OFF-DIAGONAL ESTIMATES FOR BI-COMMUTATORS
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ABSTRACT. We study the bi-commutators [11, [b, T2]] of pointwise multiplication and
Calderén-Zygmund operators, and characterize their LP! LP? — L% L% boundedness for
several off-diagonal regimes of the mixed-norm integrability exponents (p1, p2) # (¢1, ¢2).
The strategy is based on a bi-parameter version of the recent approximate weak factoriza-
tion method.

1. INTRODUCTION

In this paper we characterise many new estimates for bi-commutators. The classical
commutators have the form [b,7]: f — bT'f — T'(bf), where T is a singular integral
operator

(1.1) Tf@) = | K@y)fy)dy

The expression (1.1) represents a broad class of linear transformations of functions arising
across analysis. Distinguished special cases are the Hilbert transform H in dimension
d = 1, which has the kernel K(x,y) = I—Ey, and the Riesz transforms R; in dimensions
d > 2, which have the kernel K;(z,y) = %,j =1,...,d.

The Hilbert transform lies in the scope of complex analysis, and the Hilbert commu-
tator [b, H] is connected to Hankel operators. A classical theorem of Nehari [42] char-
acterises the boundedness of the Hilbert commutators [b, H| via this link. On the other
hand, the result of Coifman—-Rochberg-Weiss [7] brings the commutators to the heart of
harmonic analysis by showing that

(1.2) 1bllBMo S 16, Tl 2o vy 10 (me) S lIbllBMO, P € (1, 00),

for a class of non-degenerate singular integrals 7' on R%. Here BMO stands for the usual
space of functions of bounded mean oscillation:

1bllmato = sup ][ b— (b,
I I

where the supremum is over all cubes I C R? and (b); = f, b := ﬁ ;b

The off-diagonal situation [b,T]: LP — L9, p # ¢, is also completely understood. In
the case 1 < p < g < o0, a two-sided estimate like (1.2) with BMO replaced by the
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homogeneous Holder space C%,

b(x)—0b 1 1
6] 0.0 := sup [bz) = b(y)| Exy)’, o= d(f - 7),
ety T =Yl P q
was obtained by Janson [30]. The remaining range with 1 < ¢ < p < oo was characterised
only very recently in [24]:

116 Thlze—pa ~ Yol := I llb = eller, o= o=

As the commutator annihilates constants, all of the spaces above also have the feature
that they do not see constants. This philosophy is more complicated in the bi-parameter
setting where the bi-commutator annihilates all functions that depend only on one of the
variables (1, 29) € R% x Rz,

The motivation for commutator estimates stems from their many applications and con-
nections to modern harmonic analysis. For example, the LP — L? characterization yields
factorizations for Hardy spaces [7] and implies various div-curl lemmas relevant for com-
pensated compactness [8]. In [24], the off-diagonal LP — L? boundedness for ¢ < p is
connected to a conjecture of Iwaniec [29] about the prescribed Jacobian problem.

In this paper, we address the question of the off-diagonal LP(R¢) — L4(R%) bounded-
ness of the bi-commutators [T, [b, T»]], where each 7; is a Calderén—-Zygmund operator
on R% and R? is viewed as the bi-parameter product space R? = R4 x R%. Due to the
product space nature of the problem, it is natural to introduce an additional level of gen-
erality by allowing different integrability exponents in the x1 and x> coordinates, thereby
leading to the question of L%} LF2 — LI L% boundedness. In contrast to the three qual-
itatively different regimes p < ¢, p = g and p > ¢ for the commutator, there will now
be nine different situations depending on the relative size of both p, ¢ on the one hand,
and ps, g2 on the other hand.

Our question is the natural bi-parameter analogue of [24]. In fact, [24] already sug-
gests a naive conjecture, where in each regime of the exponents, we should have the
corresponding natural vector-valued space. For example, in the case

<

p1 < q1and p2 = o
we could expect the space 0235 '(BMO,,) and in the case
p1=¢qiand p2 < g2

we could expect the space BMO,, (C2P2), where f; := d; (pl — qi> Somewhat strikingly,
we show that the naive conjecture is not always the right one. In the second case, the

space o (BMOy, ), where the order of the spaces %P2 and BMO,, has been switched
to an unexpected order, provides the correct sufficient and necessary condition.

The following Theorem 1.3 is our main result. It verifies the naive conjecture in some
cases and proves an unexpected necessary and sufficient condition in some other cases.
Some characterisations are left for future work as they do not appear to be amenable to
our current methods. The stated theorem is a simplified and shortened version of the
obtained new estimates — for example, the symmetry assumption is used here purely for
convenience in order not to have to include partial adjoints [T}, [b, T3] in the estimates.
In the three lower-right cases of the table of Theorem 1.3, where only an upper bound
is stated, we also obtain certain related lower bounds, but these do not admit a simple
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formulation in terms of classical function spaces, and are therefore omitted in this Intro-
duction.

1.3. Theorem. Let Ty and Ty be two symmetrically non-degenerate CZOs on R and R%,

respectively, b € L% _(RUT92) and py, ps, 1, g2 € (1,00). Let
1 1 . 1 1 1 )
6i3:di(*_*)a if pi <a; —i=———, if pi>gq.
pi 4 T 4i  Di
Then ||[T1, [b, T5]]|| [PV IP2 L8 L2 has upper and lower bounds according to the following table:

P <q P1=q pP1>q

P2 <2 | ~bleos osy |~ Ibllcos o, ) | S 1Bz cos

p2=a2 |~ bllsos pyo,,y | S I0lIBMOG | S 10112 (Ba0,,)
z ”bHBMOreCt

D2 > q2 ~ Hb”ég‘fl(ng) S ||b||BMoml(L'f;22) S ||b||L;11(L;22)

As one can see from the table, all of the four cases, where we obtain a complete charac-
terization, are about off-diagonal mapping properties in the sense that (p1,p2) # (¢1, ¢2)-
The diagonal case, involving the product BMO space of Chang and Fefferman [5, 6],
has been studied by Ferguson-Sadosky [14] and Ferguson-Lacey [15], with further ex-
tensions appearing in [32, 33, 44]. Very recently, the celebrated characterization in [15]
has been found to contain a gap, see [21], which remains open at the time of writing,
and reappears in several subsequent works on the topic. The original counterexample
to a key step in [15] is presented in [21], and we provide another counterexample in
Appendix A. It should be observed that these are only counterexamples to the existing
proofs, not to the Ferguson-Lacey characterization itself, so that the truth of the actual
result remains open. The ongoing quest to repair the Ferguson-Lacey characterization
significantly adds to the interest in finding alternative approaches to the difficult lower
bounds for bi-commutators, and it might be worthwhile investigating whether our new
bi-parameter weak factorization methods could also shed some light on the diagonal
case and the product BMO space.

While it is clear that the rectangular oscillations appearing in this paper cannot, as
such, directly characterize the product BMO norm involving general open sets, even the
product BMO norm can be obtained by suitably dualizing against product Hardy space
atoms using the product space theory of Chang and Fefferman. It is not unthinkable
that one could directly construct suitable weak factorizations even for these complicated
atoms; presumably, this should involve considerations in the spirit of Journé’s covering
lemma for product spaces [31] or its variants [4, 46]. Even if the gap in [15] is eventually
fixed by modifying the original proof, a shift of paradigm from the Fourier-analytic meth-
ods of [15, 32, 33, 44] to real-variable methods of our approach would have other posi-
tive effects — for example, it could aid the development of related commutator bounds
in other settings like those of [11, 12, 13]. For the time being, our result concerning the
rectangular BMO lower bound is in fact the best that is available in the diagonal case.
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It is important to realize that commutator upper bounds are expected for all bounded
singular integrals, while the lower bounds obviously require some non-degeneracy. All
our lower bounds hold under weak non-degeneracy assumptions on the operators, and
neither the homogeneity nor the translation-invariance of the operators, crucially used
in [15, 32], is needed here.

There has been a vast amount of other recent activity regarding both one-parameter
and multi-parameter commutators. For example, the two-weight commutator estimates,
which include [18, 19, 20, 24, 34, 35, 36, 37], have been one of the main lines of develop-
ment. Commutators are also actively studied in other settings: see for example [11] for
the flag setting, [12] for the Zygmund dilation setting and [13] for the Bessel setting.

The motivation for this paper is not just the results in Theorem 1.3 but also the asso-
ciated methodology. We develop some interesting bi-parameter versions of the flexible
one-parameter commutator methods [24]. In more detail, our strategy requires us to de-
velop new bi-parameter methods that exploit the following known interplay between
commutator bounds and weak factorizations. The logic of this connection is that while
Nehari’s theorem [42] may be seen as a corollary of the classical factorization of H (D),
Coifman, Rochberg and Weiss [7] reversed the reasoning and deduced from the com-
mutator estimate (1.2), using duality, a weak factorization (involving sums of products,
rather than just products) of the real-variable Hardy space H!(R%). This connection be-
tween commutators estimates and factorizations of functions stems from identities like

(14) ([b7 T]fag> = <b7Tf g — f ! T*g>

Recently, in [24] the idea was to reverse the reasoning again, and to first directly prove
a suitable factorization, and then use it to prove the desired commutator estimate. This
leads to the approximate weak factorization method, where a function h is expanded in
the form

h

=, 9= T == T'g+ Tf g+l W =Ty

and a suitable g above allows to absorb the error ||A/|| < ||h]|.
Instead of (1.4), in the bi-parameter setting we have

([T1, b, Ta])f,g) = (b, Tof -TYg— f-T1To5g —TiTof - g+ T1f - T3 g).

We develop our new weak factorizations in Section 4. In Lemma 4.4 we expand a func-
tion f supported on a rectangle R = I x J and satisfying [, f = [, f = 0 using the
approximate weak factorization logic. This produces more error terms, with more com-
plicated supports, when compared to the one-parameter analogue (1.5), and makes the
repeated use of the factorization more tricky. Nevertheless, we manage to use our bi-
parameter approximate weak factorization to e.g. prove Theorem 4.18, which is the key
to many commutator lower bounds.

Here is an outline of the paper. After the short preliminaries of Section 2 we move on
to the oscillatory characterizations of various function spaces in Section 3. These func-
tion space characterizations will be combined with the weak factorizations of Section 4
to prove our necessary conditions for commutator boundedness in Section 5. Section 6
collects all the sufficient conditions. Sections 5 and 6 combined give Theorem 1.3. Section
7 records some additional vector-valued estimates for commutators that are of indepen-
dent interest — see e.g. Theorem 7.12.

15)  h
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2. PRELIMINARIES

2.A. Basic notation. We denote A < B if A < CB for some absolute constant C. The
constant C can at least depend on the dimensions of the appearing Euclidean spaces,
on integration exponents, and on various Banach space constants. It can also depend
on various other fixed constants, like those related to singular integrals, and so on. We
denote A~ Bif B< A S B.

When we consider R? as a bi-parameter product space R = R% x R% we often denote
the mixed-norm space LP1(R%; [P2(R%)) by LE! L%2 — this is suggested by the notation
T = (z1,12) € RY = R% x R%. We also always identify f: R? — C satisfying

</Rd1 </]Rd2 |f (w1, 22)[ d$2>pl/p2 da:l)l/p1 <0

with the function ¢ € LPL(R%; LP2(R%)), ¢ ¢(x1) = f(21,-).

Often integral pairings — denoted with the bracked notation (f, g) = [ fg —need to be
taken with respect to one of the variables only. For example, if f: RY — C and h: R%t —
C, then (f, h)1: R — C is defined by

(fih)1(z2) = - fyr,z2)h(y1) dys.

<f>A=]£f:=‘il‘/Af,

where |A| is the Lebesgue measure of the set A. The indicatator function of a set A
is denoted by 14. We try to denote cubes in R4 by I;, J;, L; and so on — that is, the
dimension of the cube can be read from the subscript. Various rectangles then take the
form I x Iy, J; x Jo, etc. The side length of a cube I; is denoted by ¢(1;).

We denote averages by

2.B. Singular integrals and commutators. We call
K;: R% x R% \ {(z,y) € R% x R%: g, = yi} — C

a standard Calder6én-Zygmund kernel on R% if we have

and, for some «; € (0, 1], we have

|z — x|

2.1) | K (i, i) — K (2, 9)| + 1K (yi, 2i) — K (yi, 77)| < CW

whenever |z; — x}| < |z; — il /2.
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Many of our results hold with (2.1) replaced by a significantly weaker assumption —
see Remark 4.6. However, we do not emphasise this too much as it is not a novelty of
this paper (see e.g. [24]).

A singular integral operator (SIO) is a linear operator 7; on R% (initially defined, for
example, on bounded and compactly supported functions) so that there is a standard
kernel K; for which

@fo) =[], Ko fgle) dyida,

whenever the functions f and g are nice and have disjoint supports. A Calderén-Zygmund
operator (CZO) is an SIO T;, which is bounded from LP(R%) — LP(R%) for all (equiva-
lently for some) p € (1,00). The T'1 theorem [10] says that an SIO is a CZO if and only

if
/ T, +/ 71 < 11
I; I;

for all cubes I; C R%. Here T} is the linear adjoint of 7;. We know a lot about the
structure of a CZO T;: we can represent 7; with certain dyadic model operators (DMOs)
—see [22, 23]. We will have use for this later.

Ifb € Lj (R?) for some s € (1,00) and T is a CZO on R, then the pairing

loc

is well-defined for f,g € L. If R = R% x R% and T} is a CZO on R%, we can simi-
larly define ([T1, [b, T%]]f, g). Then we can ask, via duality, if [T}, [b, T5]] maps L5} LE2 —
LI L# . However, when a commutator lower bound is proved, the full norm

H [Tl) [b7 TZH HLII)% ng eLle LZQQ

is not actually needed. We will define so-called off-support versions of the norm, which
can be defined even if we only have b € L] . In fact, these off-support constants depend
only on the kernels K and K and not on the CZOs themselves.

