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Rigidity of the hexagonal Delaunay triangulated plane

Song Dai, Huabin Ge, Shiguang Ma

Abstract

We show the rigidity of the hexagonal Delaunay triangulated plane under Luo’s
PL conformality. As a consequence, we obtain a rigidity theorem for a particular type
of locally finite convex ideal hyperbolic polyhedra.

1 Introduction

Let X be a surface without boundary, and T = (V, E, F) be a triangulation on X, where V
is the set of vertices, E is the set of edges and F is the set of faces. For a function f on
V,i € V, we sometimes write f; instead of f(i). We also use this notation for the function
on E, F. A piecewise linear metric (PL metric for short) is a function / : E — R, such
that for each ijk € F, i jk forms a Euclidean triangle. If we require the lengths of the edges
are positive but the triangle inequality can be equality, we call / a generalized triangle.
Given a generalized PL metric /, it induces an intrinsic distance and a flat cone metric on
the triangulation T in the natural manner. For each vertex i € V, it is a cone point with
singularity expressed as the discrete Gaussian curvature K;, defined by

Ki=2n - Z 0 /kij»
KijeF

where 6, is the angle of zkij. A generalized PL metric [ is called flat, if there is no
singularity, that is, K; = 0 at each vertex i € V. In [8], Luo introduced the notion of the PL
conformality.

Definition 1.1 ([8])). Let I,/ be two generalized PL metrics on (Z, 7). We call / and [ are PL
conformal if
lij=e“™il, YijeE

for some function u : V — R. Denote [ = u * [.

The function u is called a PL conformal factor, which plays an analogous role as in
the smooth case. Motivated by the prescribed curvature problem in the smooth case, Luo



proposed the combinatorial version of the prescribed curvature problem in the settings
above. (If the prescribed curvature is constant, it is the Yamabe problem.)

Problem 1.2 ([8]). Let X be a surface (without boundary) with a triangulation T. Given a PL
metric lo and a prescribed curvature K : V — R, is there a PL metric | that PL conformal to ly and
has discrete Gaussian curvature K? Is it unique if it exists? (rigidity)

In case X is compact, Problem [1.2| was perfectly resolved. For the rigidity part, Luo
[8] first proved a local version and conjectured that the global rigidity still holds. Using
a variational principle and an extension technique, Bobenko, Pinkall and Springborn [3]
affirmatively answered Luo’s global rigidity conjecture (see [5] for further development).
They further equipped the triangulated PL surface (X, 7, /) with a canonical hyperbolic
metric with cusps, and observed that two PL metrics (with the same triangulation) are
PL conformal if and only if the corresponding hyperbolic metrics are isometric. Due to
this observation, they generalized Definition[I.1|to PL metrics that may not be combina-
torially equivalent (see Definition 5.1.4 in [3], and Definition 1.1 in [6] for an equivalent
but more algorithmic definition). Under this viewpoint, Gu, Luo, Sun and Wu [6] ob-
tained a discrete uniformization theorem for PL metrics with the help of the decorated
Teichmiiller space theory. Their discrete uniformization theorem completely resolved the
existence part of Problem 1.2 (under Bobenko, Pinkall and Springborn’s definition of dis-
crete conformality). Similarly, a hyperbolic version of the discrete uniformization theory
was established in [7]. It is remarkable that Springborn [15] established the equivalence
between the discrete uniformization theorem on S? and Rivin’s realization theorem for
ideal hyperbolic polyhedra [12].

In case T is non-compact, very little results are known related to Problem (1.2} Inspired
by Rodin and Sullivan’s celebrated work [13], where they proved Thurston’s conjecture
(i.e. the only complete flat circle packing metric on the hexagonal triangulation of the
plane is the regular hexagonal packing), Wu, Gu and Sun [17] considered the rigidity
problem for the infinite hexagonal triangulation T of the plane X = C, see Figure

Theorem 1.3. ([17]) Let I be a PL metric on C with standard hexagonal triangulation, which is
PL conformal to ly = 1. Suppose (T, 1) is flat, complete (i.e. isometric to (T, ly)) and there is a
constant 6 > 0 such that all angles < 7 — 6 (6-condition). Then | = C for some constant C > 0.

The §-condition appeared above, while suitable for some purposes, is considerably
less satisfying. The main result of this paper is to release the §-condition to the Delaunay
condition. For each edge ij € E, consider the two adjacent triangles Aijk and Aijl, denote
the sum of the opposite angles a;; = 0, + 6,1, see Figure A generalized PL metric on
the triangulated surface (7, ) is called Delaunay if a;; <  for all ij € E. We have



Figure 1: A hexagonal triangulation Figure 2: An interior edge

Theorem 1.4. Let [ be a generalized PL metric on C with standard hexagonal triangulation,
which is PL conformal to ly = 1. Suppose (T, 1) is flat, complete (i.e. isometric to (T, ly)) and is
Delaunay. Then | = C for some constant C > 0.

