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DOMINATION RESULTS IN n-FUCHSIAN FIBERS IN THE MODULI SPACE

OF HIGGS BUNDLES

SONG DAI' AND QIONGLING LI?

ABSTRACT. In this article, we show some domination results on the Hitchin fibration, mainly
focusing on the n-Fuchsian fibers. More precisely, we show the energy density of associated harmonic
map of an n-Fuchsian representation dominates the ones of all other representations in the same
Hitchin fiber, which implies the domination of topological invariants: translation length spectrum
and entropy. As applications of the energy density domination results, we obtain the existence and
uniqueness of equivariant minimal (or maximal) surfaces in certain product Riemannian (or pseudo-
Riemannian) manifold. Our proof is based on establishing an algebraic inequality generalizing a
GIT theorem of Ness on the nilpotent orbits to general orbits.
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1. INTRODUCTION

Let S be an oriented closed surface of genus at least 2 and ¥ = (S,J) be a Riemann surface
structure on S. The celebrated non-Abelian Hodge correspondence developed by Hitchin [15],
Simpson [35], Corlette [7], and Donaldson [10], is a homeomorphism between the representation
variety Mpei(S) of reductive representations from 1 (S) into SL(n,C) and the moduli space
Miiiggs(X) of polystable SL(n,C)-Higgs bundles over ¥. The correspondence is transcendental
since it involves solving the Hitchin equation for Higgs bundles, which is a nonlinear second-order
elliptic system. In this paper, without analyzing the Hitchin equation, we investigate the properties
of corresponding representations under certain algebraic restrictions of Higgs bundles. This sheds
light on understanding part of the non-Abelian Hodge correspondence.

The properties we are going to deduce are in terms of domination results on the translation
length spectrum. This is motivated from the result by Deroin-Tholozan [9] that any SL(2,C)-
representation can be dominated by some Fuchsian representation using harmonic map method (for
SL(2,R)-representations, the result is also proved independently by Guéritaud-Kassel-Wolff [12]
with a different method). Recently, such domination results are generalized to complete surfaces
by Sagman [28] and surfaces with boundary by Gupta-Su [I3]. One can view the domination
results in this paper as a generalization to the SL(n,C)-case as much as possible. If we move to
consider SL(n,C)-representations, the main disadvantage is that the associated symmetric space
of SL(n,C) is no longer negatively curved, a key property being used in Deroin-Tholozan’s work.
However, we manage to recover the property of being negatively curved for certain Higgs bundles
and thus are able to make use the techniques developed in Deroin-Tholozan’s work,

1.1. Main results. An SL(n,C)-Higgs bundle over the Riemann surface ¥ is a pair (F, ¢), where
E is a holomorphic rank n vector bundle of trivial determinant and ¢ is a trace-free End(FE)-
valued holomorphic 1-form. Let Ky be the canonical bundle of 3. The Hitchin fibration is a map
P+ MHiges(X) > @ H O(E,Kg) and the Hitchin section is constructed in Hitchin [16] explic-
itly using the principal 3-dimensional Lie subalgebra. Under the non-Abelian Hodge correspon-
dence, the Hitchin section corresponds to a connected component in the representation variety of
SL(n,R), called the Hitchin component. Elements in the Hitchin component are called Hitchin
representations, which is the main subject in the higher Teichmiiller theory. The Teichmiiller space
T (S) consists of Fuchsian representations from 71(S) to PSL(2,R), which can always be lifted to
SL(2,R). Composing with the irreducible representation 7, : SL(2,R) - SL(n,R), T(S) embeds
naturally into the Hitchin component, as the sublocus consisting of 7, o j which will be called
n-Fuchsian representations. The Hitchin fiber containing an n-Fuchsian representation is call an
n-Fuchsian fiber.

From the non-Abelian Hodge theory, for every representation p € Mpett;(S), there exists a p-
equivariant harmonic map f: % — X := SL(n,C)/SU(n), where X is equipped with the SL(n,C)-
invariant metric induced by the rescaled Killing form on si(n,C). Denote e( f) as the energy density
of f, gy, as the pullback metric of f. Let j:m(S5) - SL(2,R) be a Fuchsian representation. From
Wolf [39] and Hitchin [I5], for every holomorphic quadratic differential g2 on X, there is a unique
Fuchsian representation j up to conjugacy, so that the Hopf differential of the unique j-equivariant
harmonic map f; : Y - H? is a lift of ¢5 to X.

In the following theorem, we show that an n-Fuchsian representation dominates other repre-
sentations in the same Hitchin fiber in the geometric and topological sense. For a representation
p:m(S) > SL(n,C), denote by P(p) the composition of p with the natural projection from SL(n,C)
to PSL(n,C).

Theorem 1.1. (Theorem [{.8) Suppose p € Mpewi(S) is in an n-Fuchsian fiber of Mpiges(3)
containing T, o j, then
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(1) the energy density satisfies e(f) < e(fr,05);

(2) the pullback metric satisfies gy < gy, .5

(3) the translation length spectrum satisfies l, < X+l .; for some positive constant X < 1;
(4) the energy satisfies E(f) < E(fr,05);

(5) the entropy satisfies h(p) > h(7,07) = \/nge%n,
unless P(p) = P(1y,0j).

Remark 1.2. For P(p) = P(7, 0 j), we mean p is conjugate to (7, 0 j) - pucn) for some unitary

w1
representation fi() @ T1(S) = Gy, = {ezk n 1,k: = 1,---,n} - I,, in which case, it has the same

harmonic map and the same translation length spectrum as 7, o j.

Remark 1.3. In the case of SL(2,C), Theorem [ were shown by Deroin and Tholozan [9]. Note
that in this case, every Hitchin fiber is an 2-Fuchsian fiber.

Remark 1.4. The second author in [22] shows a more refined domination result inside the nilpotent
cone.

Remark 1.5. Potrie and Sambarino [25] showed that for any Hitchin representation p : w1 (S) -

SL(n,R), one has the entropy h(p) < h(1,0j) = n36_n and the equality holds only if p is n-
Fuchsian. We can see that the n-Fuchsian fibers possess an opposite behavior comparing to the

Hitchin section in the Hitchin fibration.

The Higgs bundles in n-Fuchsian fibers has characteristic polynomial
n n—9o[n
det(Al = ¢) = (V= (n = 1)%g2)~(N* = (n - 2[])?g2) A" 212,

More generally, for the Hitchin fibers with the characteristic polynomial det(AI — ¢) is either
(1) (A2 -a2qg)(\? - a%ﬁ]qg))\"ﬁ[%] for gy € H(X, K2) and a; € R*? are distinct; or
2
(2) (A =bw)-+(\ = byw) for we H(X, Kx) and b; € R are distinct,
we show the domination results in Theorem 13l
Suppose the Higgs field is of rank at most 2 everywhere, we also show the domination results in

Theorem [.ITl

1.2. Geometric applications. One nice application of the energy density domination result in
Theorem [[.T] is to study the associated equivariant minimal (maximal) surface in certain product
Riemannian (pseudo-Riemannian) manifold.

Let 7, be the induced map from H? to X = SL(n,C)/SU(n) by 7, and g, be the normalized
invariant Riemannian metric on X such that 7,;g, = ggz. Then (f;, f,) gives a (j, p)-equivariant
harmonic map

(fjvfp)Jr : i - (H2 XX79H2 +gn)7 (fjvfp)7 : i - (H2 XX79H2 _gn)

Since f; is a diffeomorphism, (f;, f,)* must be an embedding. The Hopf differential of (f;, f,)* is
Hopf(( 1 fp)*) = Hopf( f;) = Hopf(f,). Using Theorem [[.T, we will show that the composed map
fo fj’1 is area-decreasing if Hopf(f;, f,)" = 0; distance-decreasing if Hopf(f;, f,)~ = 0.

Minimal surface: Suppose Hopf(f;) = —Hopf(f,) = g2, then the product map (f;,f,)" is
conformal. Together with the harmonicity, (f;,f,)" gives a (j, p)-equivariant embedded minimal
surface. We obtain the following proposition by making use of a result of Lee-Wang in [20], which
states that if f, o fj’1 is area-decreasing, then the minimal surface is stable.
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Proposition 1.6. (Proposition [6.1]) Let g2 be a holomorphic quadratic differential on . Let 3.7
be Fuchsian representations which correspond to qa,—qo respectively. Suppose p € Mpewi(S) is in
the n-Fuchsian fiber of Mpiges(X) containing , o j, then the (3, p)-equivariant embedded minimal
surface (fj, fo)": IR (]HI2 x X, gp2 +gn) 1s stable.

In particular, suppose G is a semisimple Lie group of rank 1, the sectional curvature of the
symmetric space X¢ associated to G is strictly negative. Denote g_. as the rescaling metric of gx,
such that the maximum of the sectional curvature of g_. is —c.

Proposition 1.7. (Proposition [6.3) Let j be a Fuchsian representation and p : 1y — G be an
irreducible representation to a reductive Lie group of rank 1. Suppose p does not preserve any
geodesic arc in X¢g. Then for ¢ > 1, there exists a unique (j, p)-equivariant minimal surface f:S —

(H? x X, g2 + g-c)-

Remark 1.8. 1. Proposition[I.7 is closely related to Labourie’s conjecture in [18] on the uniqueness
of equivariant minimal surface for Hitchin representations and mazimal representations. Labourie’s
conjecture is an important problem in higher Teichmdiiller theory and there are lots of studies on it,
e.g. [, B 6 17, 19 23). It still remains open for Hitchin representation into real split Lie groups
of rank >3 and mazimal representations into Hermitian Lie groups of rank > 3.

2. For G = SL(2,R), p being Fuchsian, Proposition [1.7 recovers the theorem of Schoen [31],
i.e., Labourie’s conjecture holds for Hitchin representations into PSL(2,R) x PSL(2,R). For G =
SL(2,C), let Rep*(SL(2,C)) denote the space of conjugacy classes of irreducible no-elementary
representations of m1(S) into SL(2,C). Proposition[1.7 implies for each representation o € T(S) x
Rep*(SL(2,C)), Labourie’s conjecture holds, that is, there exists a unique o-equivariant minimal
surface in H? x H3.

Maximal surface: Suppose Hopf(f;) = Hopf(f,) = g2, then the product map (f;, f,)” is con-
formal. If f;’gHz > [, 9n, the image of X is spacelike. Together with the harmonicity, (fj, fp)~ gives
a (j, p)-equivariant embedded spacelike maximal surface. We obtain the following proposition by
making use of a result in Tholozan [36] which showed the uniqueness of the conformal class of the
maximal surface under the condition that f, o fj_1 is strictly distance-decreasing.

Proposition 1.9. (Proposition [6.6) Suppose p € Mpewi(S) is in the same Hitchin fiber as T, 0] in
M uiges(2). Suppose P(p) # P(1,05), then (fj, f,)™ % — (H?x X, gHz—gn) gives a (j, p)-equivariant
embedded spacelike mazximal surface.

Moreover, the conformal class [X] € T(S) is unique among all the (j, p)-equivariant spacelike
maximal surfaces.

1.3. Key step. The key step in proving our main theorem is establishing an inequality generalizing
a theorem of Ness on the adjoint orbit. This result characterizes the critical property of the standard
sl(2,C), which has its own interests in the orbit theory. Consider the function Ky : si(n,C)~{0} - R

given by Ky(A) = %, where |A|? = tr(AA*). Denote O4 as the SL(n,C)-adjoint orbit of A.
Restricting Ky on Q4 for A being nilpotent, Ness in [24] proved the following theorem of geometric

invariant theory and the precise statement is in Schmid-Vilonen [30].

Theorem 1.10. (Ness [24], Schmid-Vilonen [30]) For a nilpotent matriz A € sl(n,C)~ {0}, A is a
critical point of the function Ko on the orbit O if and only if there exists a real number a, a <0,
such that

[[A,A"],A] =aA, and [[A/A"],A"]=-aA".
The set of the critical points is non-empty and consists of a single SU(n) x C*-orbit.

Moreover, the function Ko on O4 assumes its minimum value exactly on the critical set.
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However, when the matrix A is not nilpotent, for instance diagonalizable, K always has minimum
0 on the orbit O 4 and fails to detect any special unitary orbit. We would like to generalize Ky to
apply to other orbits. Motivated by the curvature formula of the symmetric space SL(n,C)/SU(n),
we define a function K : sl(n,C) \ Z - R given by

[A, AP

K(A) = —/—F———
W e

where Z = {A € sl(n,C) : |A* - [tr(A%)? = 0}. The function K coincides with Ness’ function K

for A being nilpotent.

Theorem 1.11. (Theorem Suppose A € sl(n,C) is not conjugate to any element in W =
{Aesl(n,C): [A,A*]=0}. Then A is a critical point of the function K on Oa \ Z if and only if
A, A" [A, A*] generate a three-dimensional Lie subalgebra, which is SU(n)-conjugate to a standard
sl(2,C).

Moreover, if A is of even Jordan type, the function K on Oy \ Z assumes its minimum value
exactly on the critical set.

1.4. Further questions. Theorem [I.1]is closely related to the following conjecture.

Conjecture 1.12. (Dai-Li [§]) Inside each Hitchin fiber of the moduli space M giges(X), the Hitchin
section maximizes the energy density of the corresponding harmonic maps.

Remark 1.13. Theorem 1.1 actually proves the conjecture for all n-Fuchsian fibers. In [9], the
result of Deroin and Tholozan implied this conjecture for n = 2. In [8], the authors showed this
conjecture for cyclic SL(n,R)-Higgs bundle with n = 3,4.

As a corollary of Proposition [6.6] we study the structure of the n-Fuchsian fibers of 7, o j when
the Riemann surface varies.

Corollary 1.14. (Proposition [6.9) Let p € Mpeyi(S) such that P(p) # P(7, 0 j), then there is at
most one Riemann surface structure [¥] € T(S) such that p is in the same Hitchin fiber of T, 0 j
m MH,'ggs(E).

We conjecture Proposition [I.14] holds for general Hitchin fibers.

Conjecture 1.15. Let p be a Hitchin representation. Let p € Mpewi(S) such that P(p) + P(p),
then there is at most one Riemann surface structure [X] € T(S) such that p is in the same Hitchin

fiber of p in Miiggs(X).

1.5. Organization. In Section Bl we recall Ness’ theorem on the nilpotent orbits in Section
And then we generalize this result to the general case in Theorem 214l in Section 223l In Section
B, we prove Theorem T4l In Section M under Proposition B3], we show our main theorem on the
domination results of the n-Fuchsian representations in Theorem .8 in Section We also show
the domination results in some other cases in Section @3l In Section Bl we prove Proposition 3]
In Section [0, we show some applications of the domination results.

Acknowledgement. The second author wants to thank Nicolas Tholozan for the helpful discussion
on Ness’ theorem in the early stage of this article and to thank Brian Collier for the helpful
discussion on the minimal surfaces. The first author is supported by NSF of China (No.11871283
and No.11971244). The second author acknowledges support from Nankai Zhide Foundation.
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2. A GENERALIZATION OF NESS’ THEOREM

In this section, we recall some results of a function on nilpotent orbits firstly introduced by Ness.
We generalize Ness’ function to arbitrary orbits and state a theorem similar to Ness’ theorem. This
result plays a key role in this article. The proof will be postponed to the next section. We first
review some basic knowledge on the relationship between partitions and nilpotent orbits, one can
refer to Section 3.1 in the book of Collingwood and McGovern [2].

. (0 1Y)} . (00 (1 0 -
2.1. sl(2,C) in sl(n,C). Set e = ( 0 0 ),e = ( 10 ),x = ( 0 -1 ) Then e, &,z form an
sl(2,C)-triple, that is, they satisfy
[e,€] =z, [z,e] =2e, [x,€]=-2e.

