Unimodality of the Andrews-Garvan-Dyson cranks of partitions
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Abstract. The main objective of this paper is to investigate the distribution of the
Andrews-Garvan-Dyson cranks of partitions. Let M (m,n) denote the number of partition-
s of n with the Andrews-Garvan-Dyson crank m, we show that the sequence {M(m, n) }jmj<n—1
is unimodal for n > 44. It turns out that the unimodality of {M (m,n)}mj<n—1 is related
to the monotonicity properties of two partition functions p.(n) and pp.(n). Let p.(n)
denote the number of partitions of n with parts taken from {2,3,...,7} and let pp,(n)
denote the number of pairs («, ) of partitions, where « is a partition counted by p,(7)
and £ is a partition counted by p,.1(n—1) for 0 < i < n. We show that p,(n) > p.(n—1)
for r > 5 and n > 14 and pp,.(n) > pp,(n — 1) for r > 3 and n > 8. With the aid of the
monotonicity properties on p,.(n) and pp.(n), we show that M(m,n) > M(m,n — 1) for
n>14and 0 <m<n-—2and M(m—1,n) > M(m,n) forn >44 and 1 <m <n — 1.
By means of the symmetry M(m,n) = M(—m,n), we find that M(m — 1,n) > M(m,n)
for n > 44 and 1 < m < n — 1 implies that the sequence {M(m,n)}mj<n—1 is unimodal
for n > 44. We also give a proof of an upper bound for ospt(n) conjectured by Chan and
Mao in light of M(m —1,n) > M(m,n) forn > 44 and 0 <m <n — 1.
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1 Introduction

Dyson’s rank [21] and the Andrews-Garvan-Dyson crank [7] are two fundamental statistics
in the theory of partitions. Recall that the rank of a partition was introduced by Dyson [21]
as the largest part of the partition minus the number of parts. The crank of a partition
was defined by Andrews and Garvan [7] as the largest part if the partition contains no
ones, and otherwise as the number of parts larger than the number of ones minus the
number of ones.

Let p(n) denote the number of partitions of n. It was conjectured by Dyson [21]
and confirmed by Atkin and Swinnerton-Dyer [11] that the rank of a partition could



explain two of Ramanujan’s famous partition congruences p(5n + 4) = 0 (mod 5) and
p("Tn+5) =0 (mod 7), but not the third one, p(11n 4 6) =0 (mod 11). This led Dyson
to hypothesize the existence of another statistic, namely the crank. Until forty-four years
later, Andrews and Garvan [7], building on the work of Garvan [24] finally unveiled crank
and showed that the crank can be used to interpret all three congruences on p(n) mod
5,7 and 11. For more details, please refer to Dyson [21], Atkin and Swinnerton-Dyer [11]
and Andrews and Garvan [7,24]. It is worth mentioning that Mahlburg [30] showed that
the crank can also provide combinatorial interpretations of infinite families of congruences
on p(n) established by Ahlgren and Ono [1] and Ono [31]. Since then, the rank and the
crank have been extensively studied, see, for example, Andrews and Garvan [8], Andrews
and Ono [10], Bringmann and Dousse [12], Bringmann and Ono [15, 16], Garvan [26],
Lewis [29], and so on.

Let m be an integer. For n > 1, let N(m,n) denote the number of partitions of n
with rank m, and for n > 1, let M (m,n) denote the number of partitions of n with crank
m. Forn =1, set M(0,1) = —1, M(1,1) = M(-1,1) = 1, and M(m,1) = 0 when
m # —1,0,1. For n =0, set M(0,0) =1, and M(m,0) = 0 when m # 0. For n < 0, set
M(m,n) = 0.

In 2014, Chan and Mao [17] showed the following two inequalities on N(m,n):

Theorem 1.1. (Chan and Mao). Forn > 12 and 0 <m <n—-3 orm=n —1,
N(m,n) > N(m,n —1). (1.1)
Theorem 1.2. (Chan and Mao). For m,n > 0,

N(m,n) > N(m+2,n). (1.2)

In [5], Andrews, Chan and Kim introduced the function ospt(n) defined as the d-
ifference between the first positive crank moment and the first positive rank moment,
namely,

ospt(n) = Z mM (m,n) — Z mN (m,n). (1.3)

By means of generating function, Andrews, Chan and Kim [5] proved the positivity of
ospt(n) and gave a combinatorial interpretation of ospt(n) which counts the number
of even and odd strings in the partitions of n. Chen, Ji and Zang [19] gave another
combinatorial interpretation of ospt(n) in terms of certain bijection.

Using Theorem 1.1 and Theorem 1.2, Chan and Mao [17] established the following
upper-bound and lower-bound for ospt(n) in terms of N(m,n), M(m,n) and p(n).

Theorem 1.3. (Chan and Mao). The following inequalities are true.

p(n)  N(O,n) M(O,n)
0 + SR forn > 8, (1.4)

ospt(n) >
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ospt(n) < p(471) + N((;, n) _ M(Z,n) + N(;, n)’ forn >17, (1.5)
ospt(n) < ]@, forn > 3. (1.6)

At the end of the paper, Chan and Mao [17] raised a series of open problems, one of
which is to establish similar inequalities for the crank of a partition. They also posed the
following conjecture.

Conjecture 1.4. (Chan and Mao). For n > 10,

ospt(n) < 1@ (1.7)

In [28], Kim, Kim and Seo proved that M(m,n) > M(m + 1,n) for m > 0 and
sufficiently large n. More precisely, they obtained the following result.

Theorem 1.5. (Kim, Kim and Seo). Form > 0,
M(m,n) > M(m+1,n)

for all positive integers n > 100 satisfying

14
Vnl_gp | 7 2n >217Me%§(2m+3)26”*/%"7
3 2m+1

where 14(2) is the modified Bessel function of the second kind.

In this paper, we establish the following two inequalities on M (m,n).
Theorem 1.6. Forn > 14 and 0 < m <n — 2,
M(m,n) > M(m,n —1). (1.8)
Theorem 1.7. Forn>44 and 1 <m <n—1,

M(m —1,n) > M(m,n). (1.9)

Recall that a sequence {a;}1<i<, is unimodal if for some 1 < 5 <n,

ap S S0 A 2 A 200 2 a

n-

For more information, see [32, P.124, Ex.50].

From Theorem 1.7 and the symmetry M (m,n) = M(—m,n) (see [23,24]), we find the
following unimodality of the crank.
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Figure 1.1: The sequence {M (m,44)}m <43 is unimodal.

Corollary 1.8. Forn > 44,

That means the sequence {M(m,n)}m|<n—1 i unimodal for n > 44.

Fig. 1.1 gives an illustration of the unimodality of {M (m, 44)} <43
It should be noted that when

(m,n) € {(2,5),(3,10),(4,9),(6,13)},

the inequality (1.8) does not hold.

Also, when

(m,n) €{(1,2i —1): 4 < i< 22} U{(2,4)U{(2,2i): 5 < i< 13}U
{(3,5),(3,9), (3,15), (3, 17), (3,21), (4,8), (4, 10), (4, 16), (5,9), (5, 13), (6,12)},

the inequality (1.9) does not hold.

It is worth mentioning that Andrews, Dyson and Rhoades [6] conjectured the uni-
modality of the spt-crank defined on the spt-function. Let Ng(m,n) denote the number
of S-partitions of n with spt-crank m, Andrews, Dyson and Rhoades conjectured that
{Ng(m,n)}, is unimodal. Their conjecture was proved by Chen, Ji and Zang [18]. For
the definitions of the spt-crank, the spt-function and the S-partition, please refer to [4]
and [9].

In this paper, we also give a proof of Conjecture 1.4 in light of Theorem 1.7 and the
following theorem.



Theorem 1.9. For n > 39,
p(n) > 21M (0, n). (1.10)

The proofs of the two inequalities on M (m,n) relates to the monotonicity property
of the partition function p,(n), which counts the number of partitions of n with parts
taken from {2,3,...,7}. From the definition of p,.(n), it is easy to see that the generating
function of p.(n) is

- 1
pr(n)q" = ———. 1.11
; ) (@% @) (111
Here and throughout the rest of this paper, we adopt the common g-series notation [2]:
(@)= [0 —ag®) and (aq), = %D
n0 (ag™; q)oo

We show that p,.(n) has the following monotonicity property.

Theorem 1.10. Forr > 5 and n > 14,
pr(n) > pr(n—1). (1.12)

It should be noted that Theorem 3.1 gives more results on p,(n) — p.(n — 1).

The proof of Theorem 1.7 for m = 2 and m = 3 also requires the monotonicity property
of another partition function pp,.(n). Let pp.(n) denote the number of pairs («a, §), where
« is a partition counted by p,(i) and 3 is a partition counted by p,.1(n—1) for 0 <i < n.
From the definition of pp,(n) and (1.11), it is easy to see that the generating function of
ppr(n) is

- 1
ppr(n)q" = : 1.13
; ) (4% @)r-1(a% @)r (1.13)
We show that pp,.(n) has the following monotonicity property.
Theorem 1.11. Forr >3 and n > 8,
ppr(n) > ppr(n —1). (1.14)

It should be noted that more results on pp,(n) — pp,(n — 1) are stated in Theorem 4.1.

This paper is organized as follows. In Section 2, we give a brief outline of the proofs of
Theorem 1.6 and Theorem 1.7. In Section 3, we show the monotonicity property of p,.(n).
Section 4 is devoted to the proof of the monotonicity property of pp,(n). In Section 5, we
give a proof of Theorem 1.6 by means of Theorem 3.1 and Corollary 3.3. Sections 6~9
are devoted to the proof of Theorem 1.7. More specifically, we establish three expressions
for the generating function of M(m — 1,n) — M (m,n) in Section 6. Section 7 is devoted



to the proof of Theorem 1.7 when m = 2 in light of Theorem 4.1. In Section 8, we show
Theorem 1.7 holds when m > 3 in light of Theorem 3.1, Corollary 3.3 and Theorem 4.1.
In Section 9, we finish the proof of Theorem 1.7 by showing that M (0,n) > M(1,n) for
n > 44. In Section 10, we first prove Theorem 1.9, and then confirm Conjecture 1.4 in
light of Theorem 1.7 and Theorem 1.9. Finally, two conjectures on the log-concavity of
M(m,n) and N(m,n) are posed in Section 11.

2 The outline of the proofs of Theorems 1.6 and 1.7

The proofs of Theorem 1.6 and Theorem 1.7 both rely on the generating function of
M (m,n) established by Garvan [25]:

Theorem 2.1. (Garvan). For m >0,

)42k m

Y M(m,n)q" = 1_q +Z N (2.1)

1 q k+m— 1

By Theorem 2.1, it is easy to see that

Z (m’n_ 1>>qn

n=0

2. .m 2m+3

_ ‘Q)q +§:

(¢ Dm — (¢% Dr-1(% Drrm—1

k(k+m)+2k+m
(2.2)

To prove Theorem 1.6, it suffices to show that the coefficients of ¢ in (2.2) are non-
negative when n > 14 and 0 < m < n — 2. By the definition (1.11) of p,(n) and (2.2), we
see that for m > 2 and n > m + 1,

M(m,n) — M(m,n—1) > pnn—m) — pp(n—m—1)+ ppy(n —2m —3).  (2.3)

With the aid of Theorem 3.1 and Corollary 3.3, we will show that the right-hand side
of (2.3) is nonnegative when n > 14 and 0 < m < n — 2, which leads to Theorem 1.6.