The Delaunay condition in Theorem [1.4}is relatively satisfying. We shall show (see
Section 3) that a PL metric is Delaunay if and only if the corresponding ideal hyper-
bolic polyhedron is convex. Moreover, the rigidity of PL conformality in Theorem [1.4}is
equivalent to a rigidity result for ideal hyperbolic polyhedra, which may be considered
as an infinite and hyperbolic version of Cauchy [4] and Alexandrov’s [1][2] rigidity for
Euclidean polyhedra. The Delaunay condition is a satisfying condition in the sense that,
generally, polyhedron rigidity holds only for the convex ones. See Section [3) for more
details.

The condition of completeness in Theorem can’t be removed. In fact, we consider
V as the points in C with complex coordinate m-1+n-w with w = %ﬁ form,n e Z. Letu
be the restriction on V of a linear function it = az+b. Then by similarity we see u 1 is flat.
For suitable g, the picture is shown in Figure 3} which is regarded as a lift of the covering
map C — C)\ {0}. The PL metric in this way is not complete unless u is constant. Wu, Gu
and Sun [17] conjectured that it is the only possibility when just assuming flatness.

Conjecture 1.1. Let / be a PL metric on C with standard hexagonal triangulation, which is
PL conformal to Iy = 1. Suppose (7, 1) is flat. Then the conformal factor u is the restriction
on V of a linear function &t = az + b.

The paper is organized as follows. We prove the main Theorem [1.4in Section 2| In
Section we outline the proof of Theorem The main technical Lemma 2.1} and
Proposition [2.4]are postponed to Section[2.2]and Section [2.3|respectively. In Section 3| we
interpret Theorem 1.4 from the viewpoint of hyperbolic geometry, to a rigidity theorem
for ideal convex polyhedra.



Figure 3: A noncomplete hexagonal triangulation
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2 Proof of Theorem

2.1 Outline of the proof

In this section, we outline the proof of Theorem The key step is to establish a maxi-
mum principle in the PL conformal settings. Let H = H(iy; i1, i2, i3, i, i5, ic) be a hexagon
centered at ip with PL metric /y = 1, see Figure E}

Let u be a conformal factor and I = u = [y. If there is no confusion, we use u; instead
of u;;. Since the angles are invariant under the similar transformation, sometimes we
assume ug = 0. For uy = 0, the length of the edge i,ij is l,, = €. Denote 7 as the
space of the conformal factors such that the corresponding hexagons consisting of six
generalized triangles. Recall for a generalized triangle, we mean the lengths of the edges



Figure 4: A hexagon with center

are positive but the triangle inequality can be equality.
T = {M = (MO,M],‘ o ,Mﬁ) € R7 : lab + lbc 2 lca for {a’bac} = {iO’ij,ij-H},j = 1" o ’6}

Throughout this paper, the index ix.¢ = ix for k > 1. For a generalized triangle, the angles
are well defined and are continuously extended to the degenerate case. (If the equality
of triangle inequality holds for a triangle, then we call the triangle is degenerate.) For
example, for abc € F, if lyp = lpc + leq, then 0,4cp = 70, 0,cap = 01apc = 0. For u € 7, denote

6
Qu = 9[1’jl’01’j+]7 Ku = 27T - Hu
=1

Denote D as the space of the conformal factors such that the corresponding hexagons

in 7~ are Delaunay. Recall @jyi; = 0.i5i;_i; + O.igii-

D={ueT : @iy <m j= 1,---,6}
For u,v € R7, we denote u > vif u; > v; fori = 1,--- ,7. The maximum principle is:

Lemma 2.1. Let it,u € D withitg = uy = 0. If K, = Kz = 0and i > u, then it = u.

For more general applications, we prove the maximum principle for general n in

Lemma2.121

Remark 2.2. The maximum principle above has the same formation as the strong maxi-
mum principle in the smooth case. That is, let D be a bounded domain, p € D, suppose
At = Au=0in D and & > u on 0D, then i(p) = u(p) implies &t = u in D.



Remark 2.3. From Corollary [2.11} for u € D, we have % < 0. It seems we can directly

J
obtain K, > Kj. But the problem is in D, apriori we don’t know whether we can connect
# and u by a broken line such that every segment is along the positive direction of a
coordinate axis. In fact, it is what we show in the proof.

Let (7,1) be a hexagonal triangulated plane with generalized PL metric / conformal
to the standard one. Then the vertices of T in C are Z-spanned by 1 and w = “%ﬁ Let
I=u=ly, Veu@d) = u(i + ¢) —u(@) for c = 1 or w. Fori € V, R € N, denote the ball B(i, R) as the
set of triangles whose vertices can be connected with i by a path of at most R edges.

From the maximum principle above, we can show the following proposition, which

plays a similar role as Wu-Gu-Sun’s Lemma 2.2 in [17].

Proposition 2.4. For any € > 0, R € N, there exists a constant § > 0 depending on €, R, such
that forany M > 0,i €V, if

Veu(i) > M — 6 and V. ulpir) < M,
then V. ulpiry > M — €.

We postpone the proof of Lemma [2.T] to Section 2.2 and prove it for general n. We
postpone the proof of Proposition[2.4to Section[2.3] Under Proposition[2.4, Wu-Gu-Sun’s
method in [17] can apply to prove Theorem Notice that the notation A in [17] is
replaced by V in this paper.

First we show the “gradient” Vu has a universal bound apriori, which is also showed
in Lemma 2.4 of [17].