There is a canonical irreducible representation 7, : SL(2,C) — SL(n,C). It is defined as follows.
Identifying C2?, C" with the homogeneous polynomials in (X,Y") of degree 1, n—1 respectively. Then
T, is defined as the induced action of the natural action of SL(2,C) on C2, that is, for g € SL(2,C),
m(9) : P(X,Y) » P(9X,gY).

The differential of 7,, at I € SL(2,C) gives a Lie algebra representation

Jn = dra|r < sl(2,C) - sl(n,C).

Choose the basis of the space of homogeneous polynomials in (X,Y") of degree n—1 as

n-1 - n—-ky k-1 n-1
(X ,---,‘/CﬁjX YR ymth),
For A € sl(2,C), then the images of e, é,z under j, : si(2,C) — sl(n,C) are

0 1 0 n-1
0 7o rt 0 n-3

where 7j, = \/m

Lemma 2.1. Let M be a nonzero element in j,(sl(2,C)), then either M has eigenvalues
{t(n-1),t(n-3),-,t(3-n),t(1-n)}, teC",

or M 1is nilpotent of rank n —1.

Proof. Let M = j,(M), for M € sl(2,C). Then either M has eigenvalues {t,—t},t € C* with

eigenvector X,Y, or M is nilpotent and nonzero. In the first case, X" *Y*~1 is the eigenvector of

M with eigenvalue 2k —n -1, for 1 < k < n. In the latter case, suppose M X # 0, then M*- X",
1=0,---,n—1 forms a desired basis such that M is nilpotent of rank n — 1. O

A partition of n is a non-increasing array 7 = (ny,---,n,) of integers ny > ng > -+ > n,, satisfying

n
n; > 0, Y. n, =n. Sometimes we omit the zeros, and use the superscript to denote the multiple,
p=1
for example (2,2,1) = (22,1). Denote P, as the space of all partitions of n. The space P, has a
natural partial ordering, called the dominance ordering. Given m = (n1,--,ny,), 7 = (n},--,n,,) two

P P
partitions of n, 7 is said to dominate 7’ (7 > ') if for 1 <p<mn, ¥ n; > ¥ n,. For example, in the
i=1 i=1
case n =4, (4)>(3,1)>(2,2) >(2,1,1) > (1,1,1,1).

Definition 2.2. Given m = (n1,-+,ns) € Py, the image of jr = (Jnys Jn.) : sl(2,C) - sl(n,C) is
called the standard sl(2,C) of type .
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A basis of the standard sl(2,C) of type 7 is given by
E™ = diag(en,, - en, ), E™ =diag(én,, - én,), X™ = diag(zn,, - Tn,).

Note that {E™, E™, X™} form a sl(2,C)-triple. And the matrix E™ is clearly a nilpotent element of
sl(n,C). In fact, we have the following well-known result, see [11] for references.

Proposition 2.3. Every sl(2,C) copy in sl(n,C) is SL(n,C)-conjugate to a standard sl(2,C).

Denote A, = (n=1,n-3,---,3—n,1-n). Then from Lemma 2T the eigenvalues of a non-nilpotent
element in a standard sl(2,C) has the form c¢(A,,, -, A,,) for some ¢ € C*. It may happen that
two standard si(2,C) from different partitions give the same form up to a factor.

Lemma 2.4. Suppose the eigenvalues of A € sl(n,C) can be expressed in more than one way as
c(Any, -+ Ap,) for some ce C*. Then it must be the case

C(A2m1+17"'7A2ms+1) and 2C(Am17Am1+17"'7Ams7Ams+1)'

Proof. Suppose the eigenvalues of A can be expressed as c¢(Ay,,-,Ap,) and C'(An'l yoy Ay ) for
some ¢, ¢’ € C*. Consider d = )I\m)]\a [Xi = Ajl, Ai’s are the elements of (Ay,,-+,Ap,). Then d =1 or
oy

2. d' is similarly defined. Then cd = ¢'d’. Tt is easy to see ¢ # ¢/. So we assume d = 2, d’ = 1.
Since d' = 1, we see 0 is in (Anrl,---,An;). So 0 is also in (Ap,,-, An,). Together with d = 2, the
elements in (A,,, -, Ay,,) are all even, in other words, n;’s are all odd. Let n; = 2m; + 1. Then
(A2my+1," Aam,+1) is uniquely expressed as 2(Ap,, , Ay +1, - Ay s Amo+1). We finish the proof. O

2.2. Nilpotent orbits and Ness’ theorem. Recall the Cartan decomposition of sl(n,C) is
sl(n,C) = su(n) ® V-1su(n) and the Cartan involution is o(X) = —X*, where X* = X'. Us
ing the rescaled Killing form B(X,Y) = tr(XY') on si(n,R) and the Cartan involution, we then
have an SU (n)-invariant Hermitian inner product on sl(n,C) by

(X,Y)=-B(X,0(Y)) =tr(XY"), for X,Y esl(n,C).
As usual, |X[? denotes (X, X). Ness in [24] defined a map m : sl(n,C) - v/~Lsu(n) by
1 d
(m(&),n) = W(E
which measures the change of the square norm of a vector under the adjoint action. Ness in [24]
showed that /-1m : sl(n,C) - su(n) is the moment map for the induced action of SU(n) on
P(sl(n,C)). One may consider the function Ky : sl(n,C) - R given by
[4, AP
Al
Denote by N the space of nilpotent matrices inside sl(n,C) and by O4 the adjoint orbit of
A € sl(n,C). Ness proved the following theorem.

|Ad(exp(tn)€[*)i=o  for &,m € sl(n,C),

Ko(4) = [m(A) =

Theorem 2.5. (Theorem 6.1 and 6.2 in Ness [24] and Lemma 2.11 in Schmid-Vilonen [30]) For
a nilpotent matriz A € sl(n,C), A+0,

(1) A is a critical point of the function Ky on its adjoint orbit O if and only if there exists a real
number a, a <0, such that

(1) [[A4,A"],A] =ad, and [[A,A"],A"]=-aA".

The set of the critical points is non-empty and consists of a single SU(n) x C*-orbit.
(2) The function Ky on O4 achieves its minimum value exactly on the critical set.
7



We will provide a proof of Theorem in Section [3.4] which is different from the original proof
in Ness [24].
For each 7 = (ny,---,n) € Py, we associate a constant

12
Cr = Ko(E™) = —

> np(n2 —1)
p=1

The constant C; has monotonicity with respect to the partial order of 7, which is proved in [22].
Lemma 2.6. If m,m € P, satisfy m1 < w2, then the constants satisfy Cr, > Cr,.

Definition 2.7. For a nilpotent matriz A € sl(n,C), we say it is of Jordan type w € P, if the
block sizes of A’s Jordan normal form give the partition © of n.

Theorem gives a lower bound of K with respect to the Jordan type.
Proposition 2.8. Suppose A € N is of Jordan type at most w € P,,, then
Ko(A) > Cr,
and equality holds if and only A is SU(n)-conjugate to c¢- E™, for some constant ¢ € C*.

Proof. Apply Theorem to our case that A is nilpotent of Jordan type 7’ € P, for some 7’ < 7.
Since E™ satisfies Equation (1), we obtain that all the minimum points are SU(n)-conjugate to
¢ E™ for some constant ¢ € C* and hence Ko(A) > Ko(E™) = Cp. From the monotonicity in
Lemma [2.6] we have Cys > C; and hence Ky(A) > C;. The rigidity also follows from Theorem
2.5 O

Note that among P,, A = (n) is the absolute maximum. Therefore, we have an immediate
corollary of Proposition 2.8

Corollary 2.9. For every Ae N, we have
12
Ko(A)>Cpy = ————=,
0(4) 2 Cy) =1
and equality holds if and only if A is SU(n)-conjugate to c- ey, for some constant c € C*.

2.3. From nilpotent elements to si(2,C)-copies.

Definition 2.10. Let s be an sl(2,C)-copy in sl(n,C). The Jordan type of s is defined to be the
Jordan type of the nilpotent elements in s.

From the previous section, the minimum of the function Ky(A) is powerful detecting an SU(n)-
orbit inside an SL(n,C)-orbit of a nilpotent matrix. However, when the matrix A is not nilpotent,
for instance diagonalizable, K always has minimum 0 on the orbit Q4 and fails to detect any
special unitary orbit. We would like to generalize Ky to apply to other orbits. Motivated by the
curvature formula of the symmetric space SL(n,C)/SU(n), see Lemma (2] we define a function
K:sl(n,C)NZ > R,

[4, AP
[A[* = [tr(A%)>
where Z = {A € sl(n,C) : |A* - |tr(A%)[> = 0}. The function K(A) coincides with Ness’ function

*7|2
Ky(A) = % for A being nilpotent. By the Cauchy inequality, |(A,A*)| < |A||A*| and so
|A|*~|tr(A?)|? > 0. Then K takes nonnegative value in R. Denote W = {4 € sl(n,C) : [A4, A*] =0}.
8
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Lemma 2.11. (1) The function K is invariant under scaling and unitary conjugation.
(’Q) W= {U_ldiag(Alf"))\n)Uv Alv 7ATL € (Cv Ue SU(’I’L)}
(3) Z = {U  diag(cA1, -, chp)U, A, A\ €R, ceC,U e SU(n)}.

Proof. Part (1) is by direct calculation. Part (2) is from basic linear algebra. For Part (3), by the
Cauchy inequality, if A € Z, then there exists a € C such that A = aA*. So |af?> = 1 and set a = €2¥.
Then e A = (¢ A)* for A€ Z. Then from basic linear algebra we finish the proof. O

To make sure Oy \ Z is not empty, we always need to assume A is not a scalar matrix.

Definition 2.12. Let (A1, ) € C™. If (A1, An) = c(pu1, -+ i) for p; € Rji=1,---n, and c € C,
then we call (A1,--+, \p) 18 uni-real.

Fix A € sl(n,C), we study the minimum (infimum) of the function K on the adjoint orbit O4\ Z.
From Lemma 2.1T], (JorninZK =0 if and only if A is diagonalizable and the eigenvalues of A are not
AN

uni-real.

Definition 2.13. A partition ™ = (ny,-+,ny,) € Py is said to be even, if ny,--,n, have the same
parity. Correspondingly, a nilpotent matriz A or an sl(2,C)-copy s in sl(n,C) is said to be even,
if it is of Jordan type of an even w e P,. A partition w = (ny,---,ny,) € Py is said to be odd, if it is
not even.

We generalize Theorem as follows and postpone the proof in the next section.

Theorem 2.14. Let A € sl(n,C), which is not a scalar matriz. Suppose A is not SL(n,C)-
conjugate to an element in W\ Z. Then

(1) A is a critical point of the function K in Oa~ Z if and only if A, A*[A, A*] generate a
three-dimensional Lie subalgebra s, which is SU(n)-conjugate to a standard sl(2,C).

(2) On the standard sl(2,C) of type 7 € Py, the function K = Cy outside Z.

(3) Suppose A is nilpotent, then the function K on Oa N\ Z achieves its minimum value at A if
and only if A is SU(n)-conjugate to an element in a standard sl(2,C).

(4) Suppose A is not nilpotent, then the function K on Oy \ Z achieves its minimum value at
A if and only if A is SU(n)-conjugate to an element in an even standard sl(2,C).

From Theorem 2.14], analogous to Proposition 2.8, we have the following proposition.

Proposition 2.15. For A€ sl(n,C), A¢ Z, if A is conjugate to an element in a standard sl(2,C)
whose Jordan type is even and at most e Py, then K(A) > C.

Equality holds if and only if w is even and A is SU(n)-conjugate to an element in the standard
sl(2,C) of Jordan type 7.

Proof. Suppose A is conjugate to an element in the standard sl(2,C) of even Jordan type 7’ € P,.
From the part (2) and (4) in the Theorem 214 we see that this standard sl(2,C) achieves the
minimum of K, which is Cys. Since 7 > 7', together with Lemma 2.6, we obtain K(A) > Cp > C;.
The rigidity also follows from Theorem 2.141 O

Since (n) € P, is the absolute maximum and is even, we have an immediately corollary.

Corollary 2.16. For A€ sl(n,C)\Z, if A is conjugate to an element in a standard sl(2,C) whose
Jordan type is even, then K(A) > Cy, = %

Equality holds if and only if A is SU(n)-conjugate to an element in the standard sl(2,C) of
Jordan type (n).

From Lemma 2.1], we have the following corollary which will be used later.
9



Corollary 2.17. Let A € sl(n,C) ~ Z. Suppose A has the same eigenvalues as te, + €, for some
teC. Then K(A)>Clny = mriyy -

If the rank of A is at most 2, we have the following corollary.
Corollary 2.18. For Aesl(n,C)\ Z, if A is of rank at most 2, then K(A) > %

Equality holds if and only if A is SU(n)-conjugate to an element in the standard sl(2,C) of
Jordan type (3,1,-,1) € Py,.

Proof. Since A is at most rank 2 and trA =0, the Jordan normal form has the following types:
diag(']37 07 Ty 0)7 diag(']27 J27 07 T 0)7 dlag()‘v _)\7 07 T 0)7 A# 07 diag(J27 07 Ty 0)7 0.

Notice that if A is in the orbit of diag(\,-\,0,---,0), A # 0, i.e. %diag(diag(lo, -2),0,---,0), A # 0,
then A is in an even sl(2,C) copy of Jordan type (3,1,---,1). From Proposition T8, K(A) >
C(3,1,-,1)- We have the similar estimates in the other nilpotent cases. Together with Lemma [2.6]

noticing (3,1,--,1) > (2,2,1,-,1), we obtain K(A)>C3;..1) = % The rigidity also follows from
Theorem 2.141 O
3. PROOF OoF THEOREM 2,14

We prove Theorem [2.14] by considering the infimum of the function K. We consider the following
three kinds of candidates of the infimum of K on O4 \ Z:
(a) the critical values in the interior of O4 \ Z,
(b) the inferior limit when A approaches to Z,
(¢) the inferior limit when A approaches to the boundary of O4 or infinity.

3.1. Critical points of K in O\ Z. First we calculate the values of K on a standard sl(2,C).
Lemma 3.1. On the standard sl(2,C) of type 7 € Py, the function K = Cy outside Z.
Proof. A basis of the standard si(2,C) of type 7w = (nq,---,ns) is
E =diag(en,, - en,), E=diag(én,, - én,), X =diag(zn,, - x,,).
Then E, E, X are orthogonal to each other and

|E|* = |E)* = Z|€nz|2 sz(m k) = ZS:( ,(nz+1) ni(ni+1)(2ni+1)):in§_ni7
i=1k=1 6 & 6

|X|2_Z|x”z| —ZZ(W—21€+1) _Z( (s +1)%n; + 2ni(ni+1)(2m+1)):in?—m
=1 i=1k=1 3 273

Let A=aFE +bE +cX, a,b,ceC. Then A* =bE +aFE +¢X. And
[A,A*] = (la)* - bP)[E, E] + (ac - cb)[E, X] + (be - ca)[E, X ]
= 2(chb-ad)E +2(be-ca)E + (la* - b*) X,
[A, AP = 4leb - aef® + [be— ca*) | B + (|af* = b]*)*|X]* = 2(4]ac — bel® + (laf* — [b*)*) | E*.
AP = (laf® + pP)IEP + [cPIXP = (Jaf + o +2/c*) B,
(A,A") = A)X|* + 2ab|E|? = 2(? + ab)|E|?,
A= 1(A, AP = (la® + o + 21e*)?| EI* - 4le® + abP| E|* = (4]ac - bef® + (Jaf* - o)) EI".