When we are given a CZO T; we always write K; for its kernel without explicit men-
tion.

3. FUNCTION SPACES AND OSCILLATORY CHARACTERIZATIONS

In our goal of linking the boundedness of the commutator [71, [b, T5]] with the mem-
bership of b in a suitable function space, a useful intermediate notion is provided by var-
ious oscillatory characterizations of the different function space norms. In this section
we specifically go through all the oscillatory conditions that appear in our commutator
lower bounds.

3.A. One-parameter spaces. We begin by recalling the relevant characterizations in the
one-parameter situation, as this will motivate the necessarily more complicated expres-
sions in the two parameter case.

The case of BMO is most immediate, as the norm is directly given by the oscillatory
quantity

[Bloqes = sup f b ().
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For the homogeneous Holder norms
[b(z) —b(y)]
181l ¢0.0(gay = sup
C0e(RY) TH#Y ‘:L' - y’a

there is a well-known analogous equivalent norm:

A
where the supremum is over all cubes I C ]Rd.
Proof. “2"” is immediate, since |b(z) — (b);| < f[ |b(x) — b(y)| dy, where |b(z) — b(y)| <
[1b]] ¢0.0.(gay¢(1)* for all z, y € I.

For “<”, denote the right-hand side of the claim by Cj, and fix x # y € RY. Define
rp = (1 -2z +27%yand yp := (1 — 27%)y + 27%2, and note that 2y = y; = %(m +v).
If Qp(z) := Q(zx,27%|z — y|) is the cube of centre z;, and side-length 2 - 27%|z — y|, we
easily check that Q1 1(z) C Qk(x) and Qx(v) C B(z,C27%|x — y|). Thus, we have

Z ][ ][ b) + ][ b
Qi1 (z (x) Q(3(z+y),3lz—y|)

A5 o

<coZer ascor:v—mazz’msoom—ma.
k=1 k=1

A similar bound for y in place of x and the triangle inequality show that [b(z) — b(y)| S
Colz — y|*. O

)

3.1. Proposition. We have

||b||c‘vo,a(ugd SUP

and hence

b _][ b| < 3 ][
’ (@) QL (e+y), He—y) ‘ 2 Qk+1<>

k=1

b_ Qk (=)

The final space of interest in the one-parameter case is
”bHLr(Rd) = ngf 16— cllzr,

where the infimum is taken over all constants. For this space we have the following
characterisation — similar estimates already appeared in [24], but we single them out
here as a separate proposition. A collection of cubes .7 is called vy-sparse if there are
pairwise disjoint subsets E(S) C S, S € .7, with |E(S)| > 7|S|. We can often work with
v = 1/2 and simply talk about sparseness.

3.2. Proposition. For r € (1, 00) we have

161l 1 (ay ~ Sup 1o = ®)allzr@) ~ M7 bl L (gay

~ sup Z /\5/ |b— (b)s| : . is sparse, Z 1SNy < 1}

Ses Ses
where M#b is the sharp maximal function M#b(z) = supgs, fQ |b— (b)q| and the supremum
is taken over all cubes QQ C R¢.
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Proof. We prove a chain of upper bounds both starting and finishing with ||b|| ir(ra), and
covering all other expressions as intermediate steps. To begin with, we have

To see this, fix an increasing sequence of cubes (Q;); that exhaust R?. Let i < j and write

g, ~Bal = (f, g, ~b) + biw) ~ o)l ar)”"
<1QiI77(Ib = B, ler @ + 10— Waillzr @)
< 1QiI™7 (b~ (b, @y + 1Ib — Baullr@n) < 2Qil Y7 Co.

Thus, ({(b)q,), is a Cauchy sequence and the limit ¢ := lim;_,(b)q, exists. Fatou’s lemma
yields the desired estimate:

0y < oo = [ Jim 1610 — o, <t [ 10— 0, "<

For a fixed cube Q C R%, we have

lolb— (D)ol < le][V’—

Ses

for a suitable sparse subcollection . C 2(Q). Here 2(Q) consists of the dyadic subcubes
of () obtained by dividing () in the natural way. For this elementary variant of Lerner’s
oscillation formula see e.g. [24, Lemma 3.4]. Using this we now have

b~ el <H215f|b— 6ll e < (2 rS![]irb—<b>sr}’")1“,

where the last step is easily verified by dualising with ¢ € L"" and using the definition of
sparseness:

/<Z ISCS ¢< Z CS/ S</ Z 1E(s)Cs>M¢

Ses Ses Ses
< || 32 esyes|| 1ol < (3 1BGS)IE) 6l
Ses Ses

Dualizing the /" norm with ¢ we find that

Z;ﬂ[rsv/’”]irb—wm}r szww][w_ 1= X as [ - il

Ses

for suitable coefficients Ag with ) ¢ o [S|Ng =D g A < L.
Next, using sparseness and the definition of the sharp maximal operator, we observe
that given an arbitrary sparse collection . and coefficients As with > ¢, [S|\E < 1, we
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have
3 \S\)\S][ b ()l < 3 1B(S)IAs inf MFi(= / 3 Lugsyhs ) M#b
Se.s Ses Ses

1/v/
< || X tmeprs| I F b = ( PILC INS) " b,
Ses

where the first factor is bounded by 1. Lastly, we have
IMFbl|ze = [ M* (b~ )l S [Ib—cllzr
for every constant ¢, and hence || M#b||1- < ||b]|; .- O

3.B. Bi-parameter spaces. Forb € L] and a rectangle R = I; x I, we denote
(3.4) OSCUl’U2(b, R) = Hb — <b>[171 — <b>[272 + <b>RHL;§LZ%(R)? 1 <wv; < o0

Homogeneous Holder spaces. If X is a Banach space with norm | - |x and b: R — X, we

define () — b(y)
) —0\Y)|lx
D[] 70,0 =sup ————.

‘ HCO (X) ety |$ y|a

In RY = R% x R?% the natural bi-parameter homogeneous Holder norm is

HbHC'O,a,ﬁ(Rd = HbHCO" Coﬁ) HbHCOﬁ COQ)
b s b(-,22) — b(-
= sup (:Elv ) (Zila H . = sup (,1'2) (ﬁ’yQ)‘ .
17y |z1 — y1] COB oty |zo — o o
— s |b(z1, x2) — b(21,y2) — b(y1,z2) + by, y2)\
T1#y1 21 — y1|¥|z2 — )P
T27#Y2

The following oscillatory characterization holds for this norm.

3.5. Proposition. We have

1 oscb1(b, R)
Iellcn.s ~ 5004 gz TR

Proof. We denote the supremum on the right hand side by C.
“>"is immediate, since for all x; € I, we have

1b(@1, 22)—(b) 1y 1(72) — (b) 1y 2(x1) + (b) 1, x 1|
< ][ |b(z1, x2) — b(21,y2) — b(y1,z2) + b(y1, y2)| dy1 dyo
11><12
= Hbllc'o,a,ﬁ(Rd)f(Il)af(fz)ﬂ-

For “<”, notice that by Proposition 3.1 we have

b('vl'?) - b('7y2) ‘

\152 - yz\ﬁ

cR=1 x1, rectangle}.

||b‘|c'vo,a,ﬁ(Rd) = sup

~0
T2F£Y2 Ol

: 7,
~ sup sup . W
T2AY2 |2 — 212|’3 n 4 Il bz, Y2 bz, y2> s
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where

bIz,y2 = b('7$2) - b('a 3/2)'
So we fix 29 # y2 and a cube I; C R%. By expanding b(-, z2) as in the proof of Proposition
3.1 (using the same notation as there) we get

.%'2 Z ][ 22 dZQ—][ b(',ZQ) d22>—|—][ b(-,ZQ) dzo.
Qry1(z2) Qr(2) Q(3 (wa+y2), 3 |z2—y2|)

Hence

busys = D [(D)0rir@a)z — Dau@nz] = D [ ariwe)2 — ) Que).2]-
k=1 k=1

We first consider the contribution of the first summand. We have

]{1 ‘[(5>Qk+1<x2>,2 — D2l = ([O@um2 = Oauw)2l)y,

(b= (D)1 1) Qs (w2)2 — (0 = (D)1 1) 0y () 2]
1

< ][ b= ()11 — (b= (0)1,.1) Q1 (2) 2]
I x Qg (z2)

< Col(L)* (27 |az — ya|)°.
Thus, the contribution of the first summand to the average f; [0z, y, — (bus,y5) 1|, can be

dominated by Co/(I1)%|z9 — y2|°. Likewise, the second summand contributes the same.
Thus, we have established

; ’bw2,y2 - <b9€27y2>11‘ 5 COK(II)CY"T2 - yQ‘ﬁ
1
proving that [[b]| ¢0.0.6(gey S Co as desired. O

For the norm
b(z1,-) — b(y1,-)
1 — 1 |5

Hb||(;~gf(BMor2) = Ssup

T17Y1 BMO(R42)

the following oscillatory characterization holds.
3.6. Proposition. We have

1 OSC’ (b R)
Bl envo.,) ~ 5 e TRy

R=1 x 1, rectangle}.

Proof. We denote the supremum on the right hand side by Cj.
We again first prove the “2” direction. For all ; € I; we have

b(z1, 2)—(b) 1, 1(z2) — (D) 1y2(x1) + (0) 1y <1, |

][ (b(f’fla z2) — b(x1,y2) — b(y1, v2) + b(y1, yQ)) dy1 dyo
Il><IQ

_ ']{1 2y — y1|a(b(9617962) —b(y1,22) <b(9617 ) - b(ylw)>b) duy

|z — y1|® |z —y1|®
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S ALY ]{1

Then taking the average over I; x I> and using Fubini we obtain the estimate as desired.
For “<” we fix 21,51 € R% with x1 # y;. Similarly as Proposition 3.5 (just let & = 0
there) we see that for all cubes I, C R%

b(z1,x2) — byr, x2) <b(9€1, ) — by, ')> dyy.
Ip)

|z —y1|® |z — y1|®

]{ ‘b$1ay1 - <b$1,y1>12’ S CO‘:UI - yl‘a7
2
where by, , = b(z1,-) — b(y1, -). This proves the claim. O

The final C%*(X) type space of interest to us is the bi-parameter space CQ;Q(LL )

3.7. Proposition. We have

”b”c'ﬁf(/i%) ~ sup{u ) Z As, oscB (b, I} x Sp):
1 S €S

I, c R4, .7 sparse, Z \Sg])\g; < 1},
Sa€.S

where I C R% is a cube and % is a sparse collection of cubes in R%2.

Proof. “2”: We apply Proposition 3.2 to the function b(z1,-) — (b);, 1 for each z; € I.
This shows that

S s, / b@1,) — B — Bysaal@r) + (B)rxss]
526/2

S bz, ) = Ol N][ b1, ) = byr, Mgy dyr S Mbllgoe sy y0(11)

The penultimate estimate is easy to see using Proposition 3.2. Integrating over x; € Iy,
we deduce the claimed bound.
“<”: Denoting by Cj the right-hand side, we need to prove that ||b(z1, ) —b(y1, )| ;. <
z2

Colz1 — y1|* forall zy # y1 € R, By Proposition 3.2, this is equivalent to

(38) Z >‘52/ |b xl? - b yl? ) <b(:E1, ) - b(yl’ ')>52| S CO|=T1 - y1|a7
Sa€5,

where .5 and Ag, are as in the claim. We then expand b(z1, ) as in the proof of Proposi-
tion 3.1 (using the same notation as there):

1,‘1, Z ][ 2:1, le—][ b(zl,-) d2’1>+][ b(Z1,~) dzy.
Qrt1(x1) Qr(z1) Q3 (@1+y1),3lz1—u1])



12 EMIL AIRTA, TUOMAS HYTONEN, KANGWEI LI, HENRI MARTIKAINEN, AND TUOMAS OIKARI

Doing the same with b(y1, -) and using the triangle inequality, we find that
LHS(3.8)

= Z Z Z )\82/ [(b) Qr+1(u1),1 — <b>Qk(U1)71_(<b>Qk+l(u1)><Sz _<b>Qk(u1)X52)|
u1=21,Y1 k=1 S2€.%,

S Y} b~ )y~ (B)ssz ~ Ghayrss,)
ul= x1,y1k 1S4 Qry1(u1)

Y Yy ASQ/ ][ b= D)getunt — Bhsaz + B p(u)xss]
u1=x1,y1 k=1 S2€.% Qr(u1)

< > ZCOEQk w)* S Y ZCO Hlaor —y1)* S Colar — w1,

u1=21,Y1 k=1 u1=21,y1 k=1

and this proves (3.8). (]

3.9. Remark. Note that it seems somewhat important that in the above proof we apply
Proposition 3.2 directly to the defining condition ||b(z1, ) =b(y1,-)||;» < |x1—y1]%, so that
z3

the extremizing .5 and \g, depend on z1,y; only, and only then apply the (considera-

tions of) Proposition 3.1. Alternatively, it might occur to one to start with (a vector-valued

version of) Proposition 3.1, reducing the proof to estimating fh 6(z1, )= Oy allj, dz1 S
z2

¢(I;)*. If we now tried to continue with Proposition 3.2, applied to b(z1,-) — (b)r, 1 for
each z; € I;, the resulting .5 and \g, would in general depend on the integration pa-
rameter z; € I7.

