GENUINELY MULTILINEAR WEIGHTED ESTIMATES FOR SINGULAR
INTEGRALS IN PRODUCT SPACES

KANGWEI LI, HENRI MARTIKAINEN, AND EMIL VUORINEN

ABSTRACT. We prove genuinely multilinear weighted estimates for singular integrals in
product spaces. The estimates complete the qualitative weighted theory in this setting.
Such estimates were previously known only in the one-parameter situation. Extrapolation
gives powerful applications — for example, a free access to mixed-norm estimates in the
full range of exponents.

1. INTRODUCTION

For given exponents 1 < pi,...,p, < ooand 1/p = >, 1/p; > 0, a natural form of a
weighted estimate in the n-variable context has the form

n
b1
=1

for some functions f1, ..., f, and g. Itis natural to initially assume that w?* € A,,, where
A, stands for the classical Muckenhoupt weights. Even with this assumption the target
weight only satisfies [ ; w? € A,, 2 A, making the case n > 2 have a different flavour
than the classical case n = 1. Importantly, it turns out to be very advantageous — we get
to the application later — to only impose a weaker joint condition on the tuple of weights

n
< [T fwillo
=1

)7 2

W = (w1, ..., w,) rather than to assume individual conditions on the weights w!". This
gives the problem a genuinely multilinear nature. For many fundamental mappings
(fi,---, fn) = g(f1,-.., fn), such as the n-linear maximal function, these joint conditions

on the tuple  are necessary and sufficient for the weighted bounds.

Genuinely multilinear weighted estimates were first proved for n-linear one-parameter
singular integral operators (SIOs) by Lerner, Ombrosi, Pérez, Torres and Trujillo-Gonzalez
in the extremely influential paper [35]. A basic model of an n-linear SIO T in R? is ob-
tained by setting

T(flv)fn)(x) :U(f1®®fn)(l‘,,$), xeRda f’L Rd*)(cv

where U is a linear SIO in R™®. See e.g. Grafakos—Torres [19] for the basic theory. Esti-
mates for SIOs play a fundamental role in pure and applied analysis — for example, L”
estimates for the homogeneous fractional derivative D*f = F~1(|¢ “F(€)) of a product
of two or more functions, the fractional Leibniz rules, are used in the area of dispersive
equations, see e.g. Kato—Ponce [33] and Grafakos—Oh [18].
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In the usual one-parameter context of [35] there is a general philosophy that the maxi-
mal function controls SIOs T' — in fact, we have the concrete estimate

(1.1) IT(frs- s f)wllie SIM(frs- s fo)wllze,  p >0, wP € A
Thus, the heart of the matter of [35] reduces to the maximal function

M(fi,..., fa) = Sup 1 [afDs
i=1

where (|fi|); = f; |fi| = ﬁ [; 1f;] and the supremum is over cubes I C R

In this paper we prove genuinely multilinear weighted estimates for multi-parameter
SIOs in the product space R? = [, R%. For the classical linear multi-parameter theory
and some of its original applications see e.g. [7, 8, 22, 23, 24, 25, 26, 32]. Multilinear multi-
parameter estimates arise naturally in applications whenever a multilinear phenomena,
like the fractional Leibniz rules, are combined with product type estimates, such as those
that arise when we want to take different partial fractional derivatives Dy DS, f. We refer
to our recent work [40] for a thorough general background on the subject.

It is already known [16] that the multi-parameter maximal function (fi,..., f,) —
supg Lg [11—,(|fi]) r, where the supremum is over rectangles R = [[I~, I* C [, R%
with sides parallel to the axes, satisfies the desired genuinely multilinear weighted esti-
mates. However, in contrast to the one-parameter case, there is no known general prin-
ciple which would automatically imply the corresponding weighted estimate for multi-
parameter SIOs from the maximal function estimate. In particular, no estimate like (1.1)
is known. In the paper [40] we developed the general theory of bilinear bi-parameter
SIOs including weighted estimates under the more restrictive assumption w!’ € A,,.
In fact, we only reached these weighted estimates without any additional cancellation
assumptions of the type 71 = 0 in [1].

There are no genuinely multilinear weighted estimates for any multi-parameter SIOs
in the literature — not even for the bi-parameter analogues (see e.g. [40, Appendix A])
of Coifman-Meyer [9] type multilinear multipliers. Almost ten years after the maximal
function result [16] we establish these missing bounds — not only for some special SIOs
— but for a very general class of n-linear m-parameter SIOs. With weighted bounds pre-
viously being known both in the linear multi-parameter setting [22, 23, 28] and in the
multilinear one-parameter setting [35], we finally establish a holistic view completing
the theory of qualitative weighted estimates in the joint presence of multilinearity and
product space theory.

With the understanding that a Calderén-Zygmund operator (CZO) is an SIO satisfy-
ing natural 7'1 type assumptions, our main result reads as follows.

1.2. Theorem. Suppose T is an n-linear m-parameter CZO in R? = [[" | R4 If1 < py,...,pp <
ocoand 1/p =737, 1/p; > 0, we have

n
IT(fr,- s F)wlioe ST fiwille,  w=]]wi

i=1 i=1
for all n-linear m-parameter weights & = (wy, . . .

—

)
L -
(@4, = sup (w?) [ [fw, "5 < ox,
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where the supremum is over all rectangles R C R%.

For the exact definitions, see the main text.

Recent extrapolation methods are crucial both for the proof and for the applications.
The extrapolation theorem of Rubio de Francia says that if ||g[| .ro (w) < [|f || 7o (w) fOr some
po € (1,00) and all w € Ay, then ||gl|Lr(w) S || fllzr(w) for all p € (1,00) and all w € A,,.
In [17] (see also [15]) a multivariable analogue was developed in the setting w!* € A,
i = 1,...,n. Such extrapolation results are already of fundamental use in proving other
estimates — often just to even deduce the full n-linear range of unweighted estimates
[[j=y LP7 — LP, 37, 1/p;j = 1/p, 1 < p; < 00, 1/n < p < oo, from some particular single
tuple (p1,...,pn,p). Indeed, reaching p < 1 can often be a crucial challenge, particularly
so in multi-parameter settings where many other tools are completely missing.

Very recently, in [37] it was shown that also the genuinely multilinear weighted esti-
mates can be extrapolated. In the subsequent paper [38] (see also [45]) a key advantage
of extrapolating using the general weight classes was identified: it is possible to both
start the extrapolation and, importantly, to reach — as a consequence of the extrapolation
- weighted estimates with p; = co. See Theorem 3.12 for a formulation of these general
extrapolation principles. Moreover, extrapolation is flexible in the sense that one can
extrapolate both 1-parameter and m-parameter, m > 2, weighted estimates.

These new extrapolation results are extremely useful e.g. in proving mixed-norm esti-
mates — for example, in the bi-parameter case they yield that

1T(f1s -, fn)”LP(Rdl ;L1(R92)) S H Hfz‘HLm(Rd1 ;L% (R92))

i=1
where 1 < p;,q; < o0, % =>.=—>0and : = Zzi > 0. The point is that even all of
the various cases involving oo become immediate. See e.g. [14, 38, 40] for some of the
previous mixed-norm estimates. Compared to [38] we can work with completely general
n-linear m-parameter SIOs instead of bi-parameter tensor products of 1-parameter SIOs,
and the proof is much simplified due to the optimal weighted estimates, Theorem 1.2.

We also use extrapolation to give a new short proof of the boundedness of the multi-
parameter n-linear maximal function [16] — see Proposition 4.1.

On the technical level there is no existing approach to our result: the modern one-
parameter tools (such as sparse domination in the multilinear setting, see e.g. [6]) are
missing and many of the bi-parameter methods [40] used in conjunction with the as-
sumption that each weight individually satisfies w!* € A,, are of little use. Aside from
maximal function estimates, multi-parameter estimates require various square function
estimates (and combinations of maximal function and square function estimates). Simi-
larly as one cannot use [ [, M f; instead of M (fi, ..., f») due to the nature of the multilin-
ear weights, it is also not possible to use classical square function estimates separately for
the functions f;. Now, this interplay makes it impossible to decouple estimates to terms
like || M f1 - wi|| e ||S f2 - w2l L2, since neither of them would be bounded separately as
wi' ¢ A, and wh? ¢ A,,. However, such decoupling of estimates has previously seemed
almost indispensable.

Our proof starts with the reduction to dyadic model operators [2] (see also [13, 31, 41,
43, 47]), which is a standard idea. After this we introduce a family of n-linear multi-
parameter square function type objects A;. On the idea level, a big part of the proof
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works by taking a dyadic model operator S and finding an appropriate square function
Ay, so that

||S(f1a oo vfn)wHLp S HAk(fl’ .- 7fn)wHLp

This requires different tools depending on the model operator in question and is a new
way to estimate model operators that respects the n-linear structure fully. We then prove
that all of our operators Ay, satisfy the genuinely n-linear weighted estimates

n
[AR(f1s - Fa)wllioe S TT I fowilles-
i=1
This is done with an argument that is based on using duality and lower square function
estimates iteratively until all of the cancellation present in these square functions has
been exploited.

Aside from the full range of mixed-norm estimates, the weighted estimates immedi-
ately give other applications as well. We present here a result on commutators, which
greatly generalises [40]. Commutator estimates appear all over analysis implying e.g.
factorizations for Hardy functions [10], certain div-curl lemmas relevant in compensated
compactness, and were recently connected to the Jacobian problem Ju = f in L? (see

[29]). For a small sample of commutator estimates in various other key setting see e.g.
[26, 27, 28, 36].

1.3. Theorem. Suppose T is an n-linear m-parameter CZO in R = I, R%, 1< pi,...,pn <
oo and 1/p = 31" 1/p; > 0. Suppose also that ||b||bmo = SUpg ﬁ Jr1b— (b)r| < co. Then
forall 1 < k < n we have the commutator estimate

1. TY(frs -+ f)wllze S Bllbmo [ T I1fiwill e

=1
[baT]k;(fla .. >fn) = bT(fl7 .. afn) - T(fla cee 7fk—1>bfkafk’+1a .. 'afn)a

for all n-linear m-parameter weights 1 = (w1, ..., w,) € Ay. Analogous results hold for iterated
commutators.

We note that we can also finally dispose of some of the sparse domination tools that
restricted some of the theory of [40] to bi-parameter.
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2. PRELIMINARIES

Throughout this paper A < B means that A < C'B with some constant C' that we
deem unimportant to track at that point. We write A ~ Bif A < B < A. Sometimes we
e.g. write A <. B if we want to make the point that A < C(€)B.
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2.A. Dyadic notation. Given a dyadic grid D in R4 T eDandk € Z, k > 0, we use the
following notation:

(1) (1) is the side length of I.

