying |[Vo|* € LI(T)
for some (p,q) € #; and there exists a constant K; > 1 such that

(3.7) K g < (00)(t, ) < Kilgea, (t,x)€[0,T] xR
(H2Y) b=0b+ b, where b and b satisfy

S KQ(H’Y - ’?HTV +W9(777) + |:L‘ - y|)’ le [O,T],l',y € Rdf%’? € ye(Rd)
for some constants 6, Ky > 1, and for (p,q) in (H3%), it holds that

(3.8)

. ) b LE(T) :
(3.9) sup — [b(Z,0,7)[+  sup 161l gy < o0
tE[O,T],’yE(@g(Rd) IJ‘EC([OzT]:@Q(Rd))
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(H3°) For any pu € A(]0,T); Z(R%)), the class of measurable maps from [0, 7] to Z(R%), |b*|* €
L3 15e(T) for (p,q) in (H3*). Moreover, there exists an increasing function I' : [0,00) —

(0, 00) satisfying [ ﬁdx = 00 such that
(3.10) (b(t,z,8),x) <T(|z[*), te€[0,T],z € R
In addition, there exists a constant K3 > 1 such that

(311)  [b(t,2,7) — b(t 2, 7)] < Kslly —Allrv, te [0,T),a € R 7,5 € P(RY),

Theorem 3.8 ([22]). Assume (H3").

(1) If (H3°) holds, then (1.1) is well-posed for initial initial distributions in Pe(R?). More-
over,

2
K3t

K
(312) [P0 — Prvolfiy < 2¢7 5 llno — wolly. ¢ € 0, T, posvo € PR,

(2) Let (H3®) hold. Then (1.1) is well-posed for initial distributions in Py(RY). Moreover,
for any m € (£,00) N [1,00), there exists a constant ¢ > 0 such that

1P 1o — Pvollrv + Wo( P o, Py o)

(3.13)
< C{HMO — vylrv 4 Wan (10, Vo)}, t € 10,77, po, vo € ﬁe(Rd)-

4 Regularity estimates

In this section, we introduce some results on the regularity of distributions for the DDSDE
(1.1). We first establish the log-Harnack inequality, which implies the “gradient estimate” and
entropy estimate, then establish the Bismut formula for the Lions derivative of the distribution,
and finally study the derivative estimate on the distribution. In the first two cases the noise
does not depend on the distribution, while the last part applies also to distribution dependent
noise.

4.1 Log-Harnack inequality

The dimension-free Harnack inequality was founded in [46] for diffusion semigroups on Rieman-
nian manifolds, and as a weaker version the log-Harnack inequality was introduced in [41, 48]
for (reflecting) diffusion processes and SDEs. See the monograph [49] for the study of these
type inequalities and applications. In this part, we introduce the log-Harnack inequality estab-
lished in [50] and [40] for DDSDEs with non-degenerate and degenerate noise respectively. We
will only consider distribution, independent noise, since the log-Harnack inequality is not yet
available for DDSDEs with distribution dependent noise.
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4.1.1 The non-degenerate case

Consider the following special version of (1.1):
(41) dXt = b(t,Xt7$Xt)dt—f-O'(t,Xt)th,
where b and o satisfy the following assumption.

(H}) o(t,z) is invertible and Lipschitzian in z locally uniformly in ¢ > 0, and there exist
increasing functions kg, k1, ko, A : [0,00) — (0, 00) such that for any ¢ € [0,7],z,y € R?
and p,v € P5(R?), we have

(4.2) lo(t. ) oo < A, 1B(E, 0, )|* + llo(t, @) |* < ko(6) (1 + [l + (] - ),

2(b(t,x,,u) - b(t,y,V),ZL“ - y> + ”O’(t,il?) - U(t>y)”12LIS

(4.3) < k1()|z — y* + Ka(t)|z — y|Wa(p, v).

Obviously, (H}) implies assumptions (Ha) for § = 2, so that Theorem 3.3 ensures the well-
posedness of (4.1) with initial distributions in 925(R%). For any f € %,(R%), consider

Poif(p) ==Erf(X,,) = . FW)(Prp)(dy), pe PRt >s >0,

where E# is the expectation taking for the solution (X, ;):>s of (4.1) with Z%, , = p, recall that
in this case we denote P;,u = Zx,,. Let

o5 = 02 ) e O )

Theorem 4.1 ([50]). Assume (H}) and let t > s > 0. Then for any g, vy € Po(RY),

(Pyslog f)(10) < log(Purf)(po) + ¢(s,t)Wa(po, w0)?,  f € 2 (RY).
Consequently, the following assertions hold:

(1) For any po,vo € Po(RY),
||P;,tNO - Ps*,tVOHTV < V20(s, t)Wa(po, ).

(2) For any po,vo € P2(R?), Pru and Py are equivalent and the Radon-Nykodim deriva-
tive satisfies the entropy estimate

* * dPs*tVO * 2
Ent(Ps,tV0|Ps,t:u0) = / lOg *’ dPs,tVO < ¢(S? t)W2(MO7 VO) :
Rd dPs,t:uO

Idea of Proof. We only consider s = 0. According to the method of coupling by change of
measures summarized in [49, Section 1.1}, the main steps of the proof include:
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(S1) Let (Xi)i>0 solve (4.1) with Zx, = po. By the uniqueness we have u; = Pjug = Zx,,
and the equation (4.1) reduces to

(44) dXt = bt(Xt, Mt)dt + Ut(Xt>th-

(S2) Construct a process (Y;):ejo,r] such that for a weighted probability measure Q := Ry P,

(4.5) Xr=Yr Q-as., and %, |o = Pivo =: vr.

Obviously, (S1) and (S2) imply
(4.6)  (Prf)(mo) = E[f(Xr)] and (Prf)(n) = Eq[f (Yr)] = E[Rr f(X1)], f € Z(RY).
Combining this with Young’s inequality, we obtain the log-Harnack inequality:

(Prlog f)(vo) < E[Rylog Ry] + log E[f(X7)]

(47) = log(Prf)(no) + E[Rrlog Re], [ € #}(RY).

4.1.2 The degenerate case

Consider the following distribution dependent stochastic Hamiltonian system for (X;,Y;) €
R% x R :

(48) {dXt = (AX; + BY,)dt,

dY;g = Z(t, (Xt, K),ﬂxmn))dt + O'tth,

where A is a d; X di-matrix, B is a dq X dy-matrix, o is a dy X do-matrix, W, is the do-dimensional
Brownian motion on a complete filtration probability space (€2, {.%; }+>0, P), and

7 :[0,00) x R1F%2 x g2, (RN H2) s RE - 5. [0,00) = R% @ R%

are measurable. We assume

(H2?) o(t) is invertible, there exists a locally bounded function K : [0, 00) — [0, 00) such that
o) < K(t), 1Z(t2,1) = Z(t.y.0)] < K@)z — ] + Walp,1)}

holds for all t > 0, p, v € Py(R4*42) and x,y € R1*% and A, B satisfy the following
Kalman’s rank condition for some k > 1:

Rank[A°B, -+, A*'Bl = d;, A°:= Iy «q,.

13



Obviously, this assumption implies (H3), so that (4.8) has a unique solution (X;,Y;) for any
initial value (Xo, Yp) with p:= Zx,v,) € Po(RUT%2). Let Pu:= Lx, v and

(Pif)(w) = /R o, FAPT R €20, f € BROHE),

By [50, Theorem 3.1], the Lipschitz continuity of Z implies
(4.9) Wy (P, Prv) < eXWy(u,v), t>0,u,v € Py(RUTE2)
for some constant K > 0. The following result is due to [40, Section 5.1].

Theorem 4.2 ([40]). Assume (H3). Then there exists an increasing function C' : [0,00) —
(0,00) such that for any T > 0,

c(T
(Prlog f)(v) < log(Prf)(m) + T4k_(—1/)\1W2(ll, V)2, v € Po(RUTE) f e gf(REF4),
Consequently,
c(T) ) dd
(4.10) Ent(Pyv|Prp) < Wo(p,v)?, T >0,u,v e Py(RUT4),

T4k: 1/\1

4.2 Bismut formula for the Lions derivative of P, f

We first introduce the intrinsic and Lions derivatives for functionals of measures, then present
the Bismut formula for the Lions derivative of P, f for non-degenerate and degenerate DDSDESs
respectively. The main results are taken from [37], see also [2] for extensions to distribution-path
dependent SDEs.

