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Abstract

As an important tool characterizing the long time behavior of Markov processes, the
Donsker-Varadhan LDP (large deviation principle) does not directly apply to distribution
dependent SDEs/SPDEs since the solutions are not standard Markovian. We establish
this type LDP for several different models of distribution dependent SDEs/SPDEs which
may also with memories, by comparing the original equations with the corresponding
distribution independent ones. As preparations, the existence, uniqueness and exponential
convergence are also investigated for path-distribution dependent SPDEs which should be
interesting by themselves.
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1 Introduction

The LDP (large deviation principle) is a fundamental tool characterizing the asymptotic be-
haviour of probability measures { . }.~o on a topological space E, see [5] and references within.
Recall that . for small € > 0 is said to satisfy the LDP with speed A(¢) — 400 (as ¢ — 0) and
rate function I : E — [0, +o0], if I has compact level sets (i.e. {I < r} is compact for r € RY),
and for any Borel subset A of E|

1 1
— ifrllf[ < 1i£I§glf 3 log p(A) < lir?jéjp N log pe(A) < — i%f I
where A° and A stand for the interior and the closure of A in E respectively. The following
two different type LDPs have been studied in the literature.
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The Freidlin-Wentzell type small noise LDP [7]: p. stands for the distribution of the
solution to a dynamic system perturbed by a noise with small intensity ¢ > 0, i.e. SDE
(stochastic differential equation) with small noise. In this case, F is the path space for the
solutions of the SDE. This type LDP describes, as ¢ — 0, the convergence of stochastic systems
to the corresponding deterministic system.

The Donsker-Varadhan type long time LDP [6]: . stands for the distribution of L.-1,
where

1 t
L, ::—/ Sx(ds, t>0
t 0

is the empirical measure for a stochastic process {X(¢)}:>o. This type LDP describes the be-
haviour of L; as t — oco. In this case, F is the set of all probability measures on the state space
of the process, on which both the weak topology (induced by bounded continuous functions)
and the 7-topology (induced by bounded measurable functions) are considered in the literature.

In this paper, we study the Donsker-Varadhan LDP for path-distribution dependent SDEs
(stochastic differential equations) on a separable Hilbert space H. Inspired by Kac’s programme
for Vlasov systems in kinetic theory [11], McKean [14] introduced distribution dependent SDEs.
According to Sznitman [17], under the global Lipschtiz condition, these type SDEs can be
derived as the limit of mean-field particle systems when the number of particles tends to infinity.
Therefore, distribution dependent SDEs are also called Mckean-Vlasov SDEs and mean-field
SDEs.

In applications, the distribution of a stochastic process can be regarded as a macro property,
while the path of the process up to a time t stands for the history of the system before this
time. Since the evolution of a stochastic system may depend on both the macro environment
and the history, it is reasonable to investigate path-distribution dependent SDEs. Moreover,
because in many cases the configuration space for particle systems is infinite-dimensional, we
consider path-distribution dependent SDEs on Hilbert spaces, and in this case the SDEs are
called SPDEs (stochastic partial differential equations).

In recent years, distribution dependent SDEs have been intensively investigated. Among
many other papers in this field, [15] established the Freidlin-Wentzell LDP for distribution
dependent SDEs. However, up to our best knowledge, there is no any result on the Donsker-
Varadhan LDP for this type SDEs. Since the solution is not standard Markovian, existing
results on the Donsker-Varadhan LDP derived for Markov processes do not apply. Indeed, the
definition of the rate function (the Donsker-Varadhan level 2 entropy function) depends on the
standard Markov property of the process, for which the law of the process starting at an initial
distribution v is given by

P”—/Pru(dx),
E

where P is the law of the process starting at x, see Subsection 3.2 for details.

The framework. We investigate path-distribution dependent SDEs on a separable Hilbert
space (H, (-,-),|-|). For a fixed constant ry > 0, a path £ € € := C([—70,0]; H) stands for a



sample of the history with time length rq. Recall that % is a Banach space with the uniform
norm

1€l == sup [€(B)], €.

OG[*To,O}

For any map £(-) : [—rg,00) — H and any time ¢ > 0, its segment &. : [0, 00) — € is defined by
&(0) =&+ 0), 0€—ry0],t>0.

Let &(%) denote the space of all probability measures on € equipped with the weak topology,
and let %, stand for the distribution of a random variable 7. Consider the following path-
distribution dependent SPDE on H:

(1.1) dX(t) = {AX(t) + b(X¢, Zx,) }dt + o (ZLx,)dW (t), t >0,
where

e (A, 7(A)) is a negative definite self-adjoint operator on Hi;

e W(t) is the cylindrical Brownian motion on a separable Hilbert space H; i.e.
W(t) = ZBi(t)éia t>0
i=1

for an orthonormal basis {é;};>; on H and a sequence of independent one-dimensional
Brownian motions {B;};>; on a complete filtration probability space (€2,.%,{.%#}i>0,P),
where % is rich enough such that for any m € Z(%€ x &) there exists a € x ¢-valued
random variable £ on (£, %, P) such that £ = 7.

¢ b: 6 x P(€)—H, o:P(€)— LH;H) are measurable.

In Section 3, the well-posedness of a more general equation (3.1) will be presented. However,
to establish the Donsker-Varadhan LDP using the comparing method proposed in Theorem 5.5
below, we have to assume that the noise term only depends on the distribution Z%, rather than
the solution X;.

Let X} denote the mild segment solution of (1.1) with initial distribution v € (%), which
is a continuous adapted process on €, see Definition 3.1 below for details. We study the long
time LDP for the empirical measure

1 t
Ly = —/ dxvds, t>0.
t Jo s
Definition 1.1. Let &?(%) be equipped with the weak topology, let &/ C (%), and let
J: P(€) — [0,00] have compact level sets, i.e. {J <1} is compact in Z(€) for any r > 0.
(1) {L}} e is said to satisfy the upper bound uniform LDP with rate function J, denoted
by {L{},cor € LDP,(J), if for any closed A C (%),

1
limsup — sup logP(LY € A) < — i%f J.

t—00 ved



(2) {LY}ew is said to satisfy the lower bound uniform LDP with rate function .J, denoted
by {LY},er € LDP(J), if for any open A C Z(%),

1
liminf — inf logIP(L} € A) > —inf J.
t ved A

t—o00

(3) {LY},c. is said to satisfy the uniform LDP with rate function J, denoted by {L}},c.s €
LDP(J), if {L/}vew € LDP,(J) and {L!},cy € LDB(J).

Main idea of the study. To establish the Donsker-Varadhan type LDP for a distribution
dependent SDE/SPDE, we choose a reference SDE/SPDE whose solution is Markovian so that
existing results on the Donsker-Varadhan LDP apply. When (1.1) is well-posed, let Pjn = Ly,
for Zx, = p € P(¥¢). If P} has a unique invariant probability measure fi, we choose the
following stationary equation as the reference SPDE

(1.2) AX () = {AX(t) + b(X,, p)}dt + o()dW (t), ¢ > 0.

The solution to this equation is a standard Markov process and hence its LDP can be illustrated
using existing results. By comparing the original equation (1.1) with (1.2) in the sense of LDP,
see Lemma 5.4 below, we establish the desired Donsker-Varadhan LDP.

Since the theory of LDP has already been well developed for Markov processes (see Wu
22, 23]), the main point of the present study is to verify assumptions in Wu’s results and
the comparison theorem (see Theorem 5.5), rather than to make development in methodology.
However, it is non-trivial to check these assumptions for the present path-distribution dependent
model. Indeed, when rq > 0 and ¢ is non-constant, we are not able to prove the exponential
estimate in Theorem 5.5, so that in this case the Donsker-Varadhan LDP for (1.1) remains
open. In conclusion, new aspects presented in the paper include:

(a) The well-posedness for path-distribution dependent SPDEs (see Theorem 3.1);

(b) The exponential ergodicity of (1.1), and the hypercontractivity, irreducibility and strong
Feller property for the stationary equation (1.2);

(c¢) The exponential estimate (5.7) for solutions to the original equation (1.1) and the reference
equation (1.2).

To derive the hypercontractivity, irreducibility and strong Feller property, a crucial tool is the
dimension-free Harnack inequality due to the second named author.

The remainder of the paper is orgnized as follows. In Section 2 we state the main results
of the paper and illustrate them by specific examples; in Section 3 we investigate the existence
and uniqueness for path-distribution dependent SDEs/SPDEs; and in Section 4 we prove the
main results. Finally, for readers convenience, we recall in Appendix some results on LDP due
to [22, 23], and present an exponential estimate for the equivalence of LDPs, which are applied
in our proofs.