Bounded mean oscillation. We define, for 1 < p; < oo, the rectangular BMO norm

||b|| B oscP1:P2 (b7 R)
BMOrect(p17p2) - R 8}1113([2 ‘Il ‘1/]}1 ‘1'2’1/;)2 :
This space is directly in the oscillatory form. It does not appear to enjoy the John-
Nirenberg property, and so the choice of the exponents can matter. Usually in the lit-
erature

[0l BMOreet = [|BlBMO e (2,2)-

For many purposes this is not the correct or optimal bi-parameter BMO space.

We will later have use for the smaller product BMO space, but it does not enjoy an
oscillatory characterisation, and we will not discuss its definition now.

If X is a Banach space, we say that a locally integrable b: R — X belongs to the
X-valued BMO space BMO(p, X), 0 < p < oo, if

1/p
¥lssiom.x i=sup (16 Ghl) " < .
I I

By the Banach-valued John-Nirenberg theorem (see e.g. [26, Theorem 3.2.30]) we have
that all these norms are equivalent when p varies, and we may again set

I¥lmsio) = sup f b~ (B)1x.
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From this point on, we do not obtain oscillatory characterization for our spaces, but we
can record one-sided estimates of oscillatory quantities by function space norms. These
are of philosophical use. Later, we may obtain commutator lower bounds with respect
to these potentially smaller oscillatory quantities. We start with the bi-parameter space
BMOyg, (L7,).

3.10. Lemma. We have
1 d !
sup {|I1|SZ S, oscl’l(b, Iy x Sa): I) C R™,.% sparse, Z |S2|\g, < 1}
2 ESo So€. S
5 ||bHBM()Il(L22)7
where I} C R% is a cube and .% is a sparse collection of cubes in R4,

Proof. As in Proposition 3.7 we have by applying Proposition 3.2 to b(x1, -) — (b)r, 1 that
F 3 A [ Ben =B - Bsale) + Gnes
I

LSes 52
S b ) = Onallie S Blavo, e O
z9 1 9
I
The space L™ L. The final condition that comes up in our commutator lower bounds is
Co=sup » Y AigAag,0sc!(b, S x Sy),
S1€51 S2€5
where 7; € (1,00) and the supremum is taken over all sparse collections .#; of cubes
in R% and non-negative coefficients \; s, satisfying > ¢ . . )‘:isi |S;| < 1. We again only
have the direction that
(3.11) Co S 10l iz 472
which is primarily of philosophical use. This can be seen by utilising Proposition 3.2 and
its proof.

4. WEAK FACTORIZATION AND COROLLARIES

4.1. Definition (Non-degenerate kernels). Let K; be a Calder6n-Zygmund kernel on R%.
We say that K; is (symmetrically) non-degenerate if there is a constant ¢y > 0 such that for
every y; € R% and r > 0 there exists z; € B(y;, )¢ so that there holds

C()T'di > '

Notice that the z; in the above definition necessarily satisfies |z; — y;| ~ r. If T} is a
CZO whose kernel K; is a non-degenerate Calderén-Zygmund kernel, then we say that
T; is a non-degenerate CZO. However, in what follows we do not really need CZOs, we
only need the kernels, and 77 and 77 will just be notation for the integrals

1
|KZ($Zayl)‘ > W (and ‘Kz(yz,%)‘ >

Tih(z) = ) Ki(z1,y1)h(y1) dys, z1 € R\ spth,
R%1

Ty h(z1) = ) Ki(y1,w1)h(y1) dys, z1 € R%\ spth,
R21
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and similarly for T5.

4.2. Definition (The “reflected” cube E). Let K; be a fixed non-degenerate Calderén-
Zygmund kernel on R%, and fix a large constant A > 3. For each cube I; C R% with

center ¢;, and sidelength /(I;), we define another cube I; C R% of the same size by
choosing a center ¢;, guaranteed by the non-degenaracy of K;, so that

ler, —ej | ~ AUT), | Ki(ep, )| ~ (A1)
Notice that dist(I;, ;) ~ Al(L;). If K; is symmetrically non-degenerate, we require in
addition that |K;(cr,, ¢z )| ~ (A(I;))~%. While the choice of I; may not be unique in
general, in the symmetric case we can and will make it in such a way that I; = I;.

By (the proof of) Proposition 2.2 in [24] we have for all z; € E and y; € I; that
CA™%i
(Ae(1:))%
If K1 and K are two (symmetrically) non-degenerate Calder6n-Zygmund kernels on
R% and R%, and I; € R% are cubes, we of course define I; with respect to K;. For each

rectangle R = I} x Iy C R? = R4 x R%, we define R := I x I.
For a rectangle R = I; x Iy C R47% = R and py,ps € [1, 00] we denote

1 oltoi) = {s e ain): [ 1= [ r=o}.

I

(4.3) |Ki(zi, i) — Ki(cg, cr,)| <

We record and prove the following bi-parameter weak factorization theorem. A sim-
pler one-parameter version is Lemma 2.5 of [24]. This will have important corollaries
that we use to deduce the commutator lower bounds.

4.4. Lemma. Let K; be a non-degenerate kernel on R%, § = 1,2. IfR=1 x1Iy C R? is a
rectangle and f € L oL,, o(R), then we can decompose

3
f=1NTh — Toh - T{ 15 — Toh - Ty 15+ hIT T3 15+ > f,
j=1

where each fj € LI1 OLI2 o(R;j) for Ry = _71 X Iy, Ry = I7 X fz and Rs = ]A%, and they satisfy
|fi@)] S A7 (@)D na(r2),  [f2(2)] S AT ) po(@1)1, (22)

and
|f3(2)] S AT AT 1 () (| f]) -
Moreover, h € L*(R) satisfies
|h(z)| S A% f ().

In particular, if f € L* (L3? ,(R), 1 < u; < oo, then also

x1,0~ 29,0
d ~ o
il S AN S Imn and Lo S A- ROy

zg T

where the implicit constants depend only on the dimensions and the kernel constants.
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Proof. Denote ¢ = lz= 1;1 ® 1;2 =: ¢1 ® ¢2. We write

fo—d TTe— $TIToh — Toh - TiG— Tuh-T5é + WIT TS + F
TTT5¢
where
__f
ITT5¢9
and

f=Tih-Ti¢+ Toh-Tip — $TiToh

:¢1T1<T15¢1>+¢>2T2<T;¢2)—¢T1( 1 T2< f ))

Tig1 “\T5¢2
= f1 +f2+f3-

Everything is well-defined, since in fact we have the estimates 7717 (z;) 2 A~ i forx € I
(remember that f is supported on R). To see this, fix x; € I; and wrlte

Tz (z1) = [ Ki(yr,z1) du
Iy

= Ki(cg,,en)| ] +/ (K1 (y1,21) — K1(Cj1,011)) dyi.

L
Using (4.3) it is then easy to see that [T717 (21)| 2 A~%_ The other estimate is symmetric
This also gives that

[h(2)] < A7 f ().

It is also immediate that [} fi =0and

/fl Rd1¢1 1 T*¢1> /Rdl TY o1 / =0

Tion
Similarly, we can see that [; fo = I3 fo= fh fz= i, fs=o.

We now prove the poinwise estimates of f;. Let g: R — C satisfy g(z) = 0if 21 ¢ I
and [; g =0.Forz = (v1,72) € I x R% we write

g _ g('7x2) o g('7x2) 1 .
Mzre) @ =T ey~ Wikt ) ) iR ey 90 o0
We have using (4.3) that

1 .
’MWTl(g('7$2))(x1)‘ ~ A

[ Kt = Kileg,cenlaton, o) don
I

SAT A g( @)
Iy

It is similarly straightforward that

‘T ( ,x2)  g( @)

)| <A™ o).
i Il’Kl(Cf17011)>( 1)’N 11’9( 2)|

15
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It follows that

g o ~ d
(4.5) ’Tl - x)‘SA ! g(-,x2)|, x €I} x R%.
(5, gt e2)

Applying this to g = f we get
(@) £ AT (@O)( )1 (2)-

The estimate B
|fo(@)] S A7 1) 12,2(21) 1, (22)

is symmetric. Lastly, notice that

f3= ¢1T1<T*<Z>1 G2 2(T;¢2)) = ¢1T1(T§251)

so that applying (4.5) to g = f2 (which is a legitimate choice) and the estimate of fa, we
get that for z € I1 x I, there holds

@) S A A | Folyr, o) dyy < A1 470 f I
I R

The claimed L"! L*? estimates are clear from the pointwise estimates. O

4.6. Remark. A much weaker modulus of continuity like in [24] for the kernels K1, K>
would also work, but we prefer to use the standard estimates here for simplicity. The
weaker assumption for K; would be

1 |zq — 2|
Ky (21, 1) — K (2], Ki(y1, Ki(y1,2))| < ( 1)
|K1(z1,91) 1@, y0)| + [ K1 (yy, 1) — K (yn, @) < 71 — ‘dlw 1 — o]

whenever |z; — z}| < |z1 — y1]/2. In these lower bound arguments it is only needed that
the increasing modulus of continuity w: [0,1) — [0, c0) satisfies w(t) — 0 when t — 0.

The previous lemma will be used to control the oscillations (3.4) via the following basic
observation. The idea is to decompose the dualizing f like above.

(MSl}

4.7. Lemma. For vy, vs € [1, 00], we have

osc”"2 (b, R Nsup{‘/bf‘: f o
o ot

Proof. By standard dualities, we have

05”2 (b, R) = sup { //[ I[b—<b>11,1—(b)1272+<b>R]g):HgHLv/lLUIQ(R)gl}
1 X 12
—san{] Jf b= (g~ {ahrae + )] < Dol oy < 1)

< sup{ // o < 4}
[1><[2 ||g||L LOQ(R)

— su b ( 1o+ (b y Lo <4
of ] b O Bz @] g, <)
< 4o0sc’2(b, R),

so that all these quantities are actually comparable. O
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Motivated by this we define the following truncated oscillation, which is finite even
when b € L] .. This is important for technical reasons — the absorption argument below
requires a fmlte quantity. For b € L} and N € N we define

loc

oscy (b, R) := sup ‘//Rbf‘ : ”f”LU&LU, <land | fllz=~ < N} < 0.
0

0° (R)
4.8. Remark. When v; = v = 1 —which is the case of most interest — we can directly work
with oscl!(b, R) ~ oscjl\}l(b, R).

4.9. Lemma. Let K; be a non-degenerate kernel on R%, i = 1,2. Ifwe fix A > 3 in Deﬁnition
4.2 large enough (depending on the dimensions and kernel constunts) then for each b € Li
1 <wv; <oo, N € Nand rectangle R = I; x I C R4 we have

oscy (b, R) S[T4, [b, o]l ho, Lry)| + [((TT, [b, T2l 1y )|
+ [[T1, [b, T3 11h2, 1r,)| + (K17, [b, T3 A3, 1, )|

for some functions h; with ”thL”iL”’z(Rj) S land [|hjlp~(r;) S N, where Ry = R, Ry =

loc”

I} x I, Ry = I x I, R3 = R.
If K is symmetrically non-degenerate, we get

OSCQ])\}W2 (b7 R) S‘([Th [baTQHhO? 1R3>| + ‘([Tlﬂ [b7 TQtha 1R2>|
+ (17 [b, T3] he, 1, )| + [(TT [b, T3]]hs, 1R ) |-

A symmetric estimate holds if Ky is symmetrically non-degenerate. If both K; and Ko are
symmetrically non-degenerate, then

3
(4.10) oscy? (b, R) S {[T1, [b, T2)lhy, 15 -
7=0

Proof. Let N be fixed. Fix f € LUL(R) so that | fll . L [Iflz= < N and

2 (R)
oscn’? (b, R) < |(b, f)|- We expand this f according to Lemma 4.4 to arrive at

3
<b,f>:<b,1~T1T2h0—T2h0-T1*1~ Tiho - Tl + hoTi T3 15) + 3 (b, f.
j=1

3
= (VT Tsho — Ty (4Toho) — To(bTiho) + T Ta(bho), 1) + > (b,
7j=1

3
—([T1, [b, Ta]Jho, 1) + > (b, f
7j=1

Hence, we have
3
osciy 2 (b, R) S (b, ) < [([Th, [b, Tollho, 1) + Y 1B, f),
j=1

where, by Lemma 4.4,
|<b7 f]>| < OSC?\}’D2 (b, Rj)A_ min(oq,ocz)’
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and thus

411)  osc ™ (b, Ro) S [{[T4, [b, Tollho, Lry)| + A~ ™n@002) " o5l (b, R;)
j€4{1,2,3}

where | hy| < AYand [[hol| gy S ACN.

L1LY2(R) ~
Notice that if Q is a reflected cube of @ with respect to a non-degenerate kernel kK,
then @ is a reflected cube of () with respect to K*. Therefore, we also get

(412)  oscy (b, R1) S (T7, [b, Tollha, 1g,)| + A~ ™me022) N osci (b, Ry),
j€{0,2,3}

(413)  oscy (b, Ro) S [T, [b, T3 Tha, 1, )| + A7 ™0@002) 3 7 oseii™ (b, Ry)

j€{0,1,3}

and

(414)  osciy (b, Rs) S [([TF, [b, T5lhs, Lry)| + A7 ™n@002) 3" o5l (b, R;).
j€{0,1,2}

Combining (4.11), (4.12), (4.13) and (4.14), and fixing A large enough, we obtain by an
absorption argument that

3
V1,02 ’U17U2
oscy’ (b,R) < g 0SC
]:

S KT, [b, T2l ho, 1rs) | + ([T, [b, T2]] R, 1R,)|
+ [([T1, [b, T3 ]| h2, 1Ry )| + [([TT, [0, T5]1hs3, 1Ry) |,

where ||| < land [|hjl|peo(r;) S N.