4.2.1 Intrinsic and Lions derivatives
Definition 4.1. Let f : Z,(R?) — R.
(1) If for any ¢ € L2(RY — R%; ),

DLI (1) = lim f(po(1d + Ej)‘ ) — f(w)

eR

exists, and is a bounded linear functional in ¢, we call f intrinsic differentiable at u. In
this case, there exists a unique D! f(u) € L*(R? — R%; ;1) such that

(D'f(1), )12 = D f(n), & € L*(R? — R% ).

We call D! f(p) the intrinsic derivative of f at p. If f is intrinsic differentiable at all
€ Py(RY), we call it intrinsic differentiable on & (R?) and denote

1D £l = 1D £ (1) 2 ( o5 |du).

14



(2) If f is intrinsic differentiable and for any p € Z,(R?),
flpo (d+¢)™) — fu) — Dy f(p)
18]l 2,y —0 &l 22(u)

we call f L-differentiable on 2% (R?). In this case, D’ f(u) is also denoted by D f(u),
and is called the L-derivative of f at pu.

=0,

Intrinsic derivative was first introduced in [1] in the configuration space over a Riemannian
manifold, while the L-derivative appeared in the Lecture notes [9] for the study of mean field
games and is also called Lions derivative in references.

Note that the derivative D! f(u) € L?*(R? — R% p) is p-a.e. defined. In applications, we
take its continuous version if exists. The following classes of L-differentiable functions are often
used in analysis:

(a) f e CHP(RY) :if fis L-differentiable such that for every u € 25(R?), there exists a
p-version DE f(u)(+) such that DL f(u)(x) is jointly continuous in (z,u) € R? x P, (RY).

(n
(b) f e CHP,(RY)) :if f € CHP(R?)) and DL f(p)(z) is bounded.
)

)
(c) feCHPy(RY)) :if feCHPy(RY)) and Df(u)(x) is L-differentiable in p and differen-
tiable in z € R?, such that V{DL f(u)}(x) and

(DR f(u)(w,y) == ({ DD F()(@)(0)},) 1<i jeq € RT O R
are jointly continuous in (i, x,y) € P5(R%) x R? x R4

(d) f e C(P(RY)) :if f € C?*P(RY)) and all derivatives DL f(pu)(z), (D*)? f(p)(z,y) and
V(DY f(u))(z) are bounded.

(e) f e CH(RYx P(R?)) :if f is a continuous function on R? x &2y (RY) such that f(-, u) €
CHRY) for p € Py(RY), f(x,:) € CH(P(RY)) for x € R?, and

Vf(z,p), D"f(z,p)(y)

are jointly continuous in (z, i, y) € R? x Py(RY) x RZ If moreover these derivatives are

bounded, we denote f € Cp' (R? x 225 (R%)).

(f) f e C?2(R? x Py(RY)), if f is a continuous function on RY x &2, (R?) such that f(-, ) €
C?(RY) for p € Py(RY), f(x,-) € C*(P(RY)) for x € RY,

(DLVf)(ZL', N)(y) = ({DL[éxzf(xv M)]}j)lgi,jgd S Rd &® Rd
exists, and all derivatives

Vi, p), V2f(x,m), D" f(z,p)(y), (D"VF)(z, pm)(y)
VAD" f(z, 11)()}(y), (D*)?f(z, 1)(y, 2)

are jointly continuous in (x, 1, y, 2) € R%x P5(R?) x R? x RY. If moreover these derivatives
are bounded, we denote f € C2*(RY x 225 (R%)).
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Consider f € ZCZ(P(R?)), i.e.
Fl) = glp(hy), - p(hy)), n>1,g9 € C*(R"), h; € CF(R?).

Then it is easy to see that f € CZ(Py(R?)) with

)
<
=
S

||
M=

(959)(pe(ha), - -+ () Vhi(y),
VD" F()}Hy) =Y _(0ig)(u(ha), -+, 1))V hi(y),
(D) (y,2) = > (0:9;9) (u(ha), -+, u(ha)){Vhi(y)} ® {Vhy(2)}.

4.2.2 Bismut formula for non-degenerate DDSDEs
Consider the DDSDE (4.1) with coefficients satisfying the following assumption.

(H3) In addition to (H}), by, 00 € CHH(RY x P5(RY)) such that
Vby(- D"by(x,- e 2 Liptoy (e, ) ()
max | [Vou(-, ) @) [|1 Dbz, ) (W, 5[Voel, ) (@), 511D ou(z, ) ()]
<K(t), t>0zeR e PR
holds for some continuous function K : [0, 00) — [0, 00).

By Theorem 3.3, for any initial value X, € L*(Q — R% %, P), (4.1) has a unique solution
(Xt)i>0. Let Pru= Zx, for Lx, = p, and consider the L-derivative of the functionals in p:

Prf(p) =E'f(X;) = Rdf(y)(Pq*ﬂ/ub)(dy), T >0, f € B(RY.

Given ¢ € L*(R? — R?, 1), the following linear SDE has a unique solution v on R%:

dvf = {V,6b(t, -, L) (X) + (B(D DLy, ) (L) (X), o)) |y, et

(4.11)
+{V,eo(t,)(X,) jdW,, v = ¢(Xo), t > 0.

The following result is taken from [38, Theorem 2.1 and Corollary 2.2].

Theorem 4.3 ([38]). Assume (H3}). Then for any f € By(RY), u € P2(RY) and T > 0, Prf
is L-differentiable at ju such that for any g € C*([0,T]) with go = 0 and gr = 1,

T
D(Prf)(u) = E [f(XT) / (glo(Xo, L) "0f, AW, 6 € LR = BY ),
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where Xy solves (4.1) for £x, = p. Moreover, the limit

Pipo (Id+ed)~" — Pru
£

(4.12) DL Py = 15{51 =P

exists in the total variational norm, where v is the unique element in L*(RY — R, Piu) such that
W(X7) = E( [y {gioe(Xe, Lx,) ), AWL)|Xr), and (GPjp)(A) = [,dPfp, A € B(RY).
Consequently, for any T > 0, f € B,(R?) and p,v € P(RY),

(Prf?)(w) = (Pif (1)

DX(P ?<
[ D*(Prf)(w)|I” < foT A 28Kt

Y

AW, (1, v)?
Piu— Prv|%, =4 su Pru)(A) — (Prv)(A)]? < ’ .
| Prpe v Ae%‘(%d)K Ti)(A) — (Prv)(A)]° < fOT)\t_ze*BK(t)tdt
4.2.3 Bismut formula for degenerate DDSDEs

Consider the following distribution dependent stochastic Hamiltonian system for X; = (Xt(l), Xt@))
on Rétdz = Rét x Réz:

(4.13) dx{V = bV (X))dt,
' dX? = b2 (X, Ly,)dt + o, dW,

where (W});>0 is a dp-dimensional Brownian motion as before, and for each t > 0, o, is an
invertible dy X dy-matrix,

b = (Y, bV) : REH2 x g, (REFd2) R+

is measurable with b{" (z, ) = b{")(z) independent of the distribution p. Let V = (V) v®)
be the gradient operator on R4+% = R% xR%  where V) is the gradient in the i-th component,
i=1,2. Let V2 = VV denote the Hessian operator on R¥+%  We assume

(HY) For every t > 0, b{") € C2(RU+d2 — R p{? € VLR x 22, (RU+d2) — R%) and
there exists an increasing function K : [0,00) — [0, 00) such that
V0o, ) (@) + 1 D*67 (. ) (12)

There exist B € %,([0,T] — R® @ R%), an increasing function 6§ € C([0,T]; R!) with
0; > 0 for t € (0,77, and € € (0,1) such that

|+ IV20) ()] < K (), >0, (2, 1) € R x P5(RY).

(VO — B))Bra,a) > —¢|Bral|?, a€R™,
t
/ s(T — 8)KrsBs By KT, (ds > 0414, q,, t€ (0,71,
0

where for any s > 0, { K; s }1>5 is the unique solution of the following linear random ODE
on R% © R%:

d
3 e = (VOB XKy, t> 8, Koy = Laxa,.
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Example 4.1. Let
b (z) = A2 + Ba®, = (W, 2?) € RH+2
for some d; x d;-matrix A and d; X do-matrix B. If the Kalman’s rank condition
Rank[B, AB,--- ,A*B] = d,
holds for some k > 1, then (H}) is satisfied with 6, = cpt for some constant cp > 0.

According to the proof of [51, Theorem 1.1], (H}) implies that the matrices
t
Qr = / s(T — 8)Kr,, VO (X,)Bi K} ds, t€(0,T)
0

are invertible with

m, t € (0,7T).