2 Main results and Examples

Path-Distribution dependent SDE is a probability model characterizing nonlinear Fokker-Planck
equations on the path space, see [10] for details. A fundamental problem in ergodic theory is
to characterize the stationary distribution of a stochastic system (i.e. invariant solution of the
associated Fokker-Planck equation). Although the existence and uniqueness of the stationary
distribution can be confirmed by standard techniques (for instance, coupling method), the exact
formulation of this distribution is however unknown. In applications, one uses empirical mea-
sures to simulate the stationary distribution, this leads to the study of limit theory on empirical
measures of Markov processes, for instance the law of large numbers, central limit theorems
and large deviations, see [12]. In the path dependent case, limit theorems have been studied
in [2]. In this section, we state our results on Donsker-Varadhan LDP for path-distribution
dependent SPDEs and present concrete examples to illustrate them.

To state our main results, we recall some notations. For a Banach space (B, | - ||g), let
Z(B) be the space of all probability measures on B equipped with the weak topology. For any
constant p > 0, let

Py(B) = {u € PB) : |l = p(ll - I)7" < oo},
which is a Polish space under the metric

W)= _nt ([ = ylgetag.an )
BxB

WSAWIEY

where € (1, p2) is the set of all couplings for u; and po. Next, let B,(A) (resp. Cy(A))
be the space of bounded measurable (resp. continuous) real functions on %. A sub-Markov
operator P on %,(%) is called Feller if PCy(€) C Cy(%), strong Feller if P&, (€) C Cy(€),
and p-irreducible for some u € P(A) if p(1laPlg) > 0 holds for any A, B € HB(A) with

w(A)u(B) > 0.

2.1 Distribution dependent SDE on R

Let 1o = 0, H = R? and H = R™ for some d,m € N. In this case, we combine the linear term
Az with the drift term b(zx, i), so that (1.1) reduces to

(2.1) dX(t) = b(X(t), Lx())dt + o (Lxw)dW (1),

where b : RYx 25(RY) — R 0 : P5(R?) — RIQR™ and W () is the m-dimensional Brownian
motion. We assume

(Hy) bis continuous, o is bounded and continuous such that
2(b(x, 1) = by, v),x = y) + llo(w) — o) |[zs < —ralw = yI* + K2 Wa(p, v)*

holds for some constants x; > ke > 0 and all 7,y € R, u, v € P5(R?).



We will prove that under (H;) the equation (2.1) is well-posed and has a unique invariant
probability measure i € %, (R?) such that

(2.2) Wo(Piv, i)? < e M= 2tWo(v, i)%, ¢ >0, € Po(RY),
where P} = Zx ) for initial distribution Zx ) = p. Consider the reference SDE
(2.3) dX () = b(X (t), i)dt + o(ji)dW (¢).

It is standard that under (H;) the equation (2.3) has a unique solution X?(¢) for any starting
point x € RY, and ji is the unique invariant probability measure of the associated Markov
semigroup

P f(x) :=E[f(X*(t)], t>0,2<c R fec BR.
Consequently, P, uniquely extends to L>(zz). If f € L>(ji) satisfies

t
Pf = f+/ P,gds, [i-a.e.
0

for some g € L>®(f1) and all t > 0, we write f € 2(/) and denote &/ f = g. Then Z(/) D
Ce(RY) := {f € C°(R?) : V f has compact support} and

FI) = 5 o0 i @ABI @) + 3 hlw WA (@), [ € O (R

According to Section 3, the Donsker-Varadhan level 2 entropy function J for the diffusion
process generated by .7 has compact level sets in 2(R%) under the 7 and weak topologies, and
by (5.2) below we have

J(u):{sup{fm4d”i L< fea(d)}, ifviu,

0, otherwise.

Theorem 2.1. Assume (H;y). For anyr,R >0, let B, r = {1/ c Z(RY) vl < R}.

(1) (2.1) is well-posed for initial distributions in Po(R?) and P} has a unique invariant
probability measure fi € Po(RY) such that (2.2) holds.

(2) We have {L}}yes, . € LDP,(J) for all v, R > 0. If P, is strong Feller and fi-irreducible
for some t >0, then {L}} e, , € LDP(J) for all r, R > 0.

(3) If there exist constants €, ¢y, co > 0 such that
(2.4) (z,b(z,v)) < ¢ — col2*F, 2 €RY v e PR,

then { LY },e z,way € LDP,(J). If moreover P, is strong Feller and Ji-irreducible for some
t >0, then {L}},c,rs) € LDP(J).

To apply this result, we first recall some facts on the strong Feller property and the irre-
ducibility of diffusion semigroups.



Remark 2.1. We make some comments on the strong Feller property and the ji-irreducibility
used in the above theorem for hypo-elliptic or elliptic diffusion processes.
(1) Let P, be the (sub-)Markov semigroup generated by the second order differential operator

o= U2 U

i=1

where {U;}™, are C'-vector fields and Uy is a continuous vector field. Here, as a convention
in differential geometry, each vector field U is regarded as a first order differential operator by
letting U f := (V f,U) for a differentiable function f. Assume that .o/ satisfies the Hormander
condition, i.e. there exists a natural number k > 1 such that at each point we have span.7#;, =
R?, where 27 = {U; : 1 <i < m} and for each n > 1 we set

A =, U{[U,U;] :=UU; — U;U, 0 <i<m}.
Then according to [13, Theorem 5.1], P, satisfies the Harnack inequality
Pif(z) <(t,s,2,y)Psf(y), t,s>0,z,y € R fec BTRY

for some map 1 : (0,00)% x (R%)? — (0,00). Consequently, if P; has an invariant probability
measure fi, then P, is ji-irreducible for any ¢ > 0. Finally, if {U; }o<i<m are smooth with bounded
derivatives of all orders, then the above Hormander condition implies that P, has smooth heat
kernel with respect to the Lebesgue measure, in particular it is strong Feller for any ¢ > 0.

(2) Let P, be the Markov semigroup generated by

d d
zﬂi = Z C_Lijaiaj + Z Biaj,
i=1

ij=1

where (a@;;(z)) is strictly positive definite for any z, a; € H”!(dz) and b; € LV (dz) for some
p > dand all 1 <4,5 < d. Moreover, let i be an invariant probability measure of F;. Then
by [3, Theorem 4.1], P, is strong Feller for all ¢ > 0. Moreover, as indicated in (1) that [13,

Theorem 5.1] ensures the fi-irreducibility of P; for ¢ > 0.

We present below two examples to illustrate this result, where the first is a distribution
dependent perturbation of the Ornstein-Ulenbeck process, and the second is the distribution
dependent stochastic Hamiltonian system.

Example 2.1. Let o(v) = I 4+ €0y(v) and b(z,v) = —x + €by(z, v), where I is the identity
matrix, € > 0 and gg : Po(R?) — RI@ R, by : R x P25(RY) — R? are Lipschitz continuous.
When ¢ > 0 is small enough, assumption (H;) holds and that P, satisfies conditions in Remark
2.1(2). So, Theorem 2.1(1) implies {L}},cz, , € LDP(J) for all r, R > 0.

If we take the above o but b(x,v) = —z — c|x|’z + eby(z, v) for some constants ¢, > 0 and
a Lipschitz continuous map by : R? x &25(R%) — R? such that |by(z, )| < co(1 + |z|) holds for
some constant ¢g > 0, then when ¢ > 0 is small enough (H;) and (2.4) are satisfied, so that
Theorem 2.1(2) and Remark 2.1(2) imply {L{},e2,®e) € LDP(J).
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Example 2.2. Let d = 2m and consider the following distribution dependent SDE for X (t) =
(XD(#), X®(t)) on R™ x R™ :

dXW (1) = {XO(t) = AXV(t)}dt

AXO(t) = {Z(X(1), Lx() = AXO(O}dt +0dW (1),

were A > 0 is a constant, o is an invertible m x m-matrix, W (t) is the m-dimensional Brownian
motion, and Z : R¥™ x Z2,(R*™) — R™ satisfies

1 Z(21,11) — Z(29, )] < |2l — 28] + an)2l? — 22| + as W (v, 1)

for some constants aq, g, 3 > 0 and all x; = (m(l) x(2)) eER* y; € Py(R¥™) 1 <i,j <2.1If

i e

(2.5) 4\ > inf {2035 + azs™" 4 200 + VA1 + 1)? + (202 + azs )2},
s>

then {L}},ec%, , € LDP(J) for all r, R > 0.
Indeed, b(x,v) = (2 — XaW, Z(z,v) — A\z®) satisfies
2(b(x1,11) — b(wa, 1), 11 — T2)
< —2M2t" — 2817 = 20X — ap) 2P — 2P
+ 22t — 2 1{(1 + an)[2f" — 28| + as W vy, 1) }
< azsW(vy,1)? — {20 — 3(1 + an) Yot — 232
— {2\ — 25 — 14 ay) — a33_1}|:1:§2) - x§2)|2, 5,0 >0

for all 1,25 € R* and vy, 15 € P5(R*™). Taking

200+ a3s T+ AL+ a1)? 4 (20 + agsT!)?