So K(A) = _AATE iz = Cr, outside the points such that 4|ac - be? + (Ja? = [b]?)? = 0 which
|A[4- |<A A*)| | ‘

lie in Z. O
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Now we calculate the variation formula. The following Lemma is useful, whose proof is by direct
calculation. Recall the Hermitian inner product is defined as (X ,Y) =tr(XY™).

Lemma 3.2. ([4,X],Y)=(X,[A*Y]), [X,Y]"=[V*, X*], (X*,Y*) = (X,Y).
The following inequality is the key to characterize the critical point.
Lemma 3.3. Let X1, X9, X3€C™ and (,) be the standard Hermitian inner product. Then
| X1 [*[ X[ X5]% + 2Re(( X1, Xo )( X2, X3)( X3, X1))
(3) > X1 2{Xa, X3) [P + | X2 { X5, X0 ) + X X1, Xo) .
Equality holds if and only if X1, Xo, X3 are linearly dependent.
Proof. Consider the term X1AXoAX3= ) (—1)5i9"(U)XJ(1) ® X, (2)® Xy(3)- The inequality follows

0eS3

from [X; A X5 A X322 0. In fact
(X1 A Xo /\Xg,Xl A Xo /\Xg)

= (X D)X, 0y ® Xy2) ® Xoys 2. (1) M DX 1) ® X, (0) ® X))

0eS3 T7€S3

= 6<X1 ® X9 ® X3, Z (—1)Sign(T)XT(1) ®XT(2) ®XT(3)>

783
= 6(X1 X9 X3, X19Xo®X35-X19X390Xo+ X900 X390 X1-Xo0 X1 ®X3
+X30 X1 ® Xo— X308 Xo® X1)
= 6(1 X171 X 1 X% + 2Re({ X1, Xo )Xo, X3 ) (X3, X)) = [ X1 (X2, X3)°
[ Xa?)( X3, X1 )1 = [ X[ (X1, Xa)?).

So we show the inequality. And equality holds if and only if X; AXoA X3 = 0if and only if X7, Xo, X3
are linearly dependent. O

Now we show the characterization of the critical points of K.

Proposition 3.4. Let Aesl(2,C), A¢ Z, [A,A*] #0. The following statements are equivalent.
(1) The point A is a critical point of the function K on its orbit Oa\ Z;

(2) A, A*[A, A*] generate a three-dimensional Lie subalgebra s, which is SU(n)-conjugate to a
standard sl(2,C).

Proof. First we show (1) implies (2).
Step 1: We claim that if A is a critical point of K on Oy \ Z, then A, A* [A,[A, A*]] are

linearly dependent. Consider a family A; = T, AT} in O4, where Ty = Id, %L OTt = M. Then
H := % t:OAt =[A, M]. By using Lemma [3.2]
i| (A, 4] = [i| Ay, A1 +[A i| A;]=[H,A*]+[A,H"]
dt 1t=0 b4t B dt 1t=0 b ’dt =0 t1~ ) ) ;
d *112 _ d * * _ * * *
SJ JAGATIE = 2Re(S] | [A, A7) [A, A7) = 2Re([H, A" + [4,H'],[4,47))
= 4Re([A, [A*,A]],H),
d d d
J— A4:2A2‘_ A2:4A2 A— A:4 A2AH
= 4 AR 2] AR = 4APRe(4, 2| Al) = 4Re(|APA, ),
d ov2 . d 22
- TADE = | AP =0

11



If A is a critical point of K(A) on O4 \ Z, then

d 1
B0 = AR

Since A is a critical point, we have

1Re(H, (JA] - [tr(A2)D)[A, [4%, A]] - [[4, A"]PA24) 0.
Recall H = [A, M], then
) Re(M, (] - [tr(A%))[ A%, [A4,[A4", AJ]] - [ A, A" )| AP[ A", A} = 0.

(4Re([A,[A*, A]], H)(JA]" - [tr(A*)P) - [[A, A*][?4Re(|AP A, H)).

Now M is an arbitrary matrix in sl(n,C), set M =[A, A*] and we obtain from Equation (),
4Re([4,[A4, A1), (JA[* = [tr(A%)P)[A, [A", A]] - [[A, A ]P|APA) = 0.

Using Lemma 3.2, we have

(5) (A" = [er(A%)P)I[A, [A*, AP = (LA, A1 AP

Applying Lemma B3] letting X; = [A,[A*, A]], X2 = A, X3 = A, inequality () becomes

JAY|[A, A", AN 2 [er(A%)P|[A, [A*, AT]P + A, A7 ]Y|AP.
and
(6) (JAI" - [er(A)P)[A, [A*, AT]P 2 |[A, A7] )| AP

Comparing with Equation (Bl), the equality of Equation () holds, meaning that there exist a,b,c € C
not all vanishing, such that

a[A,[A*,A]] +bA+cA™ =0.
So we finish the proof of Step 1.

Step 2: We claim that A, A* generate a 3-dimensional Lie subalgebra s. If a = 0, then A € Z.
So a # 0, which means [A,[A*, A]] € span{A, A*}. By conjugation, we have [A*,[A*, A]] also
lies in the vector space spanned by {A, A*}. So A, A*,[A, A*] generate a Lie subalgebra s which
is spanned by {4, A*,[A, A*]} as a complex vector space. To see it is three-dimensional, if not,
then there exists a,b,c € C not all vanishing, such that a[A*, A] + bA + cA* = 0. By Lemma B.2]
([A*,A],A) = ([A*,A],A*) = 0, so we have al[A*,A]|* = 0. Since a # 0, we have [A*, A] =0,
contradiction. So we finish the proof of the Step 2.

Step 3: We claim that there is a complex Lie algebra representation p : sl(2,C) - sl(n,C) com-
muting with the conjugate transpose operator =, such that the image of p is the three-dimensional
Lie subalgebra s in Step 2. First we notice that since s is *-invariant, it must contain a nonzero Her-
mitian matrix M (for example [A, A*]). Consider the adjoint representation ad(M) on s. Since
M is Hermitian, we see ad(M) is also Hermitian and hence has only real eigenvalues. Suppose
[M,P] = AP, where P €5, A € R. Since [4,A"] # 0, s is not commutative. We can choose A # 0.
By rescaling M, we may assume A = 2. Then [M,P]=2P, [M,P*]=-2P* and [M, M]=0. Since
P, P*, M are eigenvectors of distinct eigenvalues of ad(M) and form a basis of 5. So we assume
[P,P*] =aM +bP + cP*. Taking *—operation on both sides, we have a € R and b = ¢. By using the
Jacobian identity [M,[P,P*]] +[P,[P*,M]] +[P*,[M,P]] =0, we see bP —bP* =0. If b # 0, then
[P, P*] =0, which implies b= 0. So b must be zero and [P, P*] = aM. Then

alM[* = ([P,P*],M) = (P*,[P*,M]) = 2|P**.

It is obvious that a > 0 and by rescaling P we may assume a = 1. Letting p(e) = P, p(é) = P*,
p(x) = M, and by complex linear extension, we obtain a representation p : sl(2,C) — si(n,C).
From the construction, it is clear that p is a *-equivariant complex Lie algebra representation. So
we finish the proof of the Step 3.
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Step 4: We claim that s is SU(n)-conjugate to a standard si(2,C) and finish the proof of the
direction from (1) to (2). From the terminology of Sekiguchi [34], (M, P, P*) is a strictly normal
S-triple. Then by Lemmas 1.4 and 1.5 in [34], our claim holds. For the convenience of the readers,
we give a proof briefly in our setting. Since p is *-equivariant, the orthogonal complement of a
*-invariant subspace is also *-invariant. So we may assume p is irreducible. From Proposition 23]
there exists g € SL(n,C) such that p(v) = g7tj(v)g for every v € sl(2,C), where j is the canonical
one. Since p and j are both *-equivariant, we have

p(v*) = (p(v)) = (9755 (v)9) = g"(j(©))"(¢) " = g"i(v")(g") " = g"gp(v")g ™ (g") "
So p(g*g) = (g*g)p. Since p is irreducible, then by Schur’s Lemma, g*g = A\l for some A € C. By
taking trace, we see A is a positive real number. So by rescaling we may assume ¢g*g = I, which
means g € U(n). Since g € SL(n,C), g€ SU(n). So we finish the proof of this direction.
Next we show (2) implies (1). From Equation [, we want to show
(7) (JAI* - [tr(A*)[)[A*, [A,[A*, A]]] - |[A, A ]P|APP[A*, A] = 0.

Notice that this equation is invariant under SU(n) adjoint action. We may assume A is in a
standard sl(2,C). As the calculation in Lemma 3] we have

A = aE+bE+cX,
[A,A] = 2(cb-ad)E +2(be-ca)E + (Ja]* - |b*)X,
[A,[A%,A]] = 2(|al’a-|b]%a - 2b¢% + 2|c[*a) E + 2(~|al?b + |b]*b + 2|c]*b - 2ac*) E
+2(-2abé + |a*c + |b[*c) X,

[A*[A, [A", A]]] 2(laf® + B> + 2|¢*) (2(cb - a8) E + 2(be - ca) E + (Jaf* - |p]*) X).

From Lemma B} we have |[4, A*]|* = Cr(|A]* - [tr(4%)?) and |A]? = %‘jﬂ‘dz). So Equation
(@) follows. We finish the whole proof. O

3.2. Inferior limit at Z. Let A € sl(n,C). Suppose A is not nilpotent. We will discuss the
nilpotent case in Section B4l Let A;, i =1,2,-- be a sequence in Oy \ Z. Suppose A; has a limit
point in Z. Then from the lemma below, if A is diagonalizable, then the eigenvalues are uni-real.

Lemma 3.5. Let D = diag(\1,-+, \,), then its orbit Op is closed in sl(n,C).

Proof. Suppose A; € Op, i =1,2,---, and A; > A in sl(n,C). We need to show A, € Op. Let
f(X) be the minimal polynomial of @4. Then f(\) has no multiple root and f(A4;) = 0. By taking
the limit, f(As) = 0. So the minimal polynomial of A also has no multiple root. Consider the
characteristic polynomial of Oy4,

x(A) =det(A - 4;) = [T(A = N).
i=1
By taking the limit, the characteristic polynomial of A is also x(A). Together with the minimal
polynomial having no multiple root, we obtain A € O4. O

In fact, if A is diagonalizable and A; approaches to a point P € Z, then from the closedness
of Oy, we have P € O4. From Lemma 2.11] the eigenvalues of P are uni-real, which implies the
eigenvalues of A are uni-real.

Now we consider the inferior limit of K in the orbit of A as approaching to Z. Denote by J,i‘ the

A

matrix 1 )\ . of size k.
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Proposition 3.6. (Inferior limit as approaching to Z)
(1) Let D = diag(A1,-++,Ap), Ai € R, i =1, n. Suppose D is not a scalar matriz, then

mi)? EYEPYIE
yy

liminf K(A)= """
A7, AcOpZ

)

INgES

)

|Ail?
1

(2) Let D be c¢- X™ for some 7€ P, and c € C*, then

o Cr, if mis even,
B, KDL

(8) Let J = diag(J,i‘ll,---, J,j;’) and neither nilpotent nor diagonal, then

liminf K (A)=0.
A~Z, AcONZ

Proof. For the proof of Part (1): Suppose the sequence A; = ¢;Dg; !'is approaching a point P in
Z. Since Q4 is closed, P is also in this orbit, set P = CDC™!, where C is unitary. Then the
family C’_lgiDgi_ 1C' converges to D which has the same value of K since K is invariant under
unitary conjugation. So without loss of generality, we can assume the sequence A; = g;Dg; Lis
approaching D. From linear algebra, we know for any g € SL(n,C), there is a unitary matrix
U and a Hermitian positive matrix R such that g = RU. Since K is invariant under unitary
conjugation, K(gDg™ ') = K(RDR™"). So we may assume g; is Hermitian positive. Notice that
the convergence is with respect to the topology of Op which is induced from the natural topology
of sl(n,C). Since the orbit Op is closed, it must be locally compact. Then from Theorem 3.2 in
[14], Op is homeomorphism to the homogeneous space SL(n,C)/H, where H is the subgroup of
SL(n,C) fixing D. The topology of the homogeneous space is from quotient topology. So we have
A; =9;Dg; I converges to D in the quotient topology, which means there is sequence gi € g;H such
that g/ approaches to identity. Since D is invariant under the action of H, we may assume g; is
approaching to identity. Let g; = e®#. Then it is enough to consider the family A; = e® De 5 where
B, is Hermitian and approaching to 0.
From now on, we omit the subscript 4. Consider A(t) = Ad;gD = B De™*B | then

(8) A (0) = (adp)"D.
Suppose B is approaching to 0, then

A(l)=A=ePDe™® = D+ [B,D]+0(|B||[B,D])).
As assumption B* = B, D* = D, then [B,D]* = [D*,B*] =-[B,D]. Then

[A,A"] = [[B, D], D] +[D,-[B, D]+ O(|B|[B, D]|) = 2[[ B, D], D] + O(|B|[ B, D])),
(A, A*)P = 4|[[B, D], D]I* + O(|BI[B, D]I*).

From Equation 8 we know that

A=ePDe P =D+ ,l'(adB)iD =D+[B,D]+ %[B, [B,D]] +O(|BP|[B, D])).
=1
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Note that (D,[B, D]) = ([D,D*], B) = 0. Also, use B* = B, then

|A? = |DP+|[B,D]P +Re(D,[B,[B,D]]) + Re(D, ig %(adB)iD> +O(|B[|[B,D]I*)

) |D|2+2|[B,D]|2+Re([B,D],§;ﬁ
= |D]* +2|[B, D] + O(|B||[B, D]P),
(A, 4%) = tx(A%) =tx(D?) = |DP,

A[* = (A, A") = 4[DP|[B, D]* + O(BII[B, D]P).

(adp)'D) + O(IBII[B, D]I*)

We obtain

K(A) = (A, A*]?  _4|[[B,D], D] + O(|B|[B, D]I*)
[A* - (A, A4%)*  4DP|[B, D]P* + O(|B||[B, D)

For the inferior limit of K (A),

4[[B, D], D]|* + O(|B|[B, D][*)
4|DP([B, DI? + O(|BII[B, D][?)
1z IXi = XiPI[B, DJi;* + O(1BI[ B, D)

K(A)

4; INPPILB, D]I? + O(IBI|[ B, D))

4ﬂi§\1,|)‘i_)\jl2' > |[B, D]y + O(IBI[[B, D]])
sy by

1#:]

451 [Aif?-|[B, DI + O(|BI[[B, D]*)

vV

4 min [\ - 3,2+ |[B, D] + O(|BI|[ B, D]P)
iFAj

451 \\if?-[[B, DI + O(IBII[B, D]]?)

So as B -0,

min |A; — \j|?
. . )\ii)\j
liminf K(A) > ——
B-0

n

= 2
i=1

To see the equality, suppose (ig, jo) achieves )\Hllil |A\i—A;|, choose By satisfying (Bo)iyj, = (B0)joio = 1
iFAj

and 0 for other entries. Let By = tBy. Then from the discussion above, K (B;) gives the desired

min [A;—X;[2
c e NiEA
limit ——— when t - 0.