Similarly, by Theorem 2.1, we see that for m > 1,

Z m—1,n) — M(m,n))q"

n=0



> k(k+m—1)+2k+m—1 e k(k+m)+2k+m
Z (6 Dk Dbm—2 ,; k(0% @krm
1—q)q - g

+

(4; q)m_1 (¢% Qm- (24)

In order to prove Theorem 1.7, we aim to show that the coefficients of ¢ in (2.4) are
nonnegative when n > 44 and 1 < m < n—1. It turns out that this will be more difficult
and it is required to transform (2.4) into several summations which have nonnegative
power series coefficients. To this end, we first split the first summation in (2.4) into five
summations as stated in Lemma 6.1, and then split the second summation in (2.4) into
five summations as stated in Lemma 6.2. Based on Lemma 6.1 and Lemma 6.2, we could
derive from (2.4) a new expression of the generating function of M(m — 1,n) — M(m,n)
stated in Theorem 6.3. Moreover, when m > 2, it can be shown that some summations in
Theorem 6.3 have nonnegative power series coefficients, see Theorem 6.4 and Theorem 6.5.
The proof of Theorem 1.7 consists of three parts: (1) m = 2 (Section 7), (2) m > 3
(Section 8), (3) m = 1 (Section 9).

When m = 2, based on Theorem 6.4, we will show that for n > 15,
M(17 Tl) - M(27 TL) > TQ(n)a

where Ty(n) is defined as:

o i q +7r+7 q)
T5(n)q 2.5
; 2(n) g (@ @)1 (25)
By the definition (1.13) of pp,.(n), we see that
Z Tr(n)q" = Z qr2+7T+7 Z(pprﬂ(”) = ppra1(n = 1))q".
n=0 r=1 n=0

In light of Theorem 4.1, we will show that M(1,n) — M(2,n) > 0 for n > 44.
When m > 3. In light of Theorem 6.5, we will show that for n > 0,

where

Am+8

1—g¢q q
U — 2m +q2m+1 +q3m+1 +qm 1 +
Z (@ Dm—2 (@ Dm



By the definition (1.11) of p,(n), we see that U,,(n) can be expressed in terms of p,,(n)
and pp,(n) —pm(n—1). With the aid of Theorem 3.1 and Corollary 3.3, we will show that
Un(n) > 0 for m > 3 and n > 44, which implies M (m — 1,n) > M(m,n) for m > 3 and
n > 44.

The proof of Theorem 1.7 when m = 1 is the most complicated. It is required to
do more operations on (2.4) when m = 1. Besides Lemma 6.1 and Lemma 6.2, we
also need three more lemmas ( Lemmas 9.2, 9.3, 9.4). Based on these five lemmas, we
succeed to transform (2.4) when m = 1 into several summations stated in Theorem 9.1
which have nonnegative power series coefficients. Using Theorem 9.1, we will deduce that
M(0,n)—M(1,n) > Ti(n) for n > 10, where T (n) is defined as in (9.31). With the aid of
a result of Chan and Mao [17], namely Lemma 3.5, and the exact formula of ps(n) stated
in Lemma 3.2, we deduce that 71 (n) > 0 for n > 106. This leads to M (0,n)—M(1,n) > 0
for n > 106. Moreover, it can be checked that M (0,n) — M (1,n) > 0 when 44 < n < 105.
Therefore, we show that Theorem 1.7 holds when m = 1.

3 The monotonicity property of p.(n)

In this section, we aim to investigate the monotonicity property of p,.(n). We will prove the
following results on p,(n) —p,(n—1) for r > 2, which leads to Theorem 1.10 immediately.
The results for some special cases of p.(n) — p.(n — 1) will be used in the proofs of
Theorem 1.6 and Theorem 1.7.

Theorem 3.1. Forr > 2, define
d.(n) = py(n) —p.(n —1). (3.1)

Then

(1) d,(0) =1 and d,(1) = —1 for all r > 2.
(2) da(n) =1 when n is even and de(n) = —1 when n is odd.

(3) d3(n) =1 when n = 0,2 (mod 6), d3(n) = —1 when n =1 (mod 6) and dz(n) =0
when n = 3,4,5 (mod 6).

(4) d4(n) > 0 when n is even, dy(n) = — |(n+ 11)/12] whenn =1 (mod 2) and n # 3
(mod 12) and dy(n) = — |n/12] when n =3 (mod 12).

(5) ds(n) >0 forn > 2. Moreover, ds(n) > 1 for n > 14.
(6) dg(n) >0 forn >0 except for dg(1) = dg(7) = dg(13) = —1.

(7) When r >7, d.(n) >0 forn > 2. Moreover, d.(r +2) > 1 and d,(2r +7) > 1.



To prove Theorem 3.1, we first establish exact formulas for p,(n) when 2 < r <4 in
Lemma 3.2. We then establish three expressions for the generating function of p,.(n) in
Lemma 3.4. We proceed to show Lemma 3.6, which plays a crucial role in the proof of
Theorem 3.1. Finally, we give a proof of Theorem 3.1 based on Lemma 3.2, Lemma 3.4
and Lemma 3.6.

Lemma 3.2. When 2 < r < 4, we have the following explicit formulas for p.(n):

(1)
)1, ifn s even;
Pe(n) = {o, if n is odd. (32)

p3(n) = {

(30> +3a+1, ifn=12a orn = 12a+ 3;

L
L

241, if n#1 (mod 6);
2, if n=1 (mod 6).

3a2 +4a+1, ifn=12a+2 orn=12a + 5;
3a2+5a+2, ifn=12a+4 orn=12a +T;
pa(n) =9, , (3.4)
3a°+6a+3, ifn=12a+6 orn=12a+9;

3a° +Ta+4, ifn=12a+8 orn=12a + 11;

(3a? +8a+5, ifn=12a+ 10 orn = 12a + 13.

Proof. Let p(n,r) denote the number of partitions of n with at most r parts. It is well
known that

ip(n,r)q”: L . (3.5)

(¢;9)r

From (1.11) and (3.5), we see that

(;

Zpr(n)q” _ 1 _q)qr = Zp(n, r)q" — Zp(n —1,7)q". (3.6)

Therefore, we find that for n > 1,
pr(n) :p(naT) _p(n_ 177')' (37)

When r = 2, Andrews [3] showed that

p(n,2) Ln—l—QJ |

2
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DeMorgan [20] found the following formula for p(n, 3) as given below,

p(n,3) = { (n+3)° } . (3.9)

12

Glosel [27] gave the following formula for p(n,4),

(n4+4) >/ |n+9 n+10]\ 1
4) = 3 — — d
p(n, 4 {[ : : SN ES (3.10)
where |z is the greatest integer < z, and {x} is the nearest integer to x. Substituting

(3.8), (3.9) and (3.10) into (3.7), and after some calculations, we see that (3.2), (3.3) and
(3.4) hold. .

By Lemma 3.2, we obtain the following corollary, which is useful in the proof of
Theorem 1.6.

Corollary 3.3. Forr > 3 and n > 2, we have p.(n) > 1. Moreover, p,(n) > L%J

Proof. By the definition of p,(n), it is clear to see that for any ¢ > 2, each partition
counted by p;(n) is also counted by p;41(n). So

pr(n) > proi(n) > - > p3(n). (3.11)

Furthermore, it is clear from Lemma 3.2 that ps(n) > 1 for n > 2. Moreover, ps(n) > | %].
This yields the corollary. |

The following lemma gives three expressions for the generating function of p,.(n). To be
specific, the expression (3.12) will be used in the proof of Theorem 6.5 and the expressions
(3.13) and (3.14) will be used in the proof of Theorem 3.1.

Lemma 3.4. Forr > 2. we have

r

> pn)g" =1+ (qjq—J (3.12)

2 S Q)r—ji1
q —~ ¥
BN v ; (4% q)j1 (3.13)
) 1 2r r-1 g+
— +(q2;q)r (% qr1+; (@* )i (3.14)

10



Proof. We first verify (3.12). For 2 < j < r, let p, ;(n) denote the number of partitions
of n such that each part is not exceeding r and the smallest part is equal to j. Clearly,
forn >1,

Zpr,j(n) = pr(n)~ (315)

On the other hand, it is easy to see that

S qj
> prin)gt = ——— (3.16)
n=1

(@73 9)r—j1

Combining (3.15) and (3.16), we obtain

Zpr n)q" —1+ZZPW n)q" —1+Z

j=2 n=1 T]'H

which is (3.12).

We proceed to derive (3.13). To this end, we need to divide the set of partitions
counted by p,.(n) into two disjoint subsets based on the difference of the largest part of
the partition and the second largest part. Let s.(n) denote the number of partitions
A= (A, Ay, ..., A\p) counted by p,(n) such that A\; — Ay > 1 and ¢.(n) denote the number
of partitions A = (A1, Ag, ..., \) counted by p,.(n) such that A\; — Ay = 0. Here we use the
convention that A\; = 0 for ¢ > ¢. Obviously,

pr(n) = s.(n) + ¢ (n).

Hence the generating function of p.(n) is equal to the sum of the generating functions of
5.(n) and g.(n)

We first consider the generating function of s.(n). Let A = (A, Ag,..., \) be a
partition counted by s,(n). If A # (2) note that A\; > Ay. Then we can define u =
(A — 1, Mg, ..., A¢) which clearly is a partition counted by p,_;(n — 1). Hence, by (1.11),
we obtain the following generating function of s,(n):

%S . q
> sin)gt = —q+q* + O (3.17)

To establish the generating function of ¢,(n), we will classify the set of partitions counted
by ¢,(n) based on the size of the largest part. Given 2 < j < r, let ¢, ;(n) denote the
number of partitions counted by ¢.(n) with the largest part j. By definition, we see that

the generating function of ¢, ;(n) is equal to
2j %

1 1 1 q
qrj(n)q" = . - = . 3.18
nzg i) 1—¢*1—¢ 1-¢'1-¢ (¢*q)j (3.18)

11



Notice that the empty partition of 0 is counted by ¢.(n), so

qu n)q" —1+qum n)q" —HZ (3.19)

7=2 n=0 qq]l

Combining (3.17) and (3.19), we obtain (3.13).

We finish the proof of Lemma 3.2 by showing (3.14) holds. We first divide the set
of partitions counted by p,(n) into three disjoint sets. Let g,(n) denote the number of
partitions A = (A1, Aa, ..., \y) counted by p,.(n) with r = A\; = Ay and h,(n) denote the
number of partitions A = (A1, Ag, ..., \¢) counted by p,(n) with 7 = A\; > A\. Note that
the number of partitions A = (A1, Ag, ..., A¢) counted by p,(n) with r > A; is equal to
pr—1(n), hence

pr(n) = pra(n) + go(n) + he(n).
By (1.11), we see that the generating function of p,_1(n) is

ipr_l(n)q” = 2; (3.20)

(4% q)r—2

Notice that g,(n) coincides with g.,(n). Hence by (3.18), we see that

2r

Z g.(n q— (3.21)

(®q)r—1

To obtain the generating function of h,(n), we define h, j(n) as the number of partitions
A= (A1, A2, ..., Ap) counted by h,(n) with the second largest part Ay = j. If j = 0, then
A = (r). Otherwise, for 2 < j <r — 1, the generating function of h, ;(n) is equal to

> 1 1 1 ¢ gt
hy i "= . = —. 3.22
Z W= Pl-¢ T-g 1-¢? " (@) (3.22)
Hence, we obtain the following generating function of h,(n)
r—1 oo r—1 ;
Zh n)q" —qW—ZZhM " =q + (3.23)
j=2 n=0 =2 q 7)1
Combining (3.20), (3.21) and (3.23), we obtain (3.14). This completes the proof. |

Before proceeding to prove the monotonicity property of p,.(n), let us first show Lem-
ma 3.6, which plays a crucial role in the proof of Theorem 3.1. It turns out that the
following lemma due to Chan and Mao [17] is needed in the proof of Lemma 3.6.