(2) I®) € D is the kth parent of I, i.e., I C I®) and ¢(I™F)) = 2¥¢(TI).

(3) ch(I) is the collection of the children of I, i.e., ch(I) = {J € D: JM) = I},
(4) Erf = (f)r1y is the averaging operator, where (f); = f, f = ﬁ I f

(5) Arf is the martingale difference A;f = ZJECh(I) Ejf — FErf.

(6) Arrf is the martingale difference block

Arnf= Y Asf.
JeD
J® =1
For aninterval J C R we denote by J; and J, the left and right halves of J, respectively.
We define 1 = |J|7"/21; and b} = |J|7Y/2(1;, — 1;,). Letnow I = I; x --- x I; C R?be
a cube, and define the Haar function 27, n = (n1,...,n4) € {0, 1}4, by setting

hj=hi @ @hj.

If n # 0 the Haar function is cancellative: [ h7 = 0. We exploit notation by suppressing
the presence of 1, and write h; for some h?, n # 0. Notice that for I € D we have
Arf = (f, hr)hs (where the finite » summation is suppressed), (f, hs) := [ fhy.

We make a few clarifying comments related to the use of Haar functions. In the model
operators coming from the representation theorem there are Haar functions involved.
There we use the just mentioned convention that ~; means some unspecified cancella-
tive Haar function h’} which we do not specify. On the other hand, the square function
estimates in Section 5 are formulated using martingale differences (which involve mul-
tiple Haar functions as Arf = 3, ,o(f, R1YR). When we estimate the model operators,
we carefully consider this difference by passing from the Haar functions into martingale
differences via the simple identity

(21) <f>h1>:<AIf7hI>7
which follows from A f =37, (f, h])h] and orthogonality.

2.B. Multi-parameter notation. We will be working on the m-parameter product space
R? = ], R%. We denote a general dyadic grid in R% by D*. We denote cubes in D’ by
I', J', K%, etc. Thus, our dyadic rectangles take the forms [, I, T[], J¢, []%, K' etc.
We usually denote the collection of dyadic rectangles by D = [, D'.

If A is an operator acting on R, we can always let it act on the product space R4
by setting A'f(z) = A(f(-,z2,...,2,))(21). Similarly, we use the notation A'f if A is
originally an operator acting on R%. Our basic multi-parameter dyadic operators — mar-
tingale differences and averaging operators — are obtained by simply chaining together
relevant one-parameter operators. For instance, an m-parameter martingale difference is

Apf=ApL-Amf,  R=]][I.
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When we integrate with respect to only one of the parameters we may e.g. write

(fyhp)i(xe, ... zp) = y flxy,...,xn)hp(z1) day

or

(ira(ze,...,zn) = . f(z1,...,xn) day.

2.C. Adjoints. Consider an n-linear operator T on RY = R™ x R%. Let f; = f} ® f7,
J =1,...,n+ 1. We set up notation for the adjoints of 7" in the bi-parameter situation.
We let 77*, j € {0, ...,n}, denote the full adjoints, i.e., T% = T and otherwise

<T(fla .. 7fn))fn+l> - <TJ*(f17 .. ‘7fj—l)fn+1)fj+la .. 7fn)7f]>

A subscript 1 or 2 denotes a partial adjoint in the given parameter — for example, we
define

<T(f17' : 'afn)afn+1> = <T1j*(f11 - '7fj717f71+1 ® ijafj+17 s 7fn)7fj1 ® f5+1>-

Finally, we can take partial adjoints with respect to different parameters in different slots

also — in that case we denote the adjoint by Tf’l;’j 2*, It simply interchanges the functions
1
a < -
Tﬁ 57" = TY", so everything can be obtained, if desired, with the most general notation

and f! , and the functions f? and f2,,. Of course, we e.g. have 7{3’* = T7* and

Tf}Q*’jZ*. In any case, there are (n + 1)? adjoints (including 7 itself). These notions have
obvious extensions to m-parameters.

2.D. Structure of the paper. To avoid unnecessarily complicating the notation, we start
by proving everything in the bi-parameter case m = 2. Importantly, we present a proof
which does not exploit this in a way that would not be extendable to m-parameters (e.g.,
our proof for the partial paraproducts does not exploit sparse domination for the ap-
pearing one-parameter paraproducts). At the end, we demonstrate for some key model
operators how the general case can be dealt with.

3. WEIGHTS

The following notions have an obvious extension to m-parameters. A weight w(x1, z2)
(i.e. alocally integrable a.e. positive function) belongs to the bi-parameter weight class
Ap = Ap(RE x RY%), 1 < p < o0, if

I p— 1
[wla, = sup {whr(w! )5 = sup (whrlw =} < oo,

where the supremum is taken over rectangles R —that is, over R = I' x I? where I’ C R%
is a cube. Thus, this is the one-parameter definition but cubes are replaced by rectangles.
We have

B.1) [w]4, rir xriz) < 00 iff max (esssup [w(z1, )] 4, (raz)- esssup [w(-, wQ)]Ap(Rdl)) < 00,
z1 ERN z2€R2
and that

max (‘esssup [w(z1, 4, (rizys esssup [w(-, xg)]Ap(Rdl)) < [w]4, w1 xR2)s
IleRdl CEQGRdQ
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while the constant [w] 4, is dominated by the maximum to some power. It is also useful
that (w) 2 o € Ap(R%) uniformly on the cube I? C R%. For basic bi-parameter weighted
theory see e.g. [28]. We say w € Ao (R% x R%) if

[w]a., = sup (w)gexp ((logw ') g) < oco.
R

It is well-known that
A®? xR?) = | ] AR x R®).
1<p<oo
We also define
[w] 4, = sup (w)gesssupw "
R R

We introduce the classes of multilinear Muckenhoupt weights that we will use.

3.2. Definition. Given p' = (p1,...,pn) with 1 < py,...,p, < oo we say that @ =
(U}l, R ,wn) S AI;‘: ﬁ(Rdl X Rd2), if

0 <wy < oo, 1=1,...,n,

almost everywhere and
1n L
— _ p ) 7p p;
4y = sup (w”) j [T, ") < o
=1
where the supremum is over rectangles R,

w::Hwi and ;:ZI

o 1
If p; = 1 we interpret (w, © g as esssuppw; |, and if p = oo we interpret (wP)% as

esssupp w.

3.3. Remark. (1) Itis important that the lower bound

1
(3.4) (wP) B, H Py >
holds always. To see this recall that for a1, ap > 0 we have by Holder’s inequality
that
1 1
5) L () ().

Holder’s inequality with the

Apply this with ap = pand o; = n_ll
p
S B | , 4
exponents u; = (n — %)pg to get <<Hf:1 wi) "y >R T TTE (w; PY
(2) Our definition is essentially the usual one-parameter definition [35] with the dif-

ference that cubes are replaced by rectangles. However, we are also using the

renormalised definition from [38] that works better with the exponents p; = oc.

1
Compared to the usual formulation of [35] the relation is that [w!", ..., wh"] 515
with A; defined as in [35] agrees with our [w] 4, when p; < cc.
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(3) The case p; = --- = p, = 0o = p can be used as the starting point of extrapolation.
This is rarely useful but we will find use for it when we consider the multilinear
maximal function.

The following characterization of the class Ay is convenient. The one-parameter re-
sult with the different normalization is [35, Theorem 3.6]. We record the proof for the
convenience of the reader.

3.6. Lemma. Let p = (p1,...,pn) with1 < p1,...,pp < 00, 1/p =" 1/p; > 0, & =
(wi, ..., wy) and w = [, w;. We have

—P; —1P;
[wi }AHP; S [’U}] ﬁ’ 1= ]-’ 7n7
and
1
In the case p; = 1 the estimate is interpreted as [w;* |4, < [w]}( , and in the case p = oo we have
1 1
w]ay < (@)
Conwversely, we have
1 )
P —P;1P;
@, < (w5, T "X
i=1 :
Proof. We fix an arbitrary j € {1,...,n} for which we will show [wj_pj] A, < [117]7;1;.
J
Notice that
1 1
(3.7) = 27 n—1+—.
We define g; via the identity
1 1 1

and for ¢ # j we set

S )
From (3.7) we have that ), é = 1. By definition we have

/ / p/~+ /
—p'. —p I np’.—1 np.—l
(3.8) [wj ]]Anp;. = s%p (wj ]>R<wj DS S
Notice that
, 1 1 1
Dy = 1T -
Using Holder’s inequality with the exponents q1,- - -, qn we have the desired estimate
e o -2 4 L
—Pj\ Py qaj - q —pZ ] —
(w5 (g =y 0 wd T, )4 < ) TTw™5 < lala,.
1#] i

When p; = 1 this is esssupp w; ' (w )} <[] 4, and so [w! %, < [i]a,.
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Notice that by definition

We now move on to bounding [w?]
(3.9) [07]a,,, = sup (wP) ™ 7T
L. si = —p;

B np—1
= 1. Then, by Holder’s inequality with the exponents sy,

and notice that then ) _, ?12 =
we have
1
np 1) ,_(np—l) 1 —p! R
< (w?) RH = [ i [T ™R ] <
i
which is the desired bound for [w”] 4,,
[w_%]ﬁh = sup <w_R>R esssupw < sup [H(w;lm} esssupw = [w]a,.
R R . R
2
We then move on to bounding [i] 4. It is based on the following inequality
1
e

_1
1< )y P[] <wi

i

We define s; via

ey Sn

__pP
(wP) g (w ™ m=T) !
Notice that in the case p = oo we get

R

(3.10)
Before proving this, we show how it implies the desired bound. We have

o :a\\ -

iy

1

[, = sup (w")} [T w;
i

P il 1 1 -

np; ] < [wp]zan[wl Pz]Az "

S

1
<sup [(wnat™ T [T [t ™03
— 1
and a2 = Cr T

i

where in the last estimate we recalled (3.8) and (3.9)
Let us now give the details of (3.10). We apply (3.5) with a1 = nppfl

to get
1 I B )
I< <w_#>27;<wn(n—1)+5 >”(" D+
R

The first term is already as in (3.10). Define u; via
1 1
W= 1
n(n—1)+ n—1+_
, u% = 1) we have

and notice that by Holder’s inequality with these exponents (>
<wn<n—11>+;>n ety < H< n— 1+ -1+l >n 1+—’
(]

which matches the second term in (3.10)
The following duality of multilinear weights is handy — see [42, Lemma 3.1]. We give

the short proof for convenience
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3.11. Lemma. Let p= (p1,...,pn) with 1 < p1,...,py < oo and ]% = Z:L_l o € (0,1). Let
W= (wi,...,wy) € Agwith w = [[;"_, w; and define
U7i = (wl, ... ,wi_l,wfl,wiﬂ, . ,wn),

ﬁi = (pla e ,pifl,p/apz?kla e 7pn)

Then we have

Proof. We take i = 1 for notational convenience. Notice that o T Yo p = pi,. Notice
1

also that w™! [[_, w; = w; *. Therefore, we have

O

We now recall the recent extrapolation result of [38]. The previous version, which did
not yet allow exponents to be co appeared in [37]. For related independent work see [45].
The previous extrapolation results with the separate assumptions w!* € A, appear in
[17] and [15]. An even more general result than the one below appears in [38], but we
will not need that generality here. Finally, we note that the proof of this extrapolation
result can be made to work in m-parameters even though [38] provides the details only
in the one-parameter case — we give more details later in Section 8.

