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ABSTRACT. Recently, the blow-up formulae of cohomologies on complex manifolds
have been extensively studied. The purpose of this paper is to give a proof for the
blow-up formula of integral Bott-Chern cohomology on compact complex manifolds
in terms of relative Dolbeault sheaves.

1. INTRODUCTION

As a fundamental tool, the blow-up transformation plays an important role in the
development of complex geometry. Moreover, it is a basic problem to discover the so-
called “blow-up formula" for any interesting cohomologies or invariants on (complex)
manifolds. Recently, the blow-up formula that analogue of de Rham blow-up formula
(cf. [14, Theorem 7.31]), for various complex cohomologies have been extensively
studied in [1} 2, 6, [7, 18, 9} 12} [13, 16] etc. such as Bott-Chern cohomology, Dolbeault
cohomology and twisted de Rham cohomology and so on.

Due to the Dolbeault resolution, the famous Dolbeault theorem says that the (p, ¢)-
th Dolbeault cohomology is isomorphic to the ¢g-th cohomology of the sheaf of holo-
morphic p-forms or the g-th hypercohomology of the sheaf complex of complex differ-
ential (p, -)forms. Likewise, the Bott-Chern cohomology can also be reinterpreted as a
hypercohomology (see [5,[11]]). Inspired by Bott-Chern hyercohomology and Deligne
cohomology, Schweitzer [11, Section 4.e] introduced a notion of integral Bott-Chern
cohomology in terms of hypercohomology. Let us recall the definition: for any fixed
bi-degree (p, q) with p < g, the integral Bott-Chern complex 3% on a complex mani-
fold Y is defined to be the sheaf complex
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where Q3 (resp. ﬁ;) is the sheaf of (resp. anti-) holomorphic sforms and Z is the
constant sheaf on Y.

Definition 1.1 ([11]). The (p, ¢)-th integral Bott-Chern cohomology of Y is the (p+q)-
th hypercohomology

HEL(Y, Z) = EPH(Y,20)
of the integral Bott-Chern complex J%:%.

The main goal of this paper is to give a proof of the following:
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Theorem 1.2. Let Y be a compact complex manifold of complex dimensionn > 2, Z CY
be a closed complex submanifold of codimension ¢ > 2, and f : X — Y be the blow-up of
Y with center Z. Then there exists an isomorphism
c—1
HY%4(X,2) = HRL(Y,Z) & @D Hb: (2, 2)
i=1
Jorp,q <n.

This paper is devoted to the proof of the above theorem. Our basic strategy is
the same as that in [2, 18, 9, (10} [16], which was essentially outlined in [2, Remark 11].
The structure of this paper is organized as follows. In Section [2} we briefly review
the definition of relative Dolbeault sheaves and collect some basic facts concerning
the relative Dolbeault sheaves under blow-ups. In Section |3, we present a proof of
Theorem [1.2] by proving Lemma [3.3] and Lemma [3.4] with the language of relative
Dolbeault sheaves. Moreover some remarks are proposed.

2. RELATIVE DOLBEAULT SHEAVES

2.1. Generalities. Let Y be a complex manifold of complex dimension n. We denote
by € (resp. y) the sheaf of (resp. anti-) holomorphic sforms and A" the sheaf
of complex differential (s, ¢)forms. Note that i}t is a fine sheaf and the Dolbeault
resolution asserts that there is a fine resolution of Q3 :

0— 05 — A LAst ... LA 0

Next, we assume that ¢« : Z — Y is a closed complex submanifold of Y. Then
there exist two natural morphisms of sheaves

L* st LF .t
Q3 — 0.0y and A} — 1 A,

on Y which are induced by the pullback ¢* of the corresponding differential forms
and ¢, is the direct image functor of sheaves.

Definition 2.1 ([9,[16]). Let Y be a complex manifold of complex dimension n and
t: Z <= Y be a closed complex submanifold. For any 0 < s,¢ < n, the kernel sheaves

K3 7 = ker (3 AN Q) and K3y'y = ker (A} o, A

are called respectively the s-th relative Dolbeault sheaf and (s,t)-th relative Dolbeault
sheaf of Y with respect to Z.

The basic properties of the relative Dolbeault sheaves are the following:

Lemma 2.2 ([9, 16]). For any s > 0, the sheaf complex IC;'Z is a fine resolution of
K5 7 (called relative Dolbeault resolution). Moreover, there exist two short exact sequences

0— K3y — Q5 —5 1,05 — 0, (2.1)
and
0— Kty — A =50, AG— 0, 2.2)

Jorany0 < s, t <n.
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2.2. Direct images under blow-ups. Let Y be a compact complex manifold of di-
mension n > 2 and ¢ : Z < Y be a closed complex submanifold of codimension
¢ > 2. Denote by f : X — Y the blow-up of Y along Z and i : £ — X the excep-
tional divisor of the blow-up; see for example [14} Section 3.3.3] for the construction
of blow-ups. Consider the blow-up diagram

EC L x (2.3)
|, )
7Y,

Then the sheaves of holomorphic forms satisfy the following relations:

Proposition 2.3. For any s > 0, the following isomorphisms hold:
(@) f*: 0% = L%
(1) g~ : Q3 — 9. 0%,
(ii7) T : R f.Q% — 1.R'g. Q3 for anyi > 1.
Proof. See for example [9, Lemma 4.1]. g

For our purpose, the key ingredient is the direct images of relative Dolbeault
sheaves under blow-up morphisms. First of all, we can directly show that by Har
togs’ extension theorem, the pullback of differential forms induces an isomorphism

[ Ky » = f. K% i (see for example [9, Lemma 4.4]). Secondly, considering the
higher direct images of a short exact sequence that analogous to for the pair
(X, E), we can obtain that the higher direct images R'f. K% 5y = 0 for all i > 1 by
using Proposition (see for example [9, Lemma 4.4]). Moreover, due to the relative
Dolbeault resolution as in Lemma we have the following:

Lemma 2.4. The pullback of differential forms induces a natural quasi-isomorphism
[ ’C;Z — Rf. IC;(,E
for any s € Z, where Rf, is the derived direct image.
Proof By Lemma for the pair (X, E), the fact that K}’ is a fine resolution
of K% p means the derived direct image Rf. K% p = f.KY’5. Since the higher

direct images of K p vanish, the sheaf complex f. %"y is exact except in degree
0. Moreover, note that the direct image f. K%  is the kernel of the sheaf morphism

5,0 s,1 . . . .
fx ’CX,E — fs ICX’E since the direct image functor f, is left exact. As a consequence,
we have a canonical quasi-isomorphism

I« ’Cg(,E = Js K}.E = Rf. §(E
Furthermore, as mentioned above the pullback of differential forms induces an iso-
morphism f* : Ky , = f. K% g of sheaves and then the lemma follows. O
3. PROOF

3.1. Proof of Theorem We start by recalling the definitions of the Deligne com-
plex Zp(p) (of level p) on a complex manifold Y,

0— 2mi)PZ — Oy — QL — - — Q21— 0;
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and the integral Bott-Chern complex j];/’q

0%(27i)p2329y@6y%9%/ @ﬁ;%~-~ﬁ§2§’71@§€f1%ﬁf,%...%ﬁgjlﬁo.

Immediately, one has the following commutative diagram

(2mi)P Z Oy - - QF
‘ Jid proj.| | ¥ proj.| | ¥
(2mi)P Z Oy &0y .- Q3 & ﬁ;

where ¢ : Q5 — Q5 ©Qy, is defined by p(a) = a4 (—1)?~'@. Therefore the integral
Bott-Chern complex J%:7 splits, i.e., there is a decomposition of sheaf complexes

R = Zp(p) & O[], (3.1)
where ng'ﬂ is the truncated holomorphic de Rham complex
0—0s a2, Lt s,

when s < ¢ while ng's] = (2§, and Q[}f't] = Qg?'t] for s < 0. As a result, applying
hypercohomology to the above decomposition, the integral Bott-Chern cohomology
admits a decomposition as follows:

HEL(Y,Z) = HE (Y, Z(p)) @ B~} (v, lP*r ),

In the rest of this section, we always assume that Y is a compact complex manifold
of complex dimension n > 2 and ¢ : Z < Y is a closed complex submanifold of
codimension ¢ > 2. We denote by f : X — Y the blow-up of Y along Z and
U: EF — X its exceptional divisor.

To finish the proof, we need the following blow-up formula of Deligne cohomology:

Proposition 3.1 (Barbieri-Viale [3]). There is an isomorphism

c—1

Hp,(X,Z(p)) = Hy, (Y, Z(p)) & P Hiy (2, Z(p — 1))
=1

Joranyp > 0 andl € 7.
Moreover, we have the following generalization of de Rham blow-up formula:
Proposition 3.2. There is an isomorphism
c—1
H' (x, Q) = H(v, o) o @ u' - (z,0¢ ")

i=1
Joranyp > 0 andl € 7.

Consequently, basing on the decomposition (3.I), Theorem follows directly
from the above two Propositions:

HEL(X,Z) = HR(X,Z(p) & Bt (x,0gr ),

1See Remark
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c—1

>~ H%+Q(Y, Z(p)) D @ H%+q_2i(Z, Z(p _ Z)) ® Hp%»qfl(yv’ Qggoqfl])
=1
c—1 4 -
ey @ HPte1-2( g, Q[}(}oq—l_z])
=1
c—1 ) 4
= Hpt(V.2)o P Hp(2.2).
=1

3.2. Proof of Proposition For the pair (Y, Z), we consider the [p, g]-truncated
double complexes Ty;* and K3;% of global sections endowed the natural differentials

0 and 0:
Ty :=T(Y,Ay') and Ky, :=T(Y,K3Y),
for p < s < qand 0 <t < n. Denote their associated [p, q|-total complexes as follows:
Ty = P T and K= P K},
s+t=I,p<s<gq s+t=l,p<s<gq

By the Dolbeault resolution, we have
H' (