12



Lemma 3.5. (Chan and Mao).

1—qg™
(1-¢)(1-¢*

has nonnegative power series coefficients for any integer m > 2.

Lemma 3.6. Forr > 4, let

& r 2j(1 — gr—i+2
Yt =4 (L=q") (3.24)
n=0

= (@9

Then t.(n) > 0 for n > 0. Moreover, when r # 5, we have t,(n) > 1 for n > 14.

Proof. Define
o ) 2j(1 — gr—i+2
>t (n)q" = 4 U=g=)

— (4% 9)j—1
obviously,
ty(n) =YtV (n). (3.25)
j=2
By Lemma 3.5, we see that when r > 4 and 3 <5 <,
S = U A g
= (4% q)j—1 (1-¢)1—-¢*) (¢%q)j-s

has nonnegative power series coefficients. It gives that when » > 4 and 3 < 5 <,
tW(n) >0 for n>0. (3.26)

We next show that ¢\ (n) + £ (n) > 0 when r # 5. First, it is easy to see that

—~ 2m =@ n A=q)  Ffl-g)
>t + ot e = T S

q4 o q7 + q6 o qr+2 + qr+2 o qr+4 o qr+5 + qr—i—?
(1—-¢*)(1—¢)
4 6 142

q ¢ —q 2
= + + ¢ 3.27
1-¢2 (1-¢*)(1-¢° (3:27)

By using Lemma 3.5 again, we find that when r > 4 and r # 5,

q6 _ qr+2 q6(1 _ qr—4)

1-¢)1-¢) (A-¢)1-¢)

13



has nonnegative power series coefficients. Hence, from (3.27), we see that when r # 5,
tP(n) +tP(n) >0 for n>0. (3.28)
Thus, we derive from (3.25) and (3.26) that t,.(n) > 0 when r # 5.

We next show that when r # 5, t.(n) > 1 for n > 14. By the generating function
(1.11) of p,(n), we see that

1— qr—2) S
t(4 il = pa(n —8) —ps(n—1r —6))q¢". 3.29
Z ST @i g~ P O (629
From Lemma 3.2 (3), it is easy to check that for n > 14,

pa(n —8) > psy(n — 10),

and
pa(n —8) > pa(n — 13).
Hence when r > 4 even,
pa(n —8) > pa(n —10) > -+ > ps(n —r —6),
and when r > 7 odd,
pa(n —8) > ps(n —13) > ps(n —15) > --- > py(n —r — 6).
In either case, we see that ps(n —8) > py(n—r—6) for n > 14. It yields that when r # 5,
tW(n)>1 for n>14. (3.30)

Combining (3.26), (3.28) and (3.30), it follows from (3.25) that when r # 5, t,.(n) > 1 for
n > 14. Thus, we complete the proof of Lemma 3.6 when r # 5.

It remains to show that Lemma 3.6 holds when r = 5. From (3.26), we see that for
37 <9,

t9(n) > 0. (3.31)
Note that
¢'(1—gq ) q* q° . 2 . 2n+1
t = = - =) =) ",
25 (1—q) 1—¢? 1—¢ 7; ;
so we derive that té )(n) = 1 when n is even and n > 4 and téQ) (n) = —1 when n is odd

and n > 9. Since

oo o oo

i tf) (n)g" = Z Z Z q32+4]+5h+10
n=0

i=0 j=0 h=0

and it is easy to check that for n > 13, there exists nonnegative integers i, j, h such that
3t + 45 + 5h 4+ 10 = n. Hence té5) (n) > 1. Thus, from the above analysis, we derive that

ts(n) > téz)(n) + tg’)(n) >0 for n>13.
It is trivial to check that ¢5(n) > 0 for 0 < n < 12. Hence Lemma 3.6 is also valid when

r = 5. Thus, we complete the proof of the lemma. |
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We are now in a position to give a proof of Theorem 3.1.

Proof of Theorem 3.1. From (3.1) and Lemma 3.2, it is easy to check that Theorem 3.1

holds when r = 2, 3, or 4.
We now consider the case r > 5. By (3.13), we see that

2j

Zpr n)q" —1—q+%+z(;]—,
=

— (¢*9)j1

) Q>r—2

and from (3.14),

= n T q q
pr(n—1)g¢" = ¢ + +
Z ( ) (@ Qr—2 (% 0)r—

Hence, we have the following generating function of d,.(n):

2r+1 r

q
Zd Wi =1-a=dt (q2;q)7~_1+z(

2r+1 r—1

j=

qr+j+1

2 (q2§Q)j71'

rT— 1 7'+]+1

q QJ 1 j=2 q qj 1
which can be simplified as
. ) _ r— lq (1 — g+
Zd ng"=1-q+q¢@—q+ +q’“ +Z 0 (3.32)
7j—1

M
M

From (1.11) and (3.1), it is easy to see that

q2 Zd (n —2r)q

n=2r

Moreover, using the notation of ¢.(n) as defined in (3.24), we see that (3.32) can be

expressed as

Zd ng"=1-q+¢ —q¢"+ Ztr_l(n)q" + Z d,(n —2r)q". (3.33)
n=2

tr—1(n) + 1, if n =2 or 2r;

4, () = tr—1(n) —1, ifn=r+1or2r+1; (3.34)
tr—1(n), if3<n<2r—1landn#r+1;
tr—1(n) +d.(n—2r), ifn>2r+2.
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We next show that Theorem 3.1 holds when r > 5. From Lemma 3.6, we see that
tr—1(n) > 0 for r > 5 and n > 2. Moreover, when r = 5 or r > 7, t,_;(n) > 1 for
n > 14, which implies that ¢,_;(r+1) > 1 and ¢,_1(2r+1) > 1 when r > 13. By a simple
calculation, we find that ¢, 1(r + 1) > 1 for 5 < r < 12 and r # 6; and #4(11) > 1. It
follows that ¢, 1(r+1) > 1 and ¢,_1(2r +1) > 1 when r = 5 or r > 7. Hence, by (3.34),
we derive that when r =5 or r > 7,

d,(n)>0 for2<n<2r+1, (3.35)

and when r = 6,
de(n) >0 for2<n<12andn #7. (3.36)

We proceed to show that when r > 5, d,.(n) > 0 for n > 2r + 2 by using induction on n.
Assume that there exists a positive integer N, > 2r + 1 such that when r =5 or r > 7,
d,(n) >0 for 2 <n <N, and dg(n) > 0 for 2 <n < Ng and n # 7,13.

We proceed to show that d.(N, +1) > 0 when r > 5. By (3.34) and the fact that
N, +1 > 2r + 2, we have

de(N, +1) =ty (Ny + 1) + dp (N, — 27 4+ 1). (3.37)

From Lemma 3.6, we see that t,_1(/V, + 1) > 0 when r > 5 and by the induction
hypothesis, we see that when r =5 or r > 7, d.(N, + 1 —2r) > 0 and dg(Ng — 11) > 0
for Ng # 18 or 24. Hence we derive from (3.37) that when r =5orr > 7, d,(N,+1) >0
and dg(Ng + 1) > 0 for Ng # 18 or 24. Moreover, it is easy to check that dg(19) > 0
and dg(25) > 0. Thus, we conclude that when r =5 or r > 7, d.(n) > 0 for n > 2 and
dg(n) > 0 for n > 14.

We finish the proof of Theorem 3.1 by considering the positivity of d,.(n) when r =5
or r > 7. When r = 5, and by (3.34), we see that when n > 14,

ds(n) = ts(n) + ds(n — 10).

Since t4(n) > 1 for n > 14 and ds(n — 10) > 0 for n > 14, we deduce that d5(n) > 1 for
n > 14. Thus we complete the proof of Theorem 3.1 when r = 5.

From Lemma 3.6, we see that ¢,_y(n) > 1 for n > 14 and r > 7. It follows from (3.34)
that d.(r +2) = t,_1(r +2) > 1 when r > 12. Furthermore, it is easy to check that
d.(r+2)>1when 7 <r <11. Sod,(r+2) > 1 when r > 7. On the other hand, by
(3.34), we see that

dr(2r +7) =t,—1(2r +7) 4+ d,(7).

Note that t,_1(2r +7) > 1 when r > 7 and d,(7) > 0 when r > 7, so we arrive at
d,(2r +7) > 1. Thus we complete the proof of Theorem 3.1. |
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4 The monotonicity property of pp,(n)

This section is devoted to the monotonicity property of pp,(n) in terms of Theorem 3.1.
We will show the following results on pp,(n) — pp.(n — 1), which gives Theorem 1.11
immediately. The results for some special cases of pp,(n) — pp,(n — 1) will be used in the
proof of Theorem 1.7 when m = 2.

Theorem 4.1. Forr > 2, let
fr(n) = ppr(n) — ppr(n —1).
Then
(1) f-(0)=1 and f.(1) = —1.
(2) fa(n) =
(3) fs(n) >0 forn > 2 and n # 7. Moreover, f3(3) = f3(5) = 0, f3(7) = —1 and
fs(n) > (n—15)/2 when n is odd and n > 17.

0 if and only if n is even. Moreover, fo(n) = — (%1 when n is odd.

(4) When r > 4, f.(n) >0 forn > 2. Moreover, f.(2r +7) > 1.

Proof. (1) From the definition of f.(n), and by (1.13), we see that

Z fr(n)g" = L—q : (4.1)

— (¢% @)r—1(¢% @)r

Clearly f.(0) =1 and f,(1) = —1.
(2) When r = 2, we see that

ZfQ L—4q 1—q Zd3

(1 - ) (%)

From Theorem 3.1 (2), we find that

Z fg(n)q” _ 6z+1 + q61+2) (42)
n=0 i=0
which implies that
Z f2(2n)q2 6z+2
n=0 0

and

ZO fo(2n + 1)g>+! = _%{f ZO ¢ = — Z Zq6i+2j+1'

i=0 j=0
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Hence f5(2n) > 0 and fo(2n + 1) = — [222] for n > 0. Thus we complete the proof of
Theorem 4.1 when r = 2.

(3) When r = 3, we see that

fs(n)q" = o
nZ:O () (¢% 9)2(a% 9)s
l1—¢ 1-¢°

(% q)s (1—¢*)(1—¢%)

— (ni;o d5(n)q”) (1 _1q3 + iﬁ) . (4.3)

Define

> s(n)g" = (1—q+q" + D" ( =+ 2>.
—~ I1—¢> 1-—¢q

n>15
n odd

From Theorem 3.1 (5), we see that ds(n) > 1 for n > 14 and note that ds(4) > 1. Hence,
we deduce that for n > 0,
f3(n) > s(n). (4.4)

Observe that

st = (1 g+t +0%) (s 1) - e (L
sn)g” = (1—
q q+q +q — @ 1o T\ Tiog)

n=0

and note that

A—q+a+0%) (—— + ¢
1—¢ 1—¢

1+4" —q+q4+q2(1+q4)+q2(—q+q15)
1—¢3 1—q3 1—¢q? 1—¢q?
S Tt ¢ @+ +-+q7),

so we find that s(n) > 0 for n > 16. Moreover,

1 ¢ ) - 2+1( ¢ ¢
q”( + = 1+ +
n odd
_ 1 iq2n+l+ ¢ f:qznﬂ
1_q2n:8 1_q3n:8
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q\7 ¢ 0 -
+ n
(Ero AP

_15n ° - n
= an q +1zq3n228q2+1’

n>17
n odd

and by (4.5), we deduce that s(n) > (n — 15)/2 when n is odd and n > 17. Hence, by
(4.4), we find that f3(n) > 0 for n > 16 and f3(n) > (n—15)/2 when n is odd and n > 17.
Moreover, it can be checked that fs(n) > 0 for 2 < n < 15 and n # 7. Furthermore,
f3(3) = f3(5) =0, f3(7) = —1. Thus we complete the proof of Theorem 4.1 when r = 3.