)

such that §(1 + ;) = 2a9 + 61 (1 + ;) + azs™!, we see that (H;) holds for some x; > ko
provided 2\ — §(1 4+ ay) > ags for some s > 0, i.e. (2.5) implies (H;). Moreover, it is easy
to see that conditions in Remark 2.1(1) hold, see also [8, 21] for Harnack inequalities and
gradeint estimates on stochastic Hamiltonian systems which also imply the strong Feller and
ji-irreducibility of P,. Therefore, the claimed assertion follows from Theorem 2.1(1).

2.2 Distribution dependent SPDE
Consider the following distribution-dependent SPDE on a separable Hilbert space H:
(2.6 dX(£) = {AX(8) + B(X (£), L)}t + 0( L)W (2),

where (A, Z(A)) is a linear operator on H, b : H x Z(H) — H and ¢ : &5(H) — 1L (1H; IH)
are measurable, and W (t) is the cylindrical Brwonian motion on H. We make the following
assumption.



(Hs) (—A, 2(A)) is self-adjoint with discrete spectrum 0 < A\; < Ay < -+ counting multiplici-
ties such that 32°° A77' < oo holds for some constant v € (0, 1).

i=1""
Moreover, b is Lipschitz continuous on H x &5 (H), o is bounded and there exist constants
aq, a9 > 0 with Ay > a7 + as such that

2(x —y,b(z, 1) = by, v)) + lo(n) — o (V)llirs < 20|z — y|* + 200 Wa(p, v)?
holds for all z,y € H and u,v € Z5(H).

According to Theorem 3.1 below, assumption (H) implies that for any X(0) € L*(Q —
H, %, P), the equation (2.6) has a unique mild solution X (¢). As before we denote by X" (t)
the solution with initial distribution v € Z5(H), and write P;'v = Zxv(). Moreover, by Ito’s
formula and k := A} — (a1 + ) > 0, it is easy to see that P has a unique invariant probability
measure ot € P5(H) and

(2.7) Wo(Piv, i) < e_“tWQ(V, i), t>0.
Counsider the reference SPDE
dX (1) = {AX(t) + b(X (1), @) }dt + o (@)dW (1),

which is again well-posed for any initial value X (0) € L?*( — H, %, P). Let J be the Donsker-
Varadhan level 2 entropy function for the Markov process X (t), see Section 3. For any 7, R > 0
let

B ={ve PM) vl <R}

Theorem 2.2. Assume (Hs). If there ezist constants € € (0,1) and ¢ > 0 such that
(2.8) (=AYt b(a, p) < c+el(=A)2al, z e 2((=A)?),

then {LY}ve, » € LDP,(J) for all v, R > 0. If moreover P, is strong Feller and fi-irreducible
for some t >0, then {L}} e, , € LDP(J) for all v, R > 0.

Assumption (H;) is standard to imply the well-posedness of (2.6) and the exponential
convergence of P in Wy. Condition (2.8) is implied by

(2.9) (—A)F "0, )] < l(—A)dal + ¢, @€ D(—A))

for some constants € € (0,1) and ¢ > 0. In particular, (2.8) holds if |b(z, u)| < ¢ + co|x| for
some constants ¢; > 0 and ¢y € (0, ). When o is invertible with bounded o~! and b(-, i) is
Lipschitz continuous, the dimension-free Harnack inequality established in [18, Theorem 3.4.1]
implies the strong Feller property and ji-irreducibility of P; for ¢t > 0, see [18, Theorem 1.4.1]
for more properties implied by this type Harnack inequality. Therefore, by Theorem 2.2, in
this case (Hy) and (2.9) imply {L{},e%, , € LDP(J) for all r, R > 0. See Example 2.4 below
for the case where o is non-invertible and b is possibly path-dependent.



2.3 Path-distribution dependent SPDE with additive noise
Let H = H and o € L(H). Then (1.1) becomes
(2.10) AX(t) = {AX (1) + b(X,, Zx,) }dt + adW (1)

Below we consider this equation with ¢ being invertible and non-invertible respectively.

2.3.1 Invertible ¢

Since ¢ is constant, we are able to establish LDP for b(¢, ) being Lipshcitz continuous in W,
for some p > 1 rather than just for p = 2 as in the last two results.

(H3) o € L(H) is constant and (A, Z(A)) satisfies the corresponding condition in (Hs). More-
over, there exist constants p > 1 and aq, as > 0 such that

|b(f,p) - 5(77, V>| < a1||§ - nHOO +a2Wp(M7 V): 5777 € %,,u,l/ € ‘@p(%)

Since (H3) implies assumption (A) in Theorem 3.1 below, for any X§ € LP(Q? — €, o, P)
with v = Zxy, the equation (1.1) has a unique mild segment solution X} with

E| sup HX;’H{;O] <oo, T>0.
te[0,7]

Let Pfv = Zxv fort > 0 and v € Z2,(%).
When P} has a unique invariant probability measure i € Z2,(%), we consider the reference
functional SPDE

(2.11) dX (t) = {AX(t) + b(Xy, ) pdt + odW (¢).

By Theorem 3.1 below, this reference equation is well-posed for any initial value in LP(2 —
€, %0, P). For any ¢, R > 0, let

Iern={vePE): (el ) < R}.
Theorem 2.3. Assume (H3). Let 0 € [0, \1] such that

fp =0 — (01 + a2)e?® = sup {r — (a5 + az)e”™}.
7"6[0,)\1]

(1) For any vi,vy € Py(F),

(212) Wp(Pt*Vl, Pt*l/g)p S epG’ro—p/iptWP(yh l/g)p, t Z 0.

In particular, if k, > 0, then P has a unique invariant probability measure i € P,(€)
such that

(2.13) W, (Pfv, i) < eP/omrretW (v 0P, t > 0,v € P,(F).

(2) Let o be invertible. If K, > 0 and supye(g r,)(s — c1e”) > 0, then {L{},es. , € LDP(J)
for anye, R > 0, where J is the Donsker-Varadhan level 2 entropy function for the Markov
process X; on €.
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Example 2.3. For a bounded domain D C RY, let H = L?(D;dz) and A = —(—A)®, where
A is the Dirichlet Laplacian on D and o > g is a constant. Let o = I be the identity operator
on H, and

b€, 1) = bo(y1) + n / §MOWr), (E.1) €E x P(E),

where a3 > 0 is a constant, © is a signed measure on [—r, 0] with total variation 1 (i.e.

|O|([—70,0]) = 1), and by satisfies
[bo(1t) — bo(v)| < eWi(p,v), p,v € Pi(€)

for some constant ay > 0. Then (Hj) holds for p = 1, and as shown in the proof of Example
1.1 in [1] that

(d7?)

R(D)Qa ’

where R(D) is the diameter of D. Therefore, all assertions in Theorem 2.3 hold provided

)\12)\22

sup {r — (a1 + a)e™} > 0.
re(0,M]

In particular, under this condition {L{},c,. , € LDP(J) for any ¢, R > 1.

2.3.2 Non-invertible o

Let H = H; x Hy for two separable Hilbert spaces H; and Hy, and consider the following
path-distribution dependent SPDE for X () = (X™M(¢), X®)(t)) on H:
(2.14) dXW(#) = {A, XD (t) + BXP(t)}dt,

' dX@ () = {A XD (t) + Z(Xy, Lx,) ydt + odW (t),

where (A;, Z(A;)) is a densely defined closed linear operator on H; generating a Cp-semigroup
edi (i = 1,2), B € L(Hy;H,), Z : € — Hy is measurable, o € L(H,), and W (t) is the
cylindrical Wiener process on Hs. Then (2.14) reduces to (2.10) with A = diag{A,, A2} and
diag{0, o} replacing o, i.e. (2.14) is a special case of (2.10) with non-invertible o.

For any aw > 0 and p > 1, define

D=

W,(n.0n) = inf ( / %(aHé”—fé”Hoo+H5§2)—652)|!oo)”7r(d£1,d£z>>-

TEE (v1,v2)

We assume

(Hy) Letp>1anda>0.

(H}) (—As, 2(Ay)) is self-adjoint with discrete spectrum 0 < A\; < Xy < -+ counting multi-
plicities such that S°°°, A7™! < oo for some v € (0,1). Moreover, A; < § — \; for some

constant & > 0; i.e., (Ajz,z) < (6§ — A\1)|x|? holds for all z € Z(A;).
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2 .
1
(H7) There exist constants K, Ky > 0 such that
|Z(&, 1)=&, 10)] < K [l€17 &5 [looH Ko |17 =67 oo+ KsWipa (01, 1), (G, 03) € EX P, ().

(H3) o is invertible on Hy, and there exists Ay € L(H;;H;) such that for any ¢t > 0, Be!42 =
et41et40 B holds and

t
Q= / e BB*e*Ads
0
is invertible on H;.

By Theorem 3.1 for Hy = H, and diag{0, o} replacing o, (H4) implies that for any X, €
LP(Q2 — €, .%y,P) this equation has a unique mild segment solution. Let Pjv = %y, for
Lx, =v € P,(F).