For (X;)icor) solving (4.13) with Ly, = u € Py(R1*%) and ¢ = (¢, 9?) € LRI+ —
RA+2 1) et

(4.14) Q| <

T_+¢ T —t)B; Ky, [T ,
al® = ——¢@(X,) — T TJ/ 03Q; " K0 (Xo)ds
T o 02ds t
* Tk —1 g T -5 (2) (1)
— T —t)B; K7,Qr o T K15V o) 0yt (Xs)ds,

t
al) = K 00™M (X,) + / Ko VOV (X(2)) ds, ¢ €[0,T],
0 S

and define

S

. / o { (BID P (y, ) (L) (X0), 0) |,

+V b<2>(-,$xs)(xs)—(ag2>)’}ds, te0,T].

Qasvs

(4.15)

Let (D*, 2(D*)) be the Malliavin divergence operator associated with the Brownian motion
(Wi)eepo,r)- The following result is due to [38, Theorem 2.3].

Theorem 4.4 ([38]). Assume(Hy). Then h® € P(D*) with E|D*(h*)|P < oo for all p € [1,00).
Moreover, for any f € By(RU+%) and T > 0, Prf is L-differentiable such that

Dj(Prf)(n) = E[f(Xr) D*(h*)]

holds for p € Po(R4+42) ¢ € L2 (RUFd2 — RU+2 1) and h® in (4.15). Consequently:
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(1) The formula (4.12) holds for the unique ¢ € L*(R4“*42 — R Pru) such that ¥(Xr) =
E(D*(h*)| X7).

(2) There exists a constant ¢ > 0 such that for any T > 0,

VT(T? + 0r)

fT 02ds ) f € t%b(]Rdl—‘rd?)?
0 s

ID*(Prf) ()l < e/ Prlf2(u) — (Prf)(n)

VT(T? + 0r)

Piu— Piv < Wy, v
|1Prp = Prvllry 2(1, V) T ods

. v € Po(RUTR),

4.3 Lions derivative estimates on P, f

In this part we estimate DY Prf for DDSDE with o also depending on g, which thus extends
the corresponding derivative estimate presented in Theorem 4.3.

Consider the DDSDE (1.1) with coefficients satisfying the following assumption which, by
Theorem 3.3, implies the well-posedness.

(H3) For any t > 0, by, 0p € CHH(RY x ), and there exists an increasing function K : [0, 00) —
[1,00) such that for any t > 0,2,y € R? and p € P5(RY),

K gxa < (0007) (2, 1) < Kilgxa,

(b, )|+ [1V0: () (@) + D5 {be(, )} )
+IV{a:(, @) |1* + 1D {oe(@, )} ()P < Ko,

ID*{be(x, )} (1) — D" {buly, ) Yl + 1D {ow(z, )} () — D*{ou(y, )} ()|
< Kilz —yl.

Let Py, f(p) := E[f(Xs,)] for f € Z(R?Y) and (Xg;)i>s0 solving (1.1) with Ly, = p €
P5(R?). The following result is due to [23, Theorem 1.1].

Theorem 4.5 ([23]). Assume (Hj). Then for any t >

s >0 and f € By(RY), P,f is
L-differentiable, and there exists an increasing function C' : [0, 00)

— (0,00) such that

Cill floo
D*P, < == t>s,f € B(RY).
Consequently, for any t > 0 and p,v € Py(RY),
* * 2015
||Ps7t/ﬁ — PS,tVHTV =9 Hfs”up<1 |Psief (1) — Psof(v)] < — SWQ(,u, v).
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5 Exponential ergodicity in entropy

The convergence in entropy for stochastic systems is an important topic in both probability
theory and mathematical physics, and has been well studied for Markov processes by using the
log-Sobolev inequality, see for instance [7] and references therein. However, the existing results
derived in the literature do not apply to DDSDEs. In 2003, Carrillo, McCann and Villani [11]
proved the exponential convergence in a mean field entropy of the following granular media
equation for probability density functions (p;);>0 on R%:

(5.1) Oipy = Apy + diV{PtV(V + W x Pt)}a

where the internal potential V' € C?(R?) satisfies Hessy > Al yyq for a constant A > 0 and the
d x d-unit matrix I;,4, and the interaction potential W € C?(R?) satisfies W (—z) = W (z) and
Hessy > —d1;xq for some constant § € [0,\/2). Recall that we write M > A, for a constant
X and a d x d-matrix M, if (Mv,v) > Mv|? holds for any v € R%. To introduce the mean field

e~ V(@) dg

= e vom recall the classical relative entropy
R

entropy, let uy (dx) :

Ent(v|p) = ulplogp), if v =pu,
| 0, otherwise

for p, v € Z(R?), and consider the free energy functional
V,W 1 d
ETT (p) = Ent(plpv) +5 | Wiz —y)u(de)pdy), pe PR,
RexR

where we set EV'W (1) = oo if either Ent(u|py) = oo or the integral term is not well defined.
Then the associated mean field entropy Ent""" is defined by
(5.2) Ent"W (1) .= EV'W (u) — imtf]7 EYW(v), pe 2RY).
VEY
According to [11], for V and W satisfying the above mentioned conditions, EY"" has a unique

minimizer fio., and p(dx) := pi(x)dz for probability density p; solving (5.1) converges to fiso
exponentially in the mean field entropy:

Ent"W () < e A2 EntYW (1), t > 0.

Recently, this result was generalized in [15] by establishing the uniform log-Sobolev inequality
for the associated mean field particle systems, such that Ent""" (1) decays exponentially for
a class of non-convex V € C?(R?) and W € C?*R? x R?), where W(z,y) = W(y,x) and

wi(dz) := py(x)dx for p; solving the nonlinear PDE

(5.3) Opr = Dpy + div{p,V(V + W @ py) },
where
(5.4) W ®p = ) W (-, y)p(y)dy.

R
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In this case, Ent""" is defined in (5.2) for the free energy functional

B () := Ent(ulpy) + % /Rd W yu(dau(dy), pe P (R?).

To study (5.3) using probability methods, we consider the following DDSDE with initial dis-
tribution pg:

(5.5) dX, = V2dB, — V{V + W & Ly, }(X,)dt,

where B; is the d-dimensional Brownian motion, Zx, is the distribution of X;, and

(5.6) (W@ p)(x):= [ Wyp(dy), veRpe PR

R4

_ (Zx)(dn)

—=, t > 0. By Ito’s formula and the integration

provided the integral exists. Let p;(x)
by parts formula, we have

% Rd(ﬂtf)(m)dx = %E[f(Xt)] = E[(A —VV = V{W & pt})f(Xt)}

_ /R (@) {Af — (VV + VW @ p,}, V) Hz)da
- Rd f(@){Ap: +div[ptVV—i—ptV(W@pt)]}(x)dxa t>0, fe Cgo(Rd)'

Therefore, p; solves (5.3). On the other hand, by this fact and the uniqueness of (5.3) and
(5.5), if p solves (5.3) with po(dx) := po(z)dz, then pi(z)dr = Lx,(dx) for X, solving (5.5)
with G%XO = Ho-

To extend the study of [11, 15], we investigate the exponential convergence in entropy for
the following DDSDE on R¢:

(57) dXt == b(Xt7 gXt)dt + O'(Xt)th7

where W, is the m-dimensional Brownian motion on a complete filtration probability space

(97{§t}t207p)7
o :RY 5 RIQR™, b:RY x PR — R?

are measurable.

Unlike in [11, 15] where the mean field particle systems are used to estimate the mean field
entropy, we use the log-Harnack inequality introduced in [48, 41] and the Talagrand inequality
developed in [45, 7, 35]. Since the log-Harnack inequality is not yet available when o depends
on the distribution, in (5.7) we only consider distribution-free o.

In the following subsections, we first present a criterion on the exponential convergence
for DDSDESs by using the log-Harnack and Talagrand inequalities, then prove the exponential
convergence for granular media type equations which generalizes the framework of [15], and
finally consider exponential convergence for (5.7) with non-degenerate and degenerate noises
respectively.
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5.1 A criterion with application to Granular media type equations
In general, we consider the following DDSDE:
(5.8) dX; = o(Xy, Lx,)dW; + b( Xy, Ly, )dt,
where W; is the m-dimensional Brownian motion and
o :RYx Z,(RY) - R'@R™, b:R? x Z,(R?) — R

are measurable. We assume that this SDE is strongly and weakly well-posed for square inte-
grable initial values. It is in particular the case if b is continuous on R? x 925(R%) and there
exists a constant K > 0 such that

<b(x,,u) - b(yv V)vx - y>+ + ||O‘(ZL’,LL> - J(%”)HQ < K{|ZE - y|2 +W2(:uv V)2}7
bO.] < K (14 Vil 7)), 2y € R v € Pa(RY,

see for instance [50]. See also [24, 57] and references therein for the well-posedness of DDSDEs
with singular coefficients. For any p € 925(R%), let Pfu = L, for the solution X; with initial
distribution Ly, = p. Let

P =B = [ faP, ¢20.f € (R

We have the following equivalence on the exponential convergence of P in Ent and Wi.