> A2
i=1

|2: 4
Cr-”

For the proof of Part (2): It follows from direct calculation, notice that | X™
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For the proof of Part (3): Denote by J,it the matrix . of size k, t > 0, which is
' t. A

conjugate to J,i‘. Then we consider A; = diag(J,i‘ll’t, e J]j;”t) which is conjugate to J. Let

D = diag( A1, A2y Aoty A ) = diag(A, M, Apy Ap),
then A; = D+t My, where My is nilpotent and nonzero since FE is not diagonal. Since My is nilpotent,
(Mo, M) = tr(Mg) = 0. Also, (D, M) =0, and [Mo, D] = 0,[Mg, D] =0. So we have

[A1, A7] = #2[Mo, My ],

| A (A, Ar) = (D + tMy, D + tMy) = | D + ¢*| Mo,
(Ag, A7) (D +tMy, D* +tM;) = (D,D*) = |DP?,
(At = [(Ae AT)? = 26| DP|Mof* + | Mo|".

We then obtain

Koay - AATP PGP
|4yt = [(As, A7 )2 2IDJP|Mof? + t2|Mo|*
Since J is not nilpotent, D is not a zero matrix, so %in% K (A;) =0. We finish the proof. O

3.3. Limit behavoir at boundary or infinity. In this subsection, we study the limit behavior
when A approaches the boundary of @4 or infinity, in other words, the boundary of P(O4) c
P(sl(n,C)).

Given an n x n matrix A, denote by m(A) = (mq,--,my, ) € Py, where m, is the degree of the
a-th invariant factor d,(A) of A. For A being nilpotent, 7(A) coincides with its Jordan type. So
one can view 7(A) as a generalization of Jordan type from nilpotent matrix to a general matrix.

The following proposition shows that 7(A) satisfy a lower semi-continuous property in P(sl(n,C)).

Proposition 3.7. (Lower semi-continuity of w(A)) Suppose A; is a sequence of matrices in the
adjoint orbit O4 and ¢; € C* is a sequence of constants such that ‘2—; - Aw € sl(n,C), then
m(As) <(A).

In the case ¢; is bounded, equality holds if and only if Aw € O 4.

In the case c; is unbounded, then A is nilpotent. And w(A) can be achieved for suitable A;,c;.

Proof. We divide the proof into two cases: the case ¢; is bounded and the case ¢; is unbounded.
Before going into the proof, we first review the elementary factors and invariant factors of a matrix.
Let pe N, ny >-->ny, eNg, and A, A\, € C be distinct. Let

kll > > knﬂ, 7k1b > > knbba 7k1p > > knpp
np
be positive integers satisfying Y. > kq, =n. Suppose A has Jordan normal form as
b=1a=1
3 Al e Al e Ab e Ab e Ap e Ap
dla‘g(‘]klla 7Jkn117 7Jk1b7 ’ knbbu 7Jk1p7 7Jknpp)'

The elementary factors e;,(A), invariant factors d;(A) of A are respectively

ejp(A) = (/\—/\b)kfb, for j =1,-,mp

d;(\) A= 2AD)MT (A= )z (A= \)kr, for j=1,-,n;.
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Let m; :=degd;(\) =k;j1 +-+kjp. Then n(A) = (my1,ma, -+,my, ) € P,. Note that
J j j ip 1

. A=\ A1—A Ap—A Ap—A
A= NI = diag(J 7, Jk‘l A ’Jlglb""v‘]/?nbb’ ’Jklpp b’...7J7I:ppb)
and
(9) ejp(A) = (A= ND)",  dj(A) = (A= MI) (A= ApD)M2 (A= N T) o7,

where we use the convention kj; = 0 for j > n,. Since the rank of (J}! )Wis

uniy [ max{k-1,0} for p=0
(10) rk{ ()} = { k for pu # 0,

we have

tk(ejp(A)lv,) = Zrk{(ka Fiv} = Z(k‘ab— kjp) = (Ekab) Jk;jb,

a=1

(Z kay) = jkjp +n— I,
a=1

(11) rk(e;p(A))

where V};, is the subspace corresponding to the Jordan block Jj)g’ and [, is the multiple of ), in the
characteristic polynomial of As, (and A;). Then

P J P J i p j
(12) k(5 (4) = 3 S AR, = 3 3 (s k) = D 3 (ks ~ k) = (3 ma) = .
b=1a=1 b=1a=1 a=1b=1 a=1

Case 1: ¢; is bounded. Then we may assume it has a limit ¢. So we can also view %Aoo as the
limit of A;. Without loss of generality, we can assume A; > A € sl(n,C).

We make use of elementary factors. Since A is a limit of A; € O 4, Ao has the same characteristic
polynomial, which means the same eigenvalue set of A as well as multiplicities. For each 1 <b < p,
denote

kip > kagp > 2 ko,
P
as the degrees of the elementary factors of Ao for eigenvalue Ay and m3° = 3 k%, j=1,-+,n the
b=1

ny ny

degree of the invariant divisor of A. Note that 3 k7 = 3 kg, since the multiplicity of eigenvalue
a=1 a=1

Ap of Ao is the same as the one of A It is enough to show the following claim.

Claim: For each fixed b, Z k> < Z kap, Vs > 1.

S

( Z kg7), then the claim

M
M=
M=

Because Xs:ma— » Zk‘ab— Z(Zk‘ab) and Zm =
a=1 albl b=1 a=1 a

oo _
kab_
1 b

a

1b 1

S
implies that Y mg < Z Mg.-
a=1 a=1

We will prove the claim by induction. From (), we have e;,(Aco) = (Ao = ApI )" and Aco — AT
is conjugate to

)\1 )‘b A1 >\b 0 0 A *Ab A >‘b
dlag(J pony TP TR e T e TR e TR0,
nyl 1b nyb 1p npp

From (I0), we have

(13) rk(ejp(Aeo)) = le"k{(z]k )5t} 4~ 1,
17



Since the rank is a lower semi-continuous function on the space of matrices, we obtain

(14) rk(ejp(As)) < hm l‘k(egb(A ) = (Zlkab) Jkjp +n =1,

where the equality follows from Equation (LIJ).
First we show k{} < k1. From Equation (I3)),

rk(e1p(Aw)) = rk(J,STZ)klb +n—ly = max{k(, — k15,0 + n =l 2 ki — k1p + n —p.
Since A; € O4, from Equation (I4]), we have
rk(e1p(As)) < lim rk(egp(A4;)) =n -

So kip < kp.
-1 -1
Assume that Z koy < Z kqp, We are going to show that Z ko < Z kap. It suffices to show the

case when k°° > kjb since the statement follows 1mmed1ately from assumptlon when k27 b S kjp.
Since k3 > kb, then k2 > kjj for 1 < a < j. Using the fact that tk{(J2)!} =k~ for k > [, from

Jb =
Equation (I3]), we have

(15) tk(ep(Aw)) = <z k) = gy + 1= 1.

Combining Equation (I4]) and (I5]), we obtain that Z kop < Z Eap-

For m(As) = m(A), the Jordan norm form of A commdes w1th the the one of Ay, then A € O4.
Conversely it is clear.

Case 2: ¢; is unbounded We make use of invariant factors. Suppose ¢; — oo, A; = % — N. Since

i

tr(NF) = hm tr(A4; ) li tr(Ak) =0, for k=1,---,n, then N is nilpotent. Suppose the Jordan type

—> 00

of N is 7T(N) (k1,-- k; ). We want to show that m(N) < w(A) by induction.
We know that the invariant factors of A; are

P )\
A N) = (A= 2Ly (A= 22k (= 2 )b for =1,
C; C; C;
For each 1< j <nq, we have

(16) lim dA i(A;) = N™.

71— 00

Since the Jordan type of N is w(N) = (k1,--+,k,), N is conjugate to diag(J,?l,---, J,?n) and

J
(17) rk(N™) = Y rk(Jp )™.
a=1
First we show ki1 < my. Since the first invariant polynomial is the minimal polynomial, from
Equation (I6l), we have N = 0. So from Equation (I7), 0 = rk(N™!) = 1"k(J,?1 )"t = max{k;—m1,0}.

So k1 <my.
-1 J
Assume that Z kg < Z Mg, We are going to show that Z ko <> my.
a=1

a=1 a=1

18



We only need to show the case that k; > m; since the inequality follows immediately from the
assumption when k; < m;. Since the rank is a lower semi-continuous function on the space of
matrices, we obtain

I - J .
(18) tk(N™) = rk(lim d}'*(4)) < lim rk(d}" (47)) = (agl ma) = jmy,

where the left equality follows from Equation (I6) and the right equality follows from Equation
([@2). Since k; >mj, k, >m;j for 1 <a < j. By using the fact rk(J,?)l =k -1 for k >, from Equation

(7)), we have

(19) (™) = (3 k) = .

J J
Combining Equation (8] and (I9]), we obtain Y k4 < Y. mg. So we finish the proof of the induction.
a=1 a=1

To see the equality, we construct a sequence A; € O4 as follows. Let A7 = diag(J,i‘jll,---, J,?J ) be
q
the submatrix of A corresponding to the invariant factor dj(\) = (A= Ap)%1 (A = Ag)kiz.. (A = X, )*ia

, q
for kj; > 0. Define A] = diag(Ailx;,, - Aglk,,) + iJ,%j, where m; = deg(d;(\)) = ¥ kji. Let
=1

A; = diag(A}, -+, AT"). By direct calculation, the A\-matrix of A is equivalent to the A-matrix of
A. From the A\-matrix theory, A; is similar to A. Let N = hm |A = = diag(J° s mn ). Then N is

nilpotent of Jordan type 7(A). O

3.4. Nilpotent case. We are ready to give a new proof of Theorem

Proof. (of Theorem 2.5]) The Part (1) of Theorem follows from Proposition [3.4] and the fact
that the nilpotent elements in a standard sl(2,C) satisfy Equation ().

For Part (2), we prove it by induction on the partial order of the partitions of n.

Suppose m(N) = (2,1,-+-,1) € P,. Note that this partition is a global minimum among all parti-
tions except (1, -+, 1), which means N = 0. Suppose there is a sequence N; inside the orbit such that
K(N;), i= .- approaches to the infimum. Consider a limit [No | of [N;] € P(sl(n,C)), which
means there ex1sts a sequence ¢; such that —i — N&. From Proposition B7, 7(No) < w(N). But
m(N) is already the minimum among partltlons except (1,-+-,1), s0 T(Ne ) =7(N) and Ny € Op.
So the infimum must be achieved in the interior. From Propos1tionBZL K (N) achieves its minimum
Cr(ny exactly at an SU(n)-adjoint orbit of ET(N).

Assume that for any w1 < 7, if IV is nilpotent of Jordan type 1, the function K on the orbit Oy
achieves its minimum C;, exactly at an SU(n)-adjoint orbit of E™. Now we are going to show the
same statement holds if N is nilpotent of Jordan type 7.

Suppose there is a sequence N; inside the orbit such that K(N;), i = 1,2,--- approaches to the
infimum. Consider a limit [Ny ] of [N;] € P(sl(n,C)). Since K is scaling invariant, lim K(N;) =

71— 00
K(Ns). From Proposition B7 7(Ne) < 7(N) = 7. If 7(Ns) < w(N), then by the assumption
step in the induction, we have K (No) > Cr(n. ). Since m(Neo) < 7(NV), from Lemma.6l Cr(y..) >
Cr(n)- So we have K(No) > Cr, which is is impossible since from Proposition [3.4] and Lemma

B C; is a critical value of K, but K(No) is the infimum of K on Og. If 7(No) = 7(NN), then
Ne € On. From Proposition B4l the minimum is C,. Therefore, we finish the proof. O

3.5. General case. In this subsection, we solve the infimum problem of K in general cases, which
implies Theorem 214l First we continue the discussion on the inferior limit of K(A) when A
approaches to the boundary of O4 or infinity.
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For the boundary, the nilpotent case is discussed in Section B4l If A is neither diagonalizable
nor nilpotent, from the proof of Part (3) in Proposition B.6l, we see the inferior limit of K (A) is zero
when A approaches to the boundary of O4. For A being diagonalizable, since the orbit is closed,
there is no boundary.

Now we consider the situation when A approaches to infinity.

Proposition 3.8. Let A € si(n,C), which is not a scalar matriz. Let w(A) be the partition of n
determined by the degree of the invariant factor of A. Then

liminf  K(B) = Cr(a)-
oy HB) = Cra

Proof. Considering subsequence, we assume |ﬁ"| — N where N is nilpotent. Then

Tim K(A,) = lim KAy - k().

|[Anl
From Theorem 2.5, K(N) > Cr(y). From Proposition B7, 7(A) > 7(N). Then from Lemma 28],
Creay € Cr(ny- So we obtain lim K(A,) > Cr(a)-

To see the equality, from Proposition B.7] we see that there exists a sequence A; € O4,¢; € C*
unbounded such that ‘2—; limits to a nilpotent matrix N with 7(/N) = w(A). Then there exists a

g € sl(n,C) such that N = g""E™4) g and so the family £ 19" Yimits to ET. Therefore,

-1
lim K(gAig™) = lim k(I3 ) 2 K(E" D) = 0, 0.
n—o00 n—00 C

)

So we finish the proof. O

To consider the infimum of K on O4 \ Z, we summarize what we have obtained now. For A
being nilpotent, it is discussed in Section B4l For A being neither diagonalizable nor nilpotent, the
infimum is 0 from Section For A being diagonalizable but the eigenvalues being not uni-real,
from Section 23] the infimum is 0 and it is also the minimum. Now we consider the situation that

A is diagonalizable and the eigenvalues are uni-real. From the sections above, we see there two
min |A;-\;?
A )\
possible values as the infimum, Cr(4) in Section B.4} [3.3] and ———— in Section The next
Z A2

lemma gives the comparison of these two values. Denote A, (n 1,n-3,-,3-n,1-n).

Lemma 3.9. Suppose A € sl(n,C) is diagonalizable and is not a scalar matriz. Suppose the
eigenvalues (A1, \n) of A are uni-real. The degree of the invariant factors w(A) = (nq,---,ns)
gives a partition of n. Then

i )2
)I\fil;\lj()‘z Aj)

po < Cw(A)-
5 a2
i=1

Equality holds if and only if the eigenvalues have the form c(Ay,,--, Ay,) with even w(A).

Proof. Suppose the eigenvalues of A are uni-real, we assume the eigenvalues have the form (A1, -+, A,)
with \; e R, 4 =1,---,n, ¢ € C*. Since A € sl(n,C) is diagonalizable, each invariant factor d; has

distinct eigenvalues (A4, -, )\ﬁ”) Without loss of generality, we can assume )\Hllil INi—Ajl>2. It is
iFAj

n; 3,
enough to show for each i, 3 )\12 > ni3m. It reduces to show the following claim.
=1
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Claim: Suppose A1 > Ag > --> A\, and \; — Ay 22, 7=1,- —1, then Z /\2
holds if and only if (\;) = Ay,.