Theorem 2.4. Assume (Hy) for some constants p > 1 and a > 0 satisfying

1
(2.15) a<ad = m{<5—K2+\/((5—1(2)2+4K1||B||},
where || - || is the operator norm. If
(2.16) sup se "0 > Ky + || B|| + K3,
s€(0,A1]

then P} has a unique invariant probability measure ji such that
(2.17) W, (Piv, i)? < cre” W, (v, 1), v € P,(%€),t >0

holds for some constants c,cy > 0, and {Li },es. , € LDP(J) for any e, R > 1, where J is the
Donsker-Varadhan level 2 entropy function for the associated reference equation for X (t).

Example 2.4. Consider the following equation for X (¢) = (X" (¢), X®(¢)) on H = H, x H
for a separable Hilbert space Hy:

dXW(t) = {a; XP(t) — AXD(¢)}de
AX P (1) = {Z(X (1), Lxw) — AXO (1)}t + AW (1),

where a7 € R\ {0}, W(t) is the cylindrical Brownian motion on Hy, A is a self-adjoint operator

on Hy with discrete spectrum such that all eigenvalues 0 < Ay < Ay < --- counting multiplicities
satisfy

o0

Z N < o0

i=1

for some v € (0, 1), and Z satisfies

| Z(§1,11) — Z(&2, 10)| < a|€1 — &alloo + 3 Wa(v1,12), (§ivi) € C X Po(€),i=1,2.
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Let ]
o = E(\/@% +4051042 — @2).

Then P} has a unique invariant probability measure i € P5(%), and {L}},cs,, € LDP(J)
for any R,q > 1 if

(2.18) sup se " > s + aja + a4
86[0,)\1] 1 aye!

Indeed, it is easy to see that assumption (Hy) holds for p =2, 0 =0, K1 = Ky = ap, K3 = -%

1Na?

Ay = Ay = —A,B = a; and Ay = 0. So, we have @ = o/ and (2.18) is equivalent to (2.16).
Then the desired assertion follows from Theorem 2.4.
3 Well-posedness of path-distribution dependent SPDEs
Consider the following path-distribution dependent SPDE on H:
(3.1) dX(t) = {AX () + be( Xy, Zx,) }dt + 0¢( Xy, L, )AW (1),
where (A, Z(A)) is a negative self-adjoint operator on H, and
b:[0,00) X € x P(€) = H, 0:[0,00) x € x P(€) — L(H; H)
are measurable, and W (t) is the cylindrical Brownian motion on H.

Definition 3.1. An adapted continuous process (X;);>0 on % is called a mild segment (or
functional) solution of (3.1), if

+ [le 0, (X, Zx,)

t
E/ {1e"4b (X, Zx,) t1grds < oo, t>0,
0

and the process X (t) := X;(0) satisfies P-a.s.
t t
X(t) = e™X(0) + / =4 (X,, Zx.)ds + / =5 (X, Ly )dW (s), t>0.
0 0

In this case, we call (X (¢)):>0 a mild solution of (3.1) with initial value Xj.

To ensure the existence and uniqueness of mild solutions with Xy € LP(Q) — ¥, %, P) for
some p > 0, we make the following assumption.

(A) Let p € (0,00). There exists a subspace Hy of H such that o(¢,v)H C H, for any
(&,v) € € x P(€), and the orthogonal projection 7y : H — H satisfies Amg = 1A on Z(A).
Moreover, there exist v € (0,1) and 1 < K € L}, _([0,00) — [0,00)) such that

loc

(A1) [ s [le*Amol|%sds < oo, t € (0,00).
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(Az) There exists pyp > 2 such that for any ¢ > 0,&,n € € and u,v € Z,(%),

10:(&, 1) — be(n, V)| < K () (1€ = nlloo + Wy(p,v)),
lou(&, 1) — ae(n, )P < K ()50 (|€ = nl|, + W (1, v)P).

(As) [0:(0,d0)[ + [loe(0, do) [P0 < K(2), ¢ = 0.

In many references (A;) is replaced by fg s 7][e?%]|%,¢ds < oo, see for instance [4]. The present
weaker version allows us to cover more examples with degenerate noise.

Remark 3.1. By (A) we have (™9, = A=) myo,, so that using e*"m, to replace the

semigroup S(t — s) in the proof of [4, Proposition 7.9], if ®(s) is an adapted process on L(H; H)
such that ]Ef(;t ||®(s)]|9ds < oo for some ¢ > 2, then

t
We(t) := / A d(s)dW (s), >0
0
is an adapted continuous process on H such that

?

holds for some constant ¢ > 0.

} <cE/ 15(s)]“ds

¢
sup/ A=) ® () dW (r)
1J0

s€[0,¢

In the following result, “p = 2” is included in both (2) and (3), but conditions in these two
situations are incomparable: comparing with (2), (3) allows o(§, 1) depending on £ which is
more general on the one hand, but assumes the Lipschitz condition in the Hilbert-Schmidt
norm which is more restrictive on the other hand.

Theorem 3.1. Assume (A) and let Xo € LP(QY — €, %y, P). Then (3.1) has a unique mild
segment solution { X, >0 starting at Xo with

E| sup |XJ%] < o0, T€(0,00),

te[0,T]
provided one of following conditions holds:
(1) p>2.
(2) p€(0,2] and o5(&, ) does not depend on .
(3) p=2 and for any s > 0,{,n € € and p,v € P5(%),

los(&, 1) — os(n, V)| Hs < K(s){lI€ = nll%, + Wa(u,v)*}.
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Proof. We consider cases (1)-(3) respectively.

Proof for Case (1). Let p > 2.
The existence. We adopt an iteration argument as in [20]. It suffices to prove that for any
fixed T' > 0, the SPDE has a unique mild segment solution up to time 7' satisfying

(3.2) E[wpwmm}<m.
te[0,7
(1la) We first consider the case that Xj is bounded. Let X? = X, and u = ZLxo for t > 0.
By Remark 3.1,

t

t
X(t) := e X(0) +/ =94 (X0, 110)ds —i—/ =45 (X0 10)dW (s), t >0,
0

0

is an adapted continuous process on H such that

(3.3) E| sup |X}]%] < o0, ¢>0,
te[0,T7]
where X} (r) := X't + )10y + Xo(t + 7)1gtr<oy
Now, assume that for some n > 1 we have constructed a continuous adapted process
{Xf}tE[O,T} on ¢ with X(? = XO and

E[ sup HXZ‘HZO] < oo, q>0.
t€[0,T]

By Remark 3.1,

t t
(34) X"(t) = eMX(0) + / el Mb (X7, pl)ds + / Mo (X7, p)AW (s), ¢ €[0,T]
0 0

for p}} := £Lx» is an adapted continuous process on H, and the segment process X! given by
(3.5) X7 (r) o= X"t + ) Lm0y + Xo(t + 1) 1gyr<oy for 7 € [—10,0], ¢ >0

satisfies
E[amuxﬁw; <0, ¢>0.
t€[0,T]

It suffices to find a constant t; > 0 independent of X, such that {Xﬁ,to]}nzl is a Cauchy
sequence in LP(Q — C([0,t0]; €),P). This together with assumption (A) imply that the limit
Xo,t0] 1= limy, 500 X[’é’to} gives rise to a mild segment solution of (3.1) up to time ¢y. By repeating
the procedure with initial time ¢, and initial value X;;, for ¢ > 1, in finite many steps we may
construct a mild segment solution of (3.1) up to time 7', such that (3.2) holds.

For any n > 1, by (3.4), (3.5) and assumption (A) we have

Ua(t) = sup [|XT — X[l = sup [ X" (s) — X"(s)|

s€l0,] s€[0,]

t
< / K () {X7 = X7 loo + W, (2, 1) Vs + sup
0

s€[0,¢]

(3.6)

/ G, (r)dW (r)],
0
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where @, (r) := o, (X", u") — 0. (X1, u"~1) satisfies

12 (r)I” < K () { X = X2HE + Wy (s, )"

Combining this with W, (u, u?~1)? < E|| X" — X" !||2,, and noting that Remark 3.1 implies
s p t
(3.7) ]E[ sup / AT, (r)dW (1) } < CE/ |, (s)]|Pds
s€[0,t] 0 0

for some constant ¢ > 0, we find constants C,Cy > 0 such that

Blvaioy) < CiE( [ K () {thnr(s) + W, us*)ds)p

(33) +CE / K {1X7 = X772 + W ()P s

< Coe(DE[P_,(B)], e(t) = ( /0 K(s)ds) + /0 K (s)ds

Taking ¢y € (0,7 such that Coe(ty) < %, we obtain
E[¢f(to)] < 27"E[ig(to)] < o0, n > 1.

Thus, {X[ . }n>1 is a Cauchy sequence in LP(€2 — C([0, to]; €),P) as desired.