3.12. Theorem. Let fi,..., f, and g be given functions. Given p = (p1,...,pn) with 1 <

iy pn S oolet 5 =371 L. Assume that given any @ = (wi, ..., w,) € Ap the inequality
(3.13) lgwllzr < T I fiwill o
i=1

holds, where w := [[;_, w;. Then for all exponents ¢ = (q1,...,qn), With1 < q1,...,q, < 00

and % =>", q > 0, and for all weights ¥ = (v1,...,v,) € Ag the inequality

n
lgvllzs < T I1fvillzos

i=1
holds, where v := [}, v;.

Given functions ff oo f2and ¢7 so that (3.13) holds uniformly on j, we have for the same
family of exponents and weights as above, and for all exponents § = (s1,...,s,) with 1 <
S1y.0vy8n < ooand% =>, S—IZ > 0 the inequality
(3.14) 1(g70) il Laesy S TTNCH vi)jll o ess)-

i=1

3.15. Remark. Using Lemma 3.11 and extrapolation, Theorem 3.12, we see that the weighted
boundedness of T transfers to the adjoints 77*. Partial adjoints have to always be con-
sidered separately, though.
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As a final thing in this section, we demonstrate the necessity of the A; condition for
the weighted boundedness of SIOs. We work in the m-parameter setting and let R? =
Ré x ... x Rdn. Let R; be the following version of the n-linear one-parameter Riesz
transform in R%:

d.
p.v Z:‘Lzl Zkgzl(m — Yi)k
rim (Xiey [ — il )BT

where (r — y;) is the k-th coordinate of z — y; € R%. Consider the tensor product
R ®Ry® - ® Ry,. Let W = (wy,...,w,) be a multilinear weight, thatis, 0 < w; < oo
a.e., and denote w = [[;"_; w;. Suppose that for some exponents 1 < p1,...,p, < co with
1/p=>1"11/p; > 0 the estimate

fl(yl) T fn(yn) dyi -+ - dyn,

Ri(fi,....fn) =

HR1®R2®"'®Rm<f17"‘7 HLPOO(wP H”flleLpl
=1

holds for all f; € L°. We show that 1 is an m-parameter A; weight.

Define 0; = w; P ;. Let E C R% be an arbitrary set such that 1go; € L forall ¢ =
1,...,n. Fix an m-parameter rectangle R = R! x --- x R™ C R%, where each R/ is a cube.
Let RT = (RY)T x .- x (R™)", where (R/)* := R/ + (U(R/), ..., L(RY)).

Using the kernel of Ry ® - - ® Ry, we have for all z € R™ that

n
R1®R2®"-®Rm(1E0113,.. 1E0n1R H 1E02
=1
Hence
) n n n 1
P H 1E0'z R ,S H HlEUz‘lRwiHL”i = HUZ‘(EQR)PZ',
i=1 i=1 i=1
1 -
which gives that (w?) 7, [[i_(1 poi)y < 1. Since E was arbitrary this implies the esti-
mate
i =%
(3.16) W’ [[onr St
i=1
Similarly, we can show that
1n %
(3.17) (W) i [[loi) e S 1.
i=1

Hence, (3.17) shows that
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Therefore,
1 1 p np—1
(W) _ WP
- 1 »  np=l ~
(WP)py  (wP) fy (w™ 1) ¥

1
where the denominator in the middle term was > 1. Thus, (wP); < (wP)

1
S 7+, which
1 -
together with (3.16) gives that (w?) % I, (0:) 5 < 1.

4. MAXIMAL FUNCTIONS

It was proved in [16] that the multilinear bi-parameter (or multi-parameter) maximal

function is bounded with respect to the genuinely multilinear bi-parameter weights. We
give a new efficient proof of this. Let D = D! x D? be a fixed lattice of dyadic rectangles
and define

Mp(f1,..., fn) = zlelgil;[lﬂfinlR-

4.1. Proposition. If1 < pi,...,p, < ocoand 1/p =>"" | 1/p; we have
n
1Mo (i fadwlle S T fiwillo

i=1
for all multilinear bi-parameter weights 1w € Ap.

Proof. Our proof is based on the proof of the case p = (p1,
extrapolation, Theorem 3.12. We have

coyPn) = (00,...,00) and

szl%p [H(wi_lm} -esssupw = W] 4.,

; R
and therefore

1
< o -
H<w7“ R esssupp W
For every R € D let N C R be such that |[Ng| = 0 and w(z) < esssuppw for all
z € R\ Ng. Let N = Upcp Ng. Then |[N| = 0 and for every z € R?\ N we have
1 1
> sup EE)

w(z) ~ Rep esssupp w

Thus, we have

Mp(fr,- ) (@puw) < [ T] Nfowille] sup [tate) [Twi)m] - i)
< [Thswiton] gup [ S8 ] wte) < T sl

almost everywhere, and so || Mp(f1,. .., fa)w||re ST, | fiws| e as desired.
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If an average is with respect to a different measure p than the Lebesgue measure, we
write (f), = ﬁ J fdp and define

Mpf = sup 1r(| f1) -

The following is a result of R. Fefferman [24]. Recently, we also recorded a proof in [39,
Appendix BJ.

4.2. Proposition. Let A € A, p € (1,00), be a bi-parameter weight. Then for all s € (1, 00) we
have

1M Loy S I F e oy-

We formulate some vector-valued versions of Proposition 4.2. We state the following
version with two sequence spaces — of course, a version with arbitrarily many also works.
Proposition 4.3 is proved in the end of Section 8.

4.3. Proposition. Let p € Ay, w € Ap(p) and 1 < p, s, t < oo. Then we have

Iz <[l

g Lr(wp Iz Lp(w,u)'

In particular, we have

A

Iz

o S

Finally, we point out that everything in this section works easily in the general multi-
parameter situation.

£t LEILP () '

5. SQUARE FUNCTIONS
Let D = D! x D? be a fixed lattice of dyadic rectangles. We define the square functions
1/2 1/2
Sof= (2 1arf?) ", shisr=( Y 1ahsP)
ReD Itep?!

and define 53, f analogously.
The following lower square function estimate valid for A, weights is important for
us. The importance comes from the fact that by Lemma 3.6 some of the key weights w?

and w, ” ‘ are at least A for the multilinear weights of Definition 3.2.
5.1. Lemma. There holds

11l zewy S 1S fllew) S 11SDF I Le )
forall p € (0, 00) and bi-parameter weights w € Ax.

For a proof of the one-parameter estimate see [48, Theorem 2.5]. The bi-parameter
results can be deduced using the following extremely useful A, extrapolation result
[11], which will be applied several times during the paper. We also mention that square
function estimates related to Lemma 5.1 also appear in [3].
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5.2. Lemma. Let (f,g) be a pair of non-negative functions. Suppose that there exists some
0 < po < oo such that for every w € Ay, we have

/fpowg/gpow.

Then forall 0 < p < oo and w € A, we have

[z [

Proof of Lemma 5.1. Let w € A, be a bi-parameter weight. The first estimate in the
statement follows from the one-parameter result [48, Theorem 2.5] and the fact that
w(r1, ) € Aoo(R%) and w(-, z2) € Aso(R%). Using this, we have that

N

11l S 155 Flzz = (30 180 A1)

IteD?

For each I' we again use the one-parameter estimate to get

[NIES

1 2 Al 2 AL g2
1AL Fllz2g) S 15385 Fllz = (S0 18BAL f220) "
12¢D?
Since A2, AL, f = A, 2 f, inserting the last estimate into the previous one shows that

1

ey S (X 1A Baw)” =150/ llw

I'x12eDlxD2

Since this holds for every bi-parameter weight w € A, Lemma 5.2 concludes the proof.
We point out that with further extrapolation we could obtain vector-valued versions
analogous to Proposition 4.3, see the end of Section 8. O

5.3. Remark. We often use the lower square function estimate with the additional obser-
vation that we e.g. have for all k = (ki1,k2) € {0,1,...}? that

1/2
Spf = ( Z |AK,;€f|2) , Ak = A}@,klA%@,kz'
K=K'xK2eD

This simply follows from disjointness.

For k = (k1, k2) we define the following family of n-linear square functions. First, we
set

Afise o fa) = Ao fu) = (D0 (AKAD] H k)

KeD
In addition, we understand this so that A; j, can also take any one of the symmetric forms,
where each Ay, appearing in Ag ) = A}(l,klA%(Q,kg can alternatively be associated
with any of the other functions fs,..., f,. Thatis, A;j can, for example, also take the
form

D=

KeD

Arp(frseos fu) = ( Z(’Am kKA F H | £ K1K> :
7=3
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For k = (k1, k2, k3) we define
Ao r(f1,-- o5 fn)

(5-4) :( Z ( Z <|A%(2,k1fl k(A K2l K ( Ajr ks 310K f[|fj KlK)2)1’

K2ep?2 Klepl

where we again understand this as a family of square functions. First, the appearing

three martingale blocks can be associated with different functions, too. Second, we can

have the K' summation out and the K? summation in (we can interchange them), but

then we have two martingale blocks with K2 and one martingale block with K*.
Finally, for k = (ki, k2, k3, k4) we define

Az p(fi,-- s fa) = Z<!AK,(k1,k2)f1!>K<\AK,(k3,k4)f2 H |fil) k1K,

KeD

where this is a family with two martingale blocks in each parameter, which can be moved
around.

5.5. Theorem. If1 < pi,...,pp < ooand% =y 1p > 0 we have

||Aj»k(f1’ R f”)wHLP 5 H ||flwl||Lplﬂ .] = 172’37
=1

for all multilinear bi-parameter weights 1w € Ap.

Proof. The proofs of all of the cases have the same underlying idea based on an iterative
use of duality and the lower square function estimate until all of the cancellation has
been utilised. One can also realise that the result for A3 j, follows using the above scheme
just once if the result is first proved for A; ; and Ay .