(4) When r > 4. Note that

;%fr(n)q (9 (@ ) (46)

1 oo
= —— Z dyi1(n)q".
(% q)r1 =

Since d,41(0) =1 and d,41(1) = —1, we have

fr n qn = + d, n qn
; () (@ @1 (%) ; #1(n)

= A+ S () (@)

By Theorem 3.1 (7), we see that when r > 7, d.(n) > 0 for n > 2 and d,(2r +7) > 1.
Hence, by (4.7), we deduce that when r» > 7, f.(n) > 0 for n > 2 and f,(2r +7) > 1.
Applying Theorem 3.1 (6) and (7), we see that dg(n) > 0 for n > 14 and dr(n) > 0 for
n > 2, so we derive that fg(n) > 0 for n > 14. It is easy to check that fs(n) > 0 for
2 <n <13 and fs(19) > 1. Thus we complete the proof of Theorem 4.1 when r > 6.

It remains to show that Theorem 4.1 holds when r = 4 or r = 5. Setting r = 4 in
(4.7), we see that

Z fa(n)g" = Z da(n)q" + (q?—lq)g Z ds(n)q".

From Theorem 3.1 (5), we see that ds(n) > 0 for n > 2. Moreover, it is easy to see that
ds(2) = 1. Hence

N "= N n)q" ¢ ! N n)q"
nzz()f4(n>q - nzzod4< ) T s (@0 nzzgd5( )4

3
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Zd4 n)q" +Zp4 n—2)q" —|—

n=2

Z . (4.8)

By Theorem 3.1 (4), we have

Hence for n > 14,

di(n) + pa(n — 2) > {”jJ - L” ;“J > 0.

Furthermore, it is routine to check that dy(n) + ps(n —2) > 0 for 2 < n < 13. Note that
ds(n) > 0 for n > 2, so by (4.8), we conclude that fy(n) > 0 for n > 2. It is easy to check
that f4(15) > 1. Hence Theorem 4.1 is proved when r = 4.

When r =5, by (4.1), we see that

- . 1 1—g¢q
Zf5(n)q = 2. (o2
n=0

(% 9)s (¢%q)

Note that d5(0) = 1 and d5(1) = —1, so we have

> fn)gt = Loa Zd5
n=0

(@ 9)s

1 - n
= Zdﬁ q,—qk;df)(n)q' (4.9)

Since dg(n) > 0 for n > 14 and ds(n) > 0 for
fs(n) >0 for n > 14. Tt is trivial to check that f5(n ) for 2 <n <13 and f5(17) > 1.
Hence we arrive at f5(n) > 0 for n > 2 and f5(17) > 1. Thus, we complete the proof of
Theorem 4.1. ]

n > 2, and by (4.9), we derive that
>0
1



5 On M(m,n)> M(m,n—1)
In this section, we will give a proof of Theorem 1.6 by means of Theorem 3.1.

Proof of Theorem 1.6. When m = 0, by (2.2), we see that

[e’e) K242k
q

E M(O,n)—M@O,n—1)¢" = 1—2¢+¢° —i—q-l—g

n:o( (0.m) = M ) (0% @)r-1(6% Q-

It yields that M (0,n) — M(0,n — 1) > 0 for n > 2.
When m =1, (2.2) becomes
S " T
HZ:O MiLn=1)a :q_q2+1—q2+;(q2;q)k_1(q2;q)k’
which immediately implies that M (1,n) — M (1,n — 1) > 0 for n > 3.
When m > 2, by (2.2), we have
M(m,n) — M(m,n —1) > dyn(n —m) + pmi1(n — 2m — 3). (5.1)

k24+3k+1

By Theorem 3.1 (5)—(7), we see that d,,(n —m) > 0 for m > 5 and n > m + 2
except for (m,n) = (6,13) or (m,n) = (6,19). By the definition of p,.(n), we see that
Pm+1(n —2m —3) > 0 for m > 1. It follows from (5.1) that M (m,n) > M(m,n — 1) for
m > 5 and n > m+2 except for (m,n) = (6,13) or (m,n) = (6,19). It is routine to check
that M (6,19) — M(6,18) > 0 and M (6,13) — M (6,12) = —1. Since we only prove (1.8)
holds when n > 14, we can omit the case (m,n) = (6,13). Thus Theorem 1.6 is verified
when m > 5.

From Theorem 3.1 (2)—(4), we see that when 2 < m <4 and n > 4,

n+8
dp(n — > — )
(n—m) = { 12 J
By Corollary 3.3, we derive that when 2 < m < 4 and n > 2m + 15,
—2m —3
Pmt1(n —2m —3) > L%J .

It is easy to check that when 2 < m < 4 and n > 29,
n—2m—3 S n+38 .
6 - 12
So we derive that when 2 < m <4 and n > 29,

M(m,n) — M(m,n—1) > d,(n —m)+ ppi1(n —2m —3) > 0.

Moreover, it can be checked that M (m,n) > M(m,n — 1) when 2 < m < 4 and 14 <
n < 28. So Theorem 1.6 is verified when 2 < m < 4. Thus, we complete the proof of
Theorem 1.6. 1
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6 The generating function of M(m —1,n) — M(m,n)

In this section, we will establish three expressions for the generating function of M (m —
1,n) — M(m,n), which play a crucial role in the proof of Theorem 1.7. To this end, we
first split the first summation in (2.4) into five summations as follows.

Lemma 6.1. Form > 1,

*© k(k+m—1)+2k+m—1 2m+2 3m+7
> I Cc—
— (4 (¢ Drm—2 (@ Dm-1 (=) (@* @)m—
0 k(k+m)+k+m—1 o0 k(k+m)+2k+m—1
; 2.
— (¢ Dr-1(0% Drrm—2 4= (0% Di-1(0% D1
0 k(k+m)+2k+m o0 k(k+m)+3k+2m 3
- +
; k(0% Qkm—2 quqqu @) krm—3
0 k(k+m)+3k+2m—2
+ (6.1)
; (% Dr-1(6% Qrm—2
Proof. 1t is clear that when m > 1,
o0 k(k+m—1)+2k+m—1 S k(k+m)+k+m—1 1
> S . e
— (¢ Q0% Qrrm—2 kzququ Qkim2 1—q
Obviously, when k£ > 1,
1 ¢*(1—q "
=1 : 6.3
1—gF + 1—gk +1—q’C (6:3)

Substituting (6.3) into (6.2), we deduce that

0

k(k+m—1)4+2k+m—1 k(k+m)+k+m 1 k(k+m)+2k+m—1

Z(qqqu Qk+m2+z

(¢ k(¢ Drrm—2 1 1 Dr-1(4% Ortrm—2
o k(k+m)+2k+m
+ (6.4)
Zl q q k+m— 2
Notice that
< k(k+m)+2k:+m 1
; q qqu Q)k+m2
g2m+? o qk(k+m)+2k+mfl

2.

——+
(@ Dm-1 = (@ Dr-1(0% Q2
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2m+2 o k(k4+m)+2k+m—1 k+m—1
S G (14 )
(@ @m—1 = (0% Qr-1(% Drsrm—s 1 —gktmt

q2m+2 io: qk(k+m)+3k+2m 2 .~ k(k+m)+2k+m—1
(@ Dm-1 = (@5 Dk-1(% @ rm—2 kz:; 2 Or-1(0% Qrtm—3
q2m+2 > qk(k+m)+3k+2m—2 q3m+7

—+ +
(@ Dm-1 = (@ Dk (P Drrm—2 (1= ) (@ @)m

> E(k+m)+2k+m—1 k+m—2
+ Z 2q 2 (1 + ! k+m—2)
— (0% @)e-1(¢% Qkrm-a 1—gq

2m—+2

q q -
= + -+
(% Dma (1 —4¢*)(¢? Z (% @) k-1(¢% Orpm—2

+Z

3m+7 k(k+m)+3k+2m 2

k(k+m)+3k+2m—3

q qqu Q)k+m3

> qk(k+m)+2k+m—1
2 2 : (6.5)
= (2% Dk (9% Dhm-as
Substituting (6.5) into (6.4), we are led to (6.1), and hence Lemma 6.1 follows. |

The second summation in (2.4) can be split into the following five summations.

Lemma 6.2. Form > 1,

o0 qk(k+m)+2k+m B > q k(k+m)+2k+m o0 k(k+m)+3k+2m
2 B - Z
(¢ Dk Dim—1 (¢ k(@ Drrm—2 (q Dr-1(0% Dr+m—2
X Flktm)+3k2m+1 o0 (k) +4k+3m
+ +
; K@ Dkrm—1 ;Qleq $ Q) kym—2
o k(k+m)+5k+4m
+ 6.6
Zququq)k+m1 (6:6)
Proof. Clearly,
0 k(k+m)+2k+m > qk(k+m)+2k+m 1
Z - 2 ’ ketm (6.7)
1 k(0% Qrrm—1 1 (G DK@ Drym—2 1—q
Moreover, one can easily check that the following identity holds:
1 e qk+m+1 St om q3k+3m(1 _ q)
T e+ T T A m ) T (69)
Substituting (6.8) into (6.7), we obtain (6.6). This completes the proof. ]
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By Lemma 6.1 and Lemma 6.2, we obtain the first expression of the generating function
of M(m —1,n) — M(m,n) when m > 1.

Theorem 6.3. Form > 1,

> (M(m —1,n) — M(m,n))q"

B qm—l(l o Q) qm q2m+1 q2m+2
- (2 + +
(G Dm—1 (@ Dm1 (@ Dm1 (%5 Dm
- gom ) T - oo
(@ Dm—1 A= Dm1 (5 Dm
0 qk(k+m)+2k+mfl > qk(k+m)+3k+2mf2
+ +
,; (0% Dr-1(% Dism—a =5 (6% Dr—2(0% Dprm—2
> k(k+m)+4k+3m > k(k+m)+5k+3m+1 1— m—1
X 3 LT e
quqqu S Dktm—2 k(@ @)rtm—1
Proof. Substituting (6.1) and (6.6) into (2.4), and by simplification, we get
(M(m —1,n) — M(m,n))q" (6.10)
n=0

k(k+m)+3k+2m—2

B (Z(q Qk1q Qk+m2

Mg

q k(k+m)+3k+2m
(q2,q k—1 q Q)k+m 2

k=2 k=1
0 k(k+m )+3k+2m—3 0 k(k+m)+5k+4m
+
kzz?)qqqu @) krm—3 ;qqqu @) ktm—1
00 k(k+m)+k+m—1 S q k(k+m)+3k+2m+1
+
;(Jleq Qk+m2 ; QQkerl
> k(k+m)+2k+m—1 o k(k+m)+4k+3m
+
g(cﬂ;q) 1% @ rtm—a Zq s @)k—1(0% @rrm—2
+qm71(1 _ q) B qm N q2m+2 N q3m+7
(@ Dm-1 (@ Dm—1 (P Dm—1 (1 —¢*) (¢ Om—1

Observe that

0 qk(k+m)+3k+2m—2 > qk(k+m)+3k+2m
ZQ (7% Dr-1(0% Drrm—2 N 1 (7% Dr-1(9% Ok rm—2
g 2 ghlm)3k+2m=2(1 _ ;2

2.