To minimize Z /\ we may assume \; — A\j;1 = 2, ¢ = 1,---,n — 1. In fact, for A\; > A\jy1 > 0,
set ALy = Nis1, /\ = /\Hl + 2, for \j;q1 < /\ <0, set Al = Ai, Aig1 = A — 2, for A > 0 > Ajyq, set

! ! 2 thl
A = o /\M/\ N1 = )\i_/\m ~—=—M\;+1. Then El A7 decreases preserving the condition Ay > Ag > -+ > A,

and A\; — A\j;1 > 2. So we assume Aq,---, A, IS an arithmetic progression with common difference
n m

2. Let a = % Then for n =2m+1 odd, ¥ A\? = a?+ ¥ ((a+2k)? + (a - 2k)?); for n = 2m
i=1 k=1

even, Y \?= ¥ ((a +2k-1)2+ (a -2k + 1)2). Notice that the terms of odd power of a vanish and
i=1 k=1

n
the coefficients of even power of a is positive. So > )\? is minimized when a = 0, in which case
i=1

)\22 = "3?; % So we finish the proof of the claim and the lemma. O

™=

=1

Now we are in the position to give the full answer to the infimum problem.
Theorem 3.10. Let A € sl(n,C), which is not a scalar matriz. Consider K(B) = % on
OaNZ.
(1) Suppose A is diagonalizable, and the eigenvalues (A\1,---, A\p) are not uni-real. Then K achieves
its minimum 0 exactly at the SU (n)-adjoint orbit of diag(A1,--+, A\n) and has no other critical points;
(2) Suppose A is diagonalizable, and the eigenvalues have the form c(Agm,+1, Aomg+1), ¢ € C¥,
which gives an even partition m = (2mq + 1,-,2mg + 1) € P,,. The eigenvalues also correspond to
2¢(Apny s Ay 41, Mgy A1), which gives another partition ©' = (my,mq + 1, mgs,ms + 1) € Pp,.
Then K achieves its minimum Cy exactly at the SU(n)-adjoint orbit of j.(sl(2,C)) N Z. K has
other critical points, which is the SU(n)-adjoint orbit of j.(sl(2,C))\ Z of the same critical value
Cr =4C;.
(3) Suppose A is diagonalizable, and the eigenvalues have the form c¢(Aam,,-+, Aom, ), ¢ € C*, which
gives an even partition ™ = (2mq,-+,2ms) € P,. Then K achieves its minimum Cy ezxactly at the
SU(n)-adjoint orbit of j.(sl(2,C)) N Z. K has no other critical points.
(4) Suppose A is diagonalizable, and the eigenvalues have the form c(Ayn,, -, Ay,), ¢ € C*, which
gives a partition © = (n1,--,ng) € Py. Suppose 7 is odd, and w + (my,my + 1,--,;my,m;+1). Then
K can’t achieve its minimum in the interior of Oa \ Z and the infimum of K is %. The critical
points of K is the SU(n)-adjoint orbit of j.(sl(2,C)) \ Z of the same critical value Cs.
(5) Suppose A is diagonalizable, and the eigenvalues (A\1,---, \,) are uni-real but can’t have the form
c(Any, Apy,), ceC*. Then K can’t achieve its minimum in the interior of Oa\ Z. The infimum

min (A;=Aj )2

of K is WT K has no critical points.

7

(6) Suppose A is nilpotent, let m = (ny,---,ng) be its Jordan type. Then K achieves its minimum
Cr exactly at the SU(n)-adjoint orbit of j(sl(2,C)). K has no other critical points.

(7) Suppose A is neither diagonalizable nor nilpotent. Then the infimum of K is 0. K has no
critical points.

Proof. For the critical points, from Proposition B.4] and Lemma [2.1] they can only happen in the

case (2)(3)(4)(6). The critical value is from Lemma [B.Il Now we consider the infimum. For the

case (6), it follow from Theorem For the case (7), it follows from the Part (3) of Proposition

For the case (1), it follows from Lemma 2111 Now we assume A is diagonalizable and the
21



eigenvalues (\1,--, A\, ) are uni-real. From Lemma[B35] O 4 is closed. So the infimum may happen in
the following three situations: (a) interior of Oy, (b) Z, (c) infinity. From Lemma [3.1] Propositions
min_()\i—)\j)z
B34 3.6l and B8, we see the possible infimum values are C; and wn—Q For the case (5), the
i=1
eigenvalues (A1,-++, A, ) can’t have the form c¢(Aq,--+, Ay,,), so it follows from Lemma 3.9l Suppose
(A1, An) = ¢(Aq, -+, Ay, ), from Lemma [24] if it has more than one expression in this manner,
then it must be

()\17 7)\71) = C(A2m1+17"'7A2mS+1) = 2C(Am17Am1+17"'7AmsaAmS+1)-

This is the situation in the case (2). Then it follows from Lemma [3.91 The critical value Cyr = 4C;
follows from direct calculation. For the case (3), we see that 7 is also an even partition, so it
follows from Lemma 3.9l Finally, for the case (4), the partition 7 is odd and can’t be written in

min_()\i—)\j)z
an even partition, so from Lemma [3.9] the infimum is wn—Q, which is % from the Part (2)
5 A2
i=1
of Proposition O

Theorem [2.14] follows from Theorem [3.10l

Proof. (of Theorem [2.14]) The statement (1) follows from Proposition3.4l The statement (2) follows
from Proposition B.Il The statement (3) follows from Theorem For the statement (4), since
A ¢ W\ Z and not nilpotent, we rule out the case (1) and case (6) in Theorem B.I0l We check
each case in Theorem Then we find the minimum is achieved only in the case (2) and case
(3), that is the partition 7 is even. So we finish the proof. O

Together with Lemma [3.9] we obtain

Corollary 3.11. Suppose A is diagonalizable with uni-real eigenvalues (A1,---,\,) and is not a
i (ay)?
i

scalar matriz, then K > ————— on Oa \ Z. The equality holds if and only if the eigenvalues

=1
have the form c(Ay,,--,Ayn,) for some even partition (ny,---,ns) € Pp.

4. DOMINATION RESULTS

In this section, we first briefly recall some preliminaries in the the non-Abelian Hodge theory
and higher Teichmiiller theory, see [2I] for more details, and then prove the main theorems.

4.1. Hitchin fibration. Let S be an oriented closed surface with genus at least 2. Denote the
fundamental group 71(S,p) of S by 7. Let ¥ = (S,J) be a Riemann surface structure on S
and Ky be the canonical line bundle of ¥. Denote X as the symmetric space SL(n,C)/SU(n)
equipped with the Riemannian metric gx induced by the normalized Killing form on si(n,C),
ie. (A,B) =2tr(AB) for A,B € sl(n,C). We do this normalization to make SL(2,R)/SO(2) of

constant curvature —1.

Definition 4.1. An SL(n,C)-Higgs bundle over ¥ is a pair (E,¢), where E is a holomorphic
vector bundle over ¥ of rank n satisfying det E = O and ¢ € HY(X, End(E) ® Kx) is a trace-free
holomorphic End(E)-valued 1-form.

We consider the moduli space Miges(2) consisting of gauge equivalent classes of polystable
SL(n,C)-Higgs bundles over ¥. From the the non-Abelian Hodge theory [7][10][15][35], the moduli
space MHiggs(X) is homeomorphic to Mpetti(S) and MHarmonic(2):
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o Mgpeti(S) is the moduli space consisting of conjugacy classes of reductive representations
p:m —> SL(n,C);

® Marmonic(X) is the moduli space consisting of equivalent pairs (p, f), where p is a repre-
sentation from m; to SL(n,C) and f is a p-equivariant harmonic map from the universal
cover ¥ to X.

We usually abuse the notation to denote both the equivalent class and the representative element.
Mpei(S) is also called the SL(n,C)-representation variety.

The moduli space Myarmonic(2) can be also described as the moduli space of harmonic bundles
(E,¢,h), where (E,¢) is an SL(n,C)-Higgs bundle over ¥ and h is a harmonic metric compatible
with the SL(n,C) structure, solving the Hitchin equation F'(V}y) + [¢,¢*"] = 0, where V}, is the
Chern connection uniquely determined by h,dg, F(V3) is the curvature of Vj and ¢*! is the
Hermitian adjoint of ¢ with respect to h.

In particular, from [39] and [15], for every holomorphic quadratic differential g2 on X, there
is a unique Fuchsian representation j : m; — SL(2,R) which corresponds to the Higgs bundle

1 1
(K 25 oK ;5, ((1) %2)) So for fixed ¥, the Fuchsian representations are parameterized by H%(X, K2).

For a Fuchsian representation j : my — SL(2,R), the representation 7, 0j : m; - SL(n,R)
is called an n-Fuchsian representation. Hitchin representations are the representations p : m; —
PSL(n,R) which can be deformed to n-Fuchsian representations in the moduli space of PSL(n,R)-
representations.

Each Higgs bundle (E, ¢) in Miiggs(X) corresponds to a pair (p, f) € MHarmonic(2). We consider
the pullback metric g¢ = f*gx, which is a (possibly degenerate) symmetric 2-tensor. From the p-
equivariancy, gy descends to X, still denoted as gy. Let gy be the uniformization hyperbolic metric
over X. From [21], the Hopf differential and the energy density of f are given by

(20) Hopf(f) s= ¢ = 20(6%), (1) g0 = 3l = 20r(00™),

where h is the harmonic metric. Notice that the formulae here differ by n from the formulae in
[21] because of the renormalization of the Riemannian metric on X. The pullback metric gy is
decomposed into (2,0) + (1,1) + (0, 2)-parts as

(21) gf = Hopf(f) +e(f) - go + Hopf(f).
Let p be an immersed point of f. Denote r¢(p) as the extrinsic sectional curvature of the tangent

plane f*(Tpi) at f(p). We omit the subscript f if there is no confusion. The following lemma
relates the extrinsic curvature x with the function K defined in Section [2.3]

Lemma 4.2. Let (E,¢) be a polystable SL(n,C)-Higgs bundle over ¥ and (p, f) be the correspond-
ing holonomy representation and harmonic map. Let p be an immersed point of f, then

w(p) = -5 K (@),

where ® € sl(n,C) is the matrix presentation of gb(a%) : E, - E, for some local coordinate z and
a unitary frame of E, with respect to the harmonic metric h. The function K : sl(n,C) - R is
defined in Equation (2) in Section [Z.3.

Proof. Denote by <;~5 the transformation map gb(a%) : E, - E,,. From [21], we have that p is immersed
if and only if [tr(¢¢*m)[? > |tr(¢?)|?, and
1 tr([$,¢*]%)

) = S (@2 — (B
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Under a unitary frame of the fiber E, with respect to h, the metric A = I and ® has a matrix
presentation ® € sl(n,C), then

O

To apply the estimates of K, we study the eigenvalues of ¢. The Hitchin fibration in fact charac-
n .
terizes the eigenvalue information. The Hitchin fibration is a map p : Myiges(3) = @ HO(Z, K%)
j=2

given by
p((E7 (b)) = (pQ((b)? 7p7L(¢))7

where p; is an SL(n,C)-invariant homogeneous polynomial on sl(n,C) of degree i for i = 2,---,n.
Two Higgs bundles (E1,¢1) and (FE2,¢2) being in the same Hitchin fibers is equivalent to ¢; and
¢2 having the same characteristic polynomial det(Al, — ¢), in particular the same eigenvalues at
every point. Note that two Higgs bundles sharing the same Hitchin fiber is independent of the
choice of the polynomials ps, -+, pr.

Hitchin [I6] defined a section s,, of this fibration, whose image exactly corresponds to the Hitchin
representations from the non-Abelian Hodge theory. For suitable choice of p;’s, the Hitchin section

n .
sp is given by mapping (g2, qn) € ® H(Z, K%) to
j=2

0 rg rirags o (MIEE27) a1 (T 7)) an
i 0 rog - (T1255 7)) gn—1
n n+1-2k r 0 r
(B-@K, 7, o= 2 e ) : ):
2 ) ) . :
Tn-2 0 Tn-142
Tn-1 0

with rp = \/k(n -k). For the Fuchsian representation j which corresponds to ¢z, the n-Fuchsian
representation 7, o j corresponds to the Higgs bundle s,(g2,0,---,0), in other words, ¢ = €, + g2ey,

3_
where e, €, are defined in Section 211 So the Hopf(f) = Mgg = %qg.
Given a partition 7 = ()\kl,---, Mer) € P, define

k1-times kpr-times

Ty 5 TA s TAp s TAn) o .
( A1 A1 A A HSL()\“R)kl . SL(TI,(C)
i=1

Tz SL(2,R)

Define the subgroup &, of SU(n) as
&, ={Aediag(U(k1) ® I,, -, U(ky) ® I),) nSU(n)},

which lies in the centralizer of 7 inside SL(n,C). Given two representations j : m - SL(2,R)
and pr @ m — @, there is a natural well-defined representation (7 o j) -y : 71 — SL(n,C),
v = (Tr 0 7)(7) - bz (7y), where the multiplication is the matrix multiplication.

For a Fuchsian representation j : my - SL(2,R), denote f; : Y — H? as the corresponding
j-equivariant harmonic map, which is in fact a diffeomorphism. Denote

T H? > X
as the induced map from 7., which is injective. From Theorem 7.2 in [14], 7 is a totally geodesic

map. Then f; .; = 7r o f; is a harmonic map which is equivariant with respect to the representation

(7x ©7) - pur for any representation pu, : 71 - &, and it is a totally geodesic embedding.
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4.2. Domination results in n-Fuchsian fibers. Together with the curvature formula Lemma[4.2]
and the algebraic inequality in Theorem [3.10] we obtain the estimate of the extrinsic curvature. The
following Proposition [£.3]is the key reason why the extrinsic curvature of the equivariant harmonic
maps will deduce the domination results for the harmonic maps and the associated representations.
We will postpone the proof of Proposition 4.3] until the end of Section [l

Proposition 4.3. Let f : Y > X bea p-equivariant harmonic map. Suppose there is a positive
constant ¢ such that the extrinsic curvature k(p) < —c for each immersed point p. (If there is no
immersed points, ¢ can be arbitrary positive constant.) Let j be the Fuchsian representation such
that, the Hopf differential of the corresponding j-equivariant harmonic map f; is c- Hopf(f). Then
the energy density satisfies

1
e(f) < =efy).
Moreover, the equality holds at one point if and only if there exists a partition ™ € P, and an
element x € SL(n,C), such that
1 . _
C=§C7T, p:Adxflo((TWO])'Mﬂ)a f:LSL‘OTWij’
for some representation pir:mw > B .

Remark 4.4. Under the assumptions of Proposition [{.3, using the same method, the assertion
e(f) < %e(fj) still holds if X = SL(n,C)/SU(n) is replaced by G/K for any reductive Lie group G.

We obtain the domination of the pullback metric from the domination of the energy density.

Corollary 4.5. Under the assumptions of Proposition [{.3, the pullback metric satisfies frgx <
%f;’gHz. If the equality holds at one vector, then the same condition holds as in Proposition [{.3

Proof. From Equation (21]), the conformal factor of the (1,1) part of the pullback metric is the

energy density, for which we have the domination results from Proposition [£3] For the (2,0) part,

we have ¢*° = Hopf(f) = %Hopf(fj). The (0,2) part is just the conjugation of (2,0) part. So we

finish the proof. O
In the following, we collect several useful concepts of a representation p: 1 — SL(n,C).

e The translation length spectrum of m; with respect to a representation p is defined by
(v) = inf d(z, p(1)2), id %y em,
reX

where d(-,-) is the distance induced by the Riemannian metric gx on X.
e The entropy of a representation p is defined as

h(p) :=lim sup log(#{ e mllp(v) < R})
R—o0 R

Note that h(p) can be +oo.
The translation length spectrum and entropy of a representation j : my — SL(2,R) are defined
similarly.
In the following lemma, we deduce the domination of the translation length spectrum from the
domination of the pullback metric for Fuchsian representations.

Lemma 4.6. Let j be a Fuchsian representation and f; be the corresponding j-equivariant harmonic
map. Suppose p : w1 — SL(n,C) is a reductive representation such that the corresponding p-
equivariant harmonic map f:3 — X satisfies f*gx < %f;gﬂz, for some c>0. Then I, < %lj.
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Proof. We associate to a Riemannian metric ¢ on 3, a length function on 7 given by
19(7) = inf dy (. 72).
red
For any non-identity element ~ € 71,

lp(7) = inf dx (z,p(7)x) < inf dx(z,p(y)z) < nf dp s (z,p(7)D).
zeX zef(5) zef(5)
From the p-equivariancy, inf df(i)(x,p(’y)a:) = infdpeg, (y,7y) = I779%(v), and thus 1,(v) <
zef(¥) )

1779x (). By the assumption f*gx < %f;gHz, we have [,(7y) < %lf;QHQ (7). Since f; is a diffeomor-
phism, it is clear that [; = 177982 So we finish the proof. (]

The relation of the geometric invariants between the Fuchsian representation j and the n-Fuchsian
representation 7, o j is as follows.