LY1LY2 2(R;) ™~
Next, if K is symmetrically non-degenerate and Q is a reflected cube of Q with respect

to K, then () is a reflected cube of Q with respect to K and Q is also a reflected cube of )

with respect to K*. Suppose K is symmetrically non-degenerate. Then we can replace

(4.12) by

(415)  oscy?(b, Ry) S [([Th, [b, Tolha, Lgy)| + A7 ™me102) N " o502 (b, Ry),

j€{0,2,3}

and (4.13) by

(416)  osch (b, Ro) < [([T5, (b, T llha, 1r,)| + A~ ™mEne2) 3™ o5tz (p, R))
j€{0,1,3}

The other symmetry statements are similar. This ends our proof. O

From this point on, given non-degenerate kernels K;, we always consider A fixed large
enough so that the conclusion of Lemma 4.9 hold.

4.17. Remark. We have that [T, [b, T»]]* = [T}, [b, T5]], but a partial adjoint like [T7", [b, T3]
can more easily be unbounded even if [T, [b, T3]] is bounded. Thus, it can be useful to be
able to eliminate these partial adjoint terms if at least one of the kernels is symmetrically
non-degenerate.
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4.A. Off-support constants. Notice that if we take a pairing, such as [([T1, [b, T2]]ho, 15)],

from the conclusion of Lemma 4.9, then hy is supported on I; x I and R = I x I satisfies
dist(I;, I;) ~ £(I;). Moreover, the case v; = vy = 1 is a bit special, as then 1Rl Lo (ry) S 1-
Otherwise, we only have the estimate [|A;]| ;. () < 1 at our disposal.

We fix b € L{ . and non-degenerate kernels K; — the off-support constants will depend
on these but this will not be denoted. We first define off-support constants that are useful
in the v1 = v9 = 1 situation — which is a case that is encountered often. For s1, s9,%1,t2 €
(1,00) and B(z,y) = b(x1,x2) — b(x1,y2) — b(y1, x2) + b(y1, y2) define

- 1 1
(s1,52) |J1‘1+1/81—1/t1 |J2‘1+1/82—1/t2

] B ) K, ) i () fale) dy da.
R xR4
where the supremum is taken over rectangles P = J; x Jy and P» = L1 x Ly with
E(Jz) = E(Ll) and diSt(Ji, Li) ~ E(JZ)

and over functions f; € L*(P;) with || f;||L~ < 1. We also denote Off 5?17122))7” the constant

where K; is replaced by K.
If T; is a non-degenerate CZO with kernel Kj;, then

Offl2) < |1[y, b, T)]

. P
(s1,52) HL;11 L2 =Lt L

whenever the commutator exists as a bounded linear mapping. This explains why these
weaker off-support constants make sense.

4.18. Theorem. Let K; be a non-degenerate kernel on R%, i = 1,2, and let b € Ll . Let
P1,P2,q1, 92 € (1,00). Then we have for all rectangles R = I x I that

o bR * 11 1 _ 1
WS (O )+ Of 28 Y7 ar |y

with any s;,t; € (1,00) satisfying 1/p; —1/q; = 1/s; — 1/t;, i = 1,2.
If, in addition, one of the kernels K; is symmetrically non-degenerate, then

oscl(b, R)
|R|
Proof. By Lemma 4.9 we have for each rectangle R = I; x I C R< that
osc"! (b, R) S|((T1, [b, Ta]lho, 1ry)| + [([T7, [0, Tolln, 1y )|

+ (T3, [b, T3 ]1h2, 1Ry ) [ + ([T, [b, T5]]Rs, 1Rro)|

for some functions h; with ||hj||Loo(R].) < 1,where Ry = R, R = Ii x I, Ry = I x I,

1 1

11
S A

R3 = R. Clearly, we have

1 _ 1 1 1
([T, [b, Tallho, 1ry)| + [ITY, [b, T5Tlha, 1ry)| S O | R |1y |71~ o | Iy |72 22

and
1

" 1_1 1_1
[T, by Tollha, Lry)| + [([Th, b, T3llha, 1r,)| S OF 200 | RY| Iy 1 " ar | T2 a2,

(s1,52)

The symmetry claim follows from the symmetry claims of Lemma 4.9. O
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We now define larger off-support constants that can be used to control oscyj’* (b, R),
uniformly on N, for general vy, va. For s1, s2,%1,t2 € (1,00) define

(t1,t2)
Ot =sup | [ Blag) i n) Kol 1) u(0)fo) dy |,
R xR4

where the supremum is taken over rectangles P, = J; x J; and P> = Ly x Ly with
E(Jz) = g(Lz) and diSt(Ji, LZ') ~ Z(JZ)

and over functions f; € L*>(P;) with

s psg < < 1.
Ifillzzyzzg <1 andifall g o <1
~ (t1,t2),1% (t1,t2),2% (t1,t2),*

We also define the dual off-support constants Off ;, .. , Off (s1,0) and Off (s1,80) 1N
the natural way — simply replace (K, K2) with (K7, K3), (Kl, K3) and (K7, K3), respec-
e (tt2)

tively. Notice that Off E? ’t;)) < Off(,, ,,), and if T; is a non-degenerate CZO with kernel
(t1,t2)

K;, then Off(s1 s < |17, [b, T 2 whenever the commutator exists as a

”le L2 L LY

bounded linear mapping. Notice also that Off E? 32)), = Off E:} ’:/2)).

4.19. Theorem. Let K; be a non-degenerate kernel on R, = 1,2, and let b € LL . Let

p1,D2,q1,92 € (1,00). Then we have for all rectangles R = I; x I that

loc*

osc”iP2 (b, R) _ (@1.02)  ~(a@) 1%~ (q1,02),2+ PP\ A L e
—|Il‘1/plu_2|1/p (Oﬁ(pl pg) Oﬂ(pl,pz) + Oﬁ.(prQ) Oﬁ(q/ )’II‘PI q1 |[2‘P2 q2
If one of the kernels K; is symmetrically non-degenerate, we can drop the terms Off 811’3,22)) " and

Off E; ;1)22)) , and if both Ky and Ko are symmetrically non-degenerate, then
0scP172 (b, R) (q1,42) L
]Il\l/pll‘fgyl/ﬂ; <Offp1,p2 |Il‘p1 q1|12’p2 az
Proof. Follows directly from Lemma 4.9 similarly to Theorem 4.18. O

Finally, we need one more off-support constant to deal with the calculations arising
from considerations involving the space L. Recall that characterizations of this space,
such as Proposition 3.2, involve bounding a sum of oscillations. To this end, define
B(z,y) = b(x1,x2) — b(z1,y2) — b(y1, x2) + b(y1,y2) and for p1,p2, 1, ¢2 € (1, 00) set

>ie 1’ffRdedB(x Y) K1 (21, y1) Ko (22, y2) f1,i(y) f2,i () dydw’

Oﬁ'(‘]l#h)
IS e, >y

(p1,p2), 2

)

LB k2 otz
where the supremum is taken over rectangles P ; = Ji; X Jo; and Py ; = L1 ; x Lo ; with
O(Jki) = (Lg) and dist(Jx,is Li,i) ~ €(Jxs)

and over functions f;; € L*(Py;), k=1,2,i=1,...,N.
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Notice that for linear operators U we have the random sign trick

N N N
Z<Ufz‘7 9i) = E<U<Z<€zfz) ; Z ajgj>.
i=1 i=1 j=1
Thus, for functions fj; as in the definition of the constant Off qu’f)) 5

tixed signs o; and random signs ¢; that

we have for certain

N
ZZ; ‘ //Rded Bz, y) K1 (21, y1) Ka(z2, y2) f1i(y) fo.i(z) dy da
N
- Zai<[T17 [0, T2]) f1,i5 f2,i)
=1

- <T1, b, T5]] (ZUznglz)az€Jf2:J>

< T3, 10, Tl s 2 B Zozezfu

LYt 132

Z [ frillo=1p,
=1

Z EZfQ i q1 Lq2

7:_

Z 1f2llo1p,
=1

(q1,92)
ﬂ3(101 p2),X —

is a rea-

< T, [0, Tl poa 12 s pon 2

P1 P2 9 9
i rh2 Lak L2
whenever the commutator exists as a bounded operator. Therefore, we have O

H(Q17q2)

[T, [b, To]]|] [P IR LI L whenever the commutator exists and so Off " ') .

sonable off-support constant.

We now state various results, where sums of oscillations are controlled by this off-
support norm. Having seen how to deal with general kernels, we prefer to state these
with the simplifying assumption that the underlying kernels are symmetrically non-
degenerate. In all of these statements

1 1 1 .

—i=———, if pi>gq.

T 4 Pi
4.20. Lemma. Let K; be a symmetrically non-degenerate kernel on R%, i = 1,2, and let b € L{ .
Let p1,p2,q1,q2 € (1,00) with pa > qo. For all sparse collections .5 of cubes in R%, non-

negative coefficients \s, satisfying > s, c o, )\222 |S2| < 1and cubes I; C R%, we have

D7 Agyose (0,11 x Sy) < oﬁggig AR
So€.S

Proof. Using Lemma 4.9 we estimate

Z AS, osc! b I x 83) Z Z Ass [T, [b, T2Hh(11><5‘2)iv1(11><SQ)1.N>|
So€.S 1=0 S2€.5%
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for some hz, «5,), € L((11 x S2);) with [|h(1,xs,), |l S 1. Using the algebra

! 1 1 1
T—Z—l—r—?:ré(——i—l——):ré(l——):l
P2 43 p2 q2 T2

we write this in the form

Z > T B TR By sy )s N2 L 1y sy -
=0 Sye.%

This can directly be dominated with

(ql,qg Z Z rz/pz Z rg/qg
Off (p1,p2),2 /\ IIXS2 LPlLP2 )\ 1 (I1xS2)7
1=0 Sse.S So€S

! /.
41 792
Ly L,

Here 1(7,x5,), < lrrxss, where I D I U fl and S5 O S U 52 are concentric dilations
of I; and S3 by a bounded factor. Since the collection {S5 : Sy € .} is still sparse (with

a different sparseness constant), it follows from (3.3) and > g, o, )\2?2 |S2] <1 that

72/172 TQ/PZ
H : : )\ IlXS? LP1LP2 — H Z )\ 1If><Sg
526/2 326/2

r /pz 1 T5/p2 1/p2 1
> N, S (X0 s ) < (np
So€ S So€.5

P1 ;P2
Loy Lo

= |[1r; |lLe

Similarly, using 17, « So)~ < lryxsy, we conclude that

5/ 45
H Z Ay Linxsa)y
So€S

!
I
a) _dl 1 )

and this ends the proof. O

The symmetric version reads as follows.

4.21. Lemma. Let K; be a symmetrically non-degenerate kernel on R%, i = 1,2, and let b € L{ .
Let p1,p2,q1,q2 € (1,00) with p1 > ¢i. For all sparse collections .71 of cubes in R4, non-

negative coefficients \s, satisfying > g c & Agll |S1| < 1 and cubes Iy C R%, we have
Z As, oscb(b, 81 x 1) < QEEZMIZ o | |1+ 1/p2a—1/q2)
S1€%

Finally, we control the following double sum.

4.22. Lemma. Let K; be a symmetrically non-degenerate kernel on R%,i = 1,2, and let b € L{ .
Let p1,p2, q1,q2 € (1,00) with p1 > q1 and py > qo. For all sparse collections .%; of cubes in R%

/
and non-negative coefficients \; s, satisfying 3 g c o A?SZ- |S;] < 1 we have

ST Y s des,0sel (5,81 x Sp) S OF )
S1€S5 S S
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Proof. Using Lemma 4.9 we estimate

Z Z )\1 Sl)\2 So OSC (b 51 X SQ)

S1€ 5'265”2

S Z Z Z ALs; Az, o [{[T1, [b, TQHh(S1><S2) (S1><Sz):>|

i=0 S1€51 S2€.5

= Z Z Z ([T1, [b, T ]()\Tl/m)\;?é?h(slst)i),)\Eéfl/\?ég21(slxsz);>|
1=0 S1€.71 Se€.S

, r1/P1\T5/

< S0 |13 AR s,
1=0 Si1€9
So€.Ss

w

p p X
LPE L33

T /d \T5/ a5
H Z A .51 )‘252 1(51Xs2)7
S1€7
So€. S

! /.
q1 r 93
Ly Loy

Using the notation of the proof of Lemma 4.20 we have

T1/p1 7”2/172
H Z )\1 51 252 (SIXSQ)i
Sleyl
S2€.5

P17 P2
L7 Lz

7”l/pl Tg/pz
H Z ALs; Aosy Lsyxss

P1 P2
Ly Lag

S1€
Sa€S
Z Aﬁ/pl 7"2/1”2
1,57 ST 2,59 LPQ
S1€ SaeS

where for both i = 1,2 we have by the sparseness of the family {S} : S; € .} that

r P Di . /pi
| S w2 (3 ores) " <,

S i Si€S;

and the the estimate for the L3} LI2 norm is completely analogous. O

5. NECESSARY CONDITIONS FOR COMMUTATOR BOUNDEDNESS

We have already done the main work concerning the commutator lower bounds (nec-
essary conditions); oscillatory chararacterizations of function spaces from Section 3 com-
bined with the control of oscillations by off-support constants, Theorem 4.18, Theorem
4.19, Lemma 4.20, Lemma 4.21 and Lemma 4.22 will yield the results.