(@ Dmr = (D (@ Dk
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3m+4

2 (4% @)i—2(0% @rm—2’

k(k-+m)+3k+2m—2

(6.11)

and

0 k(k+m)+3k+2m—3 0
> 2.7
(0% @)r-1(¢% Qkrm-s3 1qqk1q @) krm—1

k(k+m)+5k-+4m

00 k(k-+m)+5k-+3m—+1 k(k-+m)+5k-+4m

-y S
(% (0% Drrm—2 = (0% Dr—1(4% @ rm—

ot ©0 P Uktm)+5k+3m+1

 (EDm i ,; (@% Or(@? Qrrm—1 (=) =" (1 =)

q5m+6 o0 qk(k+m)+5k+3m+1 (1

_ - 0y —q

(@ d)m = (@@ Drima

mfl)

(6.12)

Moreover, it is easy to see that

k(k4+m)+k+m—1 k(k+m)+3k+2m+1 2m+1

Z;QQkIQQk+m2 Z ~ (q?

P d( @ Drm (B Dm

(6.13)

We then obtain (6.9) upon substituting (6.11), (6.12) and (6.13) into (6.10). This com-
pletes the proof. |

When m > 2, we find that the generating function of M(m — 1,n) — M(m,n) in
Theorem 6.3 can be further simplified as stated below.

Theorem 6.4. For m > 2,

Z m—1,n) — M(m,n))q"

n=0
B C] m—1 B qm B q2m N q2m+1 B q3m+4
(@ Dm—2 (@ Dm—2 (P Dm—2 (@ Dm1 (% Dm
N Z k(k+m)+3k+2m—2 i k(k+m) +4k+2m+2(1 o qm—2)
(@35 Q)r—2(0% O r+m—2 P )6 (@25 @) kgrm—2
0 qk(k+m)+5k+3m+1<1 _ qm—l)
+ 5 5 (6.14)
—~ (%)@ Qrrm—
Proof. 1t is trivial to verify that when m > 2,
m m 2m 2m+2
U T S——— . (6.15)

(@ Dm-1 (@ Dm—2 (5 Dm-—2 (% Qm
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Hence, by Theorem 6.3, it suffices to show that

q3m+7 5m+6 0 k(k+m)+2k+m—1
+
(1— (% Dm1 § (0% Qe-1(0% Dsm—a
f: k(k+m)+4k+3m N i q k(k+m) +5k+3m+1(1 qm—l)
A Dr1(0% Dierm—2 = )k (0% k-1
B o0 qk(k+m)+4k+2m+2(1 _ qm—2) 0 qk(k+m)+5k+3m+1(1 _ qm—l)
- 2. 2. + 5 o» (6.16)
k=1 (q ,C])k(q aQ)k-l-m—Z 1 (Q ,Q)k(q aQ)k‘-‘,—m—l
First, observe that
o0 k(k+m)+2k+m 1 > k(k+m)+4k+3m
;qqqu @)k m—a ,;qqqu @) krm—2
i ke (k4-m)+4k+2m+2 - i ¢FUtm)+k+3m
2 (0% Drym—3 — (7% Dr-1(0% Drrm—2
4m+5 © _k(k+m)+4k+2m+-2 1—
LA ol =g (6.17)
q q m—1 k=2 )k+m 2
On the other hand, we find that when m > 2,
T - gt B ot
1= Dm1 (@ Dm1 (5 Dm
_ q3m+7 (1 N qm ) B q4m+5 B q5m+6
(1= a*)(¢% @)m—2 L—qm) (@ Dm (P Dm
_ q3m+7 B q4m+5 N q4m+7 B q5m+6
1= Dm—2 (@ Dm1 1= Dm1 (@5 Dm
_ q3m+7(1 _ qm72) q4m+7<1 _ qul) (6 18)
(1—¢*)(¢%q) (1= ¢*)(¢* Om
Substituting (6.17) and (6.18) into the left-hand side of (6.16), we obtain the right-hand
side of (6.16). This completes the proof of Theorem 6.3. |

When m > 3, we could further simplify the generating function of M(m — 1,n) —
M (m,n) in Theorem 6.4 to obtain the following expression.

Theorem 6.5. For m > 3,

o0

Z m—1,n)— M(m,n))q"

n=0
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) ) . 5 ) qm—l qm q2m+5
(@ )m—2 (@ Dmo2 (@5 ms(1 —qm)
m g2r+am+l 00 qk(k+m)+3k+2mf2 0 qk(k+m)+4k+2m+2(1 _ quQ)

Y Y+ +
(" Omrrr (P De—2( Drrm— = (@5 D6 Dim—2

o0 k(k+m)+5k+3m+1
+ Z (6.19)
— k(0% Om—3(0™; Dia1
Proof. From Theorem 6.4, it suffices to show that when m > 3,
q2m+1 B q2m B q3m+4
(@ Dm-1 (P Dm—2 (%D
) _— —_— q2m+5 m q2k+2m+1
(0% @)m—3(1 — ™) Z;qqmm (6:20)
In light of (3.12), we see that
2m+1 m 2m+1+k
q 2m+1 q
(4% @m— kz; (4" m-rt1
o1, N~ C" A ="+ )
q - k.
—~ (" Dm-rn
_— m qk+2m+1 m q2k+2m+1
m+
q + —l— (6.21)
2 (@ Dm 22 (@% QDm-ri1
Using the same argument as in the proof of (3.12), we deduce that for m > 3,
il -2 m gm 2 m—1 gHam+l
— ="+ ™4 6.22
(6% D2 Zg (0" Dm-rr1 22 L (6:22)

Substituting (6.21) and (6.22) into the left-hand side of (6.20), we obtain

q2m+1 B q2m B q3m+4
(@& Dm1 (5 Dm—a2 (5 Dm
) ) ) _— m q2k+2m+1 q2m+5 q3m+4
= — ¢+ ¢ T+ + -
Z (g% Q)m k+1 (q23(1>m—1 (C]2§Q)m71
k=
m q2k+2m+1 q2m+5

2m 2m+1 3m+1
= ¢ +gq +q + 7
kZ; (qk§ Q)m—k+1 (q2; q)m_g(l — qm)

which is equal to the right-hand side of (6.20). Thus, we complete the proof of Theo-
rem 6.5. |
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7 On M(1,n) > M(2,n)

In the following three sections, we will give a proof of Theorem 1.7. In this section, we will
show that Theorem 1.7 holds when m = 2. In Section 8, we will prove that Theorem 1.7
holds when m > 3. Section 9 is devoted to the proof of Theorem 1.7 when m = 1. As
stated in Section 2, the proof of Theorem 1.7 when m = 1 is the most complicated, so we
put the proof of the case m = 1 at the end of the proof of the whole theorem.

Proof of Theorem 1.7 for m = 2. Setting m = 2 in Theorem 6.4, we have

> (M M(2,n))q"

n=0
i —dt ¢ _ i k2+5k+2
1—¢? = (@ @)r—2(0%; Q)i
O KT
i 2; q q< Q)lj-)l =
Observe that
i qk2+5k+2 B g0
(% -2 1 ¢
i qk2+5k+2 N q' B '
= (20 A-¢)1—-¢*) 1-¢
© k24+5k+2 19
- ,; (4% Z)k—Q(q2§ Or ' (1- q2q)(1 -¢) - -a (72)
Define o0 o qk2+7k+7 q)
;E( Z; K@% D’ (7:3)
and by (7.1) and (7.2), we find that for n > 15,
M(1,n) — M(2,n) > Ty(n). (7.4)

Hence it suffices to show that T3(n) > 0 when n > 44.
By (4.1) and (7.3), we find that T»(n) can be expressed in terms of f,.(n) as follows.

iT f: qk2+7k+7 Z k2+7k+72f (7 5)
=0 g 1( k(@ D kil ' '
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Define

> R(n)g" = 152]" n)q" +q25Zf
n=0

Z S(n)g" = Z qk2+7k+7 Z frr1(n)g
n=0 n=0

By (7.5), we find that for n > 0,
Ty(n) = R(n) + S(n). (7.6)
We will investigate the nonnegativity of R(n) and S(n) respectively.
By Theorem 4.1 (2), we see that

" ;fg(n)q” — P (n;) f2(2m) g™ — Z [27}16—1— 1—‘ q2m+l>

_ f: faem — 14 = [—Qm — ﬂ ¢ (7.7)
= 8

From Theorem 4.1 (3), we have

¢ Z f3(n)q" =¢* (1 —q—q" + Y Cm+ 1)+ ) f3(2m)q2m>
m=4 m=1

=P~ =P+ Y fa2m - 25)" Y fy(2m - 24)Pm L (7.8)

m=17 m=13
Combining (7.7) and (7.8), we find that

> 2 Tom — 15
Z R(n)q" = ¢ — ¢® — ¢~ Z [ . -‘ e

n=15 m=8

+Zf2 (2m — 14)¢>™ ! + ng om — 25)¢*™

m=17

+ Z f3(2m — 24)g*™ !

m=13

+ i <f3(2m—25) - [%D .

m=21

By Theorem 4.1 (2) and (3), we see that fo(2m—14) > 0 when m > 7 and f3(2m—24) > 0
when m > 13. It yields that when m > 7,

R(2m +1) > 0. (7.9)
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Using Theorem 4.1 (3), we see that f3(2m — 25) > m — 20 for m > 21. It follows that
when m > 27,

2m — 15 2m — 15
f4(2m — 25) — [mTW > m — 20 — [mTW > 0.

Hence we derive that when m > 27,

R(2m) > 0. (7.10)
Combining (7.9) and (7.10), we derive that when n > 54,

R(n) > 0.

It can be checked that R(n) > 0 for 44 < n < 53. Thus we show that R(n) > 0 for
n > 44.

We proceed to investigate the nonnegativity of S(n). Observe that

Z S(n)q" _ Z qk:2+7k+7 Z fk+l(n)qn
n=0 k=3 n=0

WE

5 n
qk: +TRHT | 1 q+ fre1(2k + 9)c12"”r9 + Z fes1(n)q

3 n>2
n#2k+9

B
Il

2 n
_ qu +7k+T 1+ Z karl(n)q

k=3 n>2
n#2k+9
+ Z Foer(2k + g)qk2+9k¢+16 _ Z qk2+7k+8‘ (7.11)
k=3 k=3

It is clear to see that

Z ka(% + 9)qk2+9k+16 . Z qk2+7k+8

k=3 k=3
_ Z Fi(2k + 7)qk2+7k+8 _ Z qk2+7k+8
k=4 k=3
= =) (fu(2k+T7) = 1) ¢S, (7.12)
k=4

Substituting (7.12) into (7.11), we obtain

n 2 n
Z S(n)q _ _q38 + Z qk: +7k+7 1+ Z fk—i—l (n)q
n=0

k=3 n>2
n#2k+9
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+Z fk 2k+7 ) k2+7k+8'
k=4

From Theorem 4.1 (4), we see that fy(n) > 0 for k£ > 4 and n > 2 and f,(2k+7) > 1.
It follows that S(n) > 0 when n > 39. Thus, by (7.6), we conclude that T5(n) > 0 for
n > 44, and so M(1,n) — M(2,n) > 0 for n > 44. Hence we complete the proof of
Theorem 1.7 for m = 2. ]

8 On M(m—1,n) > M(m,n) when m > 3

In this section, we prove that Theorem 1.7 holds when m > 3 by means of Theorem 3.1,
Corollary 3.3 and Theorem 6.5.