Lemma 2.5. Let iyiyiy form a triangle in T. Then there is a universal constant €y, such that l; ;, >
€oliyi,- In other words, there a universal constant My such that |Vu| < My, where Vu = u(i") — u(i)
for somei ~ .

Proof. Consider the hexagon H = (ip; i1, i, i3, i4, 5, Is) centered at iy as in Figure 4, Since
the length ratio is invariant under the similarity. We may assume uy = 0. In this case,
l = liyi;ligi;,,- We show l;j;, has a universal positive lower bound. If not, for any € < %,
. ll' i .
suppose [;,;, < €1, then from l;, < liji; + lLigi,liyi,, We obtain l;;, < ="~ < 2¢. Repeat this
ini1
procedure, we may assume for any ¢, there is a flat PL metric on H conformal to /y such

that ugp = 0 and l;;;; < e for j = 1,--- , 6. From the triangle inequality, we have

ijij+1

Ligi; Ligi;

<l

Ut by, O = 1=

ioi



To consider 6,;;ii;,,, we have

Zo+2 -2
ioi;j ioijr1 ioij ioljs
COS Oijigij = T
ioijligijer
2
2 lfo"j
. iofj " (14l ) lioi_,'lioij+1
- lini: 2
211'01'/%
J igij
1+ —1—
(1+l,-0,-j)2 lioijlioij+1
= ———-lijyi)— ———.
2 J 2

So when lj;, lji;,, approach to 0, 6,;ii,,, approaches to 0. It contradicts to the assumption
that the PL metric is flat. Notice that ug = 0, so [;,;, = €“'7" has a universal positive lower
bound implies u; — up has a universal lower bound. Since Aiyi;i; is arbitrary, we obtain
Vu has a universal bound. O

When V u and V,u are constants, one can show

Lemma 2.6. For M,N € R, (M,N) # (0,0), if Viu = M and V,u = N, then there is a constant
R(M, N) depending on M, N, such that for any i € V, the ball B(i, R(M, N)) must have an overlap
of positive area.

Proof. It is proved in Lemma 2.6 of [17]. O
By perturbation, we show

Lemma 2.7. For any M,N € R, M # 0, there exists e(M) > 0 and R(M) € N, such that for any
ieV,if
Viu— M| < e(M), |V,u— N| < e(M)in B(i, R(M)),

then the ball B(i, R(M)) must have an overlap of area.

Proof. Given (M,N), M # 0, choose R(M,N) as in Lemma For i € V, since the
overlap of positive area is an open condition, then there exists €; = €(M, N, i), such that
B(i,R(M, N)) has an overlap of positive area. When Viu = M, V,u = N, all balls of radius
R are similar, so € only depends on M, N. So Lemma holds for € = €. Fix M, since the
set S := {N : the configuration Viu = M, V,u = N consists of generalized triangles. } is a
compact set. So we can choose the constant e only depending on M. o

Finally, by showing the following lemma, together with Lemma we finish the
proof of Theorem[1.4 Under Proposition 2.4} the proof of Lemma [2.8]is basically similar
to the proof of Lemma 2.3 in [17]. For the convenience of the readers, we also give a proof
here. From Lemma[2.5] |V .u| are bounded, ¢ = 1 or w.



Lemma 2.8. Let M = supV u. For any € > 0, R € N, there exists i = i(M,e,R) € V and
N = N(M, €,R) € R depending on M, €, R, such that

Viu— M| <€, |Vou— N| < e€in B@i,R).

Proof. Choose 6 = d(€, R) as in Proposition Letn = [%] + 1. Let Ry = nR. Choose
01 = d1(e,Ry) as in Proposition Since M = sup Viu, we can choose iy € V such that
Viu(io) > M — 6, which implies Viulgir,) = M — € from Proposition

From Lemma we suppose |V, u| < M. Let F(k) be the maximum of V,u in B(iy, kR)
fork=0,1,--- ,n. Then

~Mo < F(0) < F(1) < -+ < F(n) < Mo.
Hence there exists kg € {1, - - - , n} such that
2M,
Fko)— Flko— 1) < =2 < 5.
n

Suppose V,u(jo) = F(ko — 1) for some jo € B(ip, (ko — 1)R). Let N = F(ko), i = jo. Then
V,u(i) > N — 6. Since B(i,R) C B(jo,koR), we have V,ulgi;r) < N. Applying Proposition
we obtain V,ulgir = N — €. So [V,u — N| < € in B(i,R). By the definition of §;,
from Proposition we have Viulpi,r) = M — €, which implies V;ulp;r) > M — € since
B(i,R) € B(ip, R1). So |[Viu — M| < € in B(i, R). We finish the proof. O

Proof of Theorem If u is not constant, we may assume M = supViu > 0. Then
applying Lemmafor this M, we obtain € and R depending on M. For M, €, R, we apply
Lemma to obtain i, N. Since i, N are arbitrary in Lemma we see that B(i, R) has an
overlap of positive area, which contradicts to the completeness of the PL metric. o

2.2 Proof of Lemma

In this section, we prove Lemma As in Section let H = H(igy; i1, 2, 13, i4, 15, ig) be a
hexagon of center iy with PL metric Iy = 1, see Figure[d] Let / be a generalized metric, u be
the conformal factor. Denote I = u * [y. Suppose the curvature K, at iy is zero.