(1b) In general, for X, € LP(Q? — €,.%;,P) and N € N let XéN) = Xol{xof<ny- By (1a),
for any N > 1 we have constructed a mild segment solution (Xt(N))te[o,T} for (3.1) satisfying
(3.2) with initial value X"

t t
XN () = M X(0) + / =4 (XN, V) 4 / g (XN N (s), £ € [0,T],
0

0

where iV = & v By the above argument for XM () — XM (1) instead of X" (t) — X" (1),
we find a constant C > 0 such that for any N, M > 1, the process

wN,M(t) ‘= sup ||XS(N) - XLEM)H&N te [07T]

s€[0,t]

satisfies

(3.9) E[Yna(t)] < CE[| X051 gxo e >nanny ] + Ce(OE[n (1)), ¢ € [0, 7).

Taking ¢y € (0,77 such that Ce(ty) < 1, we obtain
E[tnar(to)] < 2CE[[| Xol [ 1qxollesnan], N, M > 1,

so that, {X[((i\iz)]}Nzl is a Cauchy sequence in LP(©2 — C([0,t]; €),P), and it is easy to see that
its limit as NV — oo is a solution of (3.1) up to time to. As explained before that by repeating
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the procedure we construct a mild segment solution of (3.1) up to time 7" satisfying (3.2).
The uniqueness. Let X; and Y; be two mild segment solutions with initial value X, satisfying

E{ sup (|| X5 + HYtllé’o)] < 00

t€[0,T

Similarly to (3.8) we have

E| sup X, = Yill2| < Ce@E| sup |IX, - |2 ], ¢ [0,7].

s€[0,t] s€[0,t]

This implies X; = Y; up to time tq € (0,7 such that Ce(ty) < 1. Since this ¢ty does not depend
on the initial value, repeating the same argument leads to X; =Y, for all ¢ € [0, 7.

Proof for Case (2). Let p € (0,2]. Again we first assume that X is bounded and let X", u", 1,
be defined in step (1a). Since o4(&, 1) does not depend on £ and K(s) > 1, by (A4z), ®,(s) in
(3.6) satisfies

1D ()P < ()W (pi, g =)™
Combining this with Remark 3.1 for ¢ = py > 2, and using W, (2, p?~ 1P < E|[| X" — X 1|2,
we find a constant Cy > 0 such that

p

Elus(o)] < Ci (B /K Jr(5)d ) +cl(/K s )

< CW(DERP ()], te[0,T],n>1

n—1

holds for (¢ fo s)ds)P + fo ds)Po Then the remainder of the proof, including the
existence and unlqueness for bounded X, and the extension to general Xy € LP(Q — €, F, P),
is similar to that in Case (1).

Proof for Case (3). Let p = 2. As explained above we only consider bounded Xj. In this case,
let X", u™, v, be defined in step (1a). By (A) and Ito’s formula to | X" (t) — X" (¢)]?, we find
a constant ¢ > 0 such that

d[X"H(E) — X(1)[?

G102 k)~ XM + X7 — X+ Wl e+ dvne),
where .

M0 =2 [ (0 = X0 () = (X D)W ()
satisfies

d(M™(t)) < AKO)IX"H() — X (OP{IXT — X7 % + Wy, uf ™) .
By (3.10), we obtain

|Xn+1(t) _ Xn<t) |2€—cf0t K(s)ds
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t t
< / K(S)e_cfos K(T)dr(HX;m i X;z—l”io + W2<M:7MZ—1>2)dS +/ e—fos cK(r)drdMn(S)
0 0

for t € [0,T]. Therefore, by the BDG inequality, there exist constants C;,Cy > 0 depending
only on T such that

E[wi(t)] < ecfoT K(s)dsE |: sup |Xn+1(s) _ Xn(8)|2€_c Io K(r)dr:|

s€[0,t]

/K WEW? ()] + Wl i) s

o[ [ oot o wari ) |

WQ +02/ K(s){E[v2_,(s)] + Wa(ul, ui~")?}ds, t €[0,T).

=

Noting that Wy (u?, u?=1)? < E[)2_,(s)], this implies

E[02(t)] < 4C, /0 CK(S)E[R(3)]ds < ACE[E_ (1) /0 K(s)ds, te[0,T]n> 1

Taking to € (0,7 such that 4C JO K(s)ds < %, we obtain

Efy, (to)] < 'E[y5(to)] <00, n>1.
Thus, { X5, }n>1 18 a Cauchy sequence in L*(2 — C([0,t0]; €),P) as desired. The remainder
of the proof is similar to that in Case (1). O

4 Proofs of main results

4.1 Proof of Theorem 2.1

We first prove the well-posedness for the following more general SDE such that the first assertion
follows:

(4.1) dX (1) = b(X(t), Lx(p)dt + o (X (L), Lx@))dW (1),
where W (t) is the m-dimensional Brownian motion, and

b: R x Zy(RY) = RY 0: R x Zy(RY) = R @R™
are continuous such that

1
(b, 1) = by, ),z —y) + 5llo@, 1) = o (y, V) s < Kalw = yl” + Ko W, v)%,

(4.2)
lo(e )l < Ko{le =yl + Wauv)}, 2,y € RY v € Py(RY)

holds for some constants K; € R, K5, K3 > 0. We have the following result.
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Lemma 4.1. Let b and o be continuous such that (4.2) holds for some constants K; €
R, K>, K3 > 0. Then (4.1) has a unique solution for initial value with Lx@) € P>(R?), and
the associated operator P} satisfies

(4.3) Wy (P, Prv) < eB K0, (1), ¢ >0, p,v € Po(RY).
Consequently, if Ky + Ky < 0 then P} has a unique invariant probability measure ji € Po(R?).
Proof. For any T > 0 and initial value X (0) with Zx ) € P2(R?), consider the space
9 = {p, 2[0,T] — P, (RY) is continuous, pig = XX(O)},
which is a complete metric space under

W (p,v) = sup e ¥Wa(u, 1)
t€[0,T]

for A > 0. For any u. € C([0,T]; 22(R%)), consider the SDE
dXH(t) = b(XH(t), pe)dt + o (XH(t), ue)dW (), ¢t > 0,X*(0) = X(0).

It is well known that the conditions on b and ¢ imply the well-posedness of this SDE, and
ZLx. € 9. So, we can define a map

P35 pu— H(p):=%x € 9.

It remains to prove the contraction of A under the metric Ws ) for some A > 0, which implies
that H has a unique fixed point g so that X* is the unique solution to (4.1). By (4.2) and It0’s
formula, for any u, v € 2 we have

d[XH(t) — X)) < 2{ K| X"(t) — XV (1)|* + KaWa (e, 1) }dt + dM (t)
for some martingale M (¢). This implies that for any A\ > K7,
e W (H (1) (), H(v)(1))* < e ME[X*(t) — X"(t)]"

t
< 2K, | HEKi-A(E=s) =2y, Lhs, Vs)?ds < Ks Woa(u,v)?, te[0,T].
A— K ’
0 — 1

Therefore, H is contraction in W, for A > K 4+ K, and hence, (4.1) has a unique solution
for gx(o) € e@Q(Rd)
Next, for two solutions X (¢) and Y'(¢) of (4.1) with initial values satisfying

fx(o) = W, -gY(o) =v, Wy(u, V)2 = E[X(0) - Y(O)P’
by (4.2), Ito’s formula and Gronwall’s lemma, we obtain
Wa(Pi s, Pv)? < EIX (1) = Y(1)[2 < SR X (0) — Y (0)F = 2IHRW, (1, 1)2,

so that (4.3) holds. According to the proof of [20, Theorem 3.1], when K; + K5 < 0 this implies
that P has a unique invariant probability measure i € 95(RY).
0
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Below, we prove the other two assertions in Theorem 2.1 respectively.

Proof of (2). According to Theorem 2.1(1), (H;) implies that the reference SDE
dX(t) = b(X(t), m)dt + o (n)dW (t)

is well-posed and the solution is a Markov Feller process, where i is the unique invariant
probability measure of P;. Let X*(¢) denote the solution starting at z. According to Theorem
5.3 and Theorem 5.5, we only need to prove the following assertions:

(2a) For any A > 0, there exist a constant s > 0 and compact set K C R? such that (5.4)
holds for any compact set K’ C R% and

=inf{t >0: X“(t) € K}, = €R%

(2b) For any N > 1,
Sup EeNf()oo{l/\|Xy(S)7X0(S)‘2}ds < 0.
VE%’nR

Indeed, by Theorem 5.3(1), (2a) implies the upper LDP (LDP if P is strong Feller and ji-
irreducible) for L? locally uniformly in z, in particular, L{ satisfies the upper LDP (LDP if P,
is strong Feller and fi-irreducible). Combining this with (2b) and Theorem 5.5 for .% = %,
and W (v) := dp, we prove the desired assertion for L} with v € %, .