Proof of Theorem 1.7 for m > 3. Define

= n m m m m— 1_(]
S Tu(n)g" = — " 4 P P gt

(4% @)m—2
0 k(k+m)+3k+2m—2 > qk(k+m)+4k+2m+2(1 _ quZ)
e + T (8.1)
— (% Dr2( Dprm—2 = (D@ Qprm—2
From Theorem 6.5, it can be seen that for m > 3 and n > 0,
M(m —1,n) — M(m,n) > T,,(n). (8.2)
Define
i ( ) 2 2m—+1 3m+1 1 l—q q4m+8 ( )
Un(n)q" = =¢"" + ¢ + ¢ +q™ + : 8.3
— (@ Dm—2 (€% Dm
SO
0 T o~ k(k+m)+3k+2m—2 0 qk(k+m)+4k+2m+2(1 _quQ)
Z( m(n) — Z + 2. 2.
— — (% Dr2(0% Dirm—2 = (%@ Qprm—2

(8.4)
When m = 3, observe that

iq

—1 (4% Qrrm—2

k2+7k+8

- q T n+1
S = S

( Q(chﬂ —

(k4+m)+4k+2m+2 ( 1— m—

where T3(n) is defined in (7.3). From the proof of Theorem 1.7 for m = 2, we see that
Ty(n) > 0 for n > 44. Moreover, it can be checked that T5(43) > 0.
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When m > 4,

k(k+m) +4k+2m+2(1 m— k(k+m)+4k‘+2m+2

oo q o0
Zl k(0% Qbrm—2 Zl (% (@ @m-a(q™ Y Qs

which obviously has nonnegative power series coefficients. So in either case (8.4) implies
that for m > 3 and n > 44,
Tin(n) > Upn(n). (8.5)

We proceed to establish the nonnegativity of U,,(n) when m > 3. Observe that

ZUm(n)qn:_ +q2m+1+q3m+l+qm 1 (1—Q+de ) )qn>
n=0

n=2

+ (dm 1(m+ 2m + me+1 n+4m+8. (86)

There are two cases:

Case 1. When 3 < m <7, from (8.6), we see that for n > 44,
Un(n) =dp_1(n—m-+1) 4+ ppi1(n —4m — 8). (8.7)

By Theorem 3.1 (2)—(6), we see that when 3 <m <7 andn>m —1,

n—m+ 12
By Corollary 3.3, we have for n > 4m + 8,
—4m — 8
Pma1(n —4m —8) > {%J :

Thus by (8.7), we derive that when 3 <m <7 and n > 72,

n—4m — 8 n—m-+ 12
> — > 0.

It is trivial to check that U, (n) > 0 for 44 < n < 71. So we are led to U, (n) > 0 for
n>44 and 3 <m < 7.
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Case 2. When m > 8, from (8.6), we derive that when n > m + 1 and n # 2m,

Un(n) > dp_1(n—m+1)+ ppyi(n —4m —8). (8.8)

When n = 2m,

Un(n) =dp—1(m+1)—1. (8.9)
By Theorem 3.1 (7), we find that d,,_1 (n—m+1)+py+1(n—4m—8) > 0 and d,,,_1 (m+1) >
1 when m > 8 and n > m + 1. Hence by (8.8) and (8.9), we derive that U,,(n) > 0 when
m >8and n > m+1. So Uy,(n) > 0 when m > 3 and n > 44. Hence it follows from

(8.2) and (8.5) that M (m — 1,n) — M(m,n) > 0 for m > 3 and n > 44. This completes
the proof of Theorem 1.7 when m > 3. |

9 On M(0,n)> M(1,n)

In the section, we finish the proof of Theorem 1.7 by showing that M (0,n) > M(1,n) for
n > 44. As has already been mentioned in Section 2, the proof of M (0,n) > M(1,n) for
n > 44 is the most complicated. Setting m = 1 in Theorem 6.3, we find that

> (M M(1,n))q"

n=0
10 11
- 1-9 3 4 7 q . q

q+q +q Q+1—q2 1—f

oo k2+3k o k:2+4k
+ +

kzgqqquq ;qquqQ)

0 k2+5k+3

(9.1)

; qu Q)

To show that Theorem 1.7 holds when m = 1, we next aim to show that the following
generating function of M (0,n) — M(1,n) holds.

Theorem 9.1. We have

n=0
3 4 7 9 18 q"’ q"
= 1-2 —q' — —
R e S R el w
12 17 19 20 21 23
I G S A SN SN

l—¢® 1-¢ 1-¢*> 1-¢ 1-¢* (1—-¢*)?
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24 28 k2+5k

q q -
+ + S+
(%9)2  (1—¢%)? 1—q z; (4% @)i-3(0% @)i-

o k245K oot k245k+2

q q
" ,; @ (5 s ,; (1= ¢)(a* @)r-3(a% @)r—s

0o 00 k:2+6k+5+(k Di(] _ git+2 © k2 +9k+8+ik 1—
+Z “( q )+ _ q . ( .
(@7 r-1(0% - (@ Or-2(0 Or—2(1 — ¢

To obtain Theorem 9.1, we are required to further expand three summations in (9.1).

Lemma 9.2. We have

k243K
q

(6% @)k—1(¢% Qi3

e 1

qk2+3k f: k2+4k1 o0
— + +
(% )e-3(0% D3 = (6% Di—2(% - ;qqmq ).
o0 k2+5k:
_l’_
Z (0% @r-1(¢% @)r—

=3

Proof. 1t is clear that

k:2+3k k2+3k 1

Z3qqk1qq qumq (ks 1—d"

k=3
Obviously, when k£ > 1,
1 2k

— (] — g1 k=1 _k q
- (1=¢")+qd" +q T

so we can obtain (9.3) by substituting (9.5) into (9.4).

Lemma 9.3. We have

o0 k2 44k
q

— (6% O)r—2(% Q)r

12 o0 k2+4k k2+5k

_ 9 q =
- ”Z(q ) PPN

1—ygq p=3(0% Dr—2 = (0% Dr—2(0% Q-

>

=3

k2+5k

q Qk3q C])
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Proof. Observe that

o k2+4k 12 > k2+4k 1
Z 3 ’ 2 = 2 T Z ! ' K (9.7)
(k201 1= = (P 0r-3(% )1 1—q
Clearly, when k > 1,
e 0.5)
1— gk 1—qgk ' '
Substituting (9.8) into (9.7), we obtain (9.6). ]
Lemma 9.4. We have
0 qk2+5k+3
2. 2.
k=1 (q 7Q)k—1(q 7q>k—1
0 q19 > k2+5k+3 o qk2+5k+5
= ¢ + + —i—
1—¢ 1 —¢*)? EE; Dr-1(¢% Qi 252 (% Qi-1(% Dr—s
o k2+6k+4 o k2+6k+5 0 k2+6k+7
+ -+ -+
2{; (4% @)w-1(a% @) ji: (@% @)i-1(a% @) 252 (0% @)r-1(¢% q)r—s(1 — ¢*)
o0 K2+Th+6(1 4 0 k2+7k+1o
+y 2 ( €) j{: (9.9)
(% )e-1(0% D2 = (P De-1(8 -
Proof. Clearly,
o0 k2+5k+3 0 o k2+5k+3 1
= ¢+ . (9.10)
;é; (% Or-1(a% @ j{; (% Dr1 (% k. 1—¢°
It is trivial to check that
1 2 1— k k+2
I C el N ey (9.11)
1—¢q? 1—¢q? 1—q?
Substituting (9.11) into (9.10), we have
o0 k2+5k+3 0 o qk2+5k+3 o k2+5k+5
25; (0% @r-1(4% @)i— 2{: (0% Qr-1(¢% D ji; (% Dr-1(4% @)k
0 qk2+6k;+5
+ (9.12)
Z (¢% Dr-1(¢% QDr—1

=2

We next transform the third and the fourth terms in (9.12) respectively. First, we rewrite
the third term as follows.
e qk2+5k+5

— (% @)e-1(% Q)r—2

35



k2+5k+5

0 qkfl
- ¥ 1+_>
7 ,;qqqu $4)k— ( 1—g¢t

s k2+5ks+5 s k2+6k+4
- (¢ Dr—1(a% ) +z;qqk1q $ @)k (913)
We next transform the last term of (9.12) as given below.
© qk2+6k+5
,; (4% @r-1(a% Qr—1
:i qk2+6k+5 (1 . q_2>
— (0% Dr-1(0% Qi 1—¢?
s qk2+6k+5 k2+6k+7
:;(q s @)k-1(% @)k +Z Dr-1(% Qr—
i qk2+6k+5 g% i qk2+6k+7 1
:,; @D AP (@ k(g% Drs(1 — ¢F) 1T—gt "
(9.14)
Note that 1 qk*1(1 _ q4) ¢+
[ Rk g e G (9.15)

Substituting (9.15) into (9.14) and with some simplification, we deduce that

o k2 4-6k+5
q

— (4% Qr-1(¢% )i

¢ 0 qk2+6k+5 0 qk2+6k+7
———+ +
(1—¢%)? ; (4% k1% Dr—2 ;3 (¢% @)k-1(¢% @)x-3(1 — ¢")
o0 qk2+7k+6(1 + qz) > k2+7k+10

+y 7 A . (9.16)

— (q%Q-1(0* D2 = (6% Dr-1(0% Qi
Substituting (9.13) and (9.16) into (9.12), we obtain (9.9). Thus the lemma has been
verified. 1

We are now in a position to give a proof of Theorem 9.1 in light of Lemmas 9.2, 9.3
and 9.4.

Proof of Theorem 9.1. Substituting (9.3), (9.6) and (9.9) into (9.1), we arrive at

> (M M(1,n))¢" (9.17)

n=0
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10 11 12 19 23
= 1-92 3 4 7 9 q . q q o q _ q
q+q¢ +q¢ —q Q+1_q2 1—q2+1—q2 —f  0—g)"
> qk2+4k . k2+6k+5
+ 9.18
kzzg(q2SQ)k2(q3§Q>k Z; (4% @)r-1(¢% @) (9-18)
0 qk2+4k—1 0 k2+6k+4
+ - 9.19
;(QQ;(J)H(Q%QM Z (6% k(g% Qi (9.19)
0 qk2+3k 0 k2+7k+10
+ 9.20
;(q P @)k-3(0% Q- ;qqqu k- (5:20)
o qk2+5k o0 k2+5k+3
+ (9.21
;(q P r-1(0%; @)k ;qqqu L)k )
o qk2+5k: o0 k2+5k+5
+ (9.22)
;(q s k147 - ;qqqu 1 Q)k-3
o qk2+4k: o0 k2+6k+7
+ (9.23)
;(q s k207 - ;qqqu 1 Qk-3(1 — ")
e ¢] 2 o ¢] 2
22 - Z ¢ TP0E) ) (9.24)
(0% Qe-1(* -3 = (6% Di-1(0% Q2
We proceed to simplify seven differences in the above identity. Note that
o qk2+4k o k2+6k+5
;(q s D r—2(% Or ZQqqqu $4)k—
0 (9.18) is equal to 0.
We now consider the difference (9.19). Observe that
o k2 +4k—1 > qk2+6k+4
% (@% Qr-2(a® Dr-3 ; (4% Dr-1(a% Q12
Hence (9.19) is equal to
> qk2+6k+4 00 k2+6k+4 g%
= . (9.25)
;(qQ,q)k_lq T 2361 k(@ PDr—2 1@
Note that
00 qk2+3k i k2+7k+10
Zg(q s Dr-3(0% Dr—s = (0% Or—1(0% @)r-