First, we show a lemma to avoid the degeneracy of the triangles. Roughly speak-
ing, the degeneracy of a smaller triangle can be controlled by the degeneracy of a bigger
triangle.

Lemma 2.9. Suppose {11, 1,111} forms a generalized triangle. Suppose I, > 0and [} <1, I, <
Ir. Then

(1) Either L+b>lLh,orl = l_l, = 1_2.

(2) if in addition I, = b, then either I, + Iyl > 1y or [} = I,.



Proof. To show (1),if [} + I, < l;l,, we have l;,l; > 1 and
0>hb-li-L=L-DbL-D=-1>20-DbL-1)-1>0.

So 11 = il, 12 = Zz.
To show (2),if I, + I1, < I;, wehave l, = I, < 1 and

lellz = _21_1.

SOll =i1. O

The following lemma is the calculation of the derivative of the angle function with
respect to the PL conformal factor u.

Lemma 2.10. Let Aijk be a triangle with PL metric u = ly, where ly = 1 and the conformal factor
u = (uj,uj,ur). Let 0;,0;, 0, be the angle at the vertex i, j, k respectively. Then

(991' 591' Hi
— =cotf, — =cotf;, — = —cotl;— cotby.
ou j k 8uk / u; J k
Proof. 1t is from direct calculation or see [8]]. O

As a corollary, we obtain the derivative of the curvature function.

0Ky,
(9141' S O

Corollary 2.11. Foru e 7, %—IIZ = —(cot b iyis, i + €Ot bligi, i) In particular, for u € D,

Now we prove the maximum principle Lemma|2.1/for general n. The notations 7~ and
D are similarly defined as in Section 2.1|just replacing 6 with n. Let ii,u € D. Suppose
it > u. Denote

Tau={ueT :u<u<ij, Daiy={ueD:u<u<i}

Then D;, is clearly bounded and closed.

Lemma 2.12. (Lemma 2.1 for general n) Let #,u € D with ity = uy = 0. If K, = Kz = 0 and
i>u, thenu = u.

Proof. Claim 0: Let u € Dy, u # i, K, < 0. Then there exists v € Dy, such that v > u and
K, < K,.

We show Lemma under Claim 0. We first apply Claim 0 to u = u. Then there
exists ¥ € Dy, such that ¥ > u and K; < K, = 0. Denote

S ={u€Dyy: K< Ks).



For u € S, denote
n
= ully = ) 1 — wil.
i=1

Set A = ing llii — ull;. We suppose u' € S, |l —u'lly > A and u’ — u™. Since D;, is closed and
Ue, -

K, is continuous in u, S is also closed. So u® € S.If A = 0, then u® = . Then
0>Ky; >K»=K; =0.

Contradiction. If A > 0, we apply Claim 0 to u = u™. Then there exists v € Dj,, such that
v>u*and K, < K,~. Sov € S and |l — vll; < ||z —u™|l; = A. Contradiction. Now we prove
Claim 0.
Claim 1: For u € Dz, u # i, K, < 0,if u; < it and a;y;; < 7 for some j, then Claim 0
holds.
we consider
v="_(up, --,uj+¢€---,u,), € small enough.

If the triangles Aipijij+1 and Aigijij— are both non-degenerate with respect to v, then from
Lemmal[2.10, we have

00 igi i

0ljlj+1

_— = _(COtelijioif+1 + COt@zijinio) <0,
8I/lj ’

00,1

0ljlj-1

—_— = _(COtgzijioij,l + COtgAijij,lio) < 0.

6uj

Since «;y;; < m, we see for € small enough, v € D;,. From Lemma and a;;; <7,

0K,
Uuj

= —(cot Héioij+lij + cot 941'01'].71,']_) < 0.

Let € small enough, we obtain the desired result.

Suppose one of the triangle, say Aipijij.| degenerates with respect to u, while the other
does not. Recall up = itp = 0, s0 ljyi; = €, Liyiliyij,, = liji;,,- From the part (1) of Lemma
noticing # > u and i; > uj, we rule out i Lii,,, = liyi; + ligij,,- From @i, < m, we rule
out lioij+1 + lioijlioij+l = lioij' So the Ol’lly pOSSlblllty is lioij + lioijlioij+1 = lioij+1' In this case,
increase [;;; slightly, then both triangle would become non-degenerate and K, would
become negative. Suppose both Aiijij;; and Aipijij-; degenerate, obviously, increasing
liyi; works for both. Then as in the non-degenerate case, we finish the proof of Claim 1.

Claim 2: There exists j € {1,--- ,n} such that u; < &t; and a;;; < 7.

Jj+1

Now we prove Claim 2 to finish the whole proof. If Claim 2 fails, we may suppose
that u; < u; implies a;,;, > 7 for every j. We show the configuration is impossible. Let
S ={u;i : w; <uy}, k =#S. Then together with 0 > K, = 27 - 6,,

nn = the sum of all angles of the n triangles > k - 7 + 6, > (k + 2)r.