Proof of (2a). By (H;), there exist constants a, 5 > 0 such that
(4.4) dIX(B)* < 2{a = BIX(1)[*}dt + 2(X (1), o (L)AW (1))
Let 6 = ||o||%,. Then for any ¢ € (0, 3/0), there exist constants c;, co > 0 such that
deXOF < 2e{a— (B —0)| X (1) }eElX ‘At + dM(t)
< {cl — cpefX P bt +dM(2)
for some martingale M(t). So,

(4.5) Ee X OF < oolel® 4 ﬂ, r € R
C2

To estimate 7% for K := By(N), we take N > Ny := (2«/3)2. Then (4.4) implies
AX(OF < =pIX (Pt +2(X7 (1), 0 (AW (1)), & < 5.
For any 6 > 0, we obtain
Eed o IR @Ps < (387 e 208 fy TR (X (9).0 (X7 (9)0)dW (9))

< 85571‘x|2 (]E68525729f0t/\7K I)—(I(S)Pds)%‘
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Thus, taking o < we arrive at

t/\T

Ee SN2(tATE) < Ee5f0 K1X=(s)|2ds < e265’1|x\2‘

Letting ¢ 1 oo implies
(4.6) BN’k < 28719 2 e RY N > N,

Combining this with the Markov property and (4.5), when § < % we have

2X(S)

— YT C
Ee®N' 7k 7 < EePTIXTOI <l ZL o e RY s> 0, N > N

€2
Therefore, for any A > 0 there exists compact K C R? such that (5.4) holds.

Proof of (2b). Simply denote X(t) = X“(¢),X(t) = X°(t) and v, = Lxvy = Piv for
v € B, g By (Hy), (2.2) and Itd’s formula, we obtain

d|X (t) — |2<{—/<;1|X()—_ ()7 + Kae™ 12 W,y (11, v)? hdt
+2(X () — X(t),{o(ve) — o(p) }dW (¢ )>~

Letting y(t) = M, we derive

1+ X (1) - X (t)
dlog(1+[X(t) — X(8)|*) < { — k1y(t) + roe” "Wy (1, v)? }dt
" ° —|JX®—Xﬁ%w@0—dMMW@»

1+ ]X(t) — X(t)
We deduce from this and (2.2) that for any A > 0,

Ak

e Fi-ra Wo (ﬂv”)ZE [e)\m I 'y(s)ds]

< E[(1+ [X(0)eM T K100 et )]

%ﬂ

< (L4 |- P 3 (B[t Wat? (e amras] )

K22 (s 2(vs,fi)?ds
(4.7) < E{(l + |X(O)|2))‘(E[eg A% Jo v (8)Wa(vs,)2d }

< COLR) (B[ 0%]) 1> 0

holds for some constant C'(\, R) > 0, where the last step is due to y(s) < 1 and v € %, p.

Therefore
’ Ay [ XX &=X%)2

sup E[e 0 14X (s)-X0()I? ] < oo, A>0,
Z/EL%%’R

which implies (2b). O
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Proof of (3). Assume (2.4). For any A > 0, it suffices to find a compact set K C R? such that
(5.5) holds for X, and

sup  EeNTIAXYO-X 0P o g N > 1.
vE P (R4)

Indeed, by Theorem 5.3(2) and Theorem 5.5 with .# = Z,(R?) and ¥(v) = v, this implies the
upper LDP (LDP if P, is strong Feller and ji-irreducible) for LY uniformly in v € 2 (R%).
By (2.4), there exist constants ¢y, ¢y > 0 such that

(4.8) deXOF < Lo — oo X (1) P2l XOF Lt 4+ 26X OF (X (1), 0 () dW (1))

This implies
T 2 2
hy(t) == EeX*OF <t + el < 0o, ¢ >0,2 e R%

Moreover, by Jensen’s inequality and the convexity of [1,00) 2 r +> 7 log!*e/?

(4.8) that

r, we deduce from

ho(t) < hy(0) + 1t — o /t ha(s)log" ™/ hy(s)ds, t>0.
This and the comparison theorem imply hx((jf) < 4(t), where ¥(t) solves the ODE
Y(t) = c1 — eatb(t) log T2 (1), (0) = hy(0) = .
So,

(4.9) sup h,(t) < sup ¥(t) =: ¢(t) < oo.
zeR $(0)>1

On the other hand, by (4.8), there exist constants Ny, 3 > 0 such that for any N > Ny and
K = By(N), we have

(4.10) deXOF < 51X ()2 X OF qt 4 2 X OF (X2 (8), o ()W (1)), t < 72
Combining this with (4.6) and using the Markov property, when 26 < 3? we arrive at

E[e(SNZTf(] < eON? +E|:e5N2TI$< 1{7;321}}
X*(1)
< eézv? +E[65Nf(1+TK )1{@21}}
<NV (1 + B WP < V(14 ¢(1)) < 00, z€RLN > N,

Therefore, for any A > 0, there exists compact set K such that (5.5) holds.
Finally, repeating the proof of (4.9) using X"(¢) replacing X?(t), we derive

sup  E[e WP < o0,
ve o (R)

This together with (4.9) yields

(4.11) sup I[*][e'XV(l)‘2 + e‘XV(l)P] < 00.
Vet@z(Rd)
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On the other hand, as in (4.7) but integrating from time 1, we obtain

t_|XY(s)=XY(s)[?

AR _ 2
Wy (iz,v) E[e)\m Ji 1+\XV(S)—XV(S)|2dS:|

e r1—r2

S 2 XV(§)—X¥(s) {o(vs)—0o(f s
< E[(l FIXY(1) — XU PPN e o K 7X@ (o) o (m v ”]

t | XY (s)— XY (s)|2e—(F1—r2)s 1

< {E[(l + |XV(1) . Xy(1>|2)2>\] }% (E [eAﬂlwz(Pvaﬁ)Q 1 1| X7 (5)— X7 (5)|2 d5]>§7 t>1.

Combining this with (4.11), we derive
Ay [ XTI -XV)2 g
sup Ee™ 7t HIXVE-XYORP T < oo, A > 1.
ve P (R9)

Therefore, the desired assertion holds. O]

4.2 Proof of Theorem 2.2

As explained in the proof of Theorem 2.1(2)-(3) that, by Theorems 5.3 and 5.5, it suffices to
prove the following assertions:

(a) For any A > 0, there exist a constant s > 0 and compact set K C R? such that (5.4)
holds for any compact set K’ C H and

T8 =inf{t >0: X*(t) € K}, z€H.

Moreover, for any N > 1,
Sup EeNfooo{l/\|Xu(S)7X0(S)‘2}d8 < 0.

VE'-OZT,R

(b) For any A > 0, there exists a compact set K C H such that (5.5) holds for X, and

sup ]E’eNfooo{l/\‘Xy(s)_Xy(s)lg}ds < 00, N Z 1.
Ve P (RY)

Comparing with the finite-dimensional case, the main difficulty is that bounded sets are no
longer compact. To construct compact sets, let {e;};>1 be the eigenbasis of A; i.e. it is an
orthonromal basis of H such that Ae; = —\;e;,7 > 1. For any N > 0, the set

oo

K := By,(N) = {x eH:|z| = Z(x,eiy)\z < NZ}

=1

is a compact set in H.
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Proof of (a). Simply denote X (t) = X%(t) and 75 = 7% := inf{t > 0 : X*(t) € K}. By
(Hy) and (2.8), we may apply It6’s formula to

o0

Y1) = (A TIX(@), X (1) = D (X(8), e N7,
i=1
such that for some constants dy,dy > 0 and |||/, So0, A7 'A] < 1
(4.12) dy(X () < (dy — do| X (t)[2)dt + dM (2),

where M (t) := 23°°° XV 7H(X (1), e;) (o (a)dW (t), ;) for an orthonormal basis {e; };>; of H. Let

211

N > Ny := (2dy/ds)?, and consider 7y for K = Boy(N). Then

(4.13) di — o X (1) < —dy| X(1)]2, ¢ < 7x.

v

Since o is bounded, by (H2) there exists a constant ¢ > 0 such that
t —
t) < c/ | X (s)[?ds, t>0.
0

So, letting 7, := inf{t > 0: | X(¢)| > n}, we deduce form (4.12) and (4.13) that

D=

Eelo Iy TE sdy | X (s)|2ds < &SV <E6262(M)(tATnATK))
< @) (B2 Jo T X ()2 ds) <00, n>1.
Taking § < (2¢)~! leads to

]Ee6d1N2(t/\Tn/\TK) < Eef(;ﬁ/\‘rn/\rK 6d1|X(s)|?yds < e26¢($)7 > O,n > 1.

Letting t,n — oo we derive
E66N2d1TK < emw(a:)7 r e H.

Combining this with the Markov property, we obtain

Ee 5N2d17 < Ee 259 (X (s))

Y

and it is easy to see from (4.12) that the upper bound is locally bounded in x when § is small
enough. Therefore, condition (a) is satisfied, since N > Ny is arbitrary.