We show the proof for As; with the explicit form (5.4). Fix some p' = (p1,...,pn)
with 1 < p; < oo and p > 1. This is enough by extrapolation, Theorem 3.12. To
estimate || A (f1, ..., fa)w|L» we take a sequence (f, 41 x2)x2 C LP (£2) with a norm
| (frt102) K2 HLZ,/(ZQ) < 1 and look at

(5:6) > (1A% Al LAk i ol i (1A gy S5l i TTASI D K (Fogr sz ) i
7j=4

K
There holds that
G.7) (A% fil 1k) = (Afay fr.0k2 ) = (fr, Ay 02 1)y ke ] < 1k

We now get that (5.6) is less than || fiw1 || »» multiplied by

n
| S s scrw) sl g Fol) sl AR g Fol) i [T07 DA or v 2
K j=4

We will now apply the lower square function estimate ||gw; || S < 1192 (9)wy i Lo

Lemma 5.1, with the weight w, e Ay (see Lemma 3.6). Here we use the block form of
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Remark 5.3. Using also that ]A%Q’ ki PE2. 51| S 1k we get that the last norm is dominated
by

(32 (D tmsnscelw) ks g fol) (18 g fal) e ﬁm i)’ Pur]
K2 K1 =4

..
A1

We still have cancellation to use in the form of the other two martingale differences and
will continue the process.

We repeat the argument from above — this gives that the previous term is dominated
by || fowz|| . multiplied by

/
LP2

|( (U rncelodactl sl eIk, f KH i)’ wgl\
K' K2

where ||(fi x2) k2|71 42) < 1. Running this argument one more time finally gives us that
this is dominated by || f3ws|| »s multiplied by

D=

| (S (e actl sl Dacll foser 3 ™) ﬁm heie)’)
Kl K2 =4

wgl‘ ,
LP3

/9
LP3

= H<Z <ZMD(f"+1»K2w7fl,K2w1_1af2,K1w2_17f4,--.,fn)> )é _1)

K1 K2

where [|(f2 1) g1 || pe2e2) < 1.
Using Lemma 3.11 three times (we dualized three times) shows that
(w_lv W1, W2, W4,y - - . ,’U)n) € A(P',P17P27P47~~7Pn)'

The maximal function satisfies the weighted
L (6 (62)) X L (€50 (E2)) X LP2 (G (€552)) X IP* ¢ = X L = D (G (£a))
estimate. This gives that the last norm above is dominated by
[ (frar xzww ™) g Lo (a2 I1(f1 2wy w1) g HLPl(ZQ)”(fQ,K”UQ_lw?)Kl | Lr2 (e2) H | fiwi| e,
i=4

where the first three norms are < 1. This concludes the proof for A, j;, and the rest of the
cases are similar. O

We also record some linear estimates. We will need these when we deal with the most
complicated model operators — the partial paraproducts.

5.8. Proposition. For u € Ay, and p, s € (1, 00) we have

[ (S taweni )]

Proof. By (3.5) we have for all n > 2 that

1
s

’@\*—‘

A (Simr)
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Simply using this we reduce to
1[5 (3 Garabic(am )2 1) 1)

m  KeD
[ v, )]

where A, j, is a suitable square function as in Theorem 5.5.
We then fix n large enough so that u € A,,. We then notice that this implies that

1 1

(5.9) (w7 unT, ... 7uﬁ) € A(p,oo,....00)-

1 1
To see this, notice that the target weight associated with this tupleis v »"u = ur and that

the target exponent is p, and so

[(u_i,uﬁ, .. ,uﬁ)]A@,oo ,,,,, o) Sl}{pWﬁz/p(Uﬁa/p%“iﬁﬁil = [u]a, < oo

It remains to use the weighted (with the weight (5.9)) vector-valued estimate LP(¢*) x
L x - x L — LP(¢%) of Ay 1, which follows by Theorem 5.5 and (3.14). O

5.10. Remark. It is possible to prove the above proposition also directly with the duality
and lower square function strategy that was used in the proof of Theorem 5.5.

6. DYADIC MODEL OPERATORS

In this section we are working with a fixed set of dyadic rectangles D = D! x D2, All
the model operators depend on this lattice, but it is not emphasised in the notation.

6.A. Shifts. Let k = (k1,...,kn41), where k; = (k:jl,k:jz) € {0,1,...}2. An n-linear bi-
parameter shift S, takes the form

n+1
<Sk?(f1""7fn)afn+1>zz Z aK,(Rj)H<fj7hRj>'
K Ry,...Rnt1 7=1

(kj)
R}V =K
k; 1 2
Here K, Ri,..., Rty € D = D' x D2, Ry = I} x 12, R{Y) 1= (1H)®) x (12)%) and
hr;, = h ne® h 12 Here we assume that for m € {1,2} there exist two indices ji*, j{* €
{1,...,n+ 1}, 55" # 47, so that h]]’_{rln = h]]’_{rln, h[;_% = h[;_% and for the remaining indices
_ 0 0 1 1
J & {4g", ji"} we have hl}" S {h?;n,hjjm}. Moreover, ag (r;) = AK,R;,..,R,;, 1S @ scalar
satisfying the normalization

I 1Ry
(61) |aK,(Rj)| < W
6.2. Theorem. Suppose Sy, is an n-linear bi-parameter shift, 1 < p1,...,p, < oo and % =
>y I% > 0. Then we have

I1Sk(f1, - Fa)wlze S TT I fiwilles
=1
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for all multilinear bi-parameter weights i € Ag. The implicit constant does not depend on k.

Proof. We use duality to always reduce to one of the operators of type A3 in Theorem 5.5.
Performing the proof like this has the advantage that the form of the shift really plays
no role — it just affects which type of A3 operator we get. For example, we consider the
explicit case

flv"'afn ZAK fla"'vfn)a

where

n
A(frynfa) = ) o he) [ b, )i,
Rl,-k--.,)anLl j=2
R; =K
Fix some p' = (p1,...,pp) With 1 < p; < oo and p > 1, which is enough by extrapola-
tion. We will dualise using f,+1 with || f,+1w ™|, < 1. The normalisation of the shift
coefficients gives the direct estimate

Z|<AK(f1> . -yfn)afn+1>|
K

<. 2

K Ri,..,Rp+1
k,
Rk

HnJrl‘R |1 2

K] ‘<AK,k1f17hR1 H f]7hR (AR ks Jnt1s PR, )

=2
n

<X Y A il ) TLOA 10 )08 ks fil L)

Jj=2

< (A xr il [T (1A K ks Fria i | K|
K Jj=2

- HZQAKvklfl H | i) Kk (IAK gy frsa])
K j=2

where we used (2.1) in the first step in the passage from Haar functions into martingale
differences. Notice that

n

(63) (wla s, Wh, w_l) € A(p17"' 7Pn7p/)’ w= H Wi
i=1

The target weight associated to this data is ww ™' = 1 and the target exponent is 1/p +
1/p" = 1. By using Theorem 5.5 with a suitable A3(f1, ..., fn+1) and the above weight we
can directly dominate this by

n n
[TL 1 fwileon] - fmere < TT Nfiwilion
=1

i=1
We are done. O
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6.B. Partial paraproducts. Let k = (ki,...,ky41), where k; € {0,1,...}. An n-linear bi-

parameter partial paraproduct (S7); with the paraproduct component on R% takes the
form

n+1

(64) <(S7T)k(f17'-'afn)7fn+1> = Z Z a‘K,(]]l) H<fja’],vbljl ®uj,K2>a

K=KxK? I{,.1I} J=1
(I]l)(kj>:K1
where the functions h 1 and u; g satisfy the following. There are jo, j1 € {1,...,n+ 1},
J b

jo # j1, so that le =hp, 7111 = h;1 and for the remaining indices j € {jo, j1} we have
Jo 0 J1 J1

hp € {hll’ hl;}. There is jo € {1 ,n + 1} so that uj, g2 = h» and for the remaining

indices j # jo we have u; g2 = i KQ‘ Moreover, the coefficients are assumed to satisfy

)

| R |
65 Mexapwelo= s (e 3 lacayl) <

K2€D2 0 K2ch |K1|n .

Of course, (7S);, is defined symmetrically.
The following H*-BMO duality type estimate is well-known and elementary:

T2\ 1/2
(6.:6) >l el 5 N HBMOH(DW )|

2

Such estimates have natural multi-parameter analogues also, and the proofs in all pa-
rameters are analogous. See e.g. [44, Equation (4.1)].

Our result for the partial paraproducts has a significantly more difficult proof than for
the other model operators. It is also more inefficient in that is produces an exponential
— although crucially with an arbitrarily small exponent — dependence on the complexity.
This has some significance for the required kernel regularity of CZOs, but a standard
t — t* type continuity modulus will still suffice.

6.7. Theorem. Suppose (S7)y, is an n-linear partial paraproduct, 1 < py,...,p, < oo and
% =3, p% > 0. Then, for every 0 < 3 < 1 we have

(ST Fawlln S 209%0 T] il o
i=1
for all multilinear bi-parameter weights 1 € Ap.
Proof Recall that (S7)y, is of the form (6.4). Recall also the indices jy and j;, which say
that D= h I at least for j € {jo, j1}, and the index jo, which specifies the place of h-

in the second parameter. It makes no difference for the argument what the indices jy
and j; are, so we assume that jo = 1 and j; = 2. It makes a small difference whether
g2 € {Jjo, j1} or jo & {Jjo, j1}, so we do not specify j, yet. To make the following formulae
shorter we write & I for every j but keep in mind that these are cancellative at least for
j € {1,2}. We define

+
AK2(glv"'7gn+1 H 9j, jK2
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and write (S7)j, in the form

(STIR(f1e o fu)s ) = Z age A2 (oo (fars by ).

K=K'xK? ]}

Fix some p' = (p1,...,pn) With 1 < p; < oo and p > 1, which is enough by extrapola-
tion. We will dualise using f,+1 with || fo+1w™!||;,» < 1. We may assume f; € L°. The
H'-BMO duality (6.6) gives that

I 1))

(AN ML
I, Ik
(68) ([]1)(’C 3) K1

/Rd2 (z; Az (s b, o by, 0P \11?22|>2] .