10



So k < n —2. Then there are at least two edges satisfying u; = it;. Consider the configura-
tion (ip; is, - - - ,is+1), 1.€. the triangles Aigisiss1, - -, Algissi—1i5+1, SAtisfying us = iy, sy = Uy,
for some [ > 1 and usiq < ls4q,a = 1,--- ,1 — 1. We show the configuration is impossible.
For simplicity we assume

up = IZI, Uy < ﬁ27 e, Up—1 < Izm—l’ Un = ﬁm’ igins * s Xjgiy_g 2T

The idea is to construct a flow u’ in 77, (in fact the restriction on (io; i1, - - , in)), satis-
fying the following conditions (we omit the superscript ¢ if there is no confusion):
(1) up,- -+ , upy—1 are increasing and u;, u,, are fixed;
(2) @igip» -+ » @iyi,,_, are invariant and «;;, , is increasing.
This flow will eventually touch the boundary of 77 ,. We can rule out the possibility that
some triangles degenerate. So it must happen u; = ii; for some j when the flow stops.
Then repeat this procedure, we obtain u; = u; for j = 1,--- ,n. Then it is a contradiction
since @;;,, , < m while a;;, , > 7.

Suppose the configuration happens. For non-degenerate triangles, denote

Aj = cotbijigi, +cotijigi,,
Bj = cot gzijioij-l + cot 04[1“‘/-1’.0’
Cj = COtHZi_/ioi_/+1 + COt@g‘ji#]io.

Notice that B, C; > 0. And if @;y;; > w, then A; > B; + C; . We consider the following flow

ulz(utl’...,ufn)‘

d .
Euﬁ = X, i=1,---,m,
W o= w, i=1--.m,
where Xy, -+, X,, is the solution to the following equation system
X = 0,
X, = 1,
A X, — B3X; = 0,
ASXS - BS+1XS+1 - CS—IXS—I = 07 s = 3’ ’m - 27
X, = 0
Notice that Ay, B;, Cy, X, also depend on u'.
Suppose triangles Aipijjjs1, j=1,--- ,m — 1 are not degenerate in the flow. Then from
Lemma[2.10
da’ioi_,- A dl/tj duj+1 dl/tj_l

ar A B Gy

11



From the construction of X;, %aioi/ = 0, hence a/ﬁol., =a?. >nforj=2---,m-2. Then
' J

Aj>Bi+C;>0,j=2,.m—-2. "

Fix j € {3,--- ,m — 1}, we claim: Let fy = 1, fi = Aj, fix1 = Aj—sfs — Bj—s+1Cj-sf5-1,
s§=2,---,j—2.5uppose A; >0and A;_y > Bj_s+Cj_sfor s = 1,---,j—2. Then f; > 0,
fs>Bj_sfs-1fors=1,---,j—1.

We prove the claim by induction. For s = 1, the claim holds. Suppose the claim holds
for s. We consider s + 1. Since f; > 0,

fs+1 = Aj—sfs - Bj—s+1Cj—sfs—1 2 (Bj—s + Cj—s)fs - Bj—s+1Cj—sfs—1

So fos1 = Bj—sfs = (fs = Bj—s+1fs-1)Cj-s > 0 by the assumption. Then f;.1 > Bj_f; > 0. We
finish the proof of the claim.

Now we show Bj 1Xj,1 = AjX; —Cj-1Xj—1 > Ofor j =2,--- ,m — 2. We observe that
fsr1Xj—s — Cj_s-1fsXj—s-1 > Ois equivalent to f12X;_s_1 — Cj—s_2fs+1Xj—s—2 > 0. In fact,

fs+]Xj—s - Cj—s—]stj—s—l = fs+lBj_'_1s(Aj—s—1Xj—s—1 - Cj—S—ZXj—S—Z) - Cj_S_lstj_s_l
= B ((Ajos-1fort = BisCiosot f)Xjost = Cjmsa fir1 Xjms2)
= B} (fer2Xj-s-1 = Cjosafor1 Xjos2).

So by induction, to show A;X; — C;_1X;-1 > 0, by letting s = j — 3, we only need to
show fj_»X3 — C2fj-3X> > 0. Since A2X, — B3X3 = 0 and X, = 1, it is equivalent to fj_ =
Asfj—> — B3Cyfj—3 > 0. Since we have obtained A; > B, + C; > 0 for s = 2,--- ,m -2, then
by the claim above, we obtain f_; >0 for j=2,--- ,m-2.SoX;>0for j=1,--- ,m-1,
which means u; is increasing for j = 1,--- ,m — 1.

Next we show «;;, , is increasing, from Lemma we have

daj; du du
0lm—1 m—1 m—2
d—l‘m = Ap-1 dt - Um-2 dt = Ap-1Xm-1 — Cp—2Xm-2.
. . . da,
As the discussion above, if A,_; > 0 then "Zl’;" L > 0. So if @, , >, then ’Od'[’" L > 0.
Since ao > 7, we have cx’ > and increasing for ¢ > 0.

Let T be the maximal ex1stence time of ' in 77, Since d;‘tz = 1, T must be finite. Notice
that it may happen 7' = 0. Since u' is increasing and bounded, when ¢ approaches to T,
it has a limit # touching the boundary of 7;,. There are two situations. The first one is
ij<uj, j=1,---,m-1,and then one of the triangles Aigijije1, j=1,--- ,m—1degenerates.
The second one is it, = u;, for some jj € {2, -1}

We rule out the first situation. Suppose Al()l Joljo+1 degenerates Suppose l,O,J o S ligiy, -

Then from the part (1) of Lemma E the only possibility is l,O,j ot l,O,JO l,o,m1 = l,O,J So

<

QZ,O,JO,J()H 0. Since @y ,, > 7, we have 9“0110+2‘fo+1 7. Then we can repeat this procedure
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until Aiy,_1ioi,. Notice i, = U, and @,,—1 < Up-1, it contradicts to the part (2) of Lemma
2.9
So it must be the second situation. Suppose i, = u;,. Then we repeat this procedure

to all the configurations. Then finally we obtain m = 2 and i&; = i, for every j = 1,--- ,n,
where ii is the conformal factor at the time when the procedure stops. If throughout this
procedure, the flow never runs, then u = u’ = @i = @, contradiction. If the flow runs

for a while, for example the case we discuss above, then &;;,, , > 7. Notice that this
condition preserves during the procedure, so &;,;,, , > 7. Therefore it contradicts to it = &
but @;,;,, , < n. We finish the proof. o

2.3 Proof of Proposition 2.4

In this section, we prove Proposition Let (T, ly) be the standard hexagonal triangu-
lated plane with Iy = 1. Let (7, 1) be a triangulated plane conformal to the standard one.
Let!=u=xl.

In [17], Wu, Gu and Sun introduced the notion of quasi-harmonicity.

Definition 2.13. Let f be a function on V. For m > 0, we call f is quasi-harmonic with

harmonic factor m at i € V, if there is a weighted average f(i) = ) m,f(j), where m;
i
depends on i and }, m; = 1, such that m; > m for j ~ i. We call f is quasi-harmonic with
i
harmonic factor m if f is quasi-harmonic with harmonic factor m for alli e V.

The quasi-harmonicity of f means f(i) is a weighted average of the values of its neigh-
bors, but not being too close to the maximum or minimum. In particular, if f(i) is close

to the supremum of f, then its neighbors must also be close to the supremum. The next
technical lemma gives a sufficient condition to show the quasi-harmonicity.

Lemma 2.14. Given e, M > 0. Let a; € R, |a;| < M, i = 1,---,6. Suppose maxa; > € and
l

mina; < —e. Then there exists m > 0 depending on € and M, such that for some m; > m,
l

6
i=1,---,6with Y, m; = 1 we have,

i=1

m;a; = 0.

M=

i=1

ai. We assume a > 0. Seta =

5
=2

Proof. Suppose a; = ming;, ag = maxa;. Seta = 1
] ¢ 4
i i i

%(Ez +ag) 2 5. Then

5
~ ~ o~ —aj
0 =aa, + (—ay)a = aa; + — Zai + —ag.
8 P 2
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Letm; = =%, my = --- = mg = ==-. Then a_ > 2 and =4 > .. We finish the

a—ap a—a

proof. O

Let H = (io; i1, 12, i3, 4, 5, i) be a hexagon centered at iy. Let / and I be two Delaunay
metrics on H conformal to /y with zero curvature at ig. Let ! = u = lp,] = ii * ly. Set
uj = u,it; =i, j=0,1,---,6 for short. Define ou; = ii; — u;. The next lemma shows that
if ou is bounded, then either du is quasi-harmonic at iy or duy is close to the values of the
neighbors of i.

Lemma 2.15. Suppose [ou;| <M, j=0,---,6. Then for any € > 0, there exists a constant m > 0
depending on € and M, such that either

(1) |6uj — Sug| < € for j=1,---,6; or

(2) éu is quasi-harmonic at iy with harmonic factor m, i.e. there exists m; >m, j=1,---,6,
6 6
>, mj = 1such that 3y, mj(6u; — oup) = 0.
Jj=1 J=1
Proof. Suppose situation (1) fails, we show situation (2) holds. Notice that éu; — dug is
invariant under the transformation, (uj,ii;) ~ (u; + c,ii; + ¢) for j = 0,---,6, we may
assume ug = iip = 0. Then after the similar transformation, |6u;| < 2M. By the assumption,

we assume max ou; > €. Denote D ={ueD|K, =0,uy = 0}). From Lemma 2.5, we see D°
J

is compact. We claim there is a constant ¢; > 0 depending on ¢, such that minou; < —¢. If
J

it is false, there exists a sequence of pairs (u", ii") € D x DY such that

. 1
max ou; > € and minou; > ——.
J J ’ n

Since D° is compact, by taking the subsequence, we may assume «" — u* and similarly
i" — ™. Then we have

u, 5 eD, u”<u”, u”+ia” and Ky~ = Kz =0,

which contradicts to Lemma [2.120 So we have maxdu; > € and minéu; < —e. Then
J J

Lemma follows from Lemmal[2.14] O

Recall the vertices of T are spanned by 1 and w = %ﬁ For either ¢ = 1 or w, define
the gradient V u(i) = u(i + ¢) — u(i). From Lemma |V.u| has a universal bound. For a
hexagon H = (iy; i1, 12, i3, i4, 5, ig) in T, applying Lemmato the case ii(i) = u(i + ¢), i.e.
ou = V.u, we obtain

Corollary 2.16. For any € > 0, there exists a constant m = m(e) > 0 depending on €, such that
either

(1) Veu(ij) = Veu(io)l < € for j=1,---,6; 0r

(2) V u is quasi-harmonic at iy with harmonic factor m.