Theorem 5.1 ([40]). Assume that P} has a unique invariant probability measure pio, € Po(R?)
such that for some constants ty, co, C > 0 we have the log-Harnack inequality

(5.10) Py (log f)(v) < log Py f(1) + coWalp,v)?, v € Po(RY), f € B (RY)
and the Talagrand inequality
(5.11) Wa (1, f1oo)? < CEnt(plpioc), p1 € Po(RY).
(1) If there exist constants c1, A\, t; > 0 such that
(5.12) Wa (P s proo)® < 16 MWy (1, p100)?, 8>t € Po(RY),
then

max {cg ' Ent( B} ] froo), Wa (P pt, p10c)? }

5.13
(5:13) < ¢pe M=) i {Wa (1, poo)?, CEnt(paptos) b, t > to +t1, p € Po(RY).

(2) If for some constants A, ca,ta >0
(5.14) Ent (P} pi|pios) < coe ™ MEnt(plpise), t > to, 1 € Py(RY),
then

max {Ent (P} 11, j1oo), O~ Wa( P/ 1, 100)* }

5.15
(5:15) < cpe M) min {coWa (i, ptoo)?, Ent (it ptec) }, ¢ > to + Lo, 1 € Po(RY).
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When oo* is invertible and does not depend on the distribution, the log-Harnack inequality
(5.10) has been established in [50]. The Talagrand inequality was first found in [45] for e
being the Gaussian measure, and extended in [7] to ps satisfying the log-Sobolev inequality

(5.16) poo(f210g [%) < Css(IV ), | € Ci(RY), uee(f?) = 1,

see [35] for an earlier result under a curvature condition, and see [47] for further extensions.
To illustrate this result, we consider the granular media type equation for probability density
functions (p;);>0 on R%:

(5.17) Opr = div{aVp, + paV(V + W @ py) },
where W ® p; is in (5.4), and the functions
a: RIS RIQRY, VIRT SR, W:R{xRY - R
satisfy the following assumptions.
(H}) a:= (aij)1<ij<a € C}R? = RY@R?), and a > \,I4xq for some constant A, > 0.

(H2) V € C*(RY), W € C?*(R? x RY) with W (x,y) = W(y, x), and there exist constants kg € R
and K1, ke, ki > 0 such that

(5.18) Hessy > kolixa, Folaax2a > Hessw > kolaaxad,

(5.19) (x,VV(2)) > Kki|o|* — Ky, 2 € R

Moreover, for any A > 0,

(5.20) / e V@V W qzdy < oco.
RIxR4

(H2) There exists a function by € L}, ([0, 00)) with

_ ||HeSZWHOO /OO e% fotbo(s)dsdt <1
0

such that for any z,vy, z € R,

(y— 2, VV(x) = VV(y) + VW (., 2)(z) = VIV (., 2)(y)) < |z — ylbo(|z — y]).

For any N > 2, consider the Hamiltonian for the system of N particles:

N
Hy(wy, - an) = Y V() Z (@i, ;)
/ <j<N
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and the corresponding finite-dimensional Gibbs measure

1
pM(dxy, - dey) = ——e V@A qg L dgyy,
ZN
where Zy = [puv e 7@ dz < 0o due to (5.20) in (Hs). For any 1 < i < N, the conditional
marginal of u™) given z € RU¥-1 is given by

1
M (de) = — o NGy Z(2) — / Hn (el g
K ( l’) ZN(Z)e €, N(Z> Rde Z,
Hy(z|z) :=V(x) — log/ e T VeI RS W @A g, Ly
RA(N—-1)

We have the following result.

Theorem 5.2 ([40]). Assume (H2)-(H2). If there is a constant 3 > 0 such that the uniform
log-Sobolev inequality

z

621 W(Plog ) < (VIR S € CURY. () = LN 222 eRIV

holds, then there exists a unique o € Po(R?) and a constant ¢ > 0 such that

(5:22)  Wa(ps, f1oo)” + Bt (| proc) < e P00 min {Wy (g, p1oc)” + Ent (sro|piec) }, ¢ > 1
holds for any probability density functions (pt)i>o solving (5.17), where py(dx) == pi(x)dx,t > 0.

This result allows V and W to be non-convex. For instance, let V = V; + V, € C?(RY)
such that [|[Vi]loe A [[VVi]leo < 00, Hessy, > Alyxq for some A > 0, and W € C?(R? x R?)
with [|[W]|e A [|[VW]|ee < 00. Then the uniform log-Sobolev inequality (5.21) holds for some
constant 7 > 0.

5.2 The non-degenerate case
In this part, we make the following assumptions:
(H2) bis continuous on R? x &2,(R%) and there exists a constant K > 0 such that (5.9) holds.

(H?) oo* is invertible with A := ||(c0*)7||c < 00, and there exist constants Ky > K; > 0
such that for any z,y € R? and p,v € Z2,(R9),

lo(x) — o()||Frg + 2(b(x, 1) — by, v), x — y) < K3Wa(p,v)* — Koz — y|*.

According to Theorem 3.3, if (H1) holds, then for any initial value X, € L*(Q — R?, %, P),
(5.7) has a unique solution which satisfies

E[ sup |Xt|2} < oo, T € (0,00).
t€[0,T]

Let P;p = %, for the solution X; with £y, = . We have the following result.
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Theorem 5.3 ([40]). Assume (Hg) and (H2). Then P} has a unique invariant probability
measure o such that

c
(5.23) max {Ws (P} 1, ptoo)?, Ent (P} pil ptos) } < t/\—lle_(K2_K1)tW2(u,uoo)2, t >0, € Py(RY

holds for some constant ¢, > 0. If moreover o € CZ(R? — R? ®@ R™), then there erists a
constant ¢ > 0 such that for any p € Py(RY),t > 1,

(5.24)  max {W2(Pt*ﬂa fiso)?, Ent(Pt*MUOO)} < cpe” P2 M) i {WZ(,U? ﬂOO)za Ent(NWOO)}-

To illustrate this result, we consider the granular media equation (5.3), for which we take
(5.25) o =V2l44, bz, p) = =V{V+ W pu}(z), (z,n)€Rx P5(R?).

The following example is not included by Theorem 5.2 since the function W may be non-
symmetric.

Example 5.1 (Granular media equation). Consider (5.3) with V € C?*(R%) and W €
C?*(R? x R?) satisfying

(5.26) Hessy > AMyxa, Hessw > 01l2ax24, ||[Hessw || < 92

for some constants A\, > 0 and 6; € R. If A +9; — d, > 0, then there exists a unique
foo € P(R?) and a constant ¢ > 0 such that for any probability density functions (p;)io
solving (5.3), p(dz) := py(z)dx satisfies

max {WZ(Nt7Nw)27Ent(Nt’Nw)}
< cemWHO=0)t iy {Wa (o, poo)?, Ent(piolpiec) }, ¢ > 1.

Proof. Let o and b be in (5.25). Then (5.26) implies (H3) and
(b, 1) =y, v), 2w —y) < —(Ai +01)|z — yl* + ol — y[Wi(u, v),
where we have used the formula
Wi, v) = sup{u(f) —v(f) : [V[flle <1}
So, by taking a = %2 and noting that W; < W,, we obtain

(5.27)

(52
<b(x7/"L) - b(ya V),ZL‘ - y> < _(A_’—(Sl - O'/)|‘T - y|2 + ﬁwl(% V)2

J J
< —()\ + 0y — g) |z —y* + ;WQ(/JL, V)% x,y € RY v € Py(RY).