Suppose j € {3,...,n + 1} is such that hp = hY I and k; > 0, that is, we have non-

cancellative Haar functions and non-zero complex1ty We expand

kj
’Il‘_7<fjah[1>1 = <f>1]1,1 = (fi)xra + Z<Ab]1)(ij)fj>(IJ1)(ij—1)71-

ij=1
For convenience, we further write that
1 — ) ) . )
<A(I]1)(ij)fj)(]]l)(ij_U,l - <h(1})(1j)>(1})("j_1)<f]? h’([})(lj)>17

where we are suppressing the summation over the 24 — 1 different Haar functions. We
perform these expansions inside the operators Ay, and take the sums out of the /3.,
norm. This gives that the right hand side of (6.8) is less than a sum of at most H?:3 (14+k;5)
terms of the form

S Z I3 111 )
o ’K1|n
1o n 1
(Il)(k ) 7LKl
J

~ ~ lr2\3
2 K 2
/Rd2 (;‘AKQ“.flvh([ll)(il)h?'"7<fn+17h([711+1)(in+1)>1)| W) ]

Here we have the following properties. If j in an index such that we did not do the
expansmn related to j, then i; = 0. Thus, at least i; = i = 0. We also remind that

h(I]l)(z = h(ll)(l) for j = 1,2. If i; < kj, then h(Il)“ = h(I]l)(i]-). If i; = kj, then
?L(ﬂ)(i].) € {hg1,h%.}. We can further rewrite this as
J
[T LY ~ ~ g2 \3
—_— A ey {fn 2K )2
(69) ; o Z ‘Kl‘n /]Rd2 <;| K2(<f1>hL1>17 )<f +1ath+1>1)| |K2‘>

n+1
(L})(lj):Kl
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This is otherwise analogous to the right hand side of (6.8) except for the key difference
that if a non-cancellative Haar function appears, then the related complexity is zero.
We turn to estimate (6.9). We show that

e kB [T _
(6.10) (6.9) S5 2725555 | TT 150l | ™
j=1

Recalling that || f,4-1w™!||;,» < 1 this implies that the left hand side of (6.8) satisfies

LHS(6.8) $p (1 —i—maxk A i3 H | fjwill e Sp 2™ J’BH 1 f5w;ll s

Jj=1 J=1
which proves the theorem.
Let (v1,...,vn41) € Az, 2)and v = H;‘ill vj. We will prove the (n+ 1)-linear estimate
(6.11)
2 Z JENLIERYS
KK
K1 L%’ ° n+1
(le)(l )1

n+1

7 7 lyc2 \ 3 max; k; 2
(Z’AK2(<f17hL1>1a'--7<fn+17th+1>1)‘2’}—?2’>2]U 52 ikig HHfj’UjHLQ.
K2 i1

2

L7FT

Extrapolation, Theorem 3.12, then gives that

Hn+1 |L1‘ 1K1 ) }VL % ) 1K2 %
Z Z |K1|n ‘Kl <Z| K2(<fla L1>17"'a<f'rl+1a Ln+1>1)’ ‘KQ‘) v
K1 L%’ o n+1 K La
(L;)(l K1
5 n+1
Someikiy H 1505l Las
j=1
for all q1,...,qnt1 € (1,00] such that % = Z;‘ill q%_ > 0 and for all (vq,...,vn41) €
A(q17~-~7Qn 1)- Applying this with the exponent tuple (1., Pn,p') and the weight tuple

(wy, ..., wp,w ) € Alpy,....pnp') gives (6.10).

It remains to prove (6.11). We denote o = v}’ 2. The Aa,...2) condition gives that
) n+1
(W) [T ok <
j=1
Using this we have

1

‘AK2(<f17hL%>1v SRR <fn+17hL711+1>1)| S/ W

(m%pl <fn+1,%L;H>1>‘

<01>K Y <Un+1>K
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For the moment we abbreviate the last [Agz2(- - - )| as ¢k (11). There holds that
N
1 1 L n+1
— 2 2
n+1 T T oo
—s—Cg (LH = [2 <CK 1 1KU n+lgntl
———=\n-+1 Ny b 7(L) K
(o7 (v ;
oA T (T __2 n+1
n n+1
< (Mp™ (€ oy e ) @)

forall z € K.
We substitute this into the left hand side of (6.11). This gives that the term there is
dominated by

R N e I U TRY

Z Z TR (Z (K(le.) KUY "+> ]K2|) v
K' L4,.,LL
(L})(lj):Kl

2
LAFT

7( K2
sition 4.3. This gives that the last norm is dominated by

> 2
Kt L. :L711+1
(L;)(l g1

_2
We use the L?(£774 L (/2"*1)) boundedness of the maximal function M2, see Propo-
J

Hn+1 |L1|7

Ly \ 3
2 K2\2 1
(6.12) Kt K (; €K, (L}) |K2|> v

Now, we recall what the numbers ¢y ;1) are. At this point it becomes relevant which
g

of the Haar functions h L} are cancellative and what is the form of the operators Ax2. We

assume that hL1 = hL1 forj =1,...,n and hL1 = hY , which is a good

representative of the general case. First, we assume that the index j», “which specifies the

place of hy2 in Ay, satisfies jo € {1,...,n}. The point is that then h ;1 = hpi . For
J2 J2

convenience of notation we assume that jg = 1. With these assumptions there holds that

fi i) (o)

<f1,hL1 &® th
6.13 c =
(6.13) K,(L}) ' s (Tpi1)
For j = 2,...,n we estimate that
1 _ 1
[(fhm o) (U hohionit o i)
(6.14) (o) K ((05) k1 1) K2

(5) _
< MD; K (<fj7 hL;>1<U]'>K11,1)($2)
for all z5 € K?2. Also, there holds that

1
‘<fn+17 h(])(l ® |KL22|>‘

<O' +1>K < ’K1|2Man+1(fn+1an+1)( )
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for all z € K. These give (recall that L} | = K*) that

et} s o
2 On

) K1+ (Z KAL) | K] ) < TT P M (Funroy),

L% L'}H»l

(L%)(l) K1

77777

where

Lll f7h ®h 2 1 1
(615) FLKl:lKl Z | 12<Z|< 1 Li K2>| K2>2
K

(L%)(h):}(l

and

(6.16) Fjper =1 Z
(L})(lj):Kl

forj=2,...,n
We will now continue from (6.12) using the above pointwise estimates. Notice that

ST = T (Se) “Tapre < 1L (S)

Kl j=1 =1 K1 K1

1/2

Since v = H;‘ill v;l, we have that

6.12) < f[ H (ZFJ%KI)%].*‘
‘: 1

Since 0 = v;’ ? there holds by Proposition 4.2 that

MR (oot o

M (frgron i) vtz = MY (fasron i) 2(onen) S s 1vnstllze-

It remains to estimate the norms for j = 1,...,n.
We begin with j = 1. If I; = 0, then we directly have that

(St - (St i)t

1

Since |(f1, hk)| \K|_% < (|Ak f1]) k, we may use Proposition 5.8 to have that
1
2 _
[(Zr) o,
K1
Suppose then [; > 0. There holds that
1
(S e i, = (S 1)
K! K1

Let s € (1, 00) be such that dy /s’ = 3/(2n). Then

s 1
us ILY)5 [(frohpr @ hg2)|® 102\ 5\ 5
Fign <22 1K1( Z ’K1|S(Z <011>2 |K2|) :

(L) =K K

_1
S ey ? Ml = [ fivn] g2
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Therefore, || Iy j1v; L2 72 is less than

S 1
Ut 3 |Li|> 3 [(fishpr @ hge2)? 12\ 5\, 2 |12,
(617) 2 n < " 1 <0.1>2 N ’K |
(L%)(ll):Kl |K1‘ <K2 <0’1>%{ ‘K2’> K'1 12

Notice that [(f1, hp1 ® th>\|K2|*% < (|Ag2(f1, h1)1]) k2. Therefore, the one-parameter
case of Proposition 5.8 gives that

s LY3 1 12
(617) S 27 > | 11',sr<f1,hL%>1\S) (o)t || 1K
K1 L
(6.18
: he LH% -3 g
<2 > 1 hphl{on gt )| (K7
anieg K il
Notice that
Lif? |
Z K1’ ‘<f17hL%>1| < <|AK1,llf1‘>K1,1'

(L%)(h):]{l

Thus, summing the right hand side of (6.18) over K! leads to
2% hs 1
B / Z (850 whl K11<01>K1 ’Kll_zz / Z ’AKlllfl K1 1&01

K11
1B
<24 / 1202,

where we used Proposition 5.8 again.
Finally, we estimate the norms related to j = 2, ..., n, which are all similar. We assume
that [; > 0. It will be clear how to do the case [; = 0. As above we have

s

yo L2 o _
F 1 < 2% 1K1< > Mt ’1(<fjahL;>1<Uj>K11,1)s>

1
(LH) =K1 K]
J
Therefore, we get that
s 1
18 L2 (o) B oo P
1y k05 |72 <270 ( > |K]1|8M1>2]K’1(<fjahL}>1<0j>K11,1)s) (o)) k11 L2|K1|
(le_)(lj):Kl
ue 12k N P e
(X Ryt ) k| K
(LJI.)(ZJ'):Kl
1
14 |Lj12 -1 |
< 2% Z \f?1| [{F5s hra)il{og) il o L2|K1\7
(L})(l]‘>:K1

where we applied the one-parameter version of Proposition 4.3. The last norm is like
the last norm in (6.18), and therefore the estimate can be concluded with familiar steps.
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Combining the estimates we have shown that

HH(Z )5,

Above, we assumed that the index j related to the form of the paraproduct satisfied
jo = 1, see the discussion before (6.13). It remains to comment on the case jo = n + 1. In
this case the formula corresponding to (6.13) is

n n
< 4B maxk; 2
, S TL2% Iivsliee < 2285 T vl
j=1

n (f. Lz
H <vahLJ1. ® |II((2|> (fn+1,h?(1 ® hgz)

C = .
KAL) (o) K (Oni1) K

j=1
For j =1,...,n we do the estimate (6.14). Also, there holds that

1 ’<<fn+1’ hK2>2<0n+1>;<1272<0n+1>K2,2>K1 ’

‘<fn+17h?(1 ®hK2>‘ — ’K1|§

<Un+1>K

<<‘7n+1>K2,2>K1
<0'n ) _
< [z 2(<fn+17hK2>2<O'n+1>K1272)($1)

for any z; € K'. With the pointwise estimates we proceed as above. Related to f;,
Jj =1,...,n, this leads to terms which we know how to estimate. Related to f,+1 we get
a similar term except that the parameters are in opposite roles. We are done. O

6.C. Full paraproducts. An n-linear bi-parameter full paraproduct II takes the form

n+1

(6.19) ((frefo) fory = > ax [[{fwx ® ) ge),

K=KlxK? Jj=1

where the functions u; g1 and u; g2 are like in (6.4). The coefficients are assumed to
satisfy

1/2
e a0y = 510 (g 3 lol?) < 1.
KcQ

where the supremum is over open sets 2 C R? = R4 x R% with 0 < || < co. As al-
ready discussed the H1-BMO duality works also in bi-parameter (see again [44, Equation

“.1)]):

< 2 ‘
(620) > ol 5 W) lonion | (2 o )L
We are ready to bound the full paraproducts.
6.21. Theorem. Suppose 11 is an n-linear bi-parameter full paraproduct, 1 < p1,...,p, < 00

and 1/p =>"" | 1/p; > 0. Then we have

H]:[(flv s 7fn)w”Lp 5 H ||fzw7,HLPz

i=1

for all multilinear bi-parameter weights 1 € Agp.
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Proof. We use duality to always reduce to one of the operators of type A; in Theorem 5.5.
Fix some p'= (p1,...,pn) with 1 < p; < oo and p > 1, which is enough by extrapolation.
We will dualise using f,,+1 with || frr1w ™| 1» < 1. The particular form of II does not
matter — it only affects the form of the operator A; we will get. We may, for example,
look at