Many of our necessary conditions are optimal; we will later be able to prove the suffi-
ciency of the obtained necessary condition, see Theorem 1.3. A reason, but not the only
reason, a lower bound might not be optimal is that the techniques used to obtain the
lower bounds cannot distinguish between symmetric cases like

p1 < q1 and p2 = @2
and
p1 = q1 and p2 < qo,
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and yield symmetric lower bounds: in the first case we can bound ||b|| 041 (BMO,,) and

in the second case ||b]| %% (BMO,, ) by ||[T1, [b, T2]]|| PV LR2 L8 L Somewhat strikingly,

both of these conditions happen to be optimal. However, e.g. in the upper right corner
of the table of Theorem 1.3, where p1 > ¢1 and py < g9, the conditions do not match,
while in the symmetric case p1 < ¢; and p2 > g2 (the lower left corner) they do match.

To have clean statements and to avoid repetition, we will state all of the commutator
lower bounds for symmetrically non-degenerate kernels K;. From the results of Section 4
itis clear that this is not necessary — the general case just requires various dual off-support
constants, and, as we saw, often it is enough that only one of the kernels is symmetrically
non-degenerate to get clean statements.

Sometimes we only obtain a necessary condition in terms of an oscillatory condition
that we cannot relate to a function space norm. These are recorded in this section but are
not visible in the table of Theorem 1.3 (the three cases on the lower right corner).

In what follows we always have p1, p2, g1, ¢2 € (1,00), and

i3:di(l_l)7 it pi <q l::l_l7 it pi > gi.
pbi G T 4 P
Moreover, we also let b € Ll and K; be a symmetrically non-degenerate kernel on R%,
i = 1,2. This data is not repeated in the statements of the results.

5.A. The condition C*%1 (C0P2),
5.1. Proposition. If p1 < q1 and pa < g2, then

1B/l c0.61 (c0.82) S OEEZIJ,Z?) '

Proof. By Proposition 3.5 we have
5]l . “ { 1 osch(b, Iy x I3)
€081 (C0B2) PP (1) e 11| I2|
where, by Theorem 4.18,
1 osc1 (b, I x Ip) 1 ( 1113
) < Flana) | 1o T |, p @2 = Ofl912)
0(11)Pre(15)P2 |11 || 12| ~ 0(I,)Pre(Iy)Pe 0 (p17p2)| e w2 = =0 (p1,p2)
O

I, CR%isa cube},

5.B. The condition C#(BMO).
5.2. Proposition. If p1 < q1 and py = qq, then

(q1,p2)
Hb”Og’fl (BMOg,) N Oﬁ(p1,p2) )

If p1 = qu and py < qo, then

(p1,a2)
”b”c'g’f?(BMoml) ~ Y (prp2)

Proof. Letp; < ¢1 and pa = ¢o. By Proposition 3.6 we have

bl . { 1 oschi(b, I x Ip)
e mmoL,) TP )BT |1

:I; CR%isa cube},
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where, by Theorem 4.18,

L oose(b,hixly) 1 lai
g(1'1)'81 |I1|] 12| ~ 6(11)51 (p1,p2

The proof of the case p; = ¢ and p2 < g2 is symmetric. O

1 _1
jnpTm = OGS

5.C. The condition BMO,¢.;. We record the following lower bound concerning the di-
agonal of Theorem 1.3, even though our real focus is on the off-diagonal cases.

5.3. Proposition. If p1 = ¢; and pa = q2 we have

~.(p1.,p2)
||bHBMOrect(p/1ap/2) ’S OH(IJLID)'

Proof. By definition and Theorem 4.19 we have

0sc?172 (b, R) —~ (p1,p2)
sup T [L/PL |, |1/ P S Off (p, )
R=IxI, [I1|"/P1|I5|"/P2

HbHBMOreCt(p’l,pé) =
5.D. Conditions related to C%?(L") and BMO(L").
5.4. Proposition. If p1 < ¢ and pa > qo then
(q1,92)
ancg,lﬁ (L;QQ) 5 Oﬁ(phpz)l? .

If p1 = qu and py > qo then

1 y
sup{— Z As, osct (b, Iy x S): I} C R%, .7 sparse, Z |Sa| g < 1}

L]~ o’
So€.S So€.S
< (p1,92)
~ Oﬂ:(m,m),E’

where the supremum on the left hand side is also dominated by |[bl|g\io, (jr2 ). The symmetric
xq \zg
statements hold ifpl >q and P2 < q20rp1 > q1 and P2 = Q2.

Proof. Follows by combining Lemma 4.20 and Lemma 4.21 with Proposition 3.7 and
Lemma 3.10. U

5.E. A condition related to L (L"?).

5.5. Proposition. If p1 > q1 and pa > g2, we have
wp 3 M o051 x 8i) S O
S1€5 S5

where the supremum is over all sparse collections .%; of cubes in R% and non-negative coefficients

Ais, satisfying Zsie 7 A;isi’Si| < 1. Moreover, the supremum on the left hand side is also
dominated by ||b||;r1 jr2.

Proof. This is simply a restatement of Lemma 4.22 combined with the connection to the
norm |[|b[| ;1 jr» given by (3.11). O
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5.6. Remark. For p; = p2 =: pand ¢1 = ¢2 =: ¢, almost the same argument as in Lemma
4.22 gives the following slightly stronger conclusion: Suppose that [T, [b, T3]] : LP — L4,
where p > ¢ (this can be replaced with the off-support constants as usual). Then for
1/r = 1/q — 1/p, any sparse collections Z of rectangles R = I; x I in R% x R% and
coefficients 3" p.» N|R| < 1, we have

> Arosc™ (b, R) S ||[Th, b, o)) o za-

Re#
The difference is that the coefficients are not of the product form, while above we had
K= x Sy ={S1 xSy :5 € 7,5 € %} The point of the generalisation is that we

can still split the coefficients A\g = )\g/ P )\g/ 7 and estimate
r! r! 1/
| 32 w7 1e|,, < (o) T s
Rez Rez

in the case of mixed norms, it seems unclear how to perform this splitting of the co-
efficients. But even with the stronger condition, we do not know how to relate it to
b€ L"(L"). This problem is a variant of the question of bi-parameter sparse domination
that has attracted some attention. Recently, [2] showed the failure of the natural sparse
form bound for the strong maximal operator. However, our problem is more like finding
a sparse bound for the identity operator!

Lp

6. SUFFICIENT CONDITIONS FOR COMMUTATOR BOUNDEDNESS

In this section we are given Calderén-Zygmund operators T; on R% with standard
kernels K;, © = 1,2. We also always assume that b € LfOC(Rd) for some s > 1. Moreover,
we let p1, p2, q1,¢2 € (1,00) and use the familiar notation

@':di(l—l), it pi <qi l::l_l7 it pi > g
pi 4 T 4 P
This fixed data is not repeated in the statements of the results.

We aim to prove

1170, 16, T2l por vz p po2 S 0l o,

preferably with a function space Y}, ,, that matches the corresponding necessary condi-
tion obtained in Section 5.

Along the way we will need several kernel representations for ([T, [b, I3]] f, g) even if
[ and g do not have disjoint supports. To make these rigorous we recall the notion of
maximal truncations of CZOs. For ¢ > 0 we define for all z; € R% and f € LP(R%),
1 < p < oo, that

Tofe)= [ K)o du
|z —yi|>e
We define the maximal truncation of T; via the formula
Ty f (i) = sup [Ty, f (i)
e>0

For the CZO T; the following Cotlar’s inequality is true: for 0 < r < 1 we have for all
x; € R% that
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Here M is the Hardy-Littlewood maximal function on R% and M,g = (M|g|")'/*. The
implicit constant in Cotlar’s inequality depends on || T;||;2_, 12, but this is the type of CZO
data that we will not track. The consequence of Cotlar’s inequality is that also 7} maps
LP(R%) to LP(R%) for all p € (1, 00). A standard fact also is that

(6.1) Lif =Tiof +aif,

where q; is a bounded function on R%, T; 0 is bounded on Lp(Rdi) forallp € (1,00), and
for some sequence ¢; — 0 we have

[Tt 9=t [Tiseg
Jj—o0
whenever f € LP(R%) and g € L¥ (R%) for some p € (1,00).
For the kernel representations it is convenient to again denote

B(z,y) = b(z1,x2) — b(z1,y2) — b(y1, 22) + b(y1, y2)-
6.A. C%*(X). We begin with our first kernel representation.
6.2. Proposition. If

(x,y) = B(z,y) K1 (z1,91)Ka(12,2) € Li,o(R*),
then for all f,g € L (R?) we have

([T1, b, To)) f. 9) = //Rd i B(z,y)K1(71,y1) Ka (w2, y2) f(y)g(z) dy d.

Proof. We write T;h = T; oh + a;h as in (6.1). Notice that [T}, [b, T5]] = [T} 0, [b, T2,0]] and
that we have by definition

[T1.,0, [0, T20]|f = Th0(bT0f) + Too(bT10f) — bT1,0T2,0f — T1,0T2,0(bf).

We consider these terms separately. For all ¢ € (1, s) we have for almost every z, that
xr1 b(l’l, $2)T270(f(l‘1, ))(:L'Q) € Lt(Rdl). Therefore, we have

(T10(bT20f), 9)par = jh_>r20<T17€j (0T20f), 9) s -

Since Ty .(bTs0f)g € L'(RY) we have by dominated convergence theorem and Fubini’s
theorem that
(T1,0(bT0f), 9) = lim (Th¢;(bT20f),g) = lim (Toof, bIT ¢, 9)pas -
j—o0 Jj—oo Jprdy

Similarly as above, we further have

(T1,0(bT20f),9) = lim

lim
Jj—00 Jrdy k—o0

<T27,0k f7 le*,sjg>]Rd2 = ]li{{.lo lim <T175j (bTQ»pk f)7 g>

k—o0

We can similarly write out all the other terms of the commutator ([17 9, [b, T2,0]] f, 9)-
Thus, we have

<[T1,07 [b7T2,0Hf7 g> = Jlirgo klgghoLEj? [bv T2,Pk“fa g>

= — lim hm/ / Caioe, B y) K (z1, y1) Ko (22, y2) f(y) 9(2) dy da.
rd JU1: [y1—z1[>¢;

j—o0 k—oo
y2: ly2—z2|>pg

The proof is finished by a final application of the dominated convergence theorem. [
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We now give the upper bound that matches Proposition 5.1.
6.3. Proposition. If p1 < g1 and py < g2, we have
[T7, [vaQHHLg%L%%L%L% S HbHco,ﬂl (C0:B2)-
Proof. By Proposition 6.2 we have for b € C%%1(C%52) that
‘<[T17 [b, T2vag>‘ < HbH(’,‘Ovﬁl (00’52)<Il7/31[27ﬂ2|f” ’gDv

where
f(y1)

Laf=[ —TWI
Lot Rér |1 — yr|B—P

din
is the fractional integral hitting on R% and I g, is defined similarly. The proof is com-
pleted by using the well-known boundedness of the fractional integrals:
Lig,: LPF — L%,
Indeed, notice that by Minkowski’s integral inequality and the positivity of the operator
Mo bl o < s 0l s < Al sz = WAl g,
so that no vector-valued theory is really used. O

We move on to proving the remaining C%®(X) type upper bounds. Again, a kernel
representation is required.

6.4. Proposition. Ifb € C;*(BMO,,) for some a > 0, then for all f,g € L°(R%) we have
(T T g = [[ | Kaenn)([bon) = o). T2 ). 9(00))gs
R xR%

Proof. We write

([T, b, o)) f 9) = ([Th0, [0, T2]1 f, 9) = {[T1,0, b, T2]] f, 9)

- <T2 [b’ Tl,O}f? g> - <[b7 Tl,O]TQfa g>7
where b = b — (byy.2 and V C R% is a cube with sptga, f Usptge, g C V. We can write
(To[b, Tio)f, 9) = (Tiof,0T5g) — (Tio(bf), T3 g)

_ /R lim [(The, £, 0750V gy — (Tre, (5 T5 ) |

dy j—+00

= lim [<T1’€jf’gT2*g>Rd1 - <T175]. (gf)7T2*g>Rd1]?

j—)oo ]RdQ

where in the last step we have used the dominated convergence theorem. Notice that we
can now write the above as

lim / / / Ko, 90) (5, y2) — B, 92)) (91, 92) T3 91, 92) dyn dy dy.
R%2 JRIA Jyg:|z—y1|>¢;

Jj—00

Since b € Co:*(BMO,,), by definition we know that for all p € (1, c0) we have

b(w1,y2) = by y2)  blz1,y2) — by1,y2) — (b(z1,) — blys, ))v e LP(V)
|21 — y1[® |21 — y1[®
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uniformly for all 21, y; with z; # y;. Using the above and the boundedness of the frac-
tional integrals we can verify that

($17y17y2) = K1(:L‘1,y1)(g(x1,y2) _E(y17y2))f(ylay2)T;g(x17y2) € Ll(R2d1+dz)'
Therefore, we have

(T, [57 Ti0lf.9)
= [ | Kl Ta( o, ) = o, ) . ) mdaor. ve) s
2dy 2
We complete the proof by noting that similarly <[E, Ti0]T>f, g) equals

/ Ki(z1,51) (b(x1,92) — b(y1, y2))To f (y1, y2) g (1, y2) Ay dy dxy.
Rle RdQ

We obtain the following counterpart of Proposition 5.2.
6.5. Proposition. If pi < q1 and py = qo, then
I3, 0. Tl oy 13 st 1 S I8l g,
If p1 = q1 and py < qo, then
173, 0. ol oy 13 st S I8l o,

Proof. Let first p; < ¢1 and p2 = ¢2. For f, g € L we have by Proposition 6.4 that
’<[T17 [b T2 f7g>‘

‘//Rdldel |21 — yllﬁlKl(m,yl)< [b(l’l) - b(yl)’T2:|f(y1%g(xl)>

|£U1 —yp [P
5// — | blar) -
Rdldel

|71 yllﬂl HBMO
S blleoer gao, ) I 1zzy crz 9] L b

Rd2

17yl 2z lg(z )l

12

where we have used the well-known boundedness of one parameter commutators and
the fractional integrals.