Therefore, if (5.26) holds for A + §; — d > 0, Theorem 5.3 implies that P’ has a unique
invariant probability measure po, € P(R?), such that (5.27) holds for py € P5(R%). When
o & P(R?), we have Wy (ug, fiso)? = 00 since po € P5(RY). Combining this with the
Talagrand inequality

W (110, Hoo)? < CEnt(pao]p00)
for some constant C' > 0, see the proof of Theorem 5.3, we have Ent(uo|pe) = oo for pg ¢
P (R%), so that (5.27) holds for all yy € Z(RY). O
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5.3 The degenerate case

When R* with some k € N is considered, to emphasize the space we use 2(R*) (P, (RF))
to denote the class of probability measures (with finite second moment) on R*. Consider the
following McKean-Vlasov stochastic Hamiltonian system for (X;,Y;) € Ri+d ;= R4 x R ;

dX, = BY,dt,
(5.28)

dy;, = v2dw, — {B*VV(-,O?QX,&M))(XQ + BB*(BB*)"' X, + Yt}dt,
where 5 > 0 is a constant, B is a d; X dy-matrix such that BB* is invertible, and
Vi RM x Py(RUH%2) 5 R%

is measurable. Let

vp((2.9). (,9) = V]r — 2P + By - 9)%, (2,9),(z,7) € R"F®,

1
Wi ) =t bptdr by € P(RATE)
R41+d2 xRd1+d2

WSAORY

We assume

(HS) V(z,p) is differentiable in x such that VV (-, u)(x) is Lipschitz continuous in (z,p) €
R% x 22, (RU+42) Moreover, there exist constants 6,0y € R with

(5.29) 01+ 0y < B,
such that for any (z,y), (z/,y') € Ra+% and p, i/ € Py(Ré+dz),

(BB{VV (-, u)(x) = VV (-, 1) (@)}, x — 2"+ 1+ B)Bly —¢))

(530) > _91¢B(($,y)7 (LL’/, y/))Z . 82W12ZJB (/vby,U//>2.

Obviously, (H9) implies (H}) for d = m = dy + da, o = diag{0, v/2I4,x4, }, and
b((x,y), ) = (By, =B*VV (-, u)(x) — BB*(BB*) 'z —y).

So, according to [50], (5.28) is well-posed for any initial value in L?(Q — R%F42 7 P). Let
Prp = Zx, v, for the solution with initial distribution p € Py(Rr+dz),

Theorem 5.4 ([40]). Assume (HS). Then P} has a unique invariant probability measure fio,
such that for any t > 0 and p € Py(R4UT42),

. . Ce—?/{t ]
(5:31)  max {Wa (P} o poo)” Et(FY plpe) } < g min {Ent(pljioc), Wolp 1oc)}
holds for some constant ¢ > 0 and
2(8 — 0, —0)

(5.32) K=
2428+ 82+ /B +4
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Example 5.2 (Degenerate granular media equation). Let m € N and W € C?(R™ x
R?™). Consider the following PDE for probability density functions (p;);>o on R*™:

(5.33)  Oipe(w,y) = Aype(w,y) — (Vapi(z,y), y) + (Vypi(z,y), Vo (W & pr) () + B + y),

where 3 > 0 is a constant, A,, V,, V, stand for the Laplacian in y and the gradient operators
in x,y respectively, and

(W ® py)(z) = Wz, 2)pi(2)dz, =€ R™.
R2m
. 25
If there exists a constant 6 € (O, WLV \/m) such that
(5.34) VW (-, 2)(z) = VW (-, 2)(z) < 0(|z — Z| + |2 — 2]), z,Z € R", 2,z €R™™,

then there exists a unique probability measure o, € P5(R*™) and a constant ¢ > 0 such that
for any probability density functions (p;);>o solving (5.33), u:(dx) := pi(x)dz satisfies

(5:35) o {Wapr, poo). Ent(pulptoc) } < e min {Walpo. poc)”. Ent(polpioe) }. 1> 1

2B—0\14+3+/24+2 2
holds for s — -0 (LHVER2IHE) o
2+2B+32+/ 4 +4

Proof. Let dy = dy = m and (X4, Y;) solve (5.28) for

(5.36) B = Ilhxm, V(r,p):= Wz, z)u(dz).
R2m
Let pi(2) = f(x+;)(dz). By Ito’s formula and integration by parts formula, for any f € C2(R*™)
we have
(s = SRRV
— 2)dz = —
dt Sy "t dt b

— /R2m Pt(x,y){Ayf(x,y) + (Vo f(z,y),y) — (Vyf(z,y), V.V (x, pi(2)dz) + fx + y)}dxdy

= | @ y{dple,y) = (Vepi(z,9)y) + (Vypile, y), VoW (@, ) + Bz + y) pdady.
R m
Then p; solves (5.33). On the other hand, by the uniqueness of of (5.28) and (5.33), for any
solution p; to (5.33) with po(dz) := po(z)dz € Po(R*™) for d = 2m, py(z)dz = L, v;)(dz) for
the solution to (5.28) with initial distribution pg. So, as explained in the proof of Example 5.1,
by Theorem 5.4 we only need to verify (HS) for B,V in (5.36) and

(5.37) elze(%Jr 2+2B+52), 92=€\/2+25+62,

2

27



so that the desired assertion holds for

20861 —6)  28—0(1+3y/2+28+ 5%

2428+ B2+ /BT 4 2428+ 82+ /B4

By (5.34) and V(x, u) := p(W (x,-)), for any constants aq, o, 3 > 0 we have
= (VV (@) (x) = VV(, @) @),z -7+ (1+B)(y — 7))
= (VW (., 2)(2) = VIW(,2)(@), 2 — T+ (1+ B)(y — ) )n(d2)

W(z,),z—z+(1+p6)(y—1)

+ (VW (2,-)) — (Vs
> 0|z —z| + Wi(p,p)} - (lz — 2]+ 1+ 8)ly — 9]

1 1 1
.- !
> 00 +as)Wa(iu, ) = 01 (1o + =Nl =+ (04 0P+ g )=
Take
V2+28+ 8321 1 (14 8)?
alz ,OCQZ ’a?’: .
2 24/2 + 28 + 32 24/2 + 28 + (32
We have
1 1
l+a1+—=-++V2+20+ 2
40&2 2
(1+B)(1 + ! )—1+ 2428+ 32
40[1 40&3 —2 ’
1
042+063:§\/2+2ﬁ+62.
Therefore,

1> 0228t W) — 05 + V2T 284 ) () — (2.

i.e. (HP) holds for B and V in (5.36) where B = I,,,x, implies that ¢ is the Euclidean distance
on R?™_ and for 6,0, in (5.37). O

6 Donsker-Varadhan large deviations

The LDP (large deviation principle) is a fundamental tool characterizing the asymptotic be-
haviour of probability measures {. }.~¢ on a topological space E, see [13] and references within.
Recall that . for small € > 0 is said to satisfy the LDP with speed A(e) — 400 (as ¢ — 0) and
rate function I : E — [0, +00], if I has compact level sets (i.e. {I < r} is compact for r € RY),
and for any Borel subset A of F,

1 1
— ifll()f[ < lirsn_}glf E log p(A) < hr?jélp E log pe(A) < — igf I,
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where A° and A stand for the interior and the closure of A in E respectively.
In this part, we consider the Donsker-Varadhan type long time LDP [12] for p. := £ __,,

where
1

t
L, = —/ 5X(S)d8, t>0
4 0

is the empirical measure for a path-distribution dependent SPDE.

Let (H, (-,-),|-|) be a separable Hilbert space. For a fixed constant ry > 0, a path £ € € :=
C([—ro, 0]; H) stands for a sample of the history with time length ro. Recall that € is a Banach
space with the uniform norm

[€lloc := sup [€(0)], €.

0€[—ro,0]
For any map £(-) : [—79, 00) — H and any time ¢ > 0, its segment &. : [0,00) — € is defined by
€t<9) = é(t + 9)7 NS [_T()?O]?t > 0.

Let Z2(%) denote the space of all probability measures on € equipped with the weak topology,
and let £, stand for the distribution of a random variable 7. Consider the following path-
distribution dependent SPDE on H:

(6.1) dX (t) = {AX(t) + b(Xy, Zx,) }dt + o(Lx,)dW (t), t >0,
where
e (A, 2(A)) is a negative definite self-adjoint operator on Hj

e W (t) is the cylindrical Brownian motion on a separable Hilbert space H; i.e.
W(t)=> Bit)é, t=>0
i=1

for an orthonormal basis {¢;};>1 on H and a sequence of independent one-dimensional
Brownian motions {B;};>; on a complete filtration probability space (2, .%,{.%#}i>0,P),
where % is rich enough such that for any m € Z(%€ x &) there exists a € x ¢-valued
random variable £ on (2, %, P) such that £ = 7.

¢ b:Ex P(E€)—H, o:P(€)— L(H;H) are measurable.

Let X} denote the mild segment solution with initial distribution v € (%), which is a
continuous adapted process on €. We study the long time LDP for the empirical measure

1 t
Ly = —/ dxvds, t>0.
tJo ~°

Definition 6.1. Let &?(%¢") be equipped with the weak topology, let o C (%), and let
J : P(€) — |0,00] have compact level sets, i.e. {J < r} is compact in & (%) for any r > 0.
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(1) {LY},er is said to satisfy the upper bound uniform LDP with rate function J, denoted
by {LY}ver € LDP,(J), if for any closed A C Z(¥),

1
limsup — sup logP(L} € A) < — i%f J.

t—00 ved

(2) {LY}, e is said to satisfy the lower bound uniform LDP with rate function .J, denoted
by {LY},er € LDP/(J), if for any open A C Z(%),

1
liminf — inf logP(Ly € A) > —inf J.
t ved A

t—o00

(3) {LY}, e is said to satisfy the uniform LDP with rate function J, denoted by {L}} e €
LDP(J), if {L/}vew € LDP,(J) and {L"},ey € LDB(J).