Proof of (b). By (H3) and It6’s formula, we have

dX(1) = X0 <{ = 200 — an)|X¥() = X[ + 205 Wa( Py v, i)}t
+2(X¥(1) = X°(0), {o(Pv) — o) }dW (1)),

The remainder of the proof is completely similar to that of the proof of Theorem 2.1(3).
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4.3 Proof of Theorem 2.3
Let 6 € [0, \] such that x, = 0 — (a; + ag)eP?™.

4.3.1 Proof of Theorem 2.3(1)
For any 14,15 € Z2,(€), take X' € LP(2 — €, %, P) such that ngi =v;,1=1,2, and
(4.14) E[IIX5" — Xg? 5] = Wi (v1, 1)
Since o is constant, we have

(X" (1) — X2 (1) = {AX"(t) — X™2(1)) + b(X{, Plvr) — b(X{2, Plwe) bdt, t>0.
By (Hj) and noting that 6 € [0, \], we obtain

d{|1X“(t) — X (t)[rer”}
= pe[ X (t) = X7 (1) 2{(X () — X2 (8), (0 + A)(XP(t) — X™(1)))

+ (X (1) = X*2(1),b(X]", Pin) — b(X[?, Pivy)) Yt
< pl X () — X (4) P e an || XY — X[ |oo + oW (Pfvn, Plus) }dt, > 0.

Letting ¥(t) = || X" — X?||P.eP?, we derive

P(t) <0 sup | XV(s) — X2(s)[Pet?
s€[(t—ro),t]

(4.15) t _
< ePITO|| XK — X12||P. 4 pePfro / {a11h(s) + e’ W, (Pl P;VQW(S)’% }ds.
0

Combining this with (4.14) and
W, (v, Ple)P < E[IX — X215, t>0,

we arrive at

E[(t)] < e?"°W (1, 1) + peP’™ (ay + as) /tE[@D(s)]ds, t>0.

0
By Theorem 3.1 we have E[)(t)] < co,t > 0. Then Gronwall’s lemma yields
Elp(t)] < {Wp(vi, Vz)}pGpGer(aﬁaQ)eP%t, t>0.

Therefore,

W (Pfvn, Pive)? < e ™ E[(t)] < {W,(v1, v) }re? o7 ¢ > 0.

When £, > 0, it is standard that (2.12) implies the existence and uniqueness of P/-invariant
probability measure p such that (2.13) holds, see, for instance, [20, Proof of Theorem 3.1(2)].
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4.3.2 Proof of Theorem 2.3(2)

Let x, > 0. To prove the LDP, let P, be the Markov semigroup for the stationary equation
(2.11) and consider the LDP for L”. Since A > 0 implies SUD,(,),) (" — @1€""®) > 0 and noting
that (H3) implies

[6(&; 1) — b0, )| < aall€ = 7lloo,

by [1, Theorem 1.2] and x; > K, > 0, the Markov semigroup P is hypercontractive. Thus,
by the semigroup property and the interpolation theorem, for any ¢ > 1 there exists t, > 0
such that P, is uniformly integrable in L?(u). Moreover, according to [18, Theorem 4.2.4],
assumption (Hj) implies that for any ¢t > rg, there exists a constant ¢ > 0 such that the
following Harnack inequality holds:

(4.16) (Pof(m)* < (Bof2E))eIEE e, f e By(7).

Since Pt := ZLyp = [i, X[ solves the the stationary equation (2.11), so that by the uniqueness
conclude that ji is also P-invariant. Then for any B € %(%) such that ji(B) > 0, we have

fi(Py1p) = p(B) > 0, and hence P;,1p(n) > 0 holds for some 1 € 4. Then (4.16) implies
P, 15(&) > 0 for all £ € €, so that i(14P,,15) > 0 for u(A), i(B) > 0, i.e. Py, is fi-irreducible.
Therefore, by Theorem 5.2,
(4.17) Ly € LDP(J) uniformly in v = hji € 2(€) with ||k @ < R, R > 0.
Combining this with Lemma 5.4, it remains to show that for any ¢, R > 0,

() {L{}ves. n € LDP(J);

(IT) For any d > 0,

1 1/ _
lim — sup logIP’(g/ {1/\HXZ—XSVHoo}dS>5> = —00.
0

t—oo t VEJ&R

For (I). Observing that for any £, € € we have
d(XE(t) — X7(t) = {AXE(t) = X7(1) + b(XE, ) — b(XT, ) Yt
by the same reason leading to (4.15) we obatin
IXF = X7|Be? < e”rol|€ = nl% + arper || XS — X]|[B.e"ds, ¢ > 0.
Noting that x, < 6 — a;e?, by Gronwall’s inequality we get
| XF = X7 |I7, < epromp N g —pljr, < epfromreeje — |2,

Combining this with (4.16) and using the semigroup property of P, we find a constant ¢; > t,
such that

(P f(m)" < (P f2()el %2 ¢ pe @, f e By().
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This implies that the invariant probability measure g has full support on %', so that there exists
a constant ¢ > 0 such that

1
sup (P, f( < ce5”5”<2>°, £ed.

A f1)<1 = T, e ()
Therefore, P, has a density p;, (£,7) with respect to ji satisfying
/ptl(f,n)Qu(dn) <celil, e,

3

Consequently, for any v € 2, g, 1, = .,%-{tul has density

W) = / P (€, m(d€)

with respect to 1 which satisfies

A(|h[?) S[g %ptl(f,n) v(d€)fi(dn) < ev(efl5) < cR.

Combining this with (4.17) and noting that the Markov property of X, implies that the law of
L;"* coincides with that of

N 1 t+1t1

Ly = n / dxvds,

t1

we prove
(4.18) {LYves. . € LDP(J).

On the other hand, consider the probability distance

(4.19) p(A1, Ag) := He‘élr/le A2)/ {11€ = nlloe A 1}II(E, dn)

on Z(¢€). Then
131

p(LY,LY) < — t>0.

So, by Lemma 5.4 and (4.18) we prove (I).

For (II). By (H;) and (2.13), there exist constants ¢ > 0 such that for 6 € [0, \],
IX} = XY [loce™ <™ sup  [XY(s) — X"(s)|e”

s€[(t—ro)T,t]

t
<o [ X7 - X+ 0sW (P s
0

t
<c+ alee”o/ e98||XS” — X||oods, t>0,v€ e R
0

By Gronwall’s inequality we obtain

sgp 1X) — X/ [|oo < cexp [{are” — 0}t] < ce™™', t>0.
veSe R

This proves assertion (II).
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4.4 Proof of Theorem 2.4
By (2.16), we take 6 € (0, A1] such that

(4.20) Pe 0 — Ky — /|| B|| > K.
For any a > 0, let

pal6r &) = alll” = & e + 167 ~ &7, &1.62€ €.
We take Xo, Yy € L2(Q2 — €, %, P) such that Ly, = 11, %y, = 12 and
(4.21) W, a(v1,12)P = Epo (Xo, Yo)P.

Let X(t) and Y(t) solves (2.14) with initial values X, and Y, respectively. Then (H})
implies A; — 0 < —)\; <6, so that

(XD () = YO ()] < e {XW(0) = YO (0)}

b [ e GO0 ) - Y5 + BX(s) - V() ds

< e X W(0) — YW (0)] + / e HSIX WV (s) = YO (s)| + || B - [XP(s) = YO(s)|}ds.
0

Equivalently,
XM (1) =Y ()] < |XM(0) — Y (0)]
t
+/ 605{5|X(1)(8) — Y(l)(s)| +||B|| - |X(2)(s) — Y(2)(s)|}ds.
0
Similarly, it follows from Ay < —)\; < —0 and (H?) that
XA () — YO ()] < |XP(0) — Y (0)]

t
+ / KXY =YV oo + K| XD — Y oo + Ks W, o(Prvn, Pis) Hds.
0

Combining these with o/ > o and that X' := {6 + K> + /(K> — §)? + 4| B|| satisfies
o+ Ky =Ndo, o||B||+ K=\ >0,
we derive

" par(Xp, Ye) <™ sup {a/[ XD (s) = YO (s)] + [XP(s) = YO ()] e

SE[t—ro,t]
t

< (X o)+ [ (B4 KD = YO
0

+ (O/”BH + K2)||Xs(2) - }/:9(2)”00 + K3Wp,a(Ps*V1> PS*VQ)}dS
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t
= 0o (Xo, V) + €770 / o"*{ N par(Xs, Vo) + K3E[pa( X, Ya)] }ds.

0

By Gronwall’s lemma, for x := 6 — Xe > 0 we have
t

par(Xe, Y1) < 707 por (KXo, Vo) + 267 K / ¢ "I [pa (X, Y;)]ds.
0

Therefore, for any € > 0 there exists a constant C'(¢) > 0 such that
(20, Pemp(1 + )

KkP—1

po (X1, V)P < C(e)par (Xo, Yo)e ™" +

t
/ =R, (X, Ya)Plds.
0

Combining this with p, > p, and E[p. (Xy, Y;)P] < oo due to Theorem 3.1, we deduce from
this and Gronwall’s lemma that

WP, Prs)? < Elpo (X, Vi
< aPC(e)
— (o)

W, o(v1, 1v2)P exp [ — (/@ -1+ E)(QKs)peerop/fl_p)t}.