IO(fi,..., fn) = Z aK<f17hK1® 1K2><f27 s ®hK2>ﬁ i \K|

K=K!'xK? ‘K2’ |K1 7=3

We have
s s < B lal|( ot & ) (fo iy @ s )| H i)

We now apply the unweighted H!-BMO duality estimate from above to bound this with

n+1
| (S0l ahkiak. )k 1 iet)|| -
K
Recalling (6.3) it remains to apply Theorem 5.5 with a suitable A;(f1,. .., fot1)- O

7. SINGULAR INTEGRALS

Let w be a modulus of continuity: an increasing and subadditive function with w(0) =
0. A relevant quantity is the modified Dini condition

! adt
1) ol ini. ::/ ()(1+1og )% axo
0 t

In practice, the quantity (7.1) arises as follows:

(7.2) i ZlogZ/ w(2—’f)k°‘it§/0 ()( +log - )a@.

t
k=1

92— k+1

We define what it means to be an n-linear bi-parameter SIO. Let .%#,, denote the space
of finite linear combinations of indicators of cubes in R%, and let .# denote the space of
finite linear combinations of indicators of rectangles in R%. Suppose that we have n-linear
operators Tf’IQ*’jQ*, j1,72 € {0,...,n}, each mapping .# x --- x .Z into locally integrable
functions. We denote T' = T°*%* and assume that the operators Tflz* 72* satisfy the duality
relations as described in Section 2.C.

Let w; be a modulus of continuity on R%. Assume f; = f! @ f7,j =1,...,n+1, where

f; € ﬁdi-
Bi-parameter SIOs.

Full kernel representation. Here we assume that given m € {1,2} there exist ji,j» €
{1,...,n+ 1} so that spt f" Nspt f]) = (). In this case we demand that

n+1

(T(f1y--os fn)s for1) = /R<n+1>d K(zp41,21,...,%p) H fi(z;)dzx
j=1
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where
K:ROD () zy) e ROPDE gl — o=l ora?=... =22, } = C

is a kernel satisfying a set of estimates which we specify next.
The kernel K is assumed to satisfy the size estimate

1
S famy —am)
j=11Tn41 — T

We also require the following continuity estimates. For example, we require that we
have

2
K (zni1,21,. . m0) S ]
m=1

K (Zpi1, 15 ) =K (i1, 21, .. 21, (ch,22))
fK((x}L+1,c2),m1,...,:vn)+K((x,11+1,02)7:1:1,...,xn,l,(cl,xi)ﬂ
§w1< n’xil_cw 1) 1 d
s =5l (5l )™
2 2
(gt )
j=11n+l J (Zj:1|xn+1_xj‘)

whenever |z} —c!| < 27 maxi<ij<,, |2}, — 27| and |22, | —?| < 27 maxi<i<p |22 4 — 2.

Of course, we also require all the other natural symmetric estimates, where ¢! can be in
any of the given n + 1 slots and similarly for c2. There are (n + 1)? different estimates.

Finally, we require the following mixed continuity and size estimates. For example,
we ask that

| K (Zpi1, 21, Tn) — K(Tpyi1, 21, ... 2n1, (¢!, 22))]
< w1( |zl — | ) 1 . 1
~ 7.17 ;1;1 —;1;1. din dan
2=t Ty — 7l (2?21 wl - x]1|) (2?21 2, — $32|>

whenever |z}, — ¢'| < 27 maxi<i<n |2}, — 77| Again, we also require all the other

natural symmetric estimates.
Partial kernel representations. Suppose now only that there exist ji,j2 € {1,...,n + 1} so
that spt f}l Nspt j12 = (). Then we assume that

n+1

<T(f17 cee 7fn)7fn+1> = / K(ff)(x}m—‘rlvx%: s >$711) H fjl(x;) dxlv
j=1

R(n+1)dy

where K ;2 is a one-parameter w;-Calder6n-Zygmund kernel but with a constant de-
J

pending on the fixed functions f7,..., f2,,. For example, this means that the size esti-
mate takes the form

1
|K(f;)($711+1733%7' . ’£71’L)| < C(f12a e 7f5+1)

n 1 1 din’
(23:1 |1 — 5UJ|)

The continuity estimates are analogous.
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We assume the following 7'1 type control on the constant C(f7,..., f2,,). We have
C(lp,...,1p2) S|I|
and
(7.3)  Clap,1p,..., 1)+ C(12,a2,1p2,..., 1)+ -+ C(1p2,..., 152,a52) < |I?|

for all cubes I? C R and all functions a2 € Fy, satisfying aj2 = 1;2a;2, |aj2| < 1 and
fCLI2 =0.

Analogous partial kernel representation on the second parameter is assumed when
spt f7 Nspt f7, = () for some ji, jo.

7.4. Definition. If T is an n-linear operator with full and partial kernel representations
as defined above, we call T an n-linear bi-parameter (w;, wz)-SIO.

Bi-parameter CZOs. We say that 7" satisfies the weak boundedness property if

|<T(1Ra ceey 1R)a 1R>| Sz |R’

for all rectangles R = I x I? C R? = R% x R%.

An SIO T satisfies the diagonal BMO assumption if the following holds. For all rect-
angles R = I' x I? C R? = R% x R% and functions a;i € .#y, with api = 1piap, |api| <1
and [ aji = 0 we have

[(Tlap @1p, 1k, ..., 1), 1)+ + [(T (1R, .., 1R).an @ 1p2) S |R]
and
|<T(111 Qar,lr,..., 13), 1R>| +---+ ’<T(1R, ey 1R), 1n® a12>| < ‘R|
An SIO T satisfies the product BMO assumption if it holds

S(1,...,1) € BMOproq
for all the (n + 1)? adjoints S = Tf}z*’j?*. This can be interpreted in the sense that

1 1/2
IS B3O, = P qup(@ 3 y<5(1,...,1),hR>|2) < 0,
D=D'xD? Q R=I'xI2eD

RCQ
where the supremum is over all dyadic grids D’ on R% and open sets @ C R? = R% x R%
with 0 < Q] < o0, and the pairings (S(1,...,1), hr) can be defined, in a natural way,
using the kernel representations.

7.5. Definition. An n-linear bi-parameter (w;,w3)-SIO T' satisfying the weak bounded-
ness property, the diagonal BMO assumption and the product BMO assumption is called
an n-linear bi-parameter (wy,ws)-Calderéon-Zygmund operator ((w,wsz)-CZO).

Dyadic representation theorem. In Section 6 we have introduced the three different
dyadic model operators (DMOs). In this section we explain how and why the DMOs
are linked to the CZOs. Before stating the known representation theorem, to aid the
reader, we first outline the main structure and idea of representation theorems — for the
lenghty details in this generality see [2].

Step 1. There is a natural probability space 2 = Q; x {2y, the details of which are
not relevant for us here (but see [31]), so that to each o = (01, 02) € Q we can associate
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a random collection of dyadic rectangles D, = D,, x D,,. The starting point is the
martingale difference decomposition

n+1
(T(fry-- s fn)y frs1) = Z EsXj jo,o + Es Remg,
Ji.j2=1
where
Ve = > (T(AR f1y- e ARy fo)s DRy fsn)
R17"-7R7’L+1

f([}1)>£([}1) for i175j1

[(1222)>€(I]22) for io#jo
and Ry = I{ xIf,...,Rny1 = I} x 12, | € Dy = Dy, x Dy, Notice how we have already

started the proof working parameter by parameter. At this point the randomization is
not yet important: it is used at a later point in the proof to find suitable common parents
for dyadic cubes. Looking at the definition of shifts this is clearly critical: everything is
organised under the common parent K and they cannot be arbitrarily large.

Step 2. There are (n+ 1)? main terms X, j, , — these are similar to each other and all of
them produce shifts, partial paraproducts and exactly one full paraproduct. For example,
a further parameter by parameter 7'1 style decomposition of %, ;,+1,, produces the full
paraproduct

1z 11
Z (T(1,...,1,hgr ®1), 1® hg2) H <fn,hK1 X ’1?2’><fn+1, ’I?l‘ & hK2>
R=K1xK? j=1

where
(TA,...,1,hgn ®1),1 @ hg2) = (T77(1,...,1), hR).

For the quantitative part the product BMO assumption of 77" is critical here, and the
remaining product BMO assumptions are used to control the full paraproducts coming
from the other main terms.

The shifts and partial paraproducts structurally arise from the 7'1 decomposition com-
bined with probability. Again, the randomization is simply used to find suitably sized
common parents. After this completely structural part (for full details see [2]), the focus
is on providing estimates for the coefficients, like the coefficient ar (g ;) of the shifts. As
in the full paraproduct case above, it is important to understand that the coefficients always have
a concrete form in terms of pairings involving T' and various Haar functions. These pairings
are estimated in various ways:

o The shift coefficients are handled with kernel estimates only (various size and
continuity estimates). Only in the part Rem,, which we have not yet discussed,
also the weak boundedness is used to handle the diagonal case, where kernel
estimates are not valid.

e In the partial paraproduct case a size estimate does not suffice, as there is not
enough cancellation. A more refined BMO estimate needs to be proved - this is
done via a duality argument. This duality is the source of the atoms a; appearing
in some of the assumptions —e.g. in (7.3).

Step 3. The final step is to deal with the remainder Rem,. This only produces shifts
and partial paraproducts. Another difference to the main terms is that all the diagonal
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parts of the summation are here — to deal with them we need to assume the weak bound-
edness property and the diagonal BMO assumptions.

7.6. Remark. An m-parameter representation theorem is structurally identical: the pair-
ing (T'(f1,..., fn), fnt+1) is split into (n + 1)” main terms and the remainder. These are
then further split into shifts, partial paraproducts and full paraproducts. The full para-
product is produced parameter by parameter, as it is in the bi-parameter case, and this
produces partial paraproducts, where the paraproduct component can vary from being
1-parameter to being (m — 1)-parameter. The definition of a CZO is adjusted so that all of
the appearing coefficients of the appearing model operators involving 7" and Haar func-
tions can be estimated. For the linear m-parameter representation theorem see Ou [47]
— this establishes the appropriate definition of a multi-parameter CZO. We discuss the
m-parameter case in more detail in Section 9. The point there is the following: while the
representation theorem itself is straightforward, some of the estimates of Section 6 are
harder in m-parameter.