We investigate the long time LDP for (6.1) in the following three situations respectively:
1) ro =0 and H is finite-dimensional;

2) 1o = 0 and H is infinite-dimensional;

3) 1o > 0 and o is constant.

When rg > 0 and o is non-constant, the Donsker-Varadhan LDP is still unknown.

To state establish the LDP, we recall the Feller property, the strong Feller property and
the irreducibility for a (sub-) Markov operator P. Let %,(%€) (resp. C,(%)) be the space of
bounded measurable (resp. continuous) real functions on ¢. Let P be a sub-Markov operator
on %,(€), i.e. it is a positivity-preserving linear operator with P1 < 1. P is called strong

Feller if P%,(€¢) C Cy(6), is called Feller if PCy(€¢) C Cp(€), and is called p-irreducible for
some pu € P(€) if u(14P1g) > 0 holds for any A, B € #(%) with pu(A)u(B) > 0.

6.1 Distribution dependent SDE on R

Let 79 = 0, H = R? and H = R™ for some d,m € N. In this case, we combine the linear term
Az with the drift term b(z, ), so that (6.1) reduces to

(6.2) dX(t) = b(X(t), gX(t))dt + U(.,?X(t))dW(t),

where b : RY x 25(RY) — R 0 : P5(R?) — REQR™ and W (#) is the m-dimensional Brownian
motion. We assume

(H}) b is continuous, o is bounded and continuous such that
2(b(z, 1) = by, ),z —y) + o (1) — o (V)llErs < —ralw — yl* + K2 Wa(p, v)*

holds for some constants x; > kg > 0 and all 7,y € R%, u, v € P25 (R?).
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Under (H}), for any X (0) € L?(Q — R?,.%,,P), the equation (6.2) has a unique solution. We
write Py = Ly if Lx ) = p- By [50, Theorem 3.1(2)], P} has a unique invariant probability
measure ji € Po(R?) such that

(6.3) Wo(Prv, p)? < e”W=mtW, (v m)?, ¢ > 0,0 € Po(RY).
Counsider the reference SDE
(6.4) dX(t) = b(X(t), i)dt + o(n)dW (t).

It is standard that under (H}) the equation (6.4) has a unique solution X?(t) for any starting
point z € RY, and ji is the unique invariant probability measure of the associated Markov

semigroup
Pf(x) = E[f(X“(t)], t>0,2 € R f € B,(RY.

Consequently, P, uniquely extends to L>(z1). If f € L>(ji) satisfies

¢
Pf=i+ [ Pads, pac
0
for some g € L>(j1) and all t > 0, we write f € 9 (/) and denote o7 f = g. Obviously, we
have 2(o/) D C®(R?) := {f € C*(R?) : V f has compact support} and

d

o f(x) = % Z{UU*}M(IJ)@@J‘JC(I) + Zbi(%ﬂ)@‘f@)a f e CZ(RY).

ij=1 i=1

The Donsker-Varadhan level 2 entropy function J for the diffusion process generated by &7
has compact level sets in Z2(R?) under the 7 and weak topologies, and by [39, 3.11], we have

J(V):{sup{fRd%duz 1< feg(d)}, ifv<y,

0, otherwise.

Theorem 6.1 ([39]). Assume (Hg). For anyr,R >0, let B, r = {v € PR?) :v(el") < R}.

(1) We have {L}}ves, , € LDP,(J) for all v, R > 0. If P, is strong Feller and fi-irreducible
for some t >0, then {L}},c, , € LDP(J) for all v, R > 0.

(2) If there exist constants €, ¢y, co > 0 such that
(6.5) (z,b(z,v)) < ¢ — colz*™8, 2 €RY v e PR,

then {L{ },e z,®ay € LDP,(J). If moreover P, is strong Feller and fi-irreducible for some
t >0, then {LY},ema) € LDP(J).

To apply this result, we first recall some facts on the strong Feller property and the irre-
ducibility of diffusion semigroups.
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Remark 6.2. (1) Let P; be the (sub-)Markov semigroup generated by the second order differ-
ential operator

o =) U+ U,
i=1
where {U; }™, are C-vector fields and Uy is a continuous vector field. According to [31, Theorem
5.1], if {U; : 1 < i < m} together with their Lie brackets with Uy span RY at any point (i.e. the
Hérmander condition holds), then the Harnack inequality

for some map 1 : (0,00)2 x (RY)? — (0,00). Consequently, if moreover P; has an invariant
probability measure [i, then P; is fi-irreducible for any t > 0. Finally, if {U;}o<i<m are smooth
with bounded derivatives of all orders, then the above Hormander condition implies that P, has
smooth heat kernel with respect to the Lebesque measure, in particular it is strong Feller for any
t>0.

(2) Let P, be the Markov semigroup generated by

d d
bQ{_ = Z d,-j@-f)j + Z[_)Z'aj,
ij=1 i=1
where (a;;(x)) is strictly positive definite for any x, a; € HP: (dz) and b; € P (dx) for some
p>dandalll <4,j < d. Moreover, let ji be an invariant probability measure of P;. Then
by [8, Theorem 4.1], P, is strong Feller for all t > 0. Moreover, as indicated in (1) that [31,

Theorem 5.1] ensures the fi-irreducibility of P; fort > 0.

We present below two examples to illustrate this result, where the first is a distribution
dependent perturbation of the Ornstein-Ulenbeck process, and the second is the distribution
dependent stochastic Hamiltonian system.

Example 6.1. Let o(v) = I + e0o(v) and b(z,v) = —1(00*)(v)x, where I is the identity
matrix, € > 0 and 0y is a bounded Lipschitz continuous map from % (R?) to R? ® R?. When
e > 0 is small enough, assumption (H;) holds and that P, satisfies conditions in Remark 6.2(2).
So, Theorem 6.1(1) implies {L{ } e, , € LDP(J) for all 7, R > 0.

If we take b(z, V) = —x —c|z|%x for some constants ¢, > 0, then when ¢ > 0 is small enough
such that (H;) and (6.5) are satisfied, Theorem 6.1(2) and Remark 6.2(2) imply {L{ },c 2,®q) €
LDP(J).

Example 6.2. Let d = 2m and consider the following distribution dependent SDE for X (t) =
(XD (1), XD(t)) on R™ x R™ :

dXW () = {X® () — AXD(¢)}de
dXP () ={Z(X(t), Lxw) — A XP(O)}dt + odW (1),
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were A > 0 is a constant, o is an invertible m x m-matrix, W (t) is the m-dimensional Brownian
motion, and Z : R*™ x P5(R?™) — R™ satisfies

(2)

|Z(l’1, 1/1) — Z(J)Q, 1/2)| S 0z1|x§1) — m§1)| + Oég|l’1 — l’g2)| + OfgWQ(Vl, VQ)

for some constants aq, g, 3 > 0 and all o; = (x( ) (2)) ER™ vy € Po(R™), 1 <i<2.If

1) l

(6.6) 4\ > §I>l£ {2a3s + azs™! + 20, + VAL 4+ oq)? + (20 + azs~1)?},
then {L}},c, , € LDP(J) for all r, R > 0.
Indeed, b(z,v) := (@ — AzM, Z(x,v) — A\z®) satisfies
(b(z1,1v1) — b(x9,112), 11 — T9)
< =222y — 2P = 2(A — @)zt — 2P
+20” — s {1+ an)lat” = 23”] + asWa(, 1)}
< agsWy (11, 10)? — {20 — 6(1 + a1>}|x§1> — 2V
—{2A =20y — 0 (1 4+ ) — 1}|:B(2) — 2P, 5,6>0
for all 1,25 € R*™ and vy, vy € Po(R?*™). Taking

200 + azs T+ /41 + 1) + (202 + azr!)?
2(1 + Ozl)

such that §(1 4+ a1) = 29 + 011 + 1) + azs™!, we see that (H}) holds for some k1 > kg
provided 2\ — 6(1 + ;) > ags for some s > 0, i.e. (6.6) implies (H}). Moreover, it is easy
to see that conditions in Remark 6.2(1) hold, see also [16, 51] for Harnack inequalities and
gradeint estimates on stochastic Hamiltonian systems which also imply the strong Feller and
fi-irreducibility of P;. Therefore, the claimed assertion follows from Theorem 6.1(1).