0 (9.20) is equal to

oot k2+7k+10 o k2+7k+10 28
> S ~ 4
—(@* Qr-1( D1 = (0% Di-1(0% Q- (1—¢?)?
For (9.21), we see that
f: k2+5k o0 qk2+5k+3
o 2. 3.
= (@D D2 5 (@ Dk (@ i
k:2+5k q” 00 qk2+5kz+3

I
Mg

o0 2
q17 qk +5k<1 - q3)

1—¢ = (¢* Dr-1(%
17 i K245k
q q
= ———+
1—¢ kz:; (0% @)i-3(¢% Q)r—1

The difference (9.22) can be simplified as follows:

k?45k ©° k2 4-5k+5
q q

WE

(0% Dr-1(0% Di-3 = (0% Dr-1(0% @)i—s
qkz2+5k<1 _ qs)
< (0% @)r-1(0% @)r—s

k

[
NE

k

qk2+5k(1 By - q5)

< (0% @)-1(0% 0)i—s

qk2+5k;<1 — %) o qk2+5k+2(1 —¢)
(0% Dr-1(0% Di-3 4= (0% D—1(4% @3

I
WE

k

WE

(ke (@ ko 1 ¢ _kzzg (@ k1 (g% Qi

k=
i qk2+5k i k2+5k+2
= -
— (0% Qr-2(a* -3 = ( )% @)r-3(0% @)r-
For (9.23), we have
©0 k2 44k 0 k2+6k+7
> 2.z
(@ Dr—2(% De-s = (0% De-1(0% Qr—s(1 — ¢¥)
o k2+6k+5 > k2+6k+7
= Ym0 2.7
(% e-1( D2 = (@ Dr-1(0% Dr—s(1 — ¢¥)
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k2+6k+5

oo k2+6k+7

B Di-1(0% D 2;qqk1q 1 Qk-3(1 — q")
_ k2+6k+5 ( B q2 )
k 1 q C] k ! 1 —qk
q21 0 k2+6k+5 (h—1)i rit
44 q q i+
1—¢? Z(q s @)i—1(4% @) e—3 Z Z
oo 0 k2+6k+5+ k—1)i 1 _ z+2
_ ¢ (9.29)
= (% Qr1(0% @3

Finally, we transform (9.24) as given below:

i qk;2+5k o0 qk2+7k+6(1 + q2)
— (% )10 )i < (% @)i-1(0% @2
_ +i k2+7k+6 i qk2+7k+6(1+q2>
~ k—2 — k—1( k—2
ps — (¢* r-1(¢% )
0 k2+7k+6 1
= —|— —(1+ q2 )
ququ 5 Q) k- (1—(1’““ ( )
k2+7k+6 2k+2
q 2 k—1
= T —q¢(l—gq )
Zq s @) e-1(0% Q)r— (1—61’““ ( )
_ + Z k:2+9k+8 i qkz2+7k+8
(@ (@ Dr—2 = (@5 @)r-s3(1 = ¢°)(¢% q)i—2
k2+9k+8 o0 k2+9k+16
q
— —|— —
Z R (0% @) 2 (0% @r—2(1 = ) (% @r
(%92 (1-¢*)? = (% Q—2(0%p—2(1— ") \1 ¢ 1-¢""
24 38 > k2+9k+8
q q 4q ik i(k41)+
= - + q q
(%92 (1—¢*)? Z < (0% D20 Qi—2(1 — ¢*) (Z Z )
24 k2+9k+8+zk i+8
q (1—q"*")
_ . 9.30
(%9)2 1_q ;320 (0% @)r—2(a% @r—2(1 — ¢F*1) (9:30)

Substituting (9.25) ~

(9.30) into (9.17), we obtain (9.2). This completes the proof.

We are now ready to show that Theorem 1.7 holds when m = 1 with the aid of the

generating function of M (0,n) —

M(1,n) in Theorem 9.1.
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Proof of Theorem 1.7 for m = 1. Define

iT W = — g\ - " - " - ¢ - ¢
— ' 1-¢ 1-¢ 1-¢ (1-¢)* (1-¢)
o k;2+5kz O 0 k246k+54+(k—1)i(1 _ it+2
q (1—¢"")
- -
; (4" @)r—s(a% @)1 ;; (0% @)i-1(¢% Q)r-3
x ™ k2+9k+8+zk(1 i+8
¢
+ 9.31
;; (% Q2% QJr—2(1 — ¢**1) (5:31)
By Theorem 9.1, we see that when n > 10,
M(0,n) — M(1,n) > Ti(n). (9.32)

To prove Theorem 1.7 for m = 1, it suffices to establish the nonnegativity on T} (n).

By Lemma 3.5, we see that

ii qk2+6k+5+(k: 1)z(1 _ z+2 ii qk2+6k+5+(k: 1)i 1 — qi+2
— = (@)1 (2% e (g a( ks (1—¢)(1— )
and
f: i qk2+9k+8+ik(1 _ qi+8)
(% Dr—2(*; Or—2(1 — ¢
_ i i qk2+9k+8+zk . 1—gq
= (0% )e-3(0" Dr-3(1 = ) (1= ¢*)(1 = ¢*)
have nonnegative power series coefficients. Define
36 11 17 19 23 38
ZH ‘ : : 2 : 2 : 2 q22_ q32‘ (9.33)
(%9 1—¢2 1—-¢@ 1-¢2 (1-¢)? (1—¢)
Note that
i k2+5k %
—~ (5 Drs(@® D1 (@5 9)s
_ q24 N q36 B q36 N i qk2+5k
(¢392 (1—ag")e*a)s (%) (a5 Dr-3(¢% D
q24 k2+5k
= -
(4% a)s (1—q kzq $@)k-3(0% @)k

40



which has nonnegative power series coefficients. Hence we derive that for n > 11,
Ti(n) > H(n). (9.34)
We proceed to show that H(n) > 0 when n > 106. By (1.11), we see that

36 o

(qg; Qs 7;%]94(” ~ 38"
From (9.33), we find that for n > 38,
(pa(n — 36), ifn=0,4 (mod 6),
Hin) pa(n —36) — 255, ifn=2 (mod 6),
pa(n —36) — 252 — 3, ifn=1,3 (mod 6),
|pa(n —36) =252 =3 -5 ifn=5 (mod 6).

By Lemma 3.2 (3), we see that for n > 48,

n — 36 > on?
—36) 2 —1) =< —-2n+48
pln =30 23 ("0 1) = s
Hence we deduce that for n > 106,
—21 —35 _n’ —21 — 35
H(”)ZM(“—%)_H _3_n3 ZZ_ég_QnJr%_nz —3-= > 0.

This implies that 77(n) > 0 for n > 106, and so M(0,n) — M(1,n) > 0 when n > 106.
It can be checked that M(0,n) > M(1,n) when 44 < n < 105. Thus, we complete the
proof of the theorem. 1

10 Proofs of Theorem 1.9 and Conjecture 1.4

In this section, we first prove Theorem 1.9, and then give a proof of Conjecture 1.4 with
the aid of Theorem 1.7 and Theorem 1.9.

To prove Theorem 1.9, setting m = 0 in Theorem 2.1, we see that

e °° 21qk2+2k
21M(0,n)q" =21 — 21q + ) 10.1
2 M (0m) 2 G (10.1)

From [2, Corollary 2.6],
oo o0 k2
q

p(n)g" =1+ ) 10.2
nZ:o ") ; (4:9)7 (10.2)



Subtracting (10.1) from (10.2), we obtain the following generating function:

> - 1 21¢%
p(n) —21M(0,n))q" = —20 + 21q + qkz( — )
,;( ) 2 ,; (@0F (¢ Dr(@* Dk
For k > 1, define
- 1
gr(n)q" = , (10.3)
nZ:O (4;9)7
and
0 2k
h 104
; g CHARUET) (104)
This leads to for n > 2,
p(n) = 21M(0,n) =Y (gr(n — k?) — 21hg(n — k7)) . (10.5)
k=1

The following theorem establishes the nonnegativity of gx(n) — 21hy(n) which implies
that p(n) > 21M(0,n) for n > 76. Furthermore, it is not difficult to check that p(n) >
21M(0,n) for 39 < n < 75. Hence by (10.5), we see that Theorem 1.9 immediately follows
from the following theorem.

Theorem 10.1. (1) g(n) > 21hy(n) for n > 20.
(2) ga(n) > 21hs(n) for n > 51.
(3) g3(n) > 21hs(n) for n > 67.
(4) When k > 4, gi(n) > 21hy(n) for n > 0.

Before proving Theorem 10.1, we first derive the following recurrences of gx(n) and
hk (n)

Lemma 10.2. For k > 1,

%]
gi(n) = Z(i + 1) gp_1(n — ki), (10.6)
and for k > 2,
[#]-2
hi(n) = (i + Dhy_1(n — ki — 2). (10.7)
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Proof. From the definition (10.3) of gx(n), we see that when k > 1,

49);
— 1 . 1
 (g9i, (1—gr)?
= D gealmg™ Y G+ 1)g"
v 7]
- Z{ (i + 1) gr—1(n — ki)g".

So we obtain the recurrence (10.6) by equating coefficients of g™ on both sides of the above
identity.
Proceeding as in the proof of (10.6), we have

o0

hi(n) = (i + 1)hy_1(n — ki — 2). (10.8)

=0

From (10.4), we see that hi(n) = 0 if n < 2k. Thus (10.8) can be written as follows:
]

hk(n) = (Z + 1)hk_1(7”b — ki — 2),

i=

-2

>3
[

o

which is (10.7). This completes the proof. |

In order to prove Theorem 10.1, we also require the following lemma.

Lemma 10.3. When k> 1 andn > 0,
gr(n+1) > gr(n), (10.9)

and

Furthermore, when k> 2 and n > 0,

E*hy(n) < n?hy_i(n). (10.11)

Proof. By definition, it is clear that for £ > 1,

L+ Y (gk(n) = gi(n = 1))g" = (1(]-:])(1,3 " (¢ Q)k(;Q' D1’
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which obviously has nonnegative power series coefficients. This yields (10.9).

Similarly, by (10.4), we see that for k > 1,

- NP € k)L S
nz::(h’“(") B 0 P20 PR v

which also has nonnegative power series coefficients. Hence (10.10) is valid.

We next prove (10.11). By (10.7), we see that when k > 2,

Fhp(n) =k > (i+ Dh_i(n — ki — 2).

=0

From (10.10), we find that when £ > 2 and n > 0,

as desired. This completes the proof. |

We are now in a position to prove Theorem 10.1.

Proof of Theorem 10.1. (1) When k = 1, it follows immediately from (10.6) that g;(n) =
n + 1 by noting that go(0) = 1 and go(n) = 0 for n > 1. On the other hand, by the
definition of hg(n), we see that hi(0) = hy(1) = 0, and hy(n) = 1 for n > 2. Hence
g1(n) > 21hy(n) when n > 20.

(2) When k = 2, we first claim that when n > 0,

n3

92(n) 2 o7 (10.12)
Set n = 2t + j, where t > 0 and j = 0 or 1. Notice that g;(n) = n + 1, by (10.6), we see
that for n > 0,

Ln/2]
ga(n) = Y (i+Dgi(n—2i)

=0
/2]
= ) (i+1)(n—2i+1)

1=0

44



t

> 3 (i+1)(2t—2i+1)
=0
3t 13t

= —+ 4+ =L
sttt

Hence, we derive that

3 3t2 13t (t+1)°
L T .
@)z 3+ 5t tlz

Since n < 2t + 2, we deduce from (10.13) that for n > 0,

(10.13)

(t+1)3>n_3.
3 T 24

g2(n) >

This yields (10.12).