Lemma 4.7. Let j be a Fuchsian representation, f; be the corresponding j-equivariant harmonic
map. Let m € Py, fr.oj be the corresponding (T o j)-equivariant harmonic map. Let c = %C’W. Then

Rrpof; = =C 217902 = [ 0j0X s lroj = %lj-

Proof. Since f; .; is a totally geodesic embedding, k., .; is just the sectional curvature of the image
of 7, in X. Then T}, X can be identified with p={A: A= A* trA = 0}. Recall the Killing form is
given by (A, B ) =2tr(AB), A, B € p. From Theorem 4.2 in [I4], the sectional curvature of the plane

spanned by A, B is k = —%. One can easily check k = —%K(U), for U = A++-1B.

From the definition of 7, the tangent plane of the image of f; .; is spanned by

A = diag(en,, - en, ) + diag(én,, -+ €n,), B =diag(xn,, -, Tn,)-
From Lemma Bl we obtain K (U) = —%CW. So Kz,of, = —c. Therefore, %fj*gHz = [r0j9x-
%lj, note that the image fTﬂoj(i) is a totally geodesic plane P inside X, also

acted by m;. Clearly,

To show [, o; =

inf dx (z, (7r 0 j)(v)z) < inf dx (x, (77 0 j)(7)T).
reX TeP

Next we show
inf dx (z, (72 ©§) (7)) > inf dx (. (7 ©) (7)2).

Since the symmetric space X is of non-positive curvature, from Proposition 2.4 on Page 176 in [4],
the projection map p to P is well-defined and distance-decreasing, that is,

dx (x,y) 2 dp(p(x),p(y))-

Since SL(n,C) acts isometrically on X, the projection map p is also equivariant,

p((Tr 0 ) (V)x) = (7 0 §) (1) (p())-

Hence

v

;E)E dx(z, (77 0 §) (7)) ;2)1; dp(p(z),p((tx 0 §)(7)x))
= inf dp(p(2), (7 0 ) (N (P(2)))

= 11/2175 d’p(y, (7 0 ])('7)3/)

l. 0
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Now we are in the position to show the main theorem proving that n-Fuchsian representations
are maximal in their Hitchin fibers as follows.

Theorem 4.8. Let 7, o j be an n-Fuchsian representation. Given a Riemann surface structure
Y =(S,J) on S. Suppose p € Mpei(S) corresponds to the Higgs bundle (E,¢) which is in the
same Hitchin fiber as T, o j in Mpiges(X). Let f : Y — X be the corresponding p-equivariant
harmonic map. Then

(1) the energy density satisfies e(f) < e(Tn o f;);

(2) the pullback metric satisfies gy < g,of,;

(3) the translation length spectrum satisfies l, < X-1r,o; for some positive constant X < 1;

(4) the energy satisfies E(f) < E(Ty o f;);
(5) the entropy satisfies h(p) > h(m, 0j) = n3 -,
. . . . 2kny/~1
unless p is conjugate to (7, 0 j) " [h(n) for some representation H(n) = T1 = Q5(n) ={e n» k=
1,--,n}-I,, in which case, it has the same harmonic map and the same translation length spectrum
as T 0 j.

Proof. Suppose j corresponds to the Higgs bundle parameterized by ¢o, then 7, o j corresponds to
the Higgs bundle s,(g2,0,-,0) where the Higgs field ¢ has the same eigenvalues as gzey, + €,. The
Higgs field ¢ has the eigenvalues of the type (n-1,n-3,--,3-n,1-n),/g2. From Lemma and
Corollary 2I7] we have at each immersed point p, k(p) = —%K(@) < —%C(n) = -

By Proposition B3] we obtain either e(f) < e(7, o j) or p is conjugate to (7, 0 j) - pi() for some
representation (i) : T = &y).

We only need to consider the first case, which also implies the domination of the energy. Then

for any X ¢ T, g;i’ol}_(X,X) - g}l’l)(X,X) > 0. By the assumption, the Higgs bundles for p
and 7, o j are in the same Hitchin fiber, hence f and 7, o f; have the same Hopf differential and
thus gz,05, (X, X) > g(X, X). Since S is compact, we have gr(X,X) < )\2g;nofj(X,X) for some
0 < A <1, that is g5 < Azgfnofj. Then from Lemma 4.6, we obtain [, < A -1l .; and p is strictly
dominated by 7, o j.

Since for a Fuchsian representation j, its volume entropy h(j) = 1, By Lemma 7, I,,.; = %lj,
where ¢ = %C’(n). Then for the n-Fuchsian representation 7, o j, its volume entropy h(7, o j) = \/c.
Since [, < lr,05, then h(p) > h(1y0j) = 36%. We finish the proof. O

Remark 4.9. The representation pi,) appears naturally in the rigidity part, since the Higgs bundles
(E,¢) and (E,9)®L give the same harmonic map and in the SL(n,C) setting L must be an nth root
of the trivial bundle. We may consider PSL(n,C)-representations and PSL(n,C)-Higgs bundles
to avoid fi(y)-

Remark 4.10. In the SL(2,C) case, every Higgs bundle is in the Hitchin fiber at (q2) for some
q2. This case is shown by Deroin and Tholozan [9].

In the following proposition, we find another n-Fuchsian representation which also dominates
the representation p sharing the Hitchin fiber with 7, o j.

Proposition 4.11. Let p be in an n-Fuchsian fiber in Mpiges(2). Let j be the Fuchsian repre-
sentation corresponding to the complex structure J determined by the pullback metric f*gx. Then
either p is strictly dominated by 7, 0j or p is conjugate to (T, 0 J) - fi(n) for some representation
Hn) #T1=> Bn)-

Proof Slmﬂar to the beglnmng of the proof in Theorem Im at each 1mmersed pomt D, /{(p)
~3C(m =
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fj. be the harmonic map corresponding to j with respect to 3. Then f;gH = ¢g. By Lemma 5.1

below, the Gaussian curvature k of f* gX, satisfies k< Kk < c= —lC’(n) From the strong maximum
principle, either f*gx < %g or ffgx = —g From the rigidity part of Proposition 3], if f*gx = 1

then p is conjugate to (7, 0 7) - H(n) for some H(n)- Now suppose p is not conjugate to p - u(n).
Since the metrics can descend to S, there is a constant 0 < A < 1 such that f*gx < )‘—CZ g. Then from
Lemma 4.6l and Lemma [£.7] we obtain I, < % “lj = A-lr,05 and p is strictly dominated by 7, oj. O

Remark 4.12. Given a representation p sharing the Hitchin fiber with an n-Fuchsian representa-
tion T, 035 for some Riemann surface ¥ such that p is not conjugate to (1, 07) “P(n), from Theorem
[£-8, we see 1, 0 j strictly dominates p. If we only aim to find an n-Fuchsian representation which
dominates p, the representation TwoJ from Proposition[{.11] is enough and easier to find. Note that
the two n-Fuchsian representations T, 0 j and T, 0 j never coincide unless p is in the nilpotent cone
for the Riemann surface 3.

4.3. Domination results in other cases. Next we consider a more general family and show the
domination results.

Theorem 4.13. Let (E,¢) € Mpiges(X) corresponding to (p, f). Suppose ¢ is diagonalizable on a
dense set of X. Suppose the characteristic polynomial det(AI,, — @) of ¢ has the form
(a) (N2 - a2q)(\? - aq)-- ()\2—a q))\" A3 for qe HY(Z,KE) and a; e R, i=1,- 5], or

(b) (A =biw)(A = bow)--(\ = byw) satzsfymg bR, i=1,n and Z b; =0, forwe H'(Z, Ky).
1=1
min (A;-\;)?

Let (A1, An) = (a1, aqzy, ,(0)) or (b1,-,by) and ¢ = %Wn— Let j be the Fuchsian
A
=1

representation which corresponds to qs = %tr(¢2). Then

(1) the energy density satisfies e(f) < %e(fj);

(2) the pullback metric satisfies gy < %gfj ;

e translation length spectrum satisfies 1, < A+ —=1; for some positive constant \ < 1;
(8) the translation length spect tisfies 1, A&El]f ti tant A <1

(4) the energy satisfies E(f) < %E(fj);

(5) the entropy satisfies h(p) > \/ch(j) = /¢,

unless (A1, An) has the form t(Ap, -, Ay, ), t € C*, for some even partition = (ny,---,ns) € Pp,
and p is conjugate to (Tr 0 j) - pur for some representation pir : 1 — S, in which case, it has the
same harmonic map and the same translation length spectrum as T 0 j.

Proof. Since f is harmonic, from Sampson [29], the set of the immersed points is either open and
dense or empty. If it is empty, from the proof of Lemma below, we have

e(f) = 2[Hopi(f)] = Z[Hopf(f;)] < ~e(/;).

So we assume the set of immersed points is open and dense, denoted as U. From Corollary B.1T]
at the point p € U, at which ¢ is diagonalizable, we have x(p) < —c. Since ¢ is diagonalizable on a
dense set, we obtain k(p) < —c on U. Then by using the similar argument in the proof of Theorem
4.8l we finish the proof. O

Remark 4.14. If the eigenvalues (A1,-+, A ) in Theorem [{.13 are distinct, then the Higgs field is
automatically diagonalizable. So the estimates in Theorem[4.13 hold for the whole Hitchin fiber. In
this case, the inequality is strictly unless the representation p is n-Fuchsian.

Remark 4.15. (1) The fiber at (\>-a2q)(\?-a3q) (N2 —a q)/\” 23] contains the Higgs bundle

with the corresponding representation diag(p1,p2,-+, o (21, 1) where each p; : m(S) - SL(2,R) is
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the Fuchsian representation corresponding to the Higgs bundle parameterized by a?q.

(2) The fiber at (A — ajw)(A — agw)-++(A — apw) contains the Higgs bundle with the corresponding

representation diag(p1,---, pn), where each p; : 71 (S) = C* is the representation corresponding to
n

the Higgs bundle (L;,a;w) for some holomorphic line bundle L; of degree 0 satisfying [1 L; = O.
i=1

(3) The fiber at (A = (n—1)2q)(A\* = (n-3)2q)-(\* - (n+1-2[}% D2) A" 221 contains the Higgs

bundle with the corresponding representation T, o j, where j : 7T1(S) - SL(2,R) is the Fuchsian

representation corresponding to the Higgs bundle parameterized by q.

In the next proposition, we show that the cases (a)(b) in Theorem [I3] are exactly the cases
when the eigenvalues of the Higgs field ¢ are uni-real everywhere.

Proposition 4.16. For a Higgs bundle (E,¢), the eigenvalues of ¢ are uni-real everywhere on 3
if and only if the characteristic polynomial

(22) det(My - ) = (N - alq) (\* - a3q)-~(\* - afnjg) A" 15,
for qe HO(E,K%) and a; R, i=1,-[5], or
(23) det(A, — @) = (A= biw) (A = bow)-++(A = bpw)

n
forwe HY (X, Kx) and b; € R, i=1,-,n, Y b;=0.
i=1
Proof. If the Hitchin fiber is uni-real, the coefficients in the characteristic polynomial

n
det(M,, —d) = A"+ > g A" *
k=2
satisfies that for any 2 < ¢ < j < n, there exists real numbers ¢y, cs, c%+c§ # 0, such that ¢q qg +02q;- =0,
since the real valued meromorphic function must be a constant.
Suppose at each point z, the eigenvalues (Wlth multiple in the characteristic polynomlal) of ¢(2)

equals ¢(A1,-, \p), where A\y,---, A\, € R, Z A =0 and ¢ € C*. Then ¢a(2) = ¢ Z AZ. Therefore,
=1

q2(z) = 0 if and only if A\ =--- = A\, = 0. That is, ¢g2(2) = 0 at point z if and only if g3(z) = - =
gn(z) =0 at point z. So on X elther g2 = 0 which implies ¢ is nllpotent or ¢ is nonzero.
We only need to check the case g2 is nonzero. Clearly, Qo = ckqQ for some real constant cy.

If gok1 = 0 for every k, then det(Al, — @) = A" + Zk 1 cqu)\" 2k S0 the solution at each point
will be (a1, za[n (0))\/_2, where a;’s are either real or purely imaginary. Since the eigenvalue
of ¢ is uni—real we may assume a;’s are real. So the characteristic polynomial has the expression
22).

If there exists kg such that gog,+1 # 0, we have q%ko +1 = dro Zko+1 , for some real constant dko +0.

S0 w = qogy+1 /q2 is a well-defined nonzero holomorphic 1-form and Q2 = Lu) Set ¢ = cpw” for

some real constant ¢, k =2,---,n. Then det(Al,, —¢) = A"+ X7 5 cpwP A k. So the solution at each
n

point will be (b1,--,b,) - w, where b; € C satisfying > b; = 0. Since the eigenvalue of ¢ is uni-real,
i=1

we may assume b;’s are real. So the characteristic polynomial has the expression (23]). O

In the next Theorem, we impose an assumption on the rank of the Higgs field ¢ instead of the
eigenvalues.

Theorem 4.17. Let (E,¢) € Mpigqs(X) corresponding to (p, f). Suppose the rank of ¢ is at most
2 at every point on Y. Let j be the Fuchsian representation corresponding to the Higgs bundle
parameterized by qo = %tr(¢2). Let w3 = (3,1,-+,1) € P,. Then

29



(1) the energy density satisfies e(f) < e(fr 05);
(2) the pullback metric satisfies gy < Ifrnyoi
(3) the translation length spectrum satisfies I, < - lrrj0j Jor some positive constant A <1;

(4) the energy satisfies E(f) < E(fry,05);

(5) the entropy satisfies h(p) > h(Tr, 0 j) = %,

unless p is conjugate to pry - fns for some representation fizy : T — B, = {diag(cl3,U(n -
3))NSU(n)}, in which case, it has the same harmonic map and the same translation length spec-
trum as Tr; 0 7.

Proof. If the rank of the Higgs field is at most 2, from Corollary 218 and Lemma A2, we obtain
at each immersed point p, x(p) < —%Cm = —i. The remaining proof is similar to Theorem £8 [

5. PROOF OF PROPOSITION 3]

This whole section is devoted to prove Proposition 3] which plays an important role in the
proof of the theorems in the previous section. We use the same notations as in Section [l

5.1. Intrinsic curvature. Now we consider the Gauss curvature k of the pullback metric f*gx on
>.. The pullback metric and the immersed points can descend to ¥ and we abuse the same notation
if there is no confusion.

Lemma 5.1. Let f : Y - (X,gx) be a harmonic map. Let p be an immersed point. Suppose
k(p) < —c. Then k(p) < —c. The equality holds if and only if k(p) = —c and [ is totally geodesic at

p-

Proof. Let eq, es be an orthonormal basis of the induced metric at p. Then from the Gauss equation,
at p

k=r+ <II(61761)7[I(62762)> - |I[(€1,€2)|2,

where I7 is the second fundamental form of f defined by II(X,Y) = (Vf x fxY)*.
_ Let 01,02 be an orthonormal basis of go at p, where go is the hyperbolic metric with respect to
3. The harmonicity condition for f means

trg,Vdf = Vdf (01,01) + Vdf (02,02) =0,

where Vdf (X,Y) = Vs x fiY - fo(VxY).
By projection to the normal bundle, the equation above implies

II(o1,01)+11(02,09) =0.
Denote
x=1I1I1(o1,01) =-11(02,02), y=1I(01,02)=1I(02,01).
Set e1 = aoy + bog, es = coq + doo. Note that ad — be # 0. So

<II(er,e1),I1(ez,e9) > =|TI(e1,e2)]
< (a® = b))z + 2aby, (¢ = d*) + 2cdy > —|(ac - bd)z + (be + ad)y|?
—(be - ad)?(Jz]> + |y[*) < 0.