14



Now we are ready to prove Proposition Let ¢ be 1 or w. Roughly speaking,
from the comments below Definition if V.u(i) is close to the supremum, then either
situation (1) or (2) of Corollary implies the values of its neighbors are also close to
the supremum. Recall B(i, R) denotes the set of triangles whose vertices can be connected
with i by a path of at most R edges.

Proposition 2.17. For any € > 0, R € N, there exists a constant 6 > 0 depending on €, R, such
that forany M > 0,i €V, if

VCM|B(1',R) <Mand V.u@) > M -6,
then Veulpiry > M — €.

Proof. For any € > 0, let m(¢) be the constant given by Corollary Let eg = €, €j-1 =
min{%,ejm(%)} forany j = 1,--- ,R. Weleté = ¢. Then we prove by induction that
Veulpij =2 M — ;.

e j=0,Vau@)>M-6=M - &;
e Suppose the conculsion holds for j =k, i.e.

€k+1
2

)}

. €+l
Veulpipy =M — € =M — mm{T, € 1m(

Then when j = k + 1, either for any p € dB(i, k + 1), which is a neighbor of ¢ € B(i, k),

there holds

€k+1 €k+1

Veu(p) > Veu(qg) — > M- g -

> M — €41,

%1), which again implies

or V.u is quasi-harmonic at ¢ with factor m(

€k
> M — €41.

VC Z M_ =
u(p) (%)

¢ By induction we know that

Veulpij = M — €,

and in particular V ulpir) > M — €g.
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3 Viewpoints from hyperbolic geometry

3.1 PL conformal vs. hyperbolic geometry

We first recall some basic facts in hyperbolic geometry. Identifying the unit disk D ¢ C
with the set {(xj,x2,x3) € R® : ¥ + x3 < 1, x3 = 0} in R?, and mapping D under the
stereographic projection IT with respect to the south pole (0,0, 1), we obtain the upper
half of the unit sphere

S2 ={x=(x1,x,x3) €R? : x| = 1, x3 > 0}.

Thus, composing IT with the projection P : (xy, x2, x3) = (x1, x2,0), we obtain a home-
omorphism PII from D onto itself. We can extend PII continuously to the boundary !
of D by setting PII(x) = x. The geodesic lines on the Poincaré unit disk model (D, 12_“@'2)
of H? are mapped under PII to Euclidean segments with the same end points. The disc
D with the metric induced by PII from (D, f_'f;llz) is called the Klein model (also called the
projective model) of the hyperbolic plane H2. See Figure Similarly, we obtain the Klein

model on the interior of any circle in C.

0,0,-1)

the projection P

Figure 5: The stereographic projection and the Klein model

On any PL surface (%, 7, 1), Bobenko, Pinkall and Springborn [3] constructed a com-
plete natural hyperbolic metric with cusps. Consider a Euclidean triangle with its cir-
cumcircle. Interpret the interior of the circumcircle as the Klein model, then the Euclidean
triangle becomes an ideal hyperbolic triangle, that is, a hyperbolic triangle with vertices
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at infinity. This construction equips any Euclidean triangle (minus its vertices) with a
hyperbolic metric. If it is performed on all triangles in the triangulation T, then the hy-
perbolic metrics induced on the individual triangles fit together, so X\ V is equipped with
a hyperbolic metric with cusps at the vertices. Thus, T becomes an ideal triangulation of
a hyperbolic surface X with cusps V.

Figure 6: A Euclidean triangle and the corresponding ideal one

Gu, Luo, Sun and Wu [6] further expressed the above construction more geometri-
cally. Consider C as the sphere at the infinity of the hyperbolic 3-space H> = C x R.,.
For each Euclidean triangle 7 (considered as a subset of C), let 7* be the ideal hyperbolic
triangle in H* having the same set of vertices as that of 7. Geometrically, 7* is exactly
the convex hull in H? spanned by the three vertices of 7. See Figure @ If 71, 7, are two
Euclidean triangles in T’ glued along their common edge by a Euclidean isometry f, then
one glues 7% and 7} along their corresponding edges by f (the Poincaré extension of f).
See Figure[7] In this way, one produces a hyperbolic metric I on £\ V with cusps V. For
any (oriented) edge ij, let ijk, ijl be the two Euclidean triangles in T that adjacent to ij.
Penner [10] showed that Thurston’s shear coordinate at ij of the hyperbolic metric I con-
structed above is In(/;;lix /1yl jx). At each vertex i, it is easy to see that all shear coordinates
In(/jilix /Iyl jx) sum to zero. By Thurston [16] §3.7-§3.9, the hyperbolic metric /* constructed
above is complete.

0 74

\\ T2 5

/\ ~ \\V
1 \\
e

Figure 7: Gluing Euclidean triangles and the corresponding ideal ones
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Figure 8: A hyperbolic plane Figure 9: Two intersecting hyperbolic planes

Theorem 3.1 (Bobenko-Pinkall-Springborn). Two PL metrics | and I are PL conformal if and
only if the corresponding complete hyperbolic metrics with cusps I* and I* are isometric.

Proof. We give a proof here by following Bobenko, Pinkall, Springborn [3] and Gu, Luo,
Sun, Wu [6][9]. By Thurston’s theory of hyperbolic surfaces, the hyperbolic metrics /* and
[* are isometric if and only if their shear coordinates are the same at each edge e € T. For
any (oriented) edge ij, let ijk, ijl be the two Euclidean triangles in 7 that adjacent to ij.
The shear coordinate at the edge ij is Inlcr;;, where

lil jx

lery; = -2
i lijli

is the length-cross-ratio at ij (we refer §2.3 [3] for more about Icr). If / and [ are PL confor-
mal, thatis, [ = u [ for some u : V — R, then obviously fa‘i j = lcr;; for each ij. It follows
that I* and 7* are isometric. Conversely, if I* and [* are isometric, then lcr = Icr. For each
triangle i jk, one may find a unique solution u;, uj, ux so as Iy = e+l st € {ij, jk, ki}. For
another triangle ij/ which sharing a common edge with ijk, one may also find a unique
solution uj, u’, u] so as Iy = e“*ily, st € {ij, jl, li}. Prom lcr;j = ler;;, one easily see u; = u;.
This implies there is a global defined functionu : V — R so that / = u * l and hence / and /
are PL conformal. O

3.2 Delaunay triangulations and convex hyperbolic polyhedra

The Delaunay condition (@;; < m for each interior edge ij) can also be rephrased as “the
circumcircle of each triangle does not contain any vertices in its interior” [11][14]. Givena
locally finite Delaunay triangulation T = (V, E, F) of C. By definition, locally finite means
that at each vertex i € V, there is only finite vertices adjacent to i. We erase all such edge
ij with ;; = x, and obtain a reduced Delaunay decomposition 77 = (V, E™?, F*?) of
C. Note that E™ is a subset of E. Moreover, a face 7 in the reduced decomposition Tred
may not be a triangle again. However, 7 is always a finite convex polygon inscribed in a

18



circle, which is denoted by C;. Recall C is considered as the sphere at the infinity of the
hyperbolic 3-space H? = C x Ry¢. Thus C; is the boundary of a hyperbolic plane C: in
H?, or say, C; is the intersection at infinity between C* and dH?. Geometrically, C? is the
convex hull spanned by C; in H?. Obviously, the half sphere C: divide H? into two part.
Denote Ci(-) by the open set in H? below the half sphere C; and above the plane C. See
Figure|8| Then we obtain an ideal hyperbolic polyhedra with infinite vertices

PO = () B\ Ci).

TeFred

P(T,1) is convex, since T is Delaunay. By definition, the dihedral angle of (7,/) at an
edge ij € E™ is the intersection angle between the two half spheres Ciy and C7; (we
assume that the two triangles ijk and ijl have a common edge ij, and are embedded in
C), which equals to the intersection angle ®;; between the two circles C; and C;;;. By
elementary arguments (or see [12]]), one obtain ®;; = a;;. See Figure@ Thus the Delaunay
condition «;; < & says that all dihedral angles of (T, [) are no more than x, which implies

that P(T, 1) is convex.

3.3 A hyperbolic geometry interpretation of Theorem 1.4

Let (Thex, 1) be the standard hexagonal triangulation on C equipped with a PL-metric /. We
assume that (T}, [) is flat, complete and Delaunay. Recall P(T}., () is the corresponding
ideal hyperbolic polyhedron constructed in the previous section. Its boundary dP(Thex, [)
is a hyperbolic surface with infinite cusps V. By Theorem two such PL metrics [
and / are PL conformal if and only if the hyperbolic surfaces 0P(T ey, ) and 0P(They, [) are
isometric. Thus Theorem 1.4 may be rephrased as

Theorem 3.2. If the hyperbolic surface OP(Thex, 1) with cusps is isometric to OP(Thex, lo), where
Lis flat, complete and Delaunay. Then the ideal polyhedron P(Thex, 1) is isometric to P(Thex, lo).

A convex ideal hyperbolic polyhedron # with infinite but locally finite faces is called
hexagonally triangulated, if the combinatoric of its boundary is equivalent to some reduced
Delaunay decomposition T,:ﬁf Of (Thex, lp). In other words, P is called hexagonally trian-
gulated, if one can further triangulate its boundary (without adding new vertices) so as
each vertex have valent six. In this case, the combinatoric of the further triangulated
boundary becomes equivalent to a hexagonal triangulation of C. See Figure

Corollary 3.3. Given an infinite convex ideal hexagonally triangulated polyhedron P in H>. If
0P is isometric to OP(Thex, lo), then P is congruent to the standard ideal polyhedron P(T ey, 1).

We refer to Luo [9], Rivin [12] and Springborn [15] for more interpretations.
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Figure 10: Hexagonal triangulation
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