In the paper [2], among other things, a dyadic representation theorem for n-linear bi-
parameter CZOs was proved. The minimal regularity required is w; € Dini1, but then the

dyadic representation is in terms of certain modified versions of the model operators we
have presented, and bounded, in this paper. It appears to be difficult to prove weighted
bounds for the modified operators with the optimal dependency on the complexity. In-
stead, we will rely on a lemma, which says that all of the modified operators can be
written as suitable sums of the standard model operators. This step essentially outright
loses 3 of kernel regularity, and puts us in competition to obtain our weighted bounds
with w; € Dini;. The bilinear bi-parameter representation theorem with the usual Holder
type kernel regularity w;(t) = t* appeared first in [40]. We now state a representation
theorem that we will rely on.
A consequence of [2, Theorem 5.35] and [2, Lemma 5.12] is the following.

7.7. Proposition. Suppose T is an n-linear bi-parameter (wy,w2)-CZO. Then we have
<T(f17"'afn)7fn+1> :CTEO' Z wl(Q_U1)w2(2_u2)<Uu,a(fla'-'afn)afn+l>a
u=(u1,u2)€eN?

where Cr enjoys a linear bound with respect to the CZO quantities and U, , denotes some n-
linear bi-parameter dyadic operator (defined in the grid D,) with the following property. We have

that U, = U, , can be decomposed using the standard dyadic model operators as follows:
u1—1us—1

(78) Uu =C Z Z ‘/’i17i27
11=0 22=0

where each V=V, ;, is a dyadic model operator (a shift, a partial paraproduct or a full paraprod-
uct) of complexity k7, j € {1,...,n+ 1}, m € {1,2}, satisfying

m
A% é U -

7.9. Remark. We assumed that the operator 7" and its adjoints are initially well-defined
for finite linear combinations of indicators of rectangles. However, a careful proof of the
representation theorem [40] shows that this implies the boundedness of 7" (for related
details see also [21] and [30]). Therefore, we do not need to worry about this detail any
more at this point and we can work with general functions. Moreover, we do not need
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to work with the CZOs directly — after the representation theorem we only need to work
with the dyadic model operators.

Weighted estimates for CZOs. In this paper we were able to prove a complexity free
weighted estimate for the shifts. On the contrary, the weighted estimate for the partial
paraproducts is even exponential, however, with an arbitrarily small power. For these
reasons, we can prove a weighted estimate with mild kernel regularity for paraprod-
uct free 7', and otherwise we will deal with the standard kernel regularity w;(t) = t*.
By paraproduct free we mean that the paraproducts in the dyadic representation of T
vanish, which could also be stated in terms of (both partial and full) “7T'1 = 0” type con-
ditions (only the partial paraproducts, and not the full paraproducts, are problematic in
terms of kernel regularity, of course). In the paraproduct free case the reader can think of
convolution form SIOs.

7.10. Theorem. Suppose T is an n-linear bi-parameter (wq,w2)-CZO. For 1 < p1,...,pp < 00
and 1/p =>",1/p; > 0 we have

1T, fdwllze S T il oo

for all multilinear bi-parameter weights w € Agp, if one of the following conditions hold.
(1) T is paraproduct free and w; € Dini;.
(2) We have w;(t) =t for some ; € (0, 1].

Proof. Notice that in the paraproduct free case (1) by our results for the shifts we always
have
U (frs - f)wllie S (1 +wa)(1+ug) [T Nl fiwill zos

where the complexity dependency comes only from the decomposition (7.8). We then
take some 1 < py,...,p, < oo with p € (1,00), use the dyadic representation theorem
and conclude that 7" satisfies the weighted bound with these fixed exponents —recall (7.2)
and that w; € Dini;. Finally, we extrapolate using Theorem 3.12.

The case of a completely general CZO with the standard kernel regularity is proved
completely analogously. Just choose the exponent 3 in the exponential complexity de-
pendendency of the partial paraproducts to be small enough compared to a; and a. [

8. EXTRAPOLATION

This section is devoted to providing more details about Theorem 3.12 in the multi-
parameter setting. We also obtain the proof of the vector-valued Proposition 4.3. We give
the details in the bi-parameter case with the general case being similar.

We begin with the following definitions. Given u € A (R"™), we say w € Ap(u) if
w > 0 a.e. and

1 p—1
(W] 4, () = Sl}l{p () (<w p-1 >2) < 00, 1 <p<oo.
And wesay w € A;(p) if w > 0 a.e. and
[w] A, () = sup (w), esssupw™" < oo.
R R

We begin with the following auxiliary result needed to build the required machinery.
This is an extension of Proposition 4.2.
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8.1. Remark. The so-called three lattice theorem states that there are lattices D;-" in Rdm
m € {1,2},j € {1,...,3%}, such that for every cube Q™ C R%m there exists a j and
I™ € D" so that @™ C I™ and [I™| ~ |Q™]. Given A € A we have in particular that A
is doubling: A(2R) < A(R) for all rectangles R. It then follows that also the non-dyadic
variant M* satisfies Proposition 4.2.

8.2. Lemma. Let € Ao and w € Ay(p), 1 < p < oo. Then we have
HMuf”Lp(wu) rg HfHLp(wu)

Proof. Fix x and f > 0 and denote 0 = w71, For an arbitrary rectangle R C R? with
r € Rwe have

(Y = (00 ()t 7T ((w)le) "7 / fu

ou(R
< wl Ly (M (M7 () ) (@) 7

The idea of the above pointwise estimate is from [34]. If wu,opn € Ay, then by (the
non-dyadic version of) Proposition 4.2 we have

M oy S [| (Vs (o0 (o DL 1)) 7T

Lp(wp)

o [ e i

Lr(wp)
= ||Mau(fo-_1)”LP(ou) 5 ||f||LP(w;4)'

Therefore, it remains to check that wy, opu € As. We only explicitly prove that wy €
A, since the other one is symmetric. First of all, write

1 p—1
W) (7)) < [wla
in the form . )
(wpy p(w™ 7T )" < [w] 4, () (1) -
Then by the Lebesgue differentiation theorem, we have for all cubes I' € R% that
__1 —1
(wi) p 1 (w2) (w7 ) (a) < [l ()8 (@2), w2 € R%\ Ny,
where |N;:| = 0. By standard considerations there exists N so that |[N| = 0 and for all
cubes I' ¢ R% we have
(wu>1171(3:2)< P 1M>[1 1 S [w]Ap(u)<:U’>§)171(x2)7 T2 € R% \N
In other words, w(-, z2) € Ap(u(-, z2)) (uniformly) forall zo € R™\ N. As pu € A there
exists s < oo so that ;1 € A,. Then for all cubes I' ¢ R% and arbitrary E C I' we have
B o (pCz2)(E)\: o (wp(22)(E) s d
= — €. R
1% i) = G )™ 2002 €B%
where the implicit constant is independent from z>. This means wu(-,72) € Ax(R%)

uniformly for a.e. x5 € R%. Likewise we can show that wy(x1,-) € Ao (R%) uniformly
for a.e. 1 € R%. This completes the proof and we are done. O

Now we are ready to formulate the following version of Rubio de Francia algorithm.
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8.3. Lemma. Let u € Ay and p € (1,00). Let f be a non-negative function in LP(wp)
for some w € Ay(u). Let M’ be the k-th iterate of M¥*, My'f = f, and ||M"||1p(wy) =
| MH || Lo () — Lo (wp) be the norm of M* as a bounded operator on LP(wp). Define

oo M“f
Rf(z) = L .
£ = 2 il

Then f(z) < Rf(x), |Rfl|er(wny < 2l1fllr(wp), and Rf is an Ai(p) weight with constant
[Rf]m(u) < 2||M“||Lp(wu)-

Proof. The statements f(z) < Rf(x) and ||Rf||rr(wu) < 2| f|lLr(wy) are obvious. Since

f) < i M;:—i_lf % < 2HMMHLP('LU;1)RJC7
2 T [ 1o(apy)

we have
[ f] ) < sup (inf MU(RP) (essinf FF) ™ < 2 M o

We are done. O

With the above Rubio de Francia algorithm at hand, we are able to prove the bi-
parameter version of [37, Theorem 3.1] and the corresponding endpoint cases similarly
as in [38, Theorem 2.3]. On the other hand, the key technical lemma [38, Lemma 2.14]
can be extended to the bi-parameter setting very easily. Using these as in [38] we obtain
Theorem 3.12.

The above Rubio de Francia algorithm, of course, also yields the following standard
linear extrapolation. Let ;1 € Ay, and assume that

(84) Hg”Lz’O(wu) ,S HfHLpO(wu)

for all w € Ay, (1). Then the same inequality holds for all p € (1,00) and w € A,(p). Us-
ing this and Lemma 8.2 we obtain Proposition 4.3 via the following standard argument.

Proof of Proposition 4.3. From Lemma 8.2 we directly have that

S | S w0
Then, the extrapolation described around (8.4) gives that
(S0 o S |y v a0
This in turn gives
H( ( M“fl)s)z)1 L H( (Z £l )) € A

Extrapolating once more concludes the proof. O
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9. THE MULTI-PARAMETER CASE

One can approach the multi-parameter case as follows.

@

)

®)

What is the definition of an SIO/CZO? The important base case is the linear multi-
parameter definition given in [47]. That can be straightforwardly extended to the
multilinear situation as in Section 7. The definition becomes extremely lengthy
due to the large number of different partial kernel representations, and for this
reason we do not write it down explicitly. However, there is no complication
in combining the linear multi-parameter definition [47] and our multilinear bi-
parameter definition.

We mention that another way to define the operators would be to adapt a
Journie [32] style definition — this kind of vector-valued definition would be shorter
to state. In this paper we do not use the Journé style formulation. However,
for the equivalence of the Journé style definitions and the style we use here see
[20, 40, 47].

Is there a representation theorem in this generality? Yes — see Remark 7.6. The
linear multi-parameter representation theorem is proved in [47]. The multilin-
ear representation theorems [2, 40] are stated only in the bi-parameter setting for
convenience. However, using the multilinear methods from [2, 40] the multi-
parameter theorem [47] can easily be generalised to the multilinear setting.

How do the model operators look like? Studying the above presented bi-parameter
model operators, one realises that the philosophies in each parameter are inde-
pendent of each other — for example, if one has a shift type of philosophy in a
given parameter, one needs at least two cancellative Haar functions in that pa-
rameter. With this logic it is clear how to define the m-parameter analogues just
by working parameter by parameter. Alternatively, one can take all possible m-
fold tensor products of one-parameter n-linear model operators, and then just
replace the appearing product coefficients by general coefficients. This yields the
form of the model operators.

We demonstrate this with an example of a bilinear tri-parameter partial para-
product. Tri-parameter partial paraproducts have the shift structure in one or two
of the parameters. In the remaining parameters there is a paraproduct structure.
The following is an example of a partial paraproduct with the shift structure in the
first parameter and the paraproduct structure in the second and third parameters:

> > lexay

K=K'xK2xK3€D I},1}, 11 D!