5:

6.2 Distribution dependent SPDE
Consider the following distribution-dependent SPDE on a separable Hilbert space H:
(6.7 AX (1) = {AX(E) + B(X (1), L) bt +0( L) AW (1),

where (A, Z(A)) is a linear operator on H, b : H x &5(H) — H and o : Z5(H) — IL.(IH; H)
are measurable, and W (t) is the cylindrical Brwonian motion on H. We make the following
assumption.

(H2) (—A,2(A)) is self-adjoint with discrete spectrum 0 < A\; < Ay < -+ counting multiplici-
ties such that 327° A7~ < 0o holds for some constant v € (0, 1).

Moreover, b is Lipschitz continuous on H x &5 (H), o is bounded and there exist constants
oy, a9 > 0 with Ay > a1 + as such that

2(z =y, b(w, 1) = by, ) + lo(n) — o(v) s < 20|z — yI* + 202 W (1, v)*
holds for all z,y € H and u,v € Z5(H).
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According to Theorem [39, Theorem 3.1], assumption (HZ) implies that for any X (0) € L*(Q —
H, %y, P), the equation (6.7) has a unique mild solution X (). As before we denote by X"(¢)
the solution with initial distribution v € Z2,(H), and write P;v = Zxv(). Moreover, by Ito’s
formula and k := A\; — (a1 +a2) > 0, it is easy to see that P, has a unique invariant probability
measure i € P5(H) and

(6.8) Wo (P, i) < e ™Wsy(v, i), t>0.
Consider the reference SPDE
dX(t) = {AX(t) + b(X(t), p) }dt + o (B)dW (2),

which is again well-posed for any initial value X (0) € L?(2 — H, .%,,P). Let J be the Donsker-
Varadhan level 2 entropy function for the Markov process X (t), see [39, Section 3]. For any
r, R >0 let

Bg = {ve PH): v(el) < R}.

Theorem 6.3 ([39]). Assume (HZ). If there exist constants ¢ € (0,1) and ¢ > 0 such that
(6.9) (A2, bz, p)) < et el(=A)2af’, z e D((-A)?),

then {L{}ye, , € LDP,(J) for all v, R > 0. If moreover P, is strong Feller and fi-irreducible
for some t >0, then {L}} e, , € LDP(J) for all v, R > 0.

Assumption (HZ) is standard to imply the well-posedness of (6.7) and the exponential
convergence of P} in Wy. Condition (6.9) is implied by

(6.10) (=A)2 7 bz, )| S €(=A)2a| + ¢, w € D((—A)?)

for some constants ¢/ € (0,1) and ¢ > 0. In particular, (6.9) holds if |b(z, u)| < ¢1 + o] for
some constants ¢; > 0 and ¢ € (0, \y).

6.3 Path-distribution dependent SPDE with additive noise

Let H = H and o € L(H). Then (6.1) becomes

(6.11) dX(t) = {AX(t) + b(Xy, Lx,) }dt + odW ().

Below we consider this equation with ¢ being invertible and non-invertible respectively.

6.3.1 Invertible o

Since o is constant, we are able to establish LDP for b(¢, -) being Lipshcitz continuous in W,
for some p > 1 rather than just for p = 2 as in the last two results.

(H3) o € L(H) is constant and (A, Z(A)) satisfies the corresponding condition in (Hy). More-
over, there exist constants p > 1 and aq, as > 0 such that

|b(§,,u) - 5(77, V)’ < al”£ - nHOO +a2Wp(pJ> V)v 6777 € %ﬂmu”/ € ‘@p(%ﬂ)
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Obviously, (Hg) implies assumption (A) in [39, Theorem 3.1], so that for any X} € LP(Q2 —
€, F0,P) with v = ZLxy, the equation (6.11) has a unique mild segment solution X} with

E| sup ||Xt”||§o] <oo, T>0.
te[0,T

Let Pv = Zxy for t > 0 and v € Z,(F).
When P/ has a unique invariant probability measure ji € Z2,(€’), we consider the reference
functional SPDE

(6.12) dX(t) = {AX(t) + b(Xy, ) Yt + odW (2).

By [39, Theorem 3.1], this reference equation is well-posed for any initial value in LP(Q —
€, %y, P). For any ¢, R > 0, let

Ip=1{ve 2(€): v(ellx) < R
Theorem 6.4 ([39]). Assume (HZ). Let 6 € [0, \1] such that

fip =0 — (o1 + @2)ep0m = Sup {T — (g + Oz2)epm)}.
T‘G[O,)\l]

(1) For any vy,15 € Z,(F),

(613) Wp(Pt*Vla Pt*VQ)p S eperofpﬁptwp(yl’ Vg)p, t 2 0.

In particular, if k, > 0, then P has a unique invariant probability measure i € P,(€)
such that

(6.14) W, (Prv, )P < eProPiotWy (v a)?, t > 0,v € P,(F).

(2) Let o be invertible. If Kk, > 0 and sup,e( , (s — @1e”°) > 0, then {L{},es. , € LDP(J)
for any e, R > 0, where J is the Donsker-Varadhan level 2 entropy function for the Markov
process X; on €.

Example 6.3. For a bounded domain D C RY, let H = L?(D;dx) and A = —(—A)%, where
A is the Dirichlet Laplacian on D and o > g is a constant. Let o = I be the identity operator
on H, and

b(E. 1) = bo(js) + on / §MOWr), (E.1) €E x P(E),

where a3 > 0 is a constant, © is a signed measure on [—7, 0] with total variation 1 (i.e.

|©|([—7r0,0]) = 1), and by satisfies

b0(1) — bo(v)| < aWi(p1,v), p,v € P1(F)
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for some constant ap, > 0. Then (Hg) holds for p = 1, and as shown in he proof of Example
1.1 in [3] that
(dn®)®
M2 i=—
b= R(D)2’

where R(D) is the diameter of D. Therefore, all assertions in Theorem 6.4 hold provided

sup {r — (a1 + ag)e} > 0.
r€(0,M]

In particular, under this condition {L{},c. , € LDP(J) for any ¢, R > 1.

6.3.2 Non-invertible o

Let H = H; x Hy for two separable Hilbert spaces H; and H,, and consider the following
path-distribution dependent SPDE for X (¢) = (XM (¢), X®)(¢)) on H:

- AXD(t) = {4, XD(t) + BXD(1)}dt,
(6.15) dX@(t) = {A XD (t) + Z( Xy, Lx,)}dt + adW (t),

where (A;, Z(A;)) is a densely defined closed linear operator on H; generating a Cp-semigroup
ehi (i = 1,2), B € L(Hy;H,), Z : € +— Hy is measurable, o € L(H,), and W (t) is the
cylindrical Wiener process on Hy. Obviously, (6.15) can be reduced to (6.11) by taking A =
diag{A;, A2} and using diag{0, o} replacing o, i.e. (6.15) is a special case of (6.11) with non-
invertible o.

For any a > 0 and p > 1, define

1

Wya(vr,va) = inf ( L ¢(a||5§”—§§”||oo+||§§2>—s§2>||oo>”w<d§1,d§2>).

ﬂe((o&(lq ,112)

We assume

(H}) Let p > 1 and a > 0. (—Ay, Z(Ay)) is self-adjoint with discrete spectrum 0 < A\; <
A2 < --- counting multiplicities such that .2, )\17_1 < oo for some 7y € (0,1). Moreover,
Ay < §— ) for some constant § > 0; i.e., (Ajz,x) < (6 — A\;)|z|? holds for all z € Z(A,).

Next, there exist constants K7, Ky > 0 such that

|Z(€17V1) - Z(527V2)|
< K1 )|€W — ) + K62 — €| + KWy a(vr,10), (&, 11) € C x Po().

Finally, o is invertible on Hy, and there exists Ay € LL(H;;H;) such that for any ¢ > 0,
Bet42 = etA1et4o B holds and

t
Q= / e BB*e*Mds
0
is invertible on H.
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By [39, Theorem 3.2] for Hy = Hy and diag{0, o} replacing o, (Hg) implies that for any
Xo € LP(Q — €, .0, P) equation (6.15) has a unique mild segment solution. Let Pjv = Zy,
for Zx, =v e Z,(%).

Theorem 6.5 ([39]). Assume (H§) for some constants p > 1 and o > 0 satisfying

1
(6.16) a<a = m{é—l{gnt\/(6—K2)2+4K1||B||},
where || - || is the operator norm. If
(6.17) inf se™*° > Ky + || B|| + K3,
SE(O,)\l]

then P} has a unique invariant probability measure fi such that
(6.18) Wy(P/v, i) < cre”®'Wy(v, i), v € Py(€),t =0

holds for some constants c,ca > 0, and {Li },es. , € LDP(J) for any e, R > 1, where J is the
Donsker-Varadhan level 2 entropy function for the associated reference equation for X (t).