So k(p) < k(p) < —c. The equality holds if and only if k(p) = —c and I1(p) = 0. O
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5.2. Energy density. In this subsection, we derive the domination of the energy density from the
domination of the curvature. We leave the rigidity part to next subsection. Our proof is mainly
adapted on Deroin-Tholozan [9] and Wan [38], except that we do not need the target manifold is
negatively curved but the curvature of the tangent plane is negatived curved.

First we recall some calculations in [33]. Let (2, 0(2)|dz|*) be a Riemann surface with a Kihler
metric. Let (M,g) be a Riemannian manifold. Suppose f : (£,0(2)|dz?) - (M, g) is a harmonic
map. Let p be an immersed point of f. Then locally, in a neighborhood U of p, f|ly : U - f(U)
is a diffeomorphism and also harmonic with respect to the induced metric. We can choose a local
complex coordinate system {u} in f(U) such that the induced metric is p(u)|dul*.

Then locally, the harmonicity of f|y reads as

1
9 gfﬂuzug =0.
Denote Ju as the (1,0),(1,0) part of du e T*XQ® f*T f(U) ® C with respect to the complex struc-
ture of ¥ and f(U). Similarly denote Ou as the (0,1),(1,0) part. Locally,

Uyz +

ou =u,dz ® g and Ou = uzdz ® i
ou ou
Set H = ||ou|* = |uz|2g, L = ||0ul]? = |u5|2§. Then the energy density e(f) := %||df||gg = H+ L.
The Jacobian J(f) = H — L. The Hopf differential Hopf(f) = (f*¢)?% = w,t,udz ® dz, so
\Hopf(f)||2 = HL. Let ko, k,, be the Gauss curvature of ¥, f(U) respectively. Then
at nonzero of H,

(24) Nglog H = =2k, H + 2k, L + 2k,
at nonzero of L,
(25) Dglog L= =2k, L+ 2k, H + 2k,.

Lemma 5.2. For any p-equivariant harmonic map f : S - X, suppose the curvature k, of the
corresponding pullback metric satisfies k, < —c for some constant ¢ >0 at the immersed points. (If
there is no immersed points, ¢ > 0 can be arbitrary.) Set q = Hopf(f). Then the energy density
e(f) < %e(fj), where f; : Y - H? is the unique j-equivariant harmonic map with Hopf differential
cq for a suitable Fuchsian representation j:m — SL(2,R). If the equality holds at one point, then
ky=-c.

Proof. Let U be the set of the immersed points of f in 3. Since f is harmonic, from Sampson [29],
U is either open and dense or empty. Firs we suppose U is nonempty. Let go be the hyperbolic

metric corresponding to . As the discussion above, we consider p-equivariant harmonic map
I (U, goldz?) = (f(U), u(u)|dul?) and the quantity H, L satisfying Equation [@24)(25). We use
the similar notation for f;. Since j is Fuchsian, f; is a diffeomorphism. By choosing a suitable
orientation we assume H; > L;.

Since on U, the Jacobian J is non-vanishing, i.e. H — L # 0. Consider a connected component
of U, still denoted by U, then choosing a suitable orientation we assume H > L. Notice that
H > L,H; > L; implies H,H; >0. Set H = e“’%Hj, for w a smooth function on U. Then on U by
using HL = ||q|f5,, H;L; = ldl[3,,

Now = -2k, H +2k,L-2H; +2L;

1 _ _
= 2(H - EHJ-) —2d||q|f, (H ™" = cH; ") + (=2, — 2¢)(H - L).
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Since k,, < —c,

\

1 _ _
Bow > 20(H - - Hj) - 2d|al, (1 = etf;")

2" ~ 1) H; - 2% lg|, Hy (e - 1)
On the boundary of U, the Jacobian of f, J; =0. So

1 1
H =L =|lgllgo = —vH;Lj < —Hj.

So on the boundary of U, w < 0. From the equivariancy, U descends to a compact domain. Therefore
by maximum principle, we obtain either w <0 or w = 0. -
Ifw<0, H< %Hj, so L > %Ll, by HL = C%Hij. Therefore we have on U

1
0<H—L<—(Hj—Lj).
C

Again from HL = C%Hij, we obtain e(f)=H + L < %(HJ +1Lj;) = %e(fj).

If w=0, then k, = —c on U and e(f) = %e(fj). If it is the case, since w < 0 on U, it must be
OU =@. Then k, = —c on .

Suppose U is empty, which means J = H — L = 0 everywhere on Y. Then from the discussion
above, we have e(f) =2|[qllg, < Le(f;). So we finish the proof. O

Remark 5.3. The curvature functions x, k and the energy density e(f) only depend on the equiv-
alent class in M piges(2).

5.3. Rigidity. In this subsection, we show the rigidity part of Proposition 43l From Lemma 5.1
and Lemma [5.2] if the equality holds at one point for the domination of the energy density, then
the p-equivariant harmonic map f : % — SL(n,C) /SU(n) must be a totally geodesic immersion
and the curvature of its image must be a negative constant —c. The rigidity means that such (p, f)
is unique in the moduli space of PSL(n,C). More precisely, up to conjugate class, (p, f) must
be ((7’7T © 7)) by Ty © fj) for some Fuchsian representation j, partition 7w € P, and representation
Uy 27 = &, And then constant ¢ must be %CW. To show the rigidity, first we establish some
Schur’s type lemmas. Let j, = d7]s.

Lemma 5.4. Suppose A is a complex matriz of size n x m. Suppose either (1) for any trace-free
Hermitian matriz X of size 2 x 2,

Jn(X) A=A jm(X);
or (2) for any g € SL(2,R),
n(99") A=A -7m(99").
Then A =0 if n+m; A=cl, for some constant ¢ if n =m.

Proof. First we see that Part (2) is equivalent to Part (1) by differentiating at identity or the
exponential map. So we only need to prove Part (1).
1 0

Take X = 0 _1), then 7,,(X) = diag(n—1,n-3,---,3—n,1-n). Suppose A = (a;j), 7,(X)-A=

A7 (X) implies (n +1-2i)a;j = aj;(m +1-2j). If m,n are not of the same parity, then a;; = 0
for every pair 7,j. If m,n are of the same parity, then a;; = 0 whenever n+1-2i# m+1-25. Then
0
ifn=m+2k,k>0, A=|D| where D = diag(a, -, a,,) and each 0 in the matrix refers to a zero
0
matrix of size kxm; if m =n+2k,k >0, (0 D 0), where D = diag(aq, -, a,) and each 0 in the
matrix refers to a zero matrix of size n x k.
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Take X = (0 1), then

10
0 T
1 0 T9
. . 01 _ T2 0 -
o -a(§ ) - A |
0 Tn-1
Tn-1 0

where r; =+\/i(n—1) fori=1,---,n—1.
Suppose n > m. Denote by (j,(Xo))™ the m x m-minor of j,(Xo) formed by the entries (4, 7)
satisfying k+1<4,5 <k+m. So

0 Tk+1
Tk+1 0 Tk+2
. Tk+2 0
(jn(X0))™ = A
0 Tm+k-1
T'm+k-1 0
The equation j,(Xo)- A = A-jn(Xo) implies (j,(X0))™ D = Dj,,(Xo), which is
0 a2Tk+1 0 a1s1
a1Tk+1 0 a3Ti+2 a1 0  asrs
ao2T+2 0 _ as3sa 0
0 AmTm+k-1 0 Am—-1Sm—1
Am-1Tm+k-1 0 AmSm—1 0

where s; =+\/i(m—1i) for s=1,---;m-1.

If n=m, then k=0, r, =s,, p=1,---,n - 1. By comparing the entries of the above two matrices,
we have a1 = ag =--- = a,. Hence A = cl,, for some constant c.

If n > m, the k£ > 0, we have rp,1a0 = s1a1,7g+1a1 = s1ae. Hence r,%ﬂalag = 8%&1&2 and thus
ajas = 0 since 51 = vVm -1 < \/(k;+ 1)(m+k-1) =rgy;. Then either a; = 0 or as = 0. In either
case, by comparing the above two matrices, it follows a1 = -+ = a,, = 0. Hence A = 0.

The proof of the other case m =n + 2k is similar. Therefore we finish the proof. O

Lemma 5.5. Let 7 = (/\lfl,---,)\ffr) € P, with distinct \;’s. Suppose A is a complexr matrixz of size
n x n. Suppose either (1) for any trace-free Hermitian matriz X of size 2 x 2,

Jr(X) - A=A jr(X);
or (2) for any g € SL(2,R),
mr(99")- A= A-72(99").
Then
A =diag(A1 ® I),, A2 ® I,, -, Ar @ I,),
where A; is a complex matriz of size k; x k; fori=1,---,r, and I is the identity matriz of size k.

Proof. 1t suffices to prove the result under Condition (2) since Condition (1) and Condition (2) are
equivalent. First, we have

]W(X) = diag(j)q (X)""7j)\1 (X)vj)\z (X)v "'7j)x2 (X)v "'7]')\7-(X)""7j)\7~ (X))

k1 terms ko terms k, terms
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Let A = (U;j) where each U;; is a matrix of size (A\jk;) x (\jk;) for 1 <4,j <r. Let U;; = (U!j-l), where
each Ufjl is a matrix of size A;x\; for 1 <k <k;,1 <1< k;. Therefore the equation j(X)A = Aj,(X)
for any trace-free Hermitian matrix X implies for any 1 <4, <r,

j)\z(X) ’ Uzljl = Uilz'l 'j)\j (X)

for any trace-free Hermitian matrix X. Note that for any ¢ # j, A; # A;. By Lemma [5.4] U{E-l =0

forany ¢ # j and 1 < k < K, 1 <1 < ky; Ui]ﬁl = ¢y - Iy, for a constant ci;. So U;; = 0 when 4 # j;
Uij=Ai®I)\i for some Ai€gl(k:i,(C) When’i=j. O

The proof of the rigidity has two steps. First we show that f can factor through SL(2,R)/SO(2).
Next we show that p can factor through SL(2,R).

Lemma 5.6. Suppose the p-equivariant harmonic map f: % — SL(n,C)/SU(n) is a totally ge-
odesic immersion and the curvature of its image is a negative constant —c. Then there is an
immersion f:% - SL(2,R)/SO(2), a partition 7 € Py, and an element x € SL(n,C) such that

f:onﬂrofa

where Ly is the left action on SL(n,C)/SU(n). Furthermore f is immersed, harmonic and surjec-
tive.

Proof. First we show f can factor through SL(2,R)/SO(2).

Step 1: We show that in the Lie algebra level the image of f is standard. More precisely, let
p €Y, there exists 7 € P, and x € SL(n,C) such that (L; o f)(p) = [I] and Image(d(L;' o f)|,) =
Image(d7x|[17)-

Let f(p) = [21], then (L o f)(p) = [I]. Recall the Cartan decomposition of sl(n,C) as sl(n,C) =
t @ p, where £ consists of trace-free skew-Hermitian matrices and p consists of trace-free Hermitian
matrices. The direct sum is orthogonal with respect to the Killing form, (,) on sl(n,C). Note
that at [I], Tj(SL(n,C)/SU(n)) = p. Denote by s the tangent space of the image of f at [I],
which is of real dimension 2.

Since f is totally geodesic, from Theorem 7.2 in [I4], s € p is a Lie triple system, that is,
[s,[s,5]] €. Also, s generates a Lie subalgebra g; of si(n,C) as follows:

g1 =[s,8]+s, [s,5]ct scp.

Since s is of real dimension 2, let X,Y € s be an orthonormal basis with respect to the Killing
form. Since the curvature of the tangent plane spanned by s is strictly negative, by the curvature
formula Theorem 4.2 in [14], [X,Y] # 0. Then [s,s] is of 1-dimensional spanned by [X,Y]. Let
H=[X,Y]#0. Since H € £, X,Y € p, then [H,X],[H,Y] epng; =s =span{X,Y}. Suppose
[H,X]=c1X +cY. We have

((H,X1,Y)=(H,[X,Y])=(H,H) <0, and ([H,X],Y) = (a1 X + &Y,Y) = 2|V " = c».
So ¢3 < 0. And
((H,X],X)=(H,[X,X]) =0, and ([H,X],X) = (a1 X + 2V, X) = 1| X" = 1.
So ¢; = 0. Hence [H, X] = c2Y where ¢; < 0. Similarly, we have [H,Y] = c3X where c3 > 0.

Let a = %,b = 2’03 and X’ = aX,Y’ = bY,H' = 2H. Then we obtain a basis {H’, X", Y'} c g;

satisfying H' € [s,s] c€, X' Y escp, (X’,Y’) =0, and

(X', Y'|=2H', [H X']=-2Y', [H Y']=2X"
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We may then construct a Lie algebra isomorphism ¢ : sl(2,R) - g; by

(0 1 ' 10 / 01 ’
gb.(_l O)»—)H, (O _1)»—>X, (1 0)»—>Y
So ¢ is in fact a Lie algebra homomorphism from sl(2,R) to sl(n,C) with image as g;. From
Proposition 23] there exists a gy € SL(n,C) and a partition 7 € P,, such that

¢ =Adg, 0 jr: sl(2,R) - sl(n,C).

-1 10
(Adgo 0 jr(89))" = Adyg, ° jx(S).

That is, (951)"jx(S)g = 90Jx(S)ga"- S0 jn(S) - (g3g0) = (9i90) - j=(S). Then by Lemma B3,
suppose T = ()\kl,---,)\,'fr), we have gjgo = diag(A; ® Iy, Ar ® I),) for some A;’s. Then each
A; is positive Hermitian for ¢ = 1,---,n. Then we may choose a positive Hermitian matrix 7; such
that T2 = A;. Let T = diag(Ty ® Iy, -, T, ® I),,). Then T is positive Hermitian and gjgo = T°.
Let g1 = goT'. Then gig1 = I. Notice that T is in the centralizer of the image of j;. Then
¢ = Adg, 0jr. We may further assume det(g1) = 1, then g € SU(n). Let « = :Elgl_l. Then x satisfies
the requirements, so we finish the proof of Step 1.

Step 2: We show that in the Lie group level the image of f is standard. More precisely,
Image(L,! o f) c Image(7,).

Consider L;! o f, from Step 1, the image of d(L,! o f) at p is the same as the image of d7,
at [I]. From Theorem 7.2 in [I4], the image of 7, is a complete totally geodesic submanifold.
Since a totally geodesic submanifold is determined by its tangent space at one point, we have
Image(L,' o f) ¢ Image(7,). We finish the proof of Step 2.

Step 3: We show the existence and the property of f.

Since the image of L;! o f is in the image of 7; and the map 7, is injective, the map

f=7tof:% - SL(2,R)/SO(2)

is well-defined. Since f is a harmonic immersion and 7 is a totally geodesic embedding satisfying
Tr9SL(n,C)/SU(n) = % ®9SL(2,R)/SO(2)s J 18 also a harmonic immersion. To show f is surjective, we
consider the pullback metric gy of f, by p-equivariancy gy can descend to X, which is compact.