On the other hand, since hi(n) = 0 or 1 for n > 0, and by (10.11), we find that for
n > 0,

n2
ho(n) < T (10.14)
Together with (10.12), we derive that for n > 126,
n® _ 21n?
g2(n) > 2 > 1 > 21hs(n).
Moreover, it can be checked that go(n) > 21hy(n) when 51 < n < 125. Hence we conclude

that go(n) > 21hy(n) for n > 51.
(3) By suitable modification to the proof of (10.12), we can show that

5

n
> . 10.1
On the other hand, combining (10.11) and (10.14), we find that when n > 0,
nd

Hence by (10.15) and (10.16), we derive that when n > 2520,

conclude that g3(n) > 21hz(n) when n > 67.
(4) For k > 4, we will prove that gg(n) > 21hx(n) when n > 0 by induction on k.

Furthermore, it is easy to check that gs(n) > 21hs(n) when 67 < n < 2519. Hence we
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When k = 4, using the same method as above and after some tedious but straightfor-
ward calculation, we deduce that when n > 8,

1
> 7.
94(") 2 3503010"
Here we omit the detail.
On the other hand, from (10.11) and (10.16), we deduce that when n > 0,

6

n
Hence, when n > 105840,
n’ 21nb

ga(n) > 21hy(n).

> >

— 2903040 — 576
Furthermore, it can be checked that g4(n) > 21hy(n) when 0 < n < 105839, so g4(n) >
21hy(n) for n > 0.

We now assume that there exists k > 5 such that gx_1(n) > 21ht_1(n) for n > 0. We
aim to show that for n > 0,

gr(n) > 21hy(n).
From (10.6) and (10.9), we derive that

n

k

—
—

(]

gr(n) = (i + 1) ge—1(n — ki)

<.
I

,_
>3
- O

> (i + 1)gr—1(n — ki —2).

1=

[e=]

By the induction hypothesis, we have
gk_l(n — ki — 2) Z 21hk_1(n — ki — 2)

Hence
7]
ge(n) > 21 (i + Dhy_y(n — ki — 2).
i=0
From (10.7), we have
i)
=0

It follows that for n > 0,
gr(n) > 21hg(n).

This completes the proof. 1
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We conclude this section with a proof of Conjecture 1.4. Let N(< m,n) denote
the number of partitions of n with rank less than or equal to m, and let M (< m,n)
denote the number of partitions of n with crank less than or equal to m. Bringmann and
Mahlburg [14] conjectured that for n > 1 and m < 0,

M(<m,n) < N(<m+1,n), (10.17)

which has been proved by Chen, Ji and Zang in [19].

By using the following two symmetries of ranks and cranks (see [22,23]):
M(m,n) = M(—m,n), (10.18)

and
N(m,n) = N(—m,n), (10.19)

it is not difficult to derive from (10.17) that for n > 1 and m > 0,

N(<m—1,n) < M(<m,n). (10.20)

We are now in a position to give a proof of Conjecture 1.4 by means of Theorem 1.7
and Theorem 1.9 as well as (1.5), (10.17), (10.18) and (10.20).

Proof of Conjecture 1.4. Setting m = —2 in (10.17), we see that for n > 1,
M(< —2,n) < N(< —1,n). (10.21)
Setting m = 2 in (10.20), we see that for n > 1,
M(<2,n) > N(< 1,n). (10.22)
Subtracting (10.21) from (10.22) leads to
N(0,n)+ N(1,n) < M(—=1,n) + M(0,n) + M(1,n) + M(2,n), (10.23)
for n > 1. By (10.18), we see that for n > 1,
M(—1,n) = M(1,n),
and so (10.23) becomes
N(O,n)+ N(1,n) < M(0,n)+2M(1,n) + M(2,n). (10.24)
By Theorem 1.7, we see that for n > 44,
M(0,n) > M(1,n) > M(2,n),
and so by (10.24), we derive that for n > 44,

N(0,n) + N(1,n) < 4M(0, n). (10.25)
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From (1.5), we see that for n > 7,

ospt(n) < p(4n) + N(g n_ M(Z’m + N%’ n) (10.26)

Applying (10.25) in (10.26), we are led to

p(n) N TM(0,n)

t < 10.27
ospi(n) < P 4 0 (10.27)
for n > 44. Appealing to Theorem 1.9, we see that for n > 39,
21M(0,n) < p(n). (10.28)
Hence we arrive at
ospt(n) < Z@ (10.29)
for n > 44. Furthermore, it is easy to check that ospt(n) < ’@ when 10 < n < 43. Thus,
we complete the proof of Conjecture 1.4. |

11 Conjectures

Recall that a sequence {a;}1<i<y, is called log-concave if for 2 <i < n — 1, a; satisfies the
following inequality:
a; > a;i-10;41.

It is well known that if a sequence {a;} of positive integers is log-concave, then {a;} is
unimodal, see [32, P.124, Ex.50].

An interesting phenomenon occurs when we consider the log-concavity of M (m,n). In
particular, for 72 < n < 10000 and 72 —n < m < n — 72 (tested with Mathematica), the
following inequality holds,

M(m,n)*> > M(m — 1,n)M(m +1,n).

In this case, we would like to make the following conjecture.

Conjecture 11.1. Forn >72 and 72 —n < m <n — 72,
M(m,n)*>> M(m — 1,n)M(m + 1,n). (11.1)

In other words, for n > 72, the sequence {M(m,n)}mj<n—71 is log-concave.
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Obviously, this conjecture implies the sequence { M (m,n)}m|<n—71 is unimodal when
n > 72. More precisely, whenn > 72 and 1 <m <n — 71,

M(m —1,n) > M(m,n). (11.2)

It should be noted that the inequality (11.2) is also valid when n > 72 and n —70 < m <
n — 1, which follows immediately from the following lemma. Hence if Conjecture 11.1 is
proved to be true, then we could derive that the sequence {M(m,n)}m|<n—1 is unimodal
when n > 44 which is Corollary 1.8.

Lemma 11.2. Forn > 21 > 4,
M(n —i,n) = p(i), (11.3)

where p,(n) counts the number of partitions of n with parts taken from {2,3,...,r}, as
defined in (1.11).

Proof. Let A = (A1, A2, ..., A¢) be a partition of n counted by M(n — i,n). Let ny(\)
denote the number of 1’s in A\. We claim that n;(\) = 0 when n > 2i. Otherwise, by the
definition of crank, we see that there are exactly n — i + ny(\) parts in X strictly larger
than ny(A). Note that nyi(A) > 1, so there are at least n — i + ny(A\) parts in A not less
than 2. This leads to

¢
n=> A>2n—it+n(\)>2n—-2+2>n+2,
i=1
a contradiction. Hence n;(A) = 0 and by the definition of crank, we see that A\; = n — i,

which implies
¢
i=2

Moreover, ni(A) = 0 implies that A, > 2. Hence (Aa,..., ;) is counted by p;(i). Con-
versely, let p = (1, ..., p;) be a partition counted by p;(7), notice that n —i > i > puy,
so the partition (n — 4, 1, ..., p;) is counted by M(n — i,n). Hence the equality (11.3)
holds. |

We proceed to illustrate the inequality (11.2) is true when n > 72 and n — 70 < m <
n — 1 with the aid of Lemma 11.2. By a direct calculation, it is easy to check that when
2 <1 <70,

pir1(i+1) > p(i).
Thus from Lemma 11.2, we see that when n > 142 and 2 <1 < 70,

M(mn—1i—1,n) > M(n—i,n).
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This leads to M(m — 1,n) > M(m,n) for n > 142 and n — 70 < m < n — 2. Note that
M(n—2,n)=1>0= M(n—1,n). Hence M(m — 1,n) > M(m,n) is valid for n > 142
and n — 70 < m < n — 1. After checking the small cases for 72 < n < 141, we have
verified M(m — 1,n) > M(m,n) forn > 72 and n — 70 <m <n — 1.

The similar phenomenon also occurs for N(m,n). We have the following conjecture.

Conjecture 11.3. Forn > 73 and 73 —n <m <n — 73,
N(m,n)*> > N(m —1,n)N(m + 1,n). (11.4)
In other words, for n > 73, the sequence {N(m,n)}mj<n—72 15 log-concave.

In [17], Chan and Mao raised a problem of finding the condition such that the inequal-
ity (11.5) holds. By the calculation with Mathematica, we have the following conjecture.

Conjecture 11.4. Forn >39 and 1 <m <n — 2,

N(m —1,n) > N(m,n). (11.5)

By the symmetry N(m,n) = N(—m,n), we see that Conjecture 11.4 implies the
sequence {N(m,n)}m|<n—2 is unimodal for n > 39.

It is clear that Conjecture 11.3 implies the inequality (11.5) holds when n > 73 and
1 <m < n—72. We will prove that the inequality (11.5) also holds when n > 73 and
n—"71 <m < n— 2 by using the following lemma. Therefore, the inequality (11.5) holds
when n > 73 and 1 < m < n — 2. Furthermore, it is easy to check that (11.5) holds
when 39 <n <72 and 1 < m < n — 2. Hence we could say that Conjecture 11.3 implies
Conjecture 11.4.

Lemma 11.5. Forn > 21 > 4,

L(Gi+1)/2]
N(n—in)= > pli—20+1,0-1) (11.6)

(=2

where p(n,r) denotes the number of partitions of n with at most r parts, as defined in
(3.5).

Proof. Let A = (A1,...,A¢) be a partition counted by N(n —i,n). We claim that ¢ > 2.
Otherwise if ¢ = 1, then A = (n) which is counted by N(n — 1,n), which contradicts to
the fact that X is counted by N(n —i,n) where i > 2. By the definition of rank, we see
that \y =n—17+ /¢, so

)4
D =n-MN—l+1=i-20+1>0

=2
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Hence p = (A2 — 1, A3 — 1,..., A\, — 1) is a partition counted by p(i — 2¢ + 1,¢ — 1).
Furthermore, ¢ < (i +1)/2.

Conversely, for ¢ > 2 and 2 < ¢ < |(i 4+ 1)/2], and let u = (p1, pa,- .., pe—1) be
a partition counted by p(i — 2¢ + 1,¢ — 1), where py—qy > 0. Note that n > 2i, so
pp <i—204+1<n—-—i+/f—1. Hence \=(n—i+ Ll +1Lpuo+1,... 001+ 1)is a
partition counted by N(n —i,n). Thus we arrive at (11.6). ]

We proceed to show that the inequality (11.5) holds when n > 73 and n — 71 < m <
n — 2 with the aid of Lemma 11.5. By a straightforward calculation, it is easy to check
that when 2 <1¢ < 71,

L(i+2) /2] L(i+1)/2]
Soopli-204+2,0-1)> > pli—20+1,0-1).
=2 =2

Thus from Lemma 11.5, we see that when n > 144 and 2 <1 < 71,
N(n—i—1,n) > N(n—1i,n). (11.7)

This leads to N(m — 1,n) > N(m,n) for n > 144 and n — 71 <m < n — 2. It is easy to
check that N(m — 1,n) > N(m,n) for 73 < n < 143 and n — 71 < m < n — 2. Hence
N(m—1,n) > N(m,n) whenn > 73 andn—71 <m <n—2.

It should be noted that Conjecture 11.1 and Conjecture 11.3 have also been raised by
Bringmann, Jennings-Shaffer and Mahlburg [13, Conjecture 4.3].
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