Example 6.4. Consider the following equation for X (¢) = (XM (¢), X®(¢)) on H = H, x H,
for a separable Hilbert space Hy:

dXO () = {ar XP(t) — A\ XD (¢)}de
AXA(t) = {Z(X,, Lx,) — AXP()}dt + dW (1),

where a; € R\ {0}, W(t) is the cylindrical Brownian motion on Hy, A is a self-adjoint operator
on Hy with discrete spectrum such that all eigenvalues 0 < Ay < Ay < --- counting multiplicities

satisfy
o0
Z N < oo
i=1

for some v € (0, 1), and Z satisfies
| Z(&1, 1) — Z(&o,12)| < ao|s — &aloo + asWa(vr, 1), (&, 15) € C x Po(€),i=1,2.

1
o= E(\/ag—i—élalozg—aQ).

Then P has a unique invariant probability measure fi € %5(%), and {L}},cs,, € LDP(J)
for any R,q > 1 if

Let

. _ (6%
6.19 nf 57 > qy + a0+ )
( ) sel[o,Al] 2 1 1Na

Indeed, it is easy to see that assumption (Hg) holds for p=2,6 =0, ||B|| = a1, K1 = K2 = a9
and K3 = {72. So, we have a = o' and (6.19) is equivalent to (6.17). Then the desired assertion
follows from Theorem 6.5.
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7 Comparison theorem

The order preservation of stochastic processes is a crucial property for one to compare a com-
plicated process with simpler ones, and a result to ensure this property is called “comparison
theorem” in the literature. There are two different type order preservations, one is in the distri-
bution (weak) sense and the other is in the pathwise (strong) sense, where the latter implies the
former. The weak order preservation has been investigated for diffusion-jump Markov processes
in [10, 53] and references within, as well as a class of super processes in [52]. There are also
plentiful results on the strong order preservation, see, for instance, [4, 14, 26, 32, 34, 55| and
references within for comparison theorems on forward/backward SDEs (stochastic differential
equations), with jumps and/or with memory. Recently, sufficient and necessary conditions have
been derived in [20] for the order preservation of SDEs with memory.

On the other hand, path-distribution dependent SDEs have been investigated in [19, 25],
see also [50] and references within for distribution-dependent SDEs without memory. In this
section, sufficient and necessary conditions of the order preservations for path-distribution
dependent SDEs are presented.

Let ro > 0 be a constant and d > 1 be a natural number. The path space C = C([—ro, 0]; R?)
is Polish under the uniform norm || - ||o.. For any continuous map f : [~ry,00) — R? and ¢ > 0,
let f; € C be such that fi(0) = f(0 +t) for 8 € [—ry,0]. We call (f;)i>o the segment of
(f())i>—ry- Next, let Z(C) be the set of probability measures on C equipped with the weak
topology. Finally, let W(t) be an m-dimensional Brownian motion on a complete filtration
probability space (2, {.% }i>0, P).

We consider the following Distribution-dependent SDEs with memory:

(7.1) {dX (t) = b(t, Xy, Zx,) dt + o (t, Xo, Lx,) AW (D),

dX(t) = b(t, Xy, Lx,) dt + 5(t, Xy, Lx,) AW (1),
where B
b,b:[0,00) x € x P(C) = R% 0,6:[0,00) x € x Z(C) = R'@R™

are measurable.

For any s > 0 and .#,-measurable C-valued random variables &, &, a solution to (7.1) for
t > s with (X,, X,) = (£,€) is a continuous adapted process (X (t), X (t));>s such that for all
t> s,

¢ ¢
X(t) =&(0) +/ b(r, Xr,ﬁxr)dr—i—/ o(r, X, Zx, )dW (r),
¢ ¢
(1) = £0) + / b(r, X, % )dr + / 5(r, X, L )AW (r),
where (Xt7Xt)t25 is the segment process of (X(t),)_((t))tZS_m with (X, XS) = (f,é_’)

Following the line of [19], we consider the class of probability measures of finite second
moment:

2(0) = {ve 2(©) vl I2) = [ Ielan(ag < oo}.
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It is a Polish space under the Wasserstein distance

WQ(:L“)MQ) = inf (/C . ||§ - 77||207T<d€7d77)) , M1, U2 € QQ(C%

TEC (p1,142)

where € (pu1, f12) is the set of all couplings for iy and ps.
To investigate the order preservation, we make the following assumptions.

(H}) (Continuity) There exists an increasing function « : R, — R, such that for any ¢ >
075777 € C;/Lal/ € t@2(0)7

’b(ta’fa ,u) - b(t7777 V)|2 + ‘B(tafaﬂ) - B(ta n, V)|2 + H0-<t7 57 ,u) - U(ta n, Z/)HI%IS
+ Ha'(tga ,u) - 6(t7 7, I/)HJZLIS’ < Oé(t)(”é- - 77”30 + WQ(M? y)Z),

(H}) (Growth) There exists an increasing function K : R, — R, such that
’b(ta 0, 50)‘2 + ’B(tv 0, 50)‘2 + HO’(t, 0, 50)“%13 + ”5(ta 0, 50)”?{5 < K@)? t=>0,
where ¢y is the Dirac measure at point 0 € C.

It is easy to see that these two conditions imply assumptions (H1)-(H3) in [19], so that by
[19, Theorem 3.1], for any s > 0 and .%,-measurable C-valued random variables £, € with finite
second moment, the equation (7.1) has a unique solution {X (s, &;t), X (s,&;t) biss with X, = €
and X, = £. Moreover, the segment process {X (s, &), X (s,);}i>s satisfies

(7.2) E sup ([[X(s,E)ill5 + 1X(5,€)ell%) <00, T € [s,00).

tels, T

To characterize the order-preservation for solutions of (7.1), we introduce the partial-order
on C. For z = (2',--- ,2%) and y = (y},--- ,y?) € R?, we write z < y if 2* < ¢ holds for
all 1 <4 < d. Similarly, for £ = (€L,--- &) and n = (p,--- ,n%) € C, we write £ < 7 if
£4(0) < n'(0) holds for all § € [—r(,0] and 1 < i < d. A function f on C is called increasing if

f(&) < f(n) for & < n. Moreover, for any &;,& € C, & A& € C is defined by

(&N &) =min{¢], &), 1<i<d

For two probability measures p,v € Z(C), we write p < v if u(f) < v(f) holds for any
increasing function f € C,(C). According to [29, Theorem 5], u < v if and only if there exists
7 € €(u,v) such that 7({({,n) € C*: £ <n}) =1.

Definition 7.1. The stochastic differential system (7.1) is called order-preserving, if for any
s>0and ¢ € € L2(Q — C, Z%,P) with P(§ <¢&) =1,

P(X(s,f;t) < X(s,&:1), t > s) =1.

We first present the following sufficient conditions for the order preservation, which reduce
back to the corresponding ones in [20] when the system is distribution-independent.
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Theorem 7.1. Assume (H2) and (H2). The system (7.1) is order-preserving provided the
following two conditions are satisfied:

(1) Forany 1 <i<d, u,v € P(C) with u < v, &,n € C with £ < n and £(0) = n(0),
bi(t, & ) < b (t,m,v), ae t>0.
(2) For a.e. t >0 it holds: o(t,-,-) = &(t,-,-) and c(t,&, ) = o (t,n,v) for any 1 < i <d,
1<j<m, p,ve P(C) and &, € C with £(0) = n'(0).

Condition (2) means that for a.e. t > 0, o(t,&,1u) = a(t,&, 1) and the dependence of
o(t, &, ) on (&, p) is only via £9(0).

On the other hand, the next result shows that these conditions are also necessary if all
coefficients are continuous on [0, 00) x C x H5(C), so that [20, Theorem 1.2] is covered when
the system is distribution-independent.

Theorem 7.2. Assume (H?}), (H2) and that (7.1) is order-preserving for any complete filtered
probability space (Q, {F:}i>0,P) and m-dimensional Brownian motion W (t) thereon. Then for
any 1 < i < d, p,v € Po(C) with p < v, and &,n € C with £ < n and £(0) = n'(0), the
following assertions hold:

(1) b'(t, &, p) < U (t,n,v) if b’ and b' are continuous at points (t, &, 1) and (t,n,v) respectively.

(2)) Foranyl <j<m,c"(t,& p) =a%(t,n,v)if o and Y are continuous at points (t,&, i)
and (t,n,v) respectively.

Consequently, when b,b,o and & are continuous on [0,00) x C x P,(C), conditions (1) and
(2) hold.
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