It is easy to see that (4.20) implies k > K5e?Pk!~P so that by taking small enough ¢ > 0 we
prove
Wp(Pt*Vl, Pt*VQ) S Cle_CQt, t Z O, V1,V € ‘@P(g)

for some constants ¢;,co > 0. Consequently, P has a unique invariant probability measure [
such that (2.17) holds.

Similarly, by (H,) and (2.17), we find a constant C' > 0 such that for any X} = X} €
LP(Q — Cg, go,]P)),

/ |1X7 — X/ |2.dt < C, v E Ig,
0

Moreover, it is easy to see that (2.16) implies the condition in [1, Theorem 1.3] for the reference
equation with fi replacing the distribution of solution, so that P, is hypecontractive (hence
uniformly integrable in LP(i) for any p > 1) for large t > 0, and the Harnack in [1, Lemma

4.1] implies (4.16). Then the desired LDP can be proved in the same way as in the proof of
Theorem 2.3.

5 Appendix: LDP for Markov processes

We first introduce the rate function, i.e. the Donsker-Varadhan level 2 entropy function for
continuous Markov processes on a Polish space E.
Consider the path space

Cg:=C(]0,00) = E) ={w:[0,00) 3t — w(t) € E is continuous}.

Let #(Cg) be the set of all probability measures on Cg, and &°(Cg) the set of all stationary
(i.e. time-shift-invariant) elements in &(Cg). For any @ € £°(Cg), let @ be the unique
stationary probability measure on Cg := C(R — E) such that

Q({wEC‘E:w(ti)GAi,lﬁiﬁn}):Q({wGCE:w(ti—i-s)EAi,lgiSn})
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holds for any n > 1, —co < t; <ty < -+ < t, < 00,8 > —t1, and {A; }1<i<n C B(E). We call Q
the stationary extension of Q to Cp. For any s <t, let # :=o(Cg 2w+ w(u):s <u<t).
For a probability measure Q) on Cg, let Q,,— be the regular conditional distribution of Q) given
Fo . Moreover, let Ent o be the Kullback-Leibler divergence (i.e. relative entropy) on the
o-field .#; that is, for any two probability measures p, pio on Cg,

hlogh)d if dpy| 70 = hdpus|
Entﬁg(m\uz) — ch( 0g ) M2, 1 /h!{g ,LL2|E/10,
00, otherwise.

Now, for a standard Markov process on E with {P* : z € E} C #(Cg), where P* stands
for the distribution of the process starting at x, the process level entropy function of Donsker-
Varadhan is given by

Je, Entzo(Qu-|P*@)Q(dw), if Q € 2°(Cp),

00, otherwise.

H(Q) :Z{

Then the Donsker-Varadhan level 2 entropy function is defined as
(5.1) J(v):=inf {H(Q): Q€ P2°(Cg),Qw(0) €-)=v}, vePE).

This function has compact level sets in & (FE) under the 7- (hence the weak) topology, see for
instance [22, 23]. For any v € Z(F), let (X} ):>0 be the Markov process with initial distribution
v. Consider its empirical measure

1 t
Ly:—/awﬁ,t>0
t Jo s

When v = §,, we denote X{ = X and L} = L. Let p be an invariant probability measure of
P,, where P, is the Markov semigroup given by

P f(x) =E[f(X])], v € E,t>0,f¢e % (E).

We write f € 2,(<7) if f € L>(p) and there exists g € L>(p) such that P,f — f = f(f P,gds
holds p-a.e. for all t > 0. In this case, we denote & f = g. We have the following formula for
J.

Theorem 5.1 ([23], Proposition B.10 and Corollary B.11). Assume that P, has a unique
mwvariant probability measure p. Then

J(v) = {Sup{fE %‘Wdy: 1<fe -@u(%)}a if VAL,

(5.2) |
0, otherwise.

In particular, if the Markov process is associated with a symmetric Dirichlet form (&, 2(&))
in L*(u), then

(5.3) ﬂm:{ﬂMWQ,UVZMMﬁe@wL

0, otherwise.
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We now recall another result due to [23] on the LDP for uniformly integrable Markov
semigroups, which will be used in the proof of Theorem 2.3. Let p > 1 and let P be a bounded
linear operator on LP(u). We call P uniformly integrable in LP(u) if

lim  sup u(|PfP1gps>ry) = 0.
R=o0 (1 f1r) <1

This LDP is established under the 7-topology induced by f € Z%,(F), and hence also holds
under the weak topology. Let v € I, := {v = hu : ||h||zaqn) < L} for ¢, L € (1,00).

Theorem 5.2 ([23], Theorem 5.1). Assume that the Markov semigroup P, has a unique in-
variant probability measure u, and there exists T € (1,00) and p € (1,00) such that Pr is u-
irreducible and uniformly integrable in LP(p). Then {L{},er,, € LDP(J) under the T-topology
for all q, L € (1,00).

The next result due to [22] provides criteria on the LDP using the hitting time to compact
sets, which will be used in the proofs of Theorem 2.1 and Theorem 2.2. For any set K C E
and any = € F, let

T =1inf{t > 0: X(t) € K},
where X7(t) is the Markov process starting at z. We will use the following conditions where

(D1) is weaker than (D2):

(D1) For any A > 0 there exist a constant s > 0 and a compact set K C E such that for any
compact set K/ C E,

(5.4) sup E[e’\”)(( (S)] < 0o, sup E[e’k] < oo.
zeK zeK'’

(D2) For any A > 0 there exists a compact set K C E such that

(5.5) sup E[e*k] < oo.
el

Theorem 5.3 ([22], Theorems 1.1,1.2). Assume that P; is a Feller Markov semigroup.

(2) (D1) implies {L{},ep € LDP,(J) for any compact set D C E, and the inverse holds
provided E is locally compact. If P; is strong Feller and p-irreducible for some t > 0, then
{Li}Ysep € LDP(J) for compact D C E if and only if (D1) holds.

(1) (D2) implies {L}},c 2y € LDP,(J), and the inverse holds when E is locally compact. If
moreover P, is strong Feller and p-irreducible for some t > 0, then {L}},e ) € LDP(J)
if and only if (D2) holds.

Moreover, we introduce the following approximation lemma which is easy to prove but useful
in applications, see for instance [5, Theorems 4.2.16, 4.2.23], and see also [16, Theorem 3.2| for
a stronger version called generalized contraction principle.
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Lemma 5.4 (Approximation Lemma for LDP). Let {(L )0, (L} )1>0 : v € I} be two families
of stochastic processes on a Polish space (E, p) for an index set & . If (L}),es € LDP,(J)(respectively
LDP,(J)) and

. 1 v TV
Jim ) log P(p(Ly, Ly) > 0) = —o0, 6 >0,

then (LY),es € LDP,(J)(respectively LDP,(J)).
Finally, to establish the LDP for L} associated with (3.1), we consider a reference equation:
(5.6) dXV(t) = {AX"(t) + b(X)) }dt + a(X})dW (1), X§ = X[,

where b : 4 — H, ¢ : ¥ — L(H) are measurable such that this equation has a unique
mild segment solution for any initial value in %, which is thus a Markov process on €. In
applications, the coefficients in (5.6) will be given by the limit of b,(-, v;) and o,(-, 1) as t — oo,
where b, and oy are in (3.1) and v, := Zx». Now, let

_ 1 [t
L”:—/é)—@ds, t > 0.
t t s
0

We have the following result which is more or less standard but we include a brief proof for
complement.

Theorem 5.5. Assume that (3.1) and (5.6) are well-posed for any initial value Xy with Lx, €
S and Ly, € V(I) respectively, where S is a non-empty subset of P(€) and ¥ : I — P(E)
is a map. If {L}},ew(s)y € LDP,(J)(respectively LDP(J)) under the weak topology, and

(5.7) SupE[eNfo""{HX:—XS(")||ooA1}ds} <00, N>1,
vES

then {L}},es € LDP,(J)(respectively LDP,(J)) under the weak topology.
Proof. Let p be in (4.19). It is well known that p induces the weak topology on &(%’). Since

_ 1 [t _
pLLID < § [ I = XV n1)ds, e
0
(5.7) implies

1 _
lim - sup logP(p(LY, L}™) > 6)

t—o0 vesS
1 t )
< lim = sup 1ogIP>(N/ {I1X7 = XY A1}ds > tN6>
t=oo 1 pey 0

<—=N§, N>1,0>0.

Therefore,
1 FU(v
lim — sup log]P(p(L;’,L;P( N> 6)=—00, §>0.
t—o00 t vesd

®)

Then the desired assertion follows from Lemma 5.4 with E;II replacing LY. [
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