So gy is complete. Since f maps geodesics to geodesics, then the image of f is geodesic complete,

Since X', Y € 5 ¢ p, then for any S € span{((l) 0 ),(0 1)}, we have ¢(S5) € p,

which also means complete. Since the image of L, o 7, is complete, we obtain f is surjective. We
finish the proof of Step 3 and then the whole proof. O

Lemma 5.7. Under the assumption and the conclusion of Lemma [5.6, then there is a Fuchsian
representation j and a representation jir : m —> &r such that the corresponding j-equivariant
harmonic map f;: ¥ - SL(2,R)/SO(2) coincides with f and

p=Ad,-10 ((Tﬂ Oj) ':u'7r)7
where Ad is the adjoint action on SL(n,C).

Proof. From Lemma and the p-equivariancy of f, we have the following commutative diagram,
for any € 7y,

S L SLER)/SOE) T SL(n,C)SUM) L5 SL(n,C)/SUM)

by ) YLy () L Loy

s L ospeRr)/s0@) > SL(0,C)/SUM) =5 SL(n,C)/SU(n)
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where p.(7) = 2 p(7)x = (Ad,-1 0 p) (7). Since 7, is injective and f is surjective,
$2(7) =75 ' Ly, (4)7r : SL(2,R)/SO(2) - SL(2,R)/SO(2)

is a well-defined map. Since s,(7) is also an isometry of the hyperbolic space SL(2,R)/SO(2),
there exists a unique element p.(v) € PSL(2,R), such that s,(v) = L;,(,). From the uniqueness
of p.(7), it is easy to see p, : m — PSL(2,R) is a homomorphism. By the definition of p,, f
is pz-equivariant. Since f is an immersed pg -equivariant harmonic map, the pullback metric is a
hyperbolic metric on S. So p, is the holomony of the hyperbolic metric, which is Fuchsian, and

can be lifted to p, : 71 = SL(2,R). So we can complete the commutative diagram as follows:

s L SLER)SOQ) T SL(n,C)/SUR) L5 SL(n,C)/SU(n)
o ) VLj, () VLo, (v) Y Ly
s L SLER)SOQ) T SL(n,C)/SUR) L5 SL(n,C)/SU(n)

For any y € SL(2,R), we have
Ly, () (T (w]) = 7o (L) (WD),

which implies

[pe(7) - 72 (¥)] = [T (p2(7) - )] = [(7x © p2) (V) - 7= () ]-
Let A= (7r0p:)(7)" pe(). Then 7, (y) L A7 (y) € SU(n) for Yy € SL(2,R), which implies

I= 7'7r(y)_1A7'7r(y)(7'7r(y)_1147'7r(y))>e = Tw(y)_lATﬂ(yy*)A*(Tw(y)*)_l

Then ASA* = S for every S = 7:(yy*), y € SL(2,R). Let y = I, then AA* = I. So we obtain
AS = SA for every S = 7:(yy*), y € SL(2,R). Then from Lemma [55] we obtain A = diag(A4; ®
I, A, ®1I,.). Since Ae SU(n), we obtain A € &,. Since A commutes with the image of 7, A
gives a representation fi; :m = G. S0 pr = (770 pg) - pir. Let j = p, we finish the proof. O

Finally, we are ready to give the proof of Proposition .3l

Proof. (of Proposition [4.3]) By Lemma [5.1] we obtain that the Gaussian curvature k of its pullback
metric satisfies k < k < —c. After obtaining the curvature estimate, from Lemma [5.2] we obtain the
energy density e(f) < %e( fj). And if the equality holds at one point, then x = —c and the map is
totally geodesic. The rigidity part of the statement follows from Lemma and Lemma 5.7l We
finish the proof. O

6. GEOMETRIC APPLICATIONS

In this section, we will derive two main applications from Section @ and [ to equivariant minimal
surfaces and maximal surfaces in product spaces. We normalize the induced Riemannian metric on
X =SL(n,C)/SU(n) from the Killing form of sl(n,C) to g,, such that 7,s g, = gge.

Let j : mpy - SL(2,R) be a Fuchsian representation, p : m; — SL(n,C) be a reductive repre-
sentation. Let ¥ = (S,J) be a Riemann surface. By the non-Abelian Hodge theory, we obtain a
Jj-equivariant harmonic map f; : > — (H?, gy2) and a p-equivariant harmonic map fo: Y- (X, gn)-
Since j is Fuchsian, f; is a diffeomorphism.

6.1. Minimal surfaces. The map (f;, f,) gives a (j, p)-equivariant harmonic embedding
(f]7fp) : i - (H2 X X79H2 +gn)

It is also the graph of f,o fj’1 : H? » X. The Hopf differential of (f;,f,) is Hopf((fj,fp)) =
Hopf(f;) + Hopf(f,). Suppose Hopf(f;) = ~Hopf(f,), then (f;, f,) is conformal. Together with the
harmonicity, the map (f;, f,) gives a (j, p)-equivariant embedded minimal surface.
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Proposition 6.1. Let ¥ = (S,J) be a Riemann surface and qs € HO(E,K%). Let 5,7 be the
Fuchsian representations which correspond to qa,—qo respectively. Suppose p : mp - SL(n,C) is a
reductive representation in the same Hitchin fiber as the n-Fuchsian representation T, o ] in the
moduli space of Higgs bundles over . Then

(fjs fo) 1 &~ (H? x X, g2 + gn)

gwes a stable (j, p)-equivariant embedded minimal surface.

Proof. One only needs to show the minimal surface is stable. Since 7, : (H2,gH2) - (X, gn)
is isometric, the energy density of fr, o; is just the energy density of f;. Suppose the Fuchsian
5[0 @

N1 0
the Hitchin equation for (E,¢). In this case, h = diag(hy, h;') and locally, the Hitchin equation
reduces to 9,05 log h1 +h7*~|g2[>h? = 0. From Equation @0), e(f;)-go = 2tr(¢¢*") = 2(|ga|*h? + hi?).
Notice that the energy density and the Hitchin equation are invariant under the U(1) action on
q2. In particular, e(f;) = e(fj). Since p and 7, o j share the same Hitchin fiber of MHiggs(X), it
follows from Theorem .8 that e(f, .:) > e(fy). So e(f;) =e(f;) =e(f, ;) > e(fp)-

We claim the map f, o fj_1 is area-decreasing. It is enough to consider the immersion points

1 _
representation corresponds to the Higgs bundle (E, ¢) = (Ké ® Ky, ) ) Suppose h solves

of f,. At the immersion points, locally f,o f; ! maps a surface to a surface. Fix a basis, the
area-decreasing condition is equivalent to the Jacobian |J(f, o fj_l)| <1, which is [J(f,)| < |J(f;)I-
We use the notation in Section Then J(f) = H-L, e(f) = H+L, ||Hopf(f)||§0 =HL. So
[J(F)IP =le(f)I? - 4l[Hopt(f)I[3,- Therefore

TP = 1e(f)E = 4dllgall, = le(f)IP = Allazlly, = le(fo)F - 4llgally, = 1T ()P

So f,o fj_1 is area-decreasing. Then from Lee-Wang [20] Theorem 4.1, we obtain the stability of
the minimal surface. U

For the completeness, we prove the following existence result, which is well-known. Let G be a
reductive Lie group, K be a maximal compact subgroup of GG. Denote gg/k as the Riemannian
metric of G/K induced from the Killing form of Lie(G).

Proposition 6.2. For any Fuchsian representation j, reductive representation p:m — G, constant
¢ > 0, there exists a Riemann surface X = (S, J), such that the corresponding j-equivariant harmonic
map f; Y - H?, p-equivariant harmonic map f, : I G/K gives a (j,p)-equivariant embedded
minimal surface B

(fj> £p) + 3 ~ (H? x G/ K, gz + cggyic)-

Proof. 1t is enough to show there exists a Riemann surface ¥ = (9,J) such that the (fj, f,) is
conformal with respect to . Consider the energy function E; ;) on the Teichmiiller space T(S),
EGpn(Z]) =[x e(f(zj’p))dV. The (4, p)-equivariant harmonic map f(EJ}p) = (sz,fpz) is from the
non-Abelian Hodge theory with respect to X, which is unique up to isometry. And it is clear that
Ej 0y only depends on the class [X] € T(S). So E; , is well-defined on 7(S). By the classical
results of Sacks-Uhlenbeck [26, 27] and Schoen-Yau [32], if the Riemann surface ¥ is a critical of
E(; ), then the corresponding harmonic map f(zj ) is conformal. Notice that E(; ,y > 0. We show
E(; ) is proper, then it has a minimum point. In fact, E; ,y = E; + E, > F;. From Tromba [31],
FEj is proper. So E(; , is proper and we finish the proof. O

Suppose G is a semisimple Lie group of rank 1, then the sectional curvature of G/K is strictly
negative. For a constant ¢ >0, denote g_. as the rescaling metric of gg/x such that the maximum
of the sectional curvature of g_. is —c.
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Proposition 6.3. Let j be a Fuchsian representation. Let G be a reductive Lie group of rank 1,
p:m — G be an irreducible representation. Suppose p does not preserve any geodesic arc in G/K.
Then for ¢ > 1, there is a unique (j, p)-equivariant minimal surface f:S — (H2 x GIK, gg2 + g_c).
Moreover, it is an embedding.

Proof. The existence part follows from Proposition For the uniqueness, let f be such a minimal
surface. Then f = (fj, f,) is a pair a harmonic maps with respect to the pullback metric. Since
j is Fuchsian, from the discussion at the beginning of this section, the minimal surface is the
graph of f = foo fj_l. Since the sectional curvature kg, of G/K satisfies ka/k < —c < -1, from

Proposition 3], we obtain e(f,) > e(f;). So as the same proof as in Proposition [6.I], we have f is
area-decreasing. Then from Theorem 4.1 in Lee-Wang [20], f gives a stable minimal surface.
By carefully checking the proof of Theorem 4.1 in [20], for a variational vector field V' along 1,
a deformation family ft with respect to V, t € (—€,€), we have
T [ 2 ARV (@)dr (@), V) dvoly,

where A is the area functional, R is the Riemannian curvature tensor on G/K, and a;’s form an
orthonormal basis on the tangent space of H? with respect to the metric go. If fp has no immersion
point, from Sampson [29], the image of f, lies in a geodesic arc. By the p-equivariancy, p preserves
this geodesic arc, which cannot happen by the assumption. So f, has at least one immersion point
and thus the set of immersion points is open and dense following from [29]. So if d;éf | w0 =0, G/K
being negatively curved forces V' = 0. Hence the minimal surface f is strictly stable.

Fix a conformal class X € T(5), since j, p are irreducible, there is a unique j-equivariant harmonic

map sz : 3 > H? and a unique p-equivariant harmonic map fpE : 2 - X. To show the uniqueness

of the minimal surface, one only needs to show in 7(S) there is a unique [X] such that ( sz, fpz)
is conformal. As in the proof of Proposition [6.2] it is equivalent to the uniqueness of the critical
point of E(; ,)([¥]) = E( f(zj p)). Consider the restriction of the area functional A on the maps f(zj’p)
parameterized by T(S). Notice that the critical point of E is minimal, which is also the critical
point of A. And E = [(H + L)dvoly, > [ |H - L|dvolg, = A, the equality holds if and only if
||Hopf(f(2j’p))||30 = HL =0, which is the critical point of E. Since for every critical point of A, it is
strictly stable, which means strictly locally minimal, then we have for every critical point of FE, it
is strictly locally minimal. Since 7 (.S) is of finite dimension, then the critical point of E is unique.
So we finish the proof. O

Remark 6.4. For G = SL(2,C), which is simple and of rank 1, the irreducible representations
not preserving any geodesic arc are precisely the non-elementary representations. The elementary
representation p is of the following three types: (1) p is reducible; (2) the image of p lies in SU(2);

(8) the image of p lies in the subgroup generated by A0 ),/\ e C* and ( 0 1

0 M1t -1 0|

The harmonic maps are unique up to the centralizer of the representation. For the product
representation (7, p) with j Fuchsian, the centralizer of (j,p) is just the centralizer of p.

6.2. Maximal surfaces and structure of n-Fuchsian fibers. The map (fj, f,) gives a (4, p)-
equivariant harmonic embedding

(f3:£) 3 = (H* x X, giz2 = gn).
Suppose f7 guz > f, gn, then the pullback metric (fj, fo)" (guz — gn) is Riemannian, which means the
image of ¥ is spacelike. The Hopf differential of (f;, f,) is Hopf((fj,fp)) = Hopf(f;) — Hopf(f,).

Suppose Hopf( f;) = Hopf(f,), then (f;, f,) is conformal. Together with the harmonicity, we obtain
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(fj, fo) gives a (fj, fp)-equivariant embedded spacelike maximal surface. For the basic materials
on maximal surfaces, one may refer [3].
We recall a result from Tholozan [36], Section 2.

Proposition 6.5. (Tholozan [36]) For a Fuchsian representation j and a reductive representation
p:m = SL(n,C), suppose there is a (j, p)-equivariant smooth map

f : (H279H2) e (X7gn)
with Lipschitz constant strictly less than 1. Then there is a unique conformal class [X] € T(S),

such that (f;, f,) : Y - (H2 x X, g2 — gn) gives a (7, p)-equivariant embedded spacelike mazximal
surface satisfying the conformal class of the induced metric is [X].

From Theorem M8 the n-Fuchsian representation dominates the representations in the same
Hitchin fiber, which implies the assumption in Proposition So we can construct maximal
surfaces as follows.

Proposition 6.6. Let ¥ = (S,J) be a Riemann surface. Suppose p € Mpewis(S) is in the n-
Fuchsian fiber containing T, 0 j in Mpiges(X). Suppose p is not conjugate to (7, 0 j) - p, for any
representation fu, : ™1 = &,. Then (fj, f,) : I (H2 x X, gu2 —gn) gives a (j,p)-equivariant
embedded spacelike mazximal surface.

Moreover, the conformal class ¥ is unique among all the (j, p)-equivariant maximal space-like
surfaces.

Proof. From Theorem A8\ frgu> > f,gn, which means fo fj_1 is a (j,p)-equivariant distance-
decreasing map. So the assumption of Proposition holds. Then the statement follows from the
uniqueness in Proposition O

Remark 6.7. From Proposition [6.0, the uniqueness of the (j,p)-equivariant spacelike maximal
surfaces is reduced to the uniqueness of the (j,p)-equivariant harmonic maps with respect to a
Riemann surface ¥ = (S,J). From the non-Abelian Hodge theory, the uniqueness of the harmonic
maps is up to the centralizer of the representation (j,p). Since j is Fuchsian, the uniqueness is
just up to the centralizer of p.

Remark 6.8. In fact, one may also carry a similar computation as in Lee- Wang [20] Theorem 3.1
and show the spacelike mazximal surface in Proposition 18 automatically stable.

Combining with Proposition and Theorem [L.8], we obtain the following description on the
space of n-Fuchsian fibers.

Proposition 6.9. Let 7,05 be an n-Fuchsian representation. Let p:m — SL(n,C) be a reductive
representation, not conjugate to (7, 0 j) -y for any representation i, : 71 — &,. Suppose T, 0 j
and p are in the same Hitchin fiber of Mpiges(X) for some ¥. Then for another ¥, [ET#[2] in
T(S), Taoj and p can not be in the same Hitchin fiber of Miggs(X).

Proof. As in the proof of Proposition [6.6] if 7, o j and p are in the same Hitchin fiber for some
conformal class, then the assumption of Proposition holds. So Proposition follows from the
uniqueness in Proposition O
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