Next, let p1 = ¢1 and py < ¢o. Similarly as in Proposition 6.4, for f,g € L2° we may
write

([T1, b, To]) f 9) = — //Rdszdz Ko(xa,y2)([b(x2) — b(y2), T1] f (y2), 9(x2) )ga, -

By the sparse domination of commutators — see [34] — we have for all » € (1, 00) that

[([b2) = b(y2), T1] f(y2), 9(2)) gy |
S 116, w2) — b(‘ayQ)”BMO(Rdl) /Rdl Mﬁf(-,yg)M,}g(~,a:2).

Choosing 1 < r < min{p1,p2,p}, ¢4} and using the above we have that |([T1, [b, T3]] f, )|
can be dominated by

b - K —ypl? [ M} M}
| ||03’262(BM011)//R@XR«12| 2(x2, y2) |72 — y2 /Rd1 r f (@1, y2) M g(1, 22)



30 EMIL AIRTA, TUOMAS HYTONEN, KANGWEI LI, HENRI MARTIKAINEN, AND TUOMAS OIKARI

< [Ibll o2 mao, ) 1 s 22z gl 2o

where we have used the boundedness of fractional integrals and mixed norm estimates
of M!. This completes the proof. O

We move on to the upper bounds that are related to the Holder space estimates of
Proposition 5.4.

6.6. Proposition. If py < g1 and py > qo then

I[T7, [vaQHHLﬁL%%L%L% . Hb”o’;’fl(L%)'
If p1 > q1 and pa < qo then

11T, 16, Tollll oy g2 oz S N0I1 7 (P

Proof. Let p1 < ¢1 and py > ¢o. Similarly as above for f, g € LS° we may write
y c y

([T1, b, 2] f, 9) = — //Rdlde1 Ki(z1,y1){([b(x1) = b(y1), o] f (11), 9(21) ) gas -
This gives that
‘<[T17 [b, T3] f’g>‘

‘//Rdlxkd1 |21 — yllﬁlKl(xl,y1)< [b(fl'l) —b(y1) Tg}f(yl),g(ggl)>

21 — 1|
// o1 — g
R91 xR91

b(z1) — b(yl)‘
< 1ol 061 (172) 11z ez llgll o L b

Rd2

2 17yl 2z llg(zll o

Ly L3

21 — 1|

where we have used the elementary inequality (6.9) and the boundedness of fractional
integrals.
Next, let p1 > g1 and p2 < g2. We simply estimate

170, 16, o]l fll o gz = (1T, [0 = 2, Tl ) fll par o2
< | Talb = o, Tal fll por a2 + (11 = e2, To T fll g 2
use the mixed norm estimates of 73, and the estimate

16— 2. Tel oy 1  [[16 = eallposa 1 £l

o <|Ib-— 02||L;11(Cg,252)||f”L£}L§Z§'

To end the proof we take the infimum over suitable c3(z) = ca(z2). O

6.B. BMO and L". Proposition 5.4 recorded the oscillatory lower bounds related to the
space BMO(L"). Here are the related upper bounds.

6.7. Proposition. If py = q1 and pa > qo, then
[T, [baTQHHLﬁL%eLg%L% S HbHBMOwl(Lg)'
If p1 > q1 and pa = qq, then

117, [ o]l g pr2 on 122 S 0l iz Bvo,,)-
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Proof. The first estimate, where p; = ¢; and p2 > ¢, requires some vector-valued theory
of commutators. We notice that

©8) ([T, 0B Se Wellpo,, (izg) (Masell T fllzg + Maselllzz).

where M is the maximal function, Mg = (M|g|*)'/* and the sharp maximal function is
defined using the LY, norm as follows

¢(21) = sup ][ lg = (@)l
L Jn 2

Here the supremum is over the cubes I1 C R% centered at z;. The proof of this is es-
sentially a vector-valued version of a known pointwise bound for the sharp maximal
function of [b, T1], but we need to keep the operator 7 around to exploit the elementary
estimate

(6.9) 116, T2] fll gz < 10l iz M1 1] 2 -

We give the full details of (6.8) for the convenience of the reader. Below we repeatedly
use the well-known vector-valued boundedness of 77 and (6.9) without explicit mention.
Fix a cube I; containing the implicit variable. Let f| = f1 I and fo = f — fi, where

Iik = 5\/(71[1 Let
Cc = <T1([b_a’T2]f2)>11,1’ a = <b>[f71'

We can now write
[Th,[b, 2] f = [T1,[b— a, o) f = —[b—a,To]T1 f + T1([b — a, T2) f1) + T1([b — a, T3] f2).
Using this we split

F TS ~ el < f b= 0. TaTifl g + F T30 - 0. Tal o)
I I I

f IT1([b — a, Tol f2) = ell 2z
1

=: L1+ Ly + Ls.
We have

1+ ( ) l €
][ o= al(£2) 7 ][IITfI ) S Wl 2 M1z,

where in the last inequality we have used John-Nirenberg inequality of BMO,, (Lg),
which has the same proof as the usual vector-valued John-Nirenberg inequality (the dot
in LT2 does not matter).
We move to L. This time we have
1
Ly S [L] 2o = a, T i 1*?(Lq2)

1+ 1+ 1
< (]{ b= all 57 1715 ) T S Wlangon i) Ml
1

We used John-Nirenberg again in the last step.
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It remains to estimate Ls. Since I1 N spt fo = (), using the kernel representation of 7}
and the regularity of the kernel we have

00 oo
Ly 5y 27 ][ I~ a. Tl fll o < D277 f Lo —allizg iz
=0 2 j=0 P

J+1 1y

o0
<yed
j=0 vy
o0
#32 f
§=0 2

JirE

16 = Odaierry alljrz 1 1] ez

10) 11 = (b>21+111*,1HL22§% 1Al ez -

Using John-Nirenberg again, the first sum can be bounded by ||bHBMOI1 (L2 yMi e (Kl 2
Moreover, since
J
[0) 1y = Blaiirallize < Z; [O)aitrry1 = Bdairrallize S JlbllBmo,, (ir2):
the desired estimate follows for the second term as well. The inequality (6.8) follows.

Next, if ¢ is so small that p; /(1 + ¢) > 1, we have by the standard Fefferman-Stein
inequality that

p _ p
I3, 0. Tl £y g = /}R T b T 1

f1P1
< [, . pr sy

S 100 iy (VeI T3 Flozg Wy + 1M 123 128

< P1 P1

We are done with the case p;1 = ¢; and p2 > ¢2. See Section 7 for more about vector-
valued estimates of commutators.
The case p1 > ¢1 and p2 = ¢o is the following elementary deduction. Estimate

117, [0, To]] fll o 2 = ([T, [b = o, To]] fl| o g2
<NTafb — e, Tol Fll o oz + 1o — co, T Ta fll pr 122

use the mixed norm estimates of 77 and

b= 2. Tl gy 1z % 10— eallonony 1723 |y < 10 = 2l onton, 11z
To end the proof we take the infimum over suitable cy(z) = ca(z2). O

The oscillatory lower bound related to L' L™ was recorded in Proposition 5.5. The
upper bound is completely elementary and does not utilize any cancellation of the bi-
commutator.

6.10. Proposition. If p1 > q; and pa > q2, then
1170, [0, Tolll 21 ez opn paz S N0l iz -

Proof. Simply use Holder’s inequality and the mixed-norm estimates of 77 and 7. O
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7. VECTOR-VALUED ESTIMATES FOR COMMUTATORS

In the proof of Proposition 6.7 we used some vector-valued theory of commutators.
Although the proof of Proposition 6.7 was completely self-contained, in this section we
more systematically prove, and partly recall, such vector-valued estimates. This topic is
of independent interest.

7.A. Vector-valued estimates for [b, 7. In the one-parameter setting [b, T'|, where T is
a CZO in RY, the vector-valued estimates are known and quite easy, but perhaps not so
well-known in the community. They are simple as there is a certain pointwise estimate
for the sharp maximal function of [b, T'], which has a straightforward vector-valued ex-
tension. A reference is [48]. This idea was already used in the proof of Proposition 6.7.
We now recall how this can be done in a general situation.

First, a few definitions. For an extensive treatment of Banach space theory see the
books [26, 27] by Hytonen, van Neerven, Veraar and Weis.

Given a Banach space X with norm | - |x we let LP(R%; X), p € (0, 00], be the Bochner
space of X-valued functions with fRd | f(z)[% dz < co. For f : R% — X, we also define

# .
P= o T gV~ el

where the supremum is over the cubes Q(z, ) centred at z. We have

fia)~  sup mf@ / -

Q=Q(z,r) r>06€X

The UMD property is a necessary and sufficient condition for the boundedness of var-
ious one-parameter singular integrals on LP(R%; X) = LP(X), see [26, Sec. 5.2.c and the
Notes to Sec. 5.2]. We essentially only need to blackbox this fact, but below is the defini-
tion.

7.1. Definition. A Banach space X is said to be a UMD space, where UMD stands for
unconditional martingale differences, if for all p € (1,0), all X-valued LP-martingale
difference sequences (dj)é?:1 and all choices of signs ¢; € {—1,1} we have

k k
(7.2) | ]ijdeLp(X) 5| jzldj)

The LP(X)-norm is with respect to the measure space where the martingale differences
are defined.

Lr(X)

A standard property of UMD spaces is that if (7.2) holds for one py € (1, 00) it holds
for all p € (1,00) [26, Theorem 4.2.7]. Moreover, if X is UMD then so is the dual space
X* [26, Prop. 4.2.17].

Suppose now that X; is a Banach space and X5, X3 are UMD spaces such that there
exists a bilinear map X; x X2 — X3, which we denote by

(x1,22) = z122,

so that

lz172| x5 < |21]x, |T2] X, -
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Let f take values in X5 and b take values in X;. For a CZO T on R< a standard estimate
as in the proof of Proposition 6.7 gives that for all ¢ > 0 we have

(7.3) ([b, T]f)ti Se Ibllsmoxy) (Mise(IT flx,) + Miyel flx,),

where M is the maximal function and Mg = (M|g|*)"/*. The sharp maximal func-
tion is defined using the norm of X3. To get this estimate, already the boundedness
T: L9(X3) — L%X3), ¢ € (1,00), is required — this is true as X3 is UMD. The vector-
valued estimate

(7.4) 116, T f e (x5) S NollBmoxn I f 1l ze(xa) p € (1,00),

follows from (7.3) using the Fefferman-Stein inequality as in the proof of Proposition 6.7.

Here the UMD property of X is needed via the boundedness T': LP(X3) — LP(X3).
Notice that the proof of Proposition 6.7 was almost just this vector-valued estimate —

we just needed to work a bit more to get the norm ||b||BMOI1 (i2) instead of ||b||BM011 (Li2):

Alternatively, it is also possible to directly prove a vector-valued version of the sparse
domination of commutators [34]:

(.T1F.9) S D (b= Balxlflx)ol9lx;)el@
QeS

£ 3 0f 1o llb - Blalxlolxs olal
QEeS

7.B. Vector-valued estimates for bi-commutators. We will prove the bi-parameter ana-
logue of the vector-valued estimate (7.4). There is no equally cheap way for this as in
the above one-parameter case. However, we want to show that it can still be done with
different methods.

We need more definitions and tools.

Dyadic notation. Let D be some fixed dyadic lattice in R?. For a fixed Q € Dand f €
L (X) we define as follows.

loc
o If k € Z, k > 0, then Q%) denotes the unique cube S € D for which ) C S and
0(Q) = 27%¢(8S).
The dyadic children of @ are denoted by ch(Q) = {Q’ € D: (@M = Q1.
The average operator is Eq f = (f)glog.
The martingale difference Ag f is defined by Ag f = ZQ/ ech(Q) B f—Eqf.
For k € Z, k > 0, we define the martingale difference block

Norf= Y Asf
SeD
Sk =@

Haar functions are used to decompose martingale differences Ag f in terms of rank-
one operators. For an interval I C R, we denote by I; and I, the left and right halves of
the interval I, respectively. We define 9 = |I|~'/21; and h} = |I|7Y/2(1}, — 1;,). Let now
Q= I x --- x I; € D, and define the Haar function ), n = (m, ..., n4) € {0, 1}4, via

hé =hij @ @ hjt.
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If n # 0, the Haar function is cancellative: [ h(, = 0. Wemay write Aqf = 3=, _o(f, hi))hj),
where (f, hg> =[7f h"Q. We exploit notation by suppressing the presence of 1, and simply
write hg for some b)), n # 0. Similarly, we write Ag f = (f, hg)ho-

When performing bi-parameter analysis and thinking of R? as a product space R x
Rz, we denote a dyadic grid in R% by D’ and denote the related dyadic rectangles in R?
byD=D!'xD: L IfR=1 xIy € Dwesethr = hj, ® hy,. We also define A}lf(:v) =
A (f(,z2))(x1) and define A7 f analogously. Then we set Arf = A} A7 f = A A f.
We record that A} f = hy, ®@ (f,hp )1, AL f = (f,hn)2 © hr, and Arf = (f, hr)hr.
Bi-parameter martingale blocks may also be defined in the natural way

INCSENDY Y. Anxalf

i JIV=1 gy J0P =1,

More about Banach spaces. In addition to UMD we will need the “property (o)”. Bi-
parameter extensions require this — see [27, Sec. 8.3.e]. Suppose that for all IV, all scalars
a;jand all e; j € X, 1 < 4,5 <N, there holds

2\ 1/2

X) '

2\ 1/2
icha; je; j < max |a; ;| ( EE’ Ei€sei j
P y) Smaxasl( P
If this holds, the Banach space X is said to satisfy the property («) of Pisier. Here {e} }1
is a collection of independent random signs — that is, the following holds. We have ¢;,: M —
{—1,1}, where (M, p) is a probability space, the collection {ej}; is independent and
p({ex = 13) = p({en = —1}) = 1/2.