(I]l)(kj):Kl
h 1pe2 1gs h h h Lges
(h I%®@®@><f2’ 11®1K2|® o ){ o @ K2®1K3|>}

Here D = D! x D? x D3. The assumption on the coefficients is that when K!, I{,
I} and I} are fixed, then

1 1 1
lax oo creperpallmnio.. . < JE2IE ]2
K,(I})) K2 xK3€D?xD prod K1P )
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In the shift parameter there is at least two cancellative Haar functions and in the
paraproduct parameters there is exactly one cancellative Haar and the remaining
functions are normalised indicators. Thus, this is a generalization of S ® 7 ® ,
where S is a one-parameter shift and 7 is a one-parameter paraproduct — and all
model operators arise like this.

(4) Finally, is it more difficult to show the genuinely multilinear weighted estimates
for the m-parameter, m > 3, model operators compared to the bi-parameter
model operators? When it comes to shifts and full paraproducts, there is no es-
sential difference — their boundedness always reduces to Theorem 5.5, which has
an obvious m-parameter version. With out current proof, the answer for the par-
tial paraproducts is more complicated. Thus, we will elaborate on how to prove
the weighted estimates for m-parameter partial paraproducts. Notice that previ-
ously e.g. in [40] we could only handle bi-parameter partial paraproducts as our
proof exploited the one-parameter nature of the paraproducts by sparse domina-
tion. Here we have already disposed of sparse domination, but the proof is still
complicated and leads to some new philosophies in higher parameters.

We now discuss how to prove a tri-parameter analogue of Theorem 6.7. We can have
a partial paraproduct with a bi-parameter paraproduct component and a one-parameter
shift component, or the other way around. Regardless of the form, the initial stages of
the proof of Theorem 6.7 can be used to reduce to estimating the weighted L? norms of
certain functions which are analogous to (6.15) and (6.16). Most of these norms can be
estimated with similar steps as in the bi-parameter case. However, also a new type of
variant appears. An example of such a variant is given by

1

’L| 1K2 (o} ~1 12\ 2
9.1 Fj,Kl = 1p1 ; (Z ’KQ 3 KlQ((ijhL} ®hK2><Jj>K172) ) ’
(LH) =K1

where f;: R% x R% x R% — C. The goal is to estimate 3" | F) k1 H%Q(a]-)' Here we are
denoting K L2 — K1 x K? the original tri-parameter rectangle being K = K I K2 x K3,
and for brevity we only write (o) x1.2 instead of (o) k1.2 1 5.

Comparing with (6.16), the key difference is that in (6.16) the measure of the maximal
function depended only on K!. Here, it depends also on K?, and therefore we have
maximal functions with respect to different measures inside the norms. We will use the
following lemma and the appearing new type of extrapolation trick to overcome this.

9.2. Lemma. Let u € Ax(R% x R9%) be a bi-parameter weight. Let D = D' x D? be a grid
of bi-parameter dyadic rectangles in R% x R%. Suppose that for each m € Z and K € D' we
have a function f,, 1 R — C. Then, for all p,s,t € (1,00), the estimate

(2 (St ) ) < (S (S b))

holds for all w € Ap(p).

Lr(wp)

Proof. By extrapolation, see the discussion around (8.4), it suffices to take a function
f: R% — C and show that

HlKlMé@Kl.f.HLq(wu) S ||1K1fHLq(w,u)
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for some ¢ € (1,00) and for all w € Ay(n). We fix some w € A,(p). The above estimate
can be rewritten as

1
152" Fl oy oy 1T S 1 gy oy B 1

We have the identity

03 (wp)gi(es) = mmm (22) = (w( 22))"5™ () s ().
)

Define v(xq) = <w(-,x2)>‘;{(fx2 . We show that v € A,({1)k1). Let I? be a cube in R%.
First, we have that

[ vt = [ wa o des = [ K
2 2 K1xI?
Therefore, <v><Z>K = (w)h1, ;2- Holder’s inequality gives that

I
e o)y ——Lo — L \u(x
((w(-,xg))”K(l’ 2)) 1 < (w(-, ) ‘J*1>’;((1 2),
which shows that
_1 _ (- _1
[ e < [ (0t T e de = [ o Tl
12 12 K1xI?
Thus, we have that
_1 _ 1 _
(<v q—1>§/;>}(l)q 1 < ((w q_1>MK1xI2)q 1.
These estimates yield that [v] 4, () ,.1) < [W]a,()-
Recall the identity (9.3). Since < W1 € Ay, we have that
H KlfHLq ((wp) 1) — H KlfHLq(MMKl) S ||f”LQ(v(u>K1)) = ||f||L‘1(<wu>K1))a

where we used Lemma 8.2. This concludes the proof. O

2l1d1
We now show how to estimate (9.1). First, we have that ||F} ;17 (o)) isless than 27

multiplied by

I,z

The exponent s € (1, c0) is chosen small enough so that we get a suitable dependence on
211 dl
the complexity through 27, see the corresponding step in the bi-parameter case. Since

<UJ> K1 € Aso(R% x R?%), we can use Lemma 9.2 to have that the last term is dominated

»> . [‘?ﬁ (3 [ty @ toidal’) ]

After these key steps it only remains to use Proposition 5.8 twice in a very similar way as
in the bi-parameter proof. We are done.

K.
L2((03) 1)

{LI'” (35 s (g @ ) 3 Wﬂi

Lll> K1

L2
S

K.
L2((03) 1)

Ll (l
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10. APPLICATIONS

10.A. Mixed-norm estimates. With our main result, Theorem 1.2, and extrapolation,
Theorem 3.12, the following result becomes immediate.

10.1. Theorem. Let T' be an n-linear m-parameter Calderén-Zygmund operator. Let 1 < p{ <
00, i = 1,...,n,with]% = Zii >0,j=1,...,m. Then we have that

n
IT(f1s--s fn)||Lp1...me S H ||fi||Lp21,,.Lp?‘
i=1

10.2. Remark. We understand this as an a priori estimate with f; € Lg° — this is only a
concern when some p] is co. In [38], which concerned the bilinear bi-parameter case with
tensor form CZOs, we went to great lengths to check that this restriction can always be
removed. We do not want to get into such considerations here, and prefer this a priori
interpretation at least when n > 3. See also [40] for some previous results for bilinear
bi-parameter CZOs that are not of tensor form, but where, compared to [38], the range of
exponents had some limitations in the oo cases. See also [14].

We also mention that mixed-norm estimates for multilinear bi-parameter Coifman-
Meyer operators have been previously obtained in [4] and [5]. Related to this, bi-parameter
mixed norm Leibniz rules were proved in [46].

The proof is immediate by extrapolating with tensor form weights. For the general
idea see [38, Theorem 4.5] — here the major simplification is that everything can be done
with extrapolation and the operator-valued analysis is not needed. This is because the
weighted estimate, Theorem 1.2, is now with the genuinely multilinear weights unlike
in [38, 40].

10.B. Commutators. We will state these applications in the bi-parameter case R? = R% x
R4z, The m-parameter versions are obvious. We define

[b7T]k’(f17-- . 7fn) = bT(fla)fn) _T(fla' . '7fk—17bfk‘afk+17" . 7fn)

One can also define the iterated commutators as usual. We say that b € bmo if

1
[¥lhmo = sp o1 [ b= (bl < .
r Rl JRr
where the supremum is over rectangles. Recall that given b € bmo, we have

(10.3) [B]lbrmo ~ max ((esssup [[b(21, ) [|ppo(rds)» sssup [[b(-, 22) llpmora))-
xleRdl ngRd2

See e.g. [28]. In the one-parameter case the following was proved in [12, Lemma 5.6].

10.4. Proposition. Let p = (p1,...,pn) With 1 < p1,...,pp < 00 and% = Zzp% < 1. Let

W= (wi,...,wy) € Ap. Then for any 1 < j < n we have
Wy, = (wr,. .. ,wjeRe(bz), o, wp) € Ap
with [y ;] a; S [W]a, provided that

€

|z] < — ;
max ([wP] 4, , max;[w; '] 4, )[bllBMO

where € depends on p’and the dimension of the underlying space.
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If1 <p1,...,pn < o0, then there holds that [@] 4 ,ge) < oo if and only if

max ( ess sup|w(z1, ) 4 (ria) > ess sup[ui(, .I'Q)]Aﬁ(Rdl)) < 0.
x1€ER% o ERI2
Moreover, we have that the above maximum satisfies max(-,-) < [u]] AR S max(-, )7
where 7 is allowed to depend on p'and d. The first estimate follows from the Lebesgue
differentiation theorem. The second estimate can be proved by using Lemma 3.6 and the
corresponding linear statement, see (3.1). Using this, (10.3) and Proposition 10.4 gives a
bi-parameter version of Proposition 10.4 — the statement is obtained by replacing BMO
with bmo, and the quantitative estimate is of the form [w;.]a; < [u?]lﬁ. Now, we have

everything ready to prove the following commutator estimate.

10.5. Theorem. Suppose T is an n-linear bi-parameter CZO in R? = R4 xR%, 1 < py,...,p, <
ooand 1/p = >, 1/p; > 0. Suppose also that b € bmo. Then for all 1 < k < n we have the
commutator estimate

16, TV (frs - fawllo S bllomo [T 1 fiwill 2
i=1

for all n-linear bi-parameter weights 0 = (w1, ..., wy) € Az Analogous results hold for iterated
commutators.

Proof. We assume ||b||,mo = 1. It suffices to study [b,T];, and in fact we shall prove the
following principle. Once we have

IT(frs- s f)wlioe S T fiwil oo

=1

for some p'in the Banach range, then

16, Th (1, s Fwlize < T I firwill oo
i=1
In this principle the form of the n-linear operator plays no role (7" does not need to be a
CZO). The iterated cases follow immediately from this principle and the full range then
follows from extrapolation.
Define

THfryeos fo) = €T (e f1, for oo fn)-

Then, by the Cauchy integral theorem, we get for nice functions f1, ..., fp, that

_ 1
[ Ry, g,
|z|=6

2=0 2mi 22

d
[0, 7)1 (f1,. s fn) = aT;(fl, N

Since p > 1, by Minkowski’s inequality
1
b, TI(f1,..., fn)w g/ TY(f1, ..., fo)w|| e | dz].
0TS el < 5 | IT el 2

We choose

1
0~ ,

max ([wP] 4, , max;[w; "]a.,)
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This allows to use the bi-parameter version of Proposition 10.4 to have that

IT2(frs- s Fdwlloe = 1T(e 2 frs fo oo fr)weRe D

n n
S lle? frwn e oy [T I fwillzes = T I fowill oo
=1

1=2

The claim follows. U
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