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A FIRST-ORDER FOURIER INTEGRATOR FOR THE NONLINEAR
SCHRODINGER EQUATION ON T WITHOUT LOSS OF REGULARITY

YIFEI WU AND FANGYAN YAO

ABSTRACT. In this paper, we propose a first-order Fourier integrator for solving the cubic nonlinear
Schrédinger equation in one dimension. The scheme is explicit and can be implemented using the
fast Fourier transform. By a rigorous analysis, we prove that the new scheme provides the first order
accuracy in H7 for any initial data belonging to H7, for any v > % That is, up to some fixed time
T, there exists some constant C' = C(||ul| . ([0,7);177)) > 0, such that

lu™ = w(tn) |l v (1) < C,
where u™ denotes the numerical solution at t, = n7. Moreover, the mass of the numerical solution
M (u™) verifies

|M(u™) — M(up)| < C7°.
In particular, our scheme dose not cost any additional derivative for the first-order convergence and
the numerical solution obeys the almost mass conservation law. Furthermore, if ug € H(T), we
rigorously prove that

1
lu™ = u(tn)llgr(ry < CT27,
where C' = C(||luo|| g1 (1)) > 0.

1. INTRODUCTION

In this paper, we are concerned with the numerical integration of the cubic nonlinear Schrodinger
equation (NLS) on a torus:

i0pu(t, x) + Opzu(t, ) + Au(t,z)*u(t,z) =0, t>0, z €T,
u(0,z) = up(z), z€T,

(1.1)

where T = (0,27), A = £1, u = u(t,z) : Rt x T — C is the unknown and uy € H7(T) with some
v > 0 is a given initial data. Here we only consider the case A = —1, and the case A = 1 is similar.

It is known that the local well-posedness of () has been established in H” for v > 0 in one
dimension space, referring to [2]. Moreover, for L? solution of (I)), we have the following mass
conservation law:

M(u(t)) = % /T lult, 2)[2 dz = M (ug). (1.2)

Then the global well-posedness in L? is followed directly by the mass conservation law and the local
theory.

There has been substantial research undertaken in numerical analysis of (ILI). In order to do
numerical discretizations in space and time, many methods have been proposed and extensively studied
by assuming that the exact solution is smooth enough, for example in finite difference methods,
operator splitting, spectral methods, discontinuous Galerkin methods and exponential integrators.
Much of the literature focusses on these classical numerical schemes to establish the convergence results
of the solution, referring to [T2,I7,19,28]. For the nonlinear Schriodinger equation, we can further
refer to [1LALEL7LOLT022,23L27[34]. For the Korteweg-de Vries equation, refer to [8|[11L[18]20,21132]

for recent works.
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For splitting methods, one of the most popular splitting is Strang splitting, which can speed
up calculation for problems involving operators on very different time scales. In particular, splitting
methods are especially effective if the equation splits into two equations which can be directly inte-
grated such as the Korteweg-de Vries equation and the nonlinear Schrodinger equation. For example,
for the nonlinear Schrodinger equation, the first-order and the second-order convergence in H? was
achieved for the initial data in H7*2 and HY** respectively, see [27].

For exponential integrators, to the best of our knowledge, which were earlier considered by Her-
sch in [I3], Certaine in [6] and Pope in [33]. Then Hochbruck, Lubich, and Selhofer [I4] put forward
the term “exponential integrator”, which created a powerful push of the exponential integrator. Fur-
thermore, this work was regarded as the first actual implementation of the exponential integrator.
Recently, exponential integrators have become an active area of research and have a good develop-
ment, more on the rich history and research results of exponential integrators can be found in the
literature [I7] by Hochbruck and Ostermann. Originally developed for solving stiff differential equa-
tions by Hochbruck and Ostermann in [I5[16], the methods have been used to solve partial differential
equations including hyperbolic, as well as parabolic problems such as the heat equation.

As mentioned above, the schemes above were constructed under the assumption that the exact
solution is smooth enough. However, in practice the initial data may not be ideally smooth due to
multiple reasons such as measurements or noise. Rough data may appear naturally in some applica-
tions: initial data corrupted with noise (as in nonlinear optics applications). When the solution of
the equation is not sufficiently smooth in space, the convergence of a certain order only holds under
sufficient additional regularity assumptions on the solution. It can be regarded as the following error
structure of the scheme

m(=A) u(t), v, A20,
where 7 denotes the time step size. The structure explains that there are 2\ derivatives loss to reach
the v-order convergence. For example, for the nonlinear Schrodinger equation, the error structure of
the scheme in [27] is
TV (= A) u(t), v > 0.

It implies that in order to obtain v-order convergence, 2v derivatives loss is needed. Then the essential
work is to design a numerical scheme such that r-order convergence is achieved with A as small
as possible. To bring down the regularity requirements, more recent attention has focused on so-
called low-regularity integrators (LRIs) that based on the exponential integrators. Unlike the classical
numerical schemes, this method can break the natural order barrier to reach the optimal convergence
rate. Of course, it will encounter many difficulties, the main difficulty is the design of LRIs, which needs
the scheme being defined point-wise in the physical space while requiring as few additional derivatives
as possible. Moreover, this point-wise evaluation requires O(NlogN) operations, in general. The low-
regularity integrators have already been considered for some important models such as the nonlinear
Schrodinger equation (NLS), the Korteweg-de Vries equation.

For the Korteweg-de Vries equation, Hofmanova and Schratz [I8] introduced an exponential
integrator to obtain first-order convergence in H! with initial data in H3. Later, Wu and Zhao [35]
established the second-order convergence result in H” for initial data in H”**, which proved rigorously
in theory the validity of the scheme that was proposed in [I8]. Very recently, Wu and Zhao [30]
proposed the Embedded exponential-type low-regularity integrators and proved the first-order and
second-order convergence in HY under H”T!-data and HY*3-data respectively.

For the nonlinear Schrédinger equations, Ostermann and Schratz [31] introduced a new exponential-
type numerical scheme, and the first order convergence was achieved under the requirement of only
one additional derivative. That is

lu" — w(tn)ll gy ray S 7
up to some fixed time for the initial data ug € H¥*1(T9), v > 4,
solution at t,, = nT. More precisely, the error behavior of the numerical scheme is dominated by

T(—A)7u(t),

which breaks the “natural order barrier” of 72 for (fA)%—loss. This presents a lower regularity
assumptions on the data compared to the splitting or exponential integrator schemes. Later, for the

where u" denotes the numerical
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second-order convergence, Knoller, Ostermann and Schratz [25] gave a new type of integrator and the
scheme requires two additional derivatives of the solution in one space dimension and three derivatives
in higher space dimensions. Whereafter, Ostermannn, Rousset and Schratz [29180] considered H*,
0 < s < 1 solutions in L? with order v < 1 in dimensions d < 3. For the quadratic nonlinear
Schrédinger equation and the nonlinear Dirac equation, the first-order convergence in H” without
any loss of derivatives in one space dimension, see [31].

In this paper, we are aiming to get the first-order convergence of (LI) without any loss of
derivatives by introducing a new type low-regularity exponential integrator. That is, we obtain the
following result

Ju" = w(tn)ll vy S 7,
up to some fixed time for the initial data ug € HY(T), v > %, where u™ denotes the numerical solution
at t,, = nr.
Now we explain our argument briefly. Our designation is based on the Phase-Space analysis of
the nonlinear dynamics. In particular, we focus our attention on the following time integral,

/ QISR =R =k3) g with k= ky + ko + ks. (1.3)
0

Using the following formula of the phase function,
k2 + k2 — k3 — k3 = 2(k1 + ko) (k1 + ks3),
we write that for any k # 0,

eis(k2+kffk§7k§) _ Z ki + k; eis(k2+kffk§7k§) o ﬁeis(k%k%k}kg)
, k '
7=2,3
Then the first term is integrable. Indeed, by direct calculation we have that
/T ki + k; ois(K* k3 k3 —k3) 7o _ Z 1 (ei'r(kZJrkffkgfkg) B 1) .
0 2ik

j=2,3 k =23 (k1 + kj)

Unfortunately, the second term can not be integrated in the physical space exactly. To overcome this
difficulty, we use another formula of the phase function,

k? + kI — k2 — k2 = 2kky + 2koks.
Therefore we have the formula
pis(K2+ki—k3—k3) _ 2iskk: + O(ska]|ks])-

This yields that for any k # 0,

Tk 1 ;
/ _1615(k2+k%—k§—k§) ds = (teTka1 - 1) + T20(|]€|_1|]€1||k2||k3|)
0

k 2ik?
Based on the rigorous analysis, we construct the following numerical solution of (L] as
T
u"t =W, n=0,1...,——1, (1.4)
T

with u% = ug, where
() =e'T(72M0=2OHOT) y Ty (|u”Put) + 2ir Mol (u”)
_ %5;2 [(e—irajan) . oiT0? (un)ﬂ N %eirﬁiam—Q [[u"?u”]
+07 () ot (e )| - e o fw ot ()] (1)
Here we denote IIy(f) to be the zero mode of the function f, that is,

o(f) = 5= / f() d. (1.6)
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Moreover, My, Py are defined by
1 _ —
MO = M(’LLO) = HO (|’LL0|2) 3 PO = % / anz’uO dx = HO (anx’u,o) .
T

Now, we state the convergence theorem of the presented (semi-discretized) LRI method given in
(T4 in one space dimension.

Theorem 1.1. Let u™ be the numerical solution (A of the equation (L) up to some fized time
T > 0. Under assumption that ug € HY(T) for some v > %, there exist constants o, C > 0 such that
for any 0 <7 <719,

lu(tn, ) —u"|lgv <C7, n=0,1...,—, (1.7)
T

where the constants 7o and C depend only on T and ||ul| o ((0,1);7)-

Our theorem above improves the result in [31] in one space dimension. In particular, our scheme
does not loss any regularity in this case, which is the best one can expect in this sense. We believe
that the idea used in this paper could be applied to the other models which will be studied in the
forthcoming papers.

Based on the above theorem, we also obtain £— order convergence in H'(T) with initial data in
HY(T), where %— denotes % — € for any arbitary small € > 0. It is practically reasonable to obtain
lower convergence under lower regularity assumptions, because the accuracy order of the scheme in

time and in space need to be rather equal.

Corollary 1.2. Let u™ be the numerical solution (L4) of the equation (L)) up to some fized time
T > 0. Under assumption that ug € HY(T), there exist constants 17o,C > 0 such that for any
0< 7 <79,

T

||u(tn5>7un”H1 SCT%77 n:()vl"'a_a (18>
T

where the constants 1o and C depend only on T and ||ul| o0, 1);11)-

Furthermore, we continue to pursue a scheme such that it could be almost conserved in mass which
meanwhile requires as less regularity as possible. To this purpose, we define a modified numerical
scheme of (I4) as follows. Let ¥ be defined in (I3 and

F(U") = W(U™) — ey,

Then we denote the functionals G, G2 to be

G1(U) =H (V)™ U, (1.9)
Go(U) = — %(H(U))Qe”aiU — My H(U)ReTl, (F(U) e=iT0: U) T (1.10)
and
H(U) = —Mg* [Re I, (F(U) e—”aiﬁ) + %HO (‘F(U)]Q)} . (1.11)
Now the modified numerical scheme (NLRI) of (4] is defined by
U =W(U™) + G (U™) + Go(U™), (1.12)
forn=0,1,--- ,%—1, and U° = u,

Then we obtain that

Theorem 1.3. Let U™ be the numerical solution (LI2) of the equation [LI) up to some fized time
T > 0. Under assumption that ug € HY(T) for some v > %, there exist constants 9, C > 0 such that
for any 0 < 17 < 19 we have

T
lu(tn, ) =U"|gv <C1, n=0,1..., (1.13)

?.
Moreover,
|M(U™) — M(ug)| < C7°, (1.14)
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where the constants 1o and C depend only on T and |[u||po<((0,1);H7)-

Furthermore, if ug € HY(T), there exist constants 1o, C > 0 such that for any 0 < 7 < 79,
T

w(tn, ) — U™ gn < CT27, n=01..—, (1.15)

where the constants 1o and C depend only on T and |u| o0, 1);H1)-

To the best of our knowledge, this is the first attempt to consider the conservation laws of the
numerical solution for the exponential-type integrators.

Remark 1.4. In this paper, we present fifth-order mass convergence. However, our method is also
applicable to solve the equation (LI)) with arbitrary order mass convergence by suitably adding cor-
rection terms.

Now we slightly explain the key ingredient of the construction. Denote F' to be
un-i-l _ eirﬁiun + F(u"),
where u™ is the numerical solution (I4)). Then we can find a functional G such that
<G(un>, eiraiun> _ <F(un)7ei76§un> ,

and
IG @)l < CT2.

The key point is that we only have the first-order estimate of F™(u™) which reads
|1E(u™)|| g < CT.

Hence we can not choose G(u") = —F(u™) directly, and the cancellation in the L2-inner product plays
a great role in ensuring the second-order estimate of G(u"). Based on the nice feature of G, we can
modify the numerical solution u™ and define the new scheme by

Then we can prove that
|utn, ) — @ s < C7, |M(@") — M(uo)| < CT.

Repeating the same process, we can design a new scheme U" verifying the required accuracy as in
Theorem More details will be given in Section

The paper is organized as follows. In Section 2, we give some notations and some useful lemmas.
In Section 3, we give the main process of the construction of the first-order scheme. In Section 4, we
devote to prove Theorem [[LJl Further discussion on the almost mass-conserved scheme is presented
in Section 5. Numerical confirmations are reported in Section [0l and conclusions are drawn in Section

@

2. PRELIMINARY

2.1. Some notations. We use A < B or B 2 A to denote the statement that A < C'B for some
absolute constant C' > 0 which may vary from line to line but is independent of 7 or n, and we denote
A~ Bfor A< B S A We use O(Y) to denote any quantity X such that X < Y. Moreover, we
denote (-,-) to be the L2-inner product, that is

(f.g) = Re /T £(2)7(@) da.

The Fourier transform of a function f on T is defined by

~ 1 .
fi= g [ rta)do
and thus the Fourier inversion formula

f(SC) _ Zeiszk-

keZ
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Then the following usual properties of the Fourier transform hold:

512
HfH%Z(T) =27 kX:Z ‘fk’ (Plancherel);
€

(fg)(k)= > fkfklgkl (Convolution).
k1E€Z

The Sobolev space H*(T) for s > 0 has the equivalent norm,
2 s pl12 2\s| £ |2
HfHHS(’]I‘) =7 f”mmr) = 2”2(1 + K1 Skl
kEZ
where we denote the operator
J* = (1= 0pa)?.
Moreover, we denote 9, ! to be the operator defined by
8/;1\]‘(k) _ (k) fr, when k # 0,
0, when k = 0.
We denote T,,(M;v) to be a class of qualities which is defined in the Fourier space by
FTm(M;0)(k) = o< sup S Mk ke k)| b, (8] |ﬁkm(t)|>. (2.2)
LEI0T] fey 4ot o

Here we regards © and v as the same since there is no influence in the whole of analysis.

2.2. Some preliminary estimates. First, we will frequently apply the following Kato-Ponce in-
equality (simple version), which was originally proved in [24] and an important progress in the endpoint
case was made in [3L[26] very recently.

Lemma 2.1. (Kato-Ponce inequality) The following inequalities hold:
(i) For any v > %, f,g € HY, then
17 (F Dz S W f 1= llgll e
(i) For anyy > 0,7 > 1, f € H'™ g€ H", then
177Dz S I e llgll -
To prove our main result below, we need the following two specific estimates.

Lemma 2.2. The following inequalities hold:
(i) Lety> 2, and v € L>°((0,T); H"), then
|75 (k™ akaks; 0)|| o S 101700 0,7y -

(ii) Lety>1, andv € L*>((0,T); H"), then

-1 55— < 3
| Ts(k™ haks ™ k35 0) || S 0l 0.1y )
(i) Lety > 1, and v € L>=((0,T); H"), then
| F T3 (koks; 0) (0)| S 01 (0,11
(iv) Lety> %, m>1andv e L>((0,T); HY), then
| T (L5 0) || 1 S 0T (0.77) 1) -

Proof. We assume that 0y, (t),j = 1,--- ,m are positive for any ¢ € [0, T], otherwise one may replace
them by [0y, (1)].
(i) Using the definition of T, (M) in ([22]), we have

|\ FTs(k™ " kikoks; v) (k)| S sup Z k|~ K [[ K2 |es| D, (£) D, (£) Dy ().
LEI0 T ey koo + ks 20
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By Plancherel’s identity, we get

| T3 (k™ kikok; v)|| 1 S H Do KT kel ks] Ok, ()08, () 0k (t)H
k=k1+ka+k3#0

S [V

Le=((0,T);L?)

)? HLN((O,T);HW*1)'

Therefore, by Lemma 211 (i), we obtain that for any v > 2,

- 3
720k ks o)l S 1710 1y S ol
(ii) By the same argument to the proof of (i), we have
7 kb R 0 S || 3D T kel 3 Rl ()i 0
k=Fk1+ka+k3#0
1 1
S NUVI)(VIET)(V]2

L=>=((0,T);L?)

U)HLOC((O,T);HWA)'

Therefore, by Lemma 2.T] (ii), we obtain that for any v > 1,

11 1_ 1
170k ™k 50) g, S (A1 IV 120UV 130 e ooy S Nl oyt
(iii) From the definition of T, (M), we have that for any v > 1,

| FTa(koks; 0) ()| S sup Y Oy (8) [, (2) K|y (1)
tE0T) o kg ot

2
< sup / 0 (1910)? d5 S [0l 0.1y08)
tel0,7T]JT

(iv) Similarly, we have

| FTn(Lo)| S sup Y gy (1) - D, (1).
[25] (0 A S M

By Plancherel’s identity and Lemma 2] (i), we obtain that for any v > %,
| Ton (1;0) || 1 S 0™ oo 0,108y S 01w (0,722

Hence we get the desired result. (|

3. THE FIRST ORDER SCHEME

By Duhamel formula, we write

u(tn+1) _ eiraiu(tn) 71'/ ei(tn+1—(tn+s))ai [|u(tn + s)|2u(tn + S)} ds.
0

Let v(t) := e~"%y(t), then

W(tng1) = v(tn) — Z/ o—i(tn+5)2 [|ei(tn+s)8§v(tn + S)|2ei(t"+s)ai’0(tn +5)] ds. (3.1)
0

Taking Fourier transform, we get

lbss) = D (tn) — i / S IO Ty (bt )i, (b + 8)i (b + 5) ds.
O k=kq+kotks

Here we denote 0 (t) to be the k-th Fourier coefficients of v(t), and the phase function
¢ = p(k, ki, ko, ks) = k* + ki — k3 — k3.
By BI), we find that for any s € [0, 7],
(tn 4+ 8) = v(t,) + 7T5(1;v). (3.2)
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Hence, we have that
Ok (tng1) = 0x(tn) =i Y / ) 45 T B D + 72 FTs(150) (k). (3.3)
k=ki+ka+ks ” 0

Here and below, we denote 0, to be 0 (t,) for short.
Now we split into the following two cases.
Case 1, k = 0. Then by [B.3), we get

Do(tn1) =0o(tn) —i Y _ / e (tn TR =R —k3) (6 T D, Oy + 72 FT5 (15 0)(0). (3.4)
k+ka+ks=0 "0
Note that under the condition of k; + k2 + k3 = 0, we can transform the phase function

k3 — k2 — k2 = 2koks.

Therefore, we have

/ (eis(kf*kg*kg) - 1) ds = 720 (kaks). (3.5)
0

According to ([B.3]), we can freeze the phase function in the integrand in ([B.4]) and obtain that

o (tn+1) =10 (tn) —aT Z eit"(kfikgikg) 5]61 /Ok,‘gﬁkg + 72 (yTz; (k/’gkg; ’U)(O) + yT5(1; ’U)(O))
k1+ko+kz=0

=0(tn) — i71lo ( e”n‘"fvv(tn)f e“”"’fvv(tn)) + 72 (F T3 (kaks; 0)(0) + FT5(1;0)(0)).  (3.6)

Case 2, k # 0. For (83), we only consider the term

iy / e tn 99 ds T, Opy Oy - (3.7)
k=ky+kz+ks ” O
Note that
1— (k1+k2)+(l{31+l{33)—/{31
p .
Then by symmetry, it allows us to split (3.7)) into two parts:
Tk ko ~
—2i Y / BB it t9)0 4 By b, O (3.8a)
k=k1+katks O K
Tk ~
i Y / fe“tn“ﬂb ds D, Dy Oy - (3.8b)
k=k1+ka+ks 70

For (3.8al), we need the following equality: If k = k1 + ko + k3, then
¢ = 2(1{31 + 1{32)(/{31 + kg)
We note that if k1 + k3 = 0, then

Tk1+l€2 '(t+)d> 1 it .
i(tnt+5)¢ Jg — itnt1¢ _ Liln@). 3.9
/0 EoC S 2t ) %) (3.9)
if k1 + k3 =0, then ¢ =0,k = ko and thus
T k14 ke k
/O 1 —]: 2 it )0 g — T(?l + 1). (3.10)
Therefore, we get
1 ; o
B3 == D e @ ) Bt
k=ki+ka+ks
k1+ks#0

. k ~
— 0T Z (?1 + 1) Vky Vg Vs
k1+ks=0
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Now we need the following momentum conservation law:
1
P(u(t)) = — / u(t)tiy(t) de = Py. (3.11)
2T T
Note that by (C2) and FII]), we have that
k ~
—2iT Z (?1 + 1) Vky OOty = /8 a(t n)da (ik)™ O — —/ lu(t,)|? dx Oy,
k1+ks=0
= — 27 Py (ik) ™ 0y, — 20T My Dy
Therefore, we further obtain
1 i i ) o1 ; N
(B.8a) = — Z m(e tnt1é _ t"¢) Dy Oy Oy — 207 Py (ik) ™ oy — 207 Mg Op,. (3.12)

k=Fk1+ka+ks3
k1+k3#0

or (B.8L), we note that it can not be integrated in the physical space exactly. Now we need the
following two equalities: If k& = k1 + ko + k3, then

¢(k, ki, ko, kg) = 2kky + 2koks; (313)
2kky = k* + kI — (ko + k3)2. (3.14)
Putting (3I3) into (3.8L), we decompose (B.8h) into two subparts again:
Tk, - . ~
iy / et (eFisteke — 1)e2o R ds By, oy, b, (3.15-1)
k=k1+kz+kg * 0
Tk, . ~
+i Y / fe“n%%kkl ds T, Doy Oy - (3.15-2)

k=ka+ha+hg 70
For (BI51)), applying the inequality
‘e%s’”kg — 1| < 27ksl|ks|,  for any s € [0, 7],

we have that
BIED) = 7 FTa(k™  kikoks; v) (k). (3.16)
or (B15-2)), from (BI4]) we have

k1 /T o2iskk1 g — 1 eir(k2+k§7(k2+k3)2) 1
ks 2ik2 :

we get
1 . ir (22— 2 ~ .
G = Z 2_1{;26%4) <e (k2483 — (k2 tka)?) _ 1) T, Do Oy -
k=k1+k2+ks3
Therefore, collecting the two finding in (BIH]), we obtain
1 . . 2,12 2 -~
(B.8L) = Z 2—/{;2e”"¢ <e”(k R (kahs)?) _ 1) U,y Oy Oy + 72 F Ts (k™ krkoks; v) (k).
k=k1+k2+ks3
(3.17)
Combining with (312) and BI7), we derive that when k # 0,
1 .
O (tnt1) =0k (tn) — ——(etn1? — i) Ty g, O
k:/ﬁ%z-l‘ks k(kl * kg) ( ) )
k1+ks#0

— 20T Py (ik) ™ ), — 20T Mg Oy

L it (k* ki — 2 = A
+ ?etm <e (K= (hatha)?) _ 1> Uy Dty Vi
k=k1+k2+ks3
2 (ﬁTg(kz—lklekg;u) + FT5(1; v)) (k). (3.18)
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Now together with (3.6]) and (BI]]), and using the formula
f—2TMyf — 2irPy 01 f = e 2TMo=2T RO ¢ 22 (1 1),
and the inverse Fourier transform, we get
V(tns1) =" (v(ty)) +7° (Tl(l; v) + FTs(koks; v)(0) + T3(k™ ki koks; v) + Ts(1; v)), (3.19)
where ®" is defined by

q)n(f) :672’L’7‘M072’L'7'P08;1f 4 2i7‘M0H0(f) — 7T, < eitnaif

2 . 2
eztnam f>

n efitnﬂaga;l {(ez‘tnﬂaif) oL (‘eitn+16§f‘2)} _ emitnd? a1 [(eitnéﬁ f) o1 (‘eitnéﬁf‘z)]

_ %eﬂ'tnﬂaﬁawﬂ [(efitnﬂajf) Qi (eitnaif)2:| i %eﬂ'tnaj a2 Ueit"aiff oitnd} f} (3.20)

Accordingly, we define the numerical solution of (II]) by

T
=" (v"), n=0,1...,=-1; " =u. (3.21)
T

Let u™ := ey this gives the scheme (L) —(LH) and thus finishes the construction of the numerical
scheme.

4. THE PROOFS OF THEOREM [[LT] AND COROLLARY [[.2]
4.1. The proof of the Theorem [I.T} From (B:21]), we have
V(tns1) — 0" =0(tnsr) — O™ (v(tn)) + @™ (v(tn)) — " (v")
EL" + " (v(ty)) — @™ (v"),

where £ = v(tn41) — " (v(tn)).
Furthermore, from (3I9) we get

Lr =72 (T1(1; V) + FT(kaks; v)(0) + T (k™ Eykaks; v) + Ts(1; v)).
Then from Lemma 2.2] we have
1L |y < C72, (4.1)

where the constant C' depends only on ||ul| e (0,777
Note that ®"(f) defined in (B20) can be read as the following integral form:

2 oitn a2 f)

o /T efi(t”JrS)aia;l (eﬂ'(tnﬂ)aj 0, f - (ei(thrs)ai f)Q)ds
0

eitn, 65 f

®"(f) =f — il (

0

N /OT o~ i(tn+5)02 o1 (e—i(tn+s)a§ 0, F - 802 (eitnag f)2)ds
+ 20T (M(f) — M (v(ty)) f + 2iT(P(f) — P(v(t,)0; ' f
+ [em2r (Mot POO) 1 2 (Mo + Pod; ") | f.
Therefore, we obtain

" (v(tn)) — @"(v") =v(tn) — V" + @F + OF + DY + Of + OF,
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2 2
eztnaac Un) :

f = — Qi/ e~ itn+s)0; ot (eﬂ'(t"“)afv 0, 0(ty) - (ei(t"+s)aiv(tn))2)ds
0

where

. 2
eztn o "

@?Z—’M’Ho(

. 2
e”"aﬂzvv(tn)’ e’tnaiv(tn)) + ity (

+ 21/ e—i(tn-i-s)afc al—l (e—i(tn-i-s)afc al,(—)n . (ei(tn+s)6ivn)2)ds;
0
on =2 / e iltn+9)0; 91 (‘ei(t"+s)6iv(tn)‘QGi(tT’"”S)ai@Iv(ﬁn))ds
0

-
+ 22/ e—i(tn-i-s)ai 8;1 (‘ei(t"+s)6i vn|26i(tn+s)ai 8I’Un)d8;
0

2

q)z :i/ e*i(thrS)aza;l (efi(thrS)azazT)(tn) . eisai (eit"aiv(tn))2)ds
0

_ i/T efi(thrs)Gia;l (efi(thrs)Giaz,l—)n 1502 (eitnajvn)Q)dS;
Py = — Qi:(M(U") — M(v(tn))v" = 2ir(P(v™) — P(v(t,)) 0, 'v"
n [e*%(MwPoa;l) — 1+ 2i7 (Mo + Poaz—l)} (v(tn) — 0™).
Next we estimate the above terms. ®} can be divided into three parts
O = — irTly Ueit"aﬂiv(tn)‘QG””Bi (v(tn) — v")}
— 471l [(‘e“"aiv(tn)|2 — ‘e“"aiv"f)e“"azv(tn)]
— 71y [(‘e“"aﬂiv(ﬁn)’2 - ‘e“"a;vnf)e“"az (o™ — v(tn))} .

Then by the Holder and Sobolev inequalities, we obtain that

@7 ||~ < C1@Y| < O (0" = v(ta) |z + 0" = v(ta) [ 37)- (4.2)
Similarly, by Lemma 21l we have that for any v > 1,
127 |7+ < Cr(llo" = v(ta)llas + 0" = v(ta)ll3), G =2, ,5. (4.3)
Therefore for any v > 1,
@™ (v(tn)) — @™ (V") [|r <14 CT)||0" — v(tn) ||+ + CTll0" — v(tn)|| 3 (4.4)

Combining the above estimates, we conclude that
[v(tnr1) = 0"y <CT2+ (14 CT) 0" = v(tn)ll v + CTl0™ = v(tn) 317
By iteration and Gronwall’s inequalities, we get

[o(tns1) — 0" Y <CT2Y A+ CT) <C7, n=0,1,. Lo

a T
Jj=0

This finishes the proof of the convergence result.

4.2. The proof of the Corollary For (B.I51)), applying the inequality

’e%s’”kg — 1’ < 2’réf|k2|%*|k3|%*, for any s € [0, 7],
then we can replace (B16) with
@IED) = 2~ T3k~ Yhikd k25 0) (k). (4.5)

Therefore, we have

O(tns1) =" (v(tn)) + T%_Tg(k/’_lk/’ll{é—k’é_; v) + 72 (Tl(l; v) + FT5(kaks; v)(0) + T5(1; v)) (4.6)
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Similarly as before,
V(tns1) — 0" =0(tns1) — O™ (v(tn)) + @™ (v(tn)) — " (v")
AL 4 Q" (v(tn)) — @™ (v"),

where

L= 3Ty Yks kg 5 0) + 72 (Ti(1s0) + FTa(hoks; 0)(0) + To(150)).
Then from Lemma 221 we obtain that

£ < CT37, (4.7)

where the constant C' > 0 depending only on ||ul| e ((0,7);1). This together with (44) yields

[0(tn+1) = 0" [l <CTE7 4+ (14 C7) [0 = v(ta) [ + OT [0 = v(ta)[[F1-

By iteration and Gronwall’s inequalities, we get
n
3_ ; 1_ T
|v(tns1) — v |, < C72 20(1 +OTY <OTP, n=0,1..., =1
‘7:

Hence, we get the desired convergence result.

5. FURTHER DISCUSSION ON THE ALMOST MASS-CONSERVED SCHEME
Let V" := e~ " Accordingly, from ([CJ)—(IZ), we have that
VL= VL FY V) 4 GR(VT) + GV, (5.1)
where ®" is defined in (3.20), )
V) = en(vr) = v,
and the functionals G7, G% are given by

(H"(V))*V = M(uo) ™ H*(V) (F*(V), V)V, (5.2)

N | —

GI(V)=H"(V)V: G3(V)=—
and
- _ - 1)~ 2
H™(V) = —M(up) ™" <<F V), V) + 5HF (V)||L2) : (5.3)
The proof of Theorem depends on the following key lemmas.

Lemma 5.1. Let G} be defined in ([5.2), then the following inequalities holds:
(i) If v > 3, then there exists some constant C = C(||V| g+, ||uol|r2) > 0 such that

2GH(V), V) +2(F(V), V) + | E*(V)||2, < CT2|M(V) = M{(uo)),

moreover, )
GrV)||,, < C7°.
(i) If v > 1, then there exists some constant C' = C(||V||g~, ||uollL2) > 0 such that
2V, V) +2(F(V), V) + | E*(V)|[;. < Or3 7 |M(V) — M(uo)],

moreover,

G,y < Ot
Proof. (i) According to (B3)) and (3I9), we find that
P (V) o /T o= i(tn+5)2 [|ei(tn+s)6zv|2 iltn+8)02 V] ds
0
+ 2iT (M(V) — M (v(t,))V + 2iT(P(V) — P(v(t,))0; 'V
72T (1Y) + FTlkohs: V)(0) + Tk Frkakis V). (5.4)
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Then we have
<15n(v)7 V> :< _ z/ o—iltn+3)0} [|ei(tn+s)ajv|2 oiltn+s)02 V} ds, V>
0
+ 27‘<’i(M(V) — M((t,))V +i(P(V) = P(v(tn))0; 1V, V>
— 2T V) + FTy(kaks; V)(0) + Tk hikaks; V), V).
The first term is obviously equal to 0. We claim that the second term is also equal to 0. Indeed, since
1 _
iP(f) = ——Im/ f0,fdz € R,
27 T
we find that
<i(M(V)fM(v(tn))V +i(P(V) = P(u(tn)) 05V, v>
=(M(V) = M(u(ta)) iV, V) +i(P(V) = P(o(t2)) 0V, V) =0.

Then we get
(F™(V),V) == 72 T1(1; V) + FTs(kaks; V)(0) + Ta(k ™ ki koks; V), V).
From Lemma 2.2 (i) (iii), we obtain
|71 (15 V)22 + [ F T3 (hakis; V)(O)| + | Tk bnkakiss V)| o S IV | + 1V I3 (55)
This implies that
[(Em V), V)L S 2 (VI + 1V IE)- (5.6)
By ([&4) and (&.3]), we have
[E"W)llZe < 7 UVIGs + 1VIEA). (5.7)
Hence, there exists C' > 0 depending only on ||V|| g~ and ||ugl/ 12, such that
|H"(V)| < C72. (5.8)
This yields that .
GV, < CT2

Furthermore, we have
n n n 2 rrn
2(GL(V), V) +2(F™(V), V) + [|[F"(V)|| . = 2H" (V) (M (V') — M (up)). (5.9)
From (&.8)), the above equality is controlled by C72 |[M (V) — M (up)] -
(ii) According to [B3) and (8], we can replace 72T5(k~ k1koks; V) in (B4) by
Ty(k~heky k3T V).
Then arguing similarly as in the proof of (i) and applying Lemma 22 (ii) (iii) instead, it infers that
‘(F”(V),V)‘ <COri; |f["(V)| <COrim. (5.10)

Hence we have for any v > 1
IGE(V)|,,, < CT3™
Moreover, by (£.9) and (E.10), we obtain
n n n 2 3
2(Gr(V), V) +2(F™(V),V) + [[F"(V)| . < CT2~ | M (V) — M (u)|.
This finishes the proof of the lemma. O
Lemma 5.2. Let the functionals G, G} be defined in (5.2).
(i) If v > 3, then there exists some constant C = C(||V| g+, |uol|r2) > 0 such that
mn n n n 2
2(G5(V), V) + 2(F™(V), Gi( >+HG )HL2SCT4|M(V)*M(UO)‘7

MOTeEOVET,

Mo

< cr.

1G5 (V)| <
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(ii) If v > 1, then there exists some constant C = C(||V || g+, [luollr2) > 0 such that
2GRV, V) +2(E"(V), GE(V)) + |G (V)] < O [M(V) — M(uo)].

moreover, )
1G5V < CT°
Proof. (i) From the definition of G7(V) in (52), we find
2F™(V),GL(V)) = 20" (V)(F™(V),V); [|GE(V)]}. = (H"(V))*M(V).
Note that
2(GE(V), VY +2(F™(V),Gr (V) + |G (V)|
rrn rn M(Uo) _M(V)
=2H"(V)(F"(V),V)——F—— 5.11
(V)(E (). V) s (.11
By (&0) and (8], the above equality is controlled by
CTH|M (V) = M(ug)|.
Moreover, by (5.6 and (B.8) again, we obtain
IGEV)]|,,, < CT*
(ii) From (&I0) and (&IT), we get directly
2GE(V), V) +2(F(V), GL(V)) + |G (V)|[72 < Cr*7 [ M(V) = M(uo)],
and .
1G5 (V)| < O
We obtain the conclusion of the lemma. [l

Proof of Theorem Since V™ = e~ y(t,) = e~ uy(t,), we only need to prove the
conclusion of Theorem [[3 holds for V™ and v(t,,).
From (5], we have
Vil = on(Vn) 4+ GR(V™) 4+ GR(V™), (5.12)
where ®™(V™") is defined in (B:20). Then
VI = 0(tng) =@M(V?) = @"(v(tn)) + GT (V") = G (v(ta)) + G5 (V") — G5 (v(tn))

+ 0" (v(tn)) = v(tns1) + GT (v(tn)) + G5 (v(tn)).
From the estimate on the functional ®” in ([&4]), we obtain for v > 1

|97 (v(tn)) — @™ (V™) |y <A+ CT)[[V™ = 0(ta)|| s + CTI[V™ = 0(tn) ||, -

For the term C:';’ (vm) — é?(v(tn)),j = 1,2, the similar treatment as in Section [ we get

[GT(V™) = G (v(tn))]] 7o

< or(ve = ot |, + IV = veG,).
and

|G5 (V™) = G5 (v(tn)]| 4

<0r([ve = vtta) [+ V" = ot ).
From (E.I)), we have for v > 3
H@”(v(tn)) — v(t"Jrl)HHw <Or?. (5.13)
Furthermore, from Lemma (.l and Lemma 5.2, we find
1GT (Wt o < CT% (G304
Putting together with the above estimates, we conclude that for any 7 <1,

HVnH T HH7 <Cr?+(1+ CT)HV" _ U(tn)HHW + CTHVn _

<crh.

tn)l|
where the constant C' depends only on ||ul| e ((0,7;77)-
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By the iteration and Gronwall inequalities, we get

tny1) — VY|, <C2) (1+Cr) <C =0,1,....,— — 1.
o) =V, < €73 (10 <O =0k ]
This implies the first-order convergence and the following a prior estimate:
" T
V™" 4 <G n=0,1...,—. (5.14)

Here the positive constant C' depends only on 7" and [|ul| Lo ((0,7;7)-
In addition, if ug € H*, from (1)) we have

@™ (v(tn)) — v(tnsr)| ;n < CTE (5.15)

Furthermore, from Lemma 5.1l and Lemma [5.2] we find
|G (ot <COr:T, ||Gaut
Putting together with the above estimates, we conclude that for any 7 <1,

[V — u(tng HHl <Cr2 + (1+C7)||V"™ = v(tyn) +Cr||V" -

<O

)||H1 ))HHl

I tn)ll

where the constant C' depends only on |[u|| o ((0,1);1)-
By the iteration and Gronwall inequalities, we get
n
3_ i 1_ T
[o(tn1) = V| < O3 Zo(l +O7Y <0737, m=0,1...,— -1
=

Next we prove the almost mass conservation law. From (&.1]), we have

MV =M (V™)
+2(F V), VY 4 2GRV, V) | F V[, (5.16a)
+2(GE (V™) VY 4 2(FMV), GV + |G v, (5.16b)
F2(FM(V), GV + 2(GH(V™), GE (V™) + [|GE (V| - (5.16¢)
By Lemma [BIl and Lemma [52] we get that
BI6@) < Or2[M (V™) = M(uo)|:  GIED) < Cr*|M(V™) = M(u)],

and

2|(Grvm), Gavm)| +lIGs 5. < o
Therefore we deduce that
M(V™#1) = M(V") £C7° + Cr2|M(V™) = M(uo)| +2(F"(V"), G5 (V™). (5.17)
By the definitions of G5(V") in (B.2)), we get
2|(Fn(vm), Gy (vm)| < B (v [(Br v, v
Hence, by (5.6), (B.8) and (EI4), we obtain
2 ‘<F"(V”),GQ(V”)>‘ < ¢S,

+ 2M (ug) (V) VYV HM (V™).

Therefore, we conclude that
MV™Y) — M(V™) < Cr5 + C’TQ‘M(V”) ~ M(uo)|. (5.18)
Then by the iteration, we get
|M(V™) — M(ug)| < C7°. (5.19)
This finishes the proof of Theorem
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F1cGURE 1. Convergence of (NLRI) (LI2): error ||u — u™| g~ at t, = T = 2 when
v = 2 (left) and when v =1 (right).

6. NUMERICAL EXPERIENCE

To set the initial data ug(xz) with the desired regularity, we use the following strategy in [31].
Choose N = 2'0 and discrete the spatial domain T with grid points T = j%’r for 7 =0,...,N. Take
a uniformly distributed random vectors rand(N, 1) € [0,1]" and define

uo(x) := 1O U™ x €T, UYN =rand(N,1)+irand(N,1). (6.1)
10,5~ UN|| Lo ’ ’ ’
where the pseudo-differential operator |9, x|~ for v > 0 reads: for Fourier modes [ = —N/2,. ..,

N/2 -1,
1|77 L0,
dun|77), =
(102.177), {0 if 1 =0.

Thus, we get ug € H(T) for any v > 0. Now we take 7 = 1075 and obtain Figure [l

The numerical results imply that the scheme ([LI2) has the first-order accuracy of u(t,) — u™
in H?-norm with initial data in H?, while the mass of the numerical solution is almost conserved
(around 10~). Furthermore, for H'-data, u(t,) — u" in H'-norm is a little bit better than 0.5 order
accuracy.

7. CONCLUSION

In this work, we constructed a first-order Fourier integrator for solving the cubic nonlinear
Schrodinger equation in one dimension. Our designation of the scheme is based on the exponential-
type integration and the Phase-Space analysis of the nonlinear dynamics. The convergence theorem
was established to prove that the first-order accuracy in H” with initial data in H” for any v > %,
where the regularity requirements are lower than existing methods so far. Further, we designed a mod-
ified numerical scheme to obtain the first-order convergence in H” with H”-data meanwhile keeps the
fiftth-order mass convergence. By our method, the scheme can be constructed to obtain the arbitrary
high-order mass convergence. Numerical results were reported to justify the theoretical results.
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