Instead of dealing with UMD spaces with property () we will be working with the
formally stronger (although for concrete examples essentially the same) assumption that
X is a UMD function lattice. For proofs and background on function lattices see [1, 25,
39, 40]. A normed space X is a Banach function lattice if the following four conditions
hold. Let (€2, A, 1) be a o-finite measure space.

(EE’

(1) Every e € X is a measurable function e: {2 — R (an equivalence class).

(2) If e: © — Ris measurable, v € X and |e(w)| < |u(w)] for p-a.e. w € Q, thene € X
and |6|X < ”U,‘X

(3) There is an element e € X so thate > 0 (i.e. e(w) > 0 for p-a.e. w € Q).

(4) If e;, e are non-negative, ¢; € X, ¢; < e;41, ej(w) — e(w) for p-a.e. w € N and
sup; |ei|x < oo, wehave e € X and |e;|x — |e|x = sup; |ei| x-

Such a space X is automatically a Banach space. For a measurable u: ) — R with eu €
L(p) forall e € X, we define

Ay: X = Ryey(e) = /Qe(w)u(w)du(w).

In this case A, € X* (the dual space of X). We set X’ C X* to consist of those elements
of X* that have the form A, for some u like above and make the obvious identification.
The Banach function lattice X' is called the Kothe dual of X.

We mostly work with UMD Banach function lattices, where X’ = X* is automatic. In-
deed, UMD spaces are always reflexive, and in reflexive Banach lattices X’ = X* holds.
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When X’ = X* is not automatic, we prefer to tacitly assume it for clarity. A UMD func-
tion lattice X also automatically satisfies the property («) of Pisier — this explains why
this assumption is not explicitly needed.

Next, we explain some maximal function estimates by Bourgain [3] and Rubio de Fran-
cia [47] that are valid in UMD function lattices (see also [17]). We also explain some
standard square function estimates, see e.g. the recent paper [25].

Let X be a UMD function lattice, R = R% x R% and D = D! x D?, where D' is a
dyadic grid in R%. Given f: R — X and g: R — X we define the dyadic (lattice)
maximal functions

Mpig(71,w) := sup
IeD? II\

We also set M}, f(z1,x2) = Mpi(f(-,22))(z1). The operator M%2 is defined similarly.
Similarly, define the square functions

sof= (3 ’ARfP)l/Q? Shif=(>2 !A}f\2)1/2 and Shof = (Y ’A3f’2>1/2

ReD IeDn JeDm

1) _
/]|g(m1,w)|dx1 and Mpf(z,w) := sup \R[ /|f z,w)|dz.

Notice that |z| € X and |z|? € X are defined in the natural pointwise sense, as X is a
function lattice. Define also

ot = (2 11 Wion (1. )

IeD?
and define Sp2 5, f analogously. We are ready to state the following standard estimates
that are at least recorded in [25].

7.5. Lemma. Let D = D' x D2, where D' is a dyadic grid in R%, and let X be a UMD function
lattice. Then we have for all p1,ps € (1, 00) that

”fHLplL”2(X) HSDf”LplL”2(X) H‘Sil)lfHLiiLﬁg(X) ~ ||S2D2f||L§11L§§(X)'

Moreover, for s € (1, 00) we have the Fefferman—Stein inequality
1/s 1/s
.| S < BE
H(;Mf]] ) LR LRz (x) ™ H(XJ:VJ‘ > )

Here M can e.g. be Mél or Mp. Finally, we have

L2 L3 ()

HS'Dl,MDQfHLﬁiLg%(X) + HSD2,MD1 fHLIZ’.iLPQ (X) ~ HfHLpleg(X)

Product BMO and vector-valued H* — BMO estimates. Let again X be a Banach function
lattice, R? = R% x R% and D = D! x D?, where D' is a dyadic grid in R%. A locally
integrable function b: R? — X belongs to the dyadic X-valued product BMO space
BMOp prod(p, X), 0 < p < o0, if

P@;H(RGE; hR>|2\R|) /2‘
RCQ

< 00,
Lr(X)

where the supremum is taken over all open subsets Q2 C R? of finite measure. We define
BMOp prod(X) := BMOp prod(2, X). With this definition we will not require a Banach-
valued bi-parameter John—-Nirenberg inequality for which we do not have a convenient
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reference. In the scalar-valued case it is well-known that all these norms are equivalent.
The product BMO is the supremum over all dyadic grids of the dyadic product BMO
norms.

7.6. Remark. The following explanation gives one way to arrive at the definition of prod-
uct BMO in our generality. If X is UMD and p € (1, o) then

1/p 17
b P _H b, h NIEH er (b, hy ) —2 ‘
([, = 0)™ = | 5 i,y ~ ] & entomaipzi

I;eD?
I,CJ; I;,CJ;

Lr(X)

If X is a UMD function lattice we further have

17,\1/2
EH ZE[ (b, o) I‘I/Q‘Lp )NH<IZ_€ZDi’<b’h]i>‘2’Ii\) ‘

I;eD?
I;,CJ; I;CJ;

Lr(X)

The last similarity can be seen as follows. The Kahane-Khintchine inequality (see [26,
Theorem 6.2.4]) says if X is a Banach space, we have for all z;,...,z) € X and p,q €

(0, 00) that
M p\1/p M a\1/q
(E‘mz_:lgmxm’x) ~ (E‘mz_:lgmxm’)() '

Applying this twice we see that

EH 251 b hr) |I’1/2‘LP H( ‘ZEI bhrs) u|1/2’ )1/2’

I CJ IZCJZ

r

It remains to use the equivalence

(B[ eiel)” ~ (1),

forall e; € X. This theorem of Khmtchme—Maurey holds in all Banach lattices with finite
cotype —in particular, in UMD function lattices. For a proof see Theorem 7.2.13 in [27].
This explains that in one-parameter the dyadic BMO(X ) norm (if X is UMD) also has

the equivalent form
(Z 6, o) ‘211\) ‘

I CJ
The product BMO is simply the bi-parameter analogue of this form, where the supre-
mum is taken over all open sets. The rectangular BMO is the analogue of this, where the
supremum is over dyadic rectangles. This is because

> (b hpYhp = (b= ()1 — B)n2+ DRk

PeD
PCR=I1 x1I2

sup

J;€Di LP(X)

Letb: R - X and f: R? — X/, where X is a Banach function lattice and X’ is the
Kothe dual of X. Denote (b, f) = fRd{b x)}x dz, where {-, -} x denotes the duality
pairing between X and X ’, in other words we have {e, ¢’} x = [,e(w)e/(w)dp(w) for
ec Xande' € X'.
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The following H!-BMO duality in the lattice case is convenient. The proof is similar
to the scalar-valued case.

7.7. Lemma. Let X be a Banach function lattice. Then we have

€0, )| S 110IIBMOp proa ) 19D f Nl 21 (307
Proof. We may assume ||.Sp f||11(x/) < oo. Estimate
[0, A< D {1 hRL I R} -
ReD
Given k € Z we define
U = {z: |Spf(z)

and Ry = {R € D: |[RNU| > |R|/2}. If R € Ry, then R C Uy = {z: Mply, > 1/2},
and, of course, |Uy| < |Ug|.
For all Ry € D and x € Ry we have

v >27"

> |<fv hRo>|X"

‘S'Df(‘r) x = |R0|1/2

If [(f,hR,)|x > O, then this implies Ry € Ry, for all large enough k. As |U;| — 0 when

k — —oo we also have that R ¢ ﬁk for all small enough k. Let Ry, = ﬁk \ ﬁk_l, ke,
and notice that by above

Z {|<b’hR>|v‘<fahR>|}X

ReD

1R
<230 3 (bl . )ttt Do)

<ZH(Z|MR|2|R|> ‘Lz H(Z|f’hR|2\R|> Lol

keZ

iz
RCUk

- e
< Z ||bHBMOD,pmd(X)|Uk|1/2 x |27 1)1Uk||L2
ke,

S Z ||b||BMoD,pmd(X)2_k|Uk| ~ 0llBMOp proa () 19D f 1| 21 (x7)- O
kez

Paraproducts. When we represent a singular integral using dyadic model operators [22,
23], one type of model operator that appears is a paraproduct. However, this will not be
the only source of paraproducts in our arguments. In fact, the main source comes from
the desire to expand products of functions bf — that appear naturally in commutators —
using paraproducts. In this section we explain how this is done.

For i € {1, 2} we define the one-parameter paraproducts

A(b, f) = Y ALDAYF, Ay(b,f)= Y ALVELf and Aj(b,f) = >  EjDAYf.

I,eD? I,eDi I,eD?
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By writingb = >, Ajband f =3, A’ f,and collapsing sumssuchas }_ ;. ;.5 Ay f =
E}Z f, we formally have

3
bf =) ATBALf+ D ALBALf+ Y ALDAY f =" AL, f).

I; L,CJ; JiCI; j=1
Sometimes, when we pair bf with a tensor product of Haar functions, only one of the
appearing Haar functions is cancellative. In this type of a situation we expand using
these one-parameter paraproducts, like above, in the parameter i € {1,2} where the
cancellative Haar function appears.

A feature of such decompositions is that the paraproduct A% (b, f) appears (e.g. such
paraproducts do not appear in the dyadic representation of singular integrals). Indeed,
there is an average on b, and so no BMO type philosophy on that parameter can char-
acterize its boundedness. However, these will appear in commutator decompositions
and the cancellation present in the commutator is key to handling such terms. In fact,
none of the one-parameter paraproducts are bounded by themselves with the assump-
tion b € BMOp;o4.

We continue to define bi-parameter paraproducts, which can be obtained by chaining
two one-parameter paraproducts. For ji, j2 € {1, 2,3} define formally

Aj17j2 (b7 f) = A_}l A?Z (b7 f)
so that e.g.
I,eD? R=IyxI2€D
We can again expand the product bf as follows
bf= 2 Ana®f).
J1,j2€{1,2,3}

Now, those bi-parameter paraproducts where ji, jo € {1,2}, will be automatically bounded
if b is in product BMO. The rest will have to be handled by exploiting the cancellation of
the commutator.

We now formulate the vector-valued setting, where we can prove the boundedness of
our paraproducts.

7.8. Definition. We say that (X, X2, X3) is a compatible triple of function lattices, if each
X; is a Banach lattice defined using the same underlying measure space (€2, ), the spaces
X5 and X3 are UMD, and we have

2172 |x < [ x 22 x,
7.9. Proposition. Let pi,ps € (1,00) and (X1, X2, X3) be a compatible triple of function lattices
in the sense of Definition 7.8. For ji,jo € {1, 2} we have the paraproduct estimate
145155 (0, )l L1 122 x5y S 10IBMOp proa(x0) 1 1221 122 (20

Proof. We will show the estimate for A; 2(b, f) — the other cases are very similar and
follow by dominating the pairings below by different combinations of square functions
and maximal functions.
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Letg € LR L2 (X34) and estimate

(Ao Nall < S0 {1kl (£ @ o) o b, @ b}
R:II XIQ
< b h hiohs, ® hi) P L2)
Sl ||BMoD,pmd(X1) ( Z ‘<f, L® 2 |>‘ (g, h1,h1, @ hpy)] \R|> ‘ LX)
RZIl XIQ
Here we used Lemma 7.7. We can now further dominate this by
HSDI,MDQfHLﬁLﬁg(XQ) HSD2,MD19||LZ’{L1;’§ (Xg)’

and the proof is finished using Lemma 7.5. O

7.10. Remark. In the one-parameter case, paraproduct estimates are known to hold in all
UMD spaces (i.e., without imposing any additional function lattice structure), but the
proofs become slightly more demanding under such minimal assumptions. For back-
ground and a modern proof of such estimates see e.g. [28].

We are now ready to give the proof of the bi-parameter analogue of (7.4). The proof
follows the modern paradigm of dyadic representation theorems of singular integrals
combined with the paraproduct decompositions of commutators.

7.11. Remark. A vector-valued estimate for [b,T], where T is a bi-parameter CZO [41],
could extremely likely also be proved with an adaptation of the strategy below.

7.12. Theorem. Let p1,p2 € (1,00) and (X1, X2, X3) be a compatible triple of function lattices
in the sense of Definition 7.8. Let T; be a CZO in R%, i = 1,2. Then we have

H[TI, [baTﬂ]fHLi}Lﬁg(Xg) < HbHBMOpmd(Xl)”fHLﬁLig(xz)-

Proof. The proof is a vector-valued adaptation of the recent commutator decompositions
[36, 37, 38]. In particular, see [37] for a two-weight version of this bound in the scalar-
valued setting. To begin the proof, we recall that it is enough to fix lattices D' and to
estimate [U7, [b, Us]] f, where U; and U, are DMOs - dyadic model operators — appearing
in the representation theorem [22, 23]. That is, we have that U; € {S;, m;}, where S; is
a so-called dyadic shift in R% and 7, is a dyadic paraproduct in R% . We will recall the
definitions during the proof. It is enough to obtain a polynomial dependence on the
complexity of the shift.

We will only explicitly show the case [S1, [b, m2]] f (see [37] for the decompositions used
in the other cases). The dyadic shift S; has the form

Slf: Z aKhllvjthl ®<f7h’11>17

K€D}
10— 500 g,

where i1, j; > 0and |ag, 1,.,| < |I1|Y/?|J1|'/?|K1|~!. The paraproduct 73 has the form

WQf: Z GK2<f>K2,2®hK2,

KoeD?

1/2 .
where ||(ak,)|BMmo(p?) = SUPp,ep2 (Ilel Y KoC Py ]aKQP) < 1. We now write out

[51, [b,ﬂ'g]]f = Sl(b’ﬂgf) —bmyS1f — 517T2(bf) + WQ(bSlf).
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We identify the products

brro f, bmaS1f, bf, bS1f
that we want to expand using paraproducts. Of course, it is possible to expand these
in the one-parameter sense (in either parameter) or in the bi-parameter sense. What is
actually useful is determined by the form of the operators S; and 7, and looking at
where the cancellative Haar functions appear. This leads us to e.g. expand

bﬂ'gf = Z Akl,kg (ba 7T2f)

k1,k2€{1,2,3}

= Y AukOm)+ Y Ak mef) + Ass(bmf),
k1,kae{1,2} (k1,k2)#(3,3)
3e{ki,ka}
where the idea of the latter grouping is that in the case ki, k2 € {1,2} we can directly
use Proposition 7.9, while the remaining terms cannot be handled alone. They need to
be grouped with terms coming from the other product expansions, which are as follows:

breSif = Y Ang(mSif) Y Ak k(b mSif) + Azs(b, mSif),

kl,kge{l,Q} (kgykfk?#k(;g}g)
€1F1,R2

2
bf = AL (b, f)+ A3, f)
k1=1
and

2
bS1f =Y A} (b, S1f) + Az(b, S1f).
k=1
None of the one-parameter paraproducts are bounded as they are. However, when k; #
3, they will be paired with one other term coming from the other product expansions.
In this sense, they are similar to the terms of the form Ay, 1, (b, F), (k1,k2) # (3,3), 3 €
{k1,ko}. Finally, all the four terms As3(b,m2f), As3(b, maS1f), AL(b, f) and AL(b, S1f)
will be grouped together.
The above explanation leads us to the long expansion

[Slv [b7 7['2]]f = Z S1 (Akl,kz (b’ 7T2f)) - Z Akl,kz (b’ 71'ZSIJL‘)

kl,kQG{l,Q} k17k2€{1,2}
2
+{ Y Sk bm))+ Y m(AL 6,51)
(kl’k2)7é(3’3) k1=1
3E{k’1,k2}
2
= Y Auwbmsi) - Y Sim(Al 6. )}
(k1,k2)#(3,3) ki=1
3€{k51,k2}

+ {[51(A3,3(b, w2 f)) — Sima(AS(b, £))] + [m2(AS(b, S1.f)) — Az 3(b, 251 f)]}.

Using Proposition 7.9 and the fact (see [28]) that S; and 73 are bounded in L3} L32 (X)) for
all s1,s2 € (1,00) and for all UMD function lattices X, we have that the first two terms
in the expansion above automatically satisfy the desired estimate. The big group in the
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middle consists of the various terms, where exactly one of the paraproduct indices is 3 or
we have a one-parameter paraproduct with an indice k£ # 3. They will not all be handled
together, but rather by always pairing two suitable ones together (notice that there are 6
terms with a plus sign and 6 terms with a minus sign). It is not straightforward to explain
which terms should be paired together — it can be seen by analysing their forms. We get
to them later.

We start our work with the last term, which is the combination of the four terms, where
all the paraproduct indices are 3. First, we have by the definition of A3 3 and 7 that

A373(b, 77—2f> = Z <b>L1 X Lo <7T2f, hLl & hL2>hL1 ® hL2

Ly,La
=y <b>L1xL2< > ary () ko2 ® higy, b, ® hL2>hL1 ® hi,
Ly,La
1
= Z GK2<b>L1><K2<fv hL1 ‘I?Q‘>hL1 ®hK2
Ly1,K>
Now, using the definition of S; we calculate
Sl(A3,3(ba 7T2f)) = Z aK1,Il,J1 th & <A3,3(b7 772f)7 h]1>1

K
1511):J§]1):K1

1k
g Z aKlyILthJl ® < Z aK2<b>L1><K2<f, hLl |K |>hL1 ® hKQ,h11>
) K1 Ly,K>2
160 700 g,

1k
=D, D, Ak (b>th2<f7 hi, ® e |>th ® hic,.
K2 Kl
Iill)zjlwl):Kl

The next task is to perform a completely analogous calculation to get that

S1ma(A5(b, f)) ZGK2 Yo ari (O nalf )1 g b © i,

K
1(11):‘]{]1):[(1

We can now write
S1(Az3(b, maf)) — Sima(A3(b, f))
(7.13) = ax, > CLKl,Il,J1<[<b>11><K2 Oy 1) {fshrn > hy, @ hic,.
Ko K

K
g0 g

Here the term ([(b)r,xx, — (b)1,,1] (f, hr,)1) ., appears, which we further expand by ap-

plying the martingale difference expansion glx, = > -k, (9, i) hi, + (9) Kk, LK, to the
function (b) 1, 1. This gives that

([@rnxice = al (£ hnd1) = =([ 3 Wbhn)o)nhn | (f b))

2 I,C Ky 2
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= S (b)) (o © By,

K|,
2C K2
Plugging this into (7.13) gives the final formula

S1(A33(b, m2f)) — S1ma(A3(b, f))
Z ,;;2 2 > ki (0 h)2)n (f by © hiy)hy, © hic,.

_ IoC K>
I("l)_J{Jl)_Kl

This is clear progress as there is now one cancellative Haar function paired with b. On
the other hand, this is simply not enough, since we need two cancellative Haar functions
to exploit the product BMO assumption. However, with very similar calculation as above
we see that

ma(A5(b, S1f)) — As3(b, w251 f)
Z s > > a5 (0 ha)2) oy (f by ® by, @ g,

K|
‘ 2 ) Kl I, CKs
Ol):Ji]l):Kl

The only difference is that we have a plus sign in front and that ((b, h1,)2) 1, is replaced
by ((b, h1,)2).;,- We have arrived at the combined formula

151 (As(b 7)) = S1ma(AY(b, /)] + [ra(A}(b, 511)) — Ass (b maS1f)
"X X X emnallhua ()l

) Kl' I, CK>
1(11):.]5]1):[(1

X (fyhr, @ hiy)hg, @ hi, .
Next, we add and subtract ((b, h,)2) k, and e.g. write
J1
(b, hr)2)y — (b hy)2) iy = D (b, hjan ® b ) (h jan)

l1=1

It is now enough to fix [; € {1,...,71} and consider, for g € Lgli Lﬁ% (X3%), the following
dualized term

XY (ke

K L(J1 1) _ =K,

_ |ar,|
E |L1‘ 1/2’aK1711,J1||<f>hI1 ®hf2>| E : |<g>hJ1 ®hK2>|}'
_ | Ko
IYl):Kl KoDlIo

7M=L,
Notice that we can estimate

’CLK2‘ 1k,
g b @ huc)l = (D laralllg, huy © hica) | 2 )
KQED:IQ |K2| 1 ’ KzzD:Iz ’ 1 ’ ’KQ, L2

1
< VA0 s (149 haca2l) 1 )
K>
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and use the normalisation of |ak, 1, ., | to estimate

‘Il|1/2|a]1|1/2

|L1’71/2’aK1711,J1||<f’ h11 & h[2>| < |L1‘71/2 |K |

’<<AK1,i1f7 h12>2’ hl1>|

<|L| UQ“K‘ /|AK1,21f7h12>|

Now, by summing over 1, J; we have reduced to bounding

>y Z{bhh@hm!,

Ky L(J1 1) _ =K
1k
|L1|1/2<|<AK1721f7 hiy)2 K1<Z‘GK2 g’hK2>2|>L1‘K22\>12}'

We use Lemma 7.7 to dominate this by [|b/|5MO ea (1) < [10]BMO 0 (x) multiplied with

[(Z 3 ol o ) bio( el hacdel )|

K I Ka

LY(X])

After using the estimate [eze3| y; < |ea|x,|€5]x; this term decouples naturally by Holder’s

inequality. After this the proof can be ended using Lemma 7.5 and the Lgll Lg% (X%)
boundedness of the paraproduct

g Z ‘G’KQH 9, hK2>
Ky

!K\

It only remains to estimate the terms in the big block, i.e., the terms

2

D Si(Ak (b m2f) + Y ma(AL, (5, S11))

(k1,k2)#(3,3) ki=1
3€{k1,k2}

2
- Z Akl,k2 (b7 7T2S1f> - Z SIWQ(Allfl (b’ f))

(khk?)#(?’»g) k1=1
3e{ki,ka}

Here we always have to pair two terms together, one with a plus and one with a minus
sign, to induce cancellation to b. For example, we will consider

S1(Az1(b,maf)) — Asz1(b, m2S1f).
Using that m357 = S1m2 and the boundedness of my, it is enough to consider
S1(As1(b, f)) — Az1(b,51f)
= o > aknn ((bhic)a), — (b hicy)a) ;) (Fy by ® Dy Y, @ by b,
1}i1>:J1(§1>=K1

This can be bounded like the previous term, except it is simpler. This ends our proof. [
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We note that the upper bound related to the lower bound of Proposition 5.3 — that is,
the upper bound related to the diagonal p; = ¢; and p2 = g2 of Theorem 1.3 — is just
the scalar-valued version of the above result. However, this scalar-valued result is very
well-known. For general CZOs like here, the non-mixed norm version appears in [9]. The
scalar-valued mixed-norm version could also directly be proved e.g. by extrapolating the
estimate in [37], which is a two-weight version of [9].

Lastly, even if the bi-commutators [T, [b, T3]] are the main topic of this paper, we
record how the vector-valued estimate for the bi-commutator implies an estimate for
a commutator with three CZOs. Establishing a dotted version of the space L}? would
require some modifications as in the bi-commutator case.

7.14. Proposition. Let pi,p2,p3,q3 € (1,00), ps > ¢3 and define r3 € (1, 00) via
1 1 1

T3 p3  P3
Let T; bea CZO in R%, i = 1,2, 3. Then we have

117, [To, 10, Tal] Fll o 122 198 S 1060 g0, oy (272 1 22 22 223

It is an interesting, but very complicated, problem to extend all of our results to tri-
commutators, or even higher order commutators.

APPENDIX A. A COUNTEREXAMPLE

The Ferguson-Lacey theorem [15] claims that
I[H1, [b, Hollll 22 22 ~ lIbllBMo®xr)»

where the right-hand side is the product-BMO norm of Chang-Fefferman, and H; is the
Hilbert transform in the ith coordinate. This result has been extended to higher order
iterated commutators and more general operators in place of H; in several subsequent
papers.

However, all these results suffer from a gap that was first observed by A. Volberg and
recently presented in [21, Section 10]. Namely, they all rely on a claim of the form

(A1) 1Poll2 Z ll¢ll2;

where P is a projection given by a Fourier multiplier whose symbol is the indicator of
a product of half-spaces (in [15], simply R, x R, C R?) and the Fourier transform of ¢
is “symmetric”. In practice, ¢ takes the form ¢ = |v|? for some function 7, so that ¢ is
non-negative and in particular real-valued. On the other hand, in each case, the function
7 is relatively arbitrary, so that little more than the non-negativity of ¢ can be asserted
without further justification. This, on the other hand, is not enough to guarantee the
estimate (A.1), as a simple example given in [21, Section 10] shows. We will give another
example here with some additional properties.
We define the Fourier transform of f € L'(R%) by

F€) = [ fla)e e da.
R4

With this normalization, the Gaussian ¢(z) = e~ %" satisfies ¢ = .
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If Q € £L(RY) is an invertible matrix, a standard change-of-variables shows that

[F@Q)NE) = F(Q7TE)|det Q7.

In particular, we have

F@INE =FQ7'¢), if QT=Q and detQ=1.
Let then d = 2 and

Oy ie L (1+N 1-N
N"Oo/NU-N 1+N)°
Then Q) = Qn, detQy =1, and
0=l L (N+1 N-1
NCT o /N \W -1 N+1)°

We consider the functions fx(z) := ¢(Qnz). These satisfy
(&) = p(QN'€) = exp(—7IQRE),

where
e | ((N+D&E+(N=1)&\ 12 _ 1 2 PRy
‘QN&‘ _)2\/* ((N_1)§1+(N+1)§2>’ 2N<N (§1+£2) (‘51 52) )
Now consider £1, & > 0. Then (&1 + &)% > & + €5 = |€]?, and thus

2
|Q]_Vl£|2 > 5|£|2 = ‘\/;5‘ ) V§Ia§2 > 0.

This in turn implies that

[ ierae= [ eaveras | fo/ofa
N//1£2>0 (OF dg = QN// |o(€)I? dg,

JLiveras= [ e@itora= [ e@rae

If P is the Fourier multiplier whose symbol is the indicator of R, x R, then the non-
negative function fy satisfies

whereas

IPfnll2 = IPfnllz = I Fnllreg, <, ) < I fnll2 = £l

1 1 1
Tl =7 oI

showing the impossibility of (A.1).
Let us also observe that

1wl = / o(Qua)lP da
RQ
- / e (detQy=1)
RQ
:/ e’””|2pda::/ gz 9T _ 1
R2 R2 D p
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for all p € (0,00), independent of N. That is, we have

lfnllp ~p L ¥p € (0, 00),
another feature of the functions for which (A.1) is applied in [15], yet this additional
property is still not enough to guarantee (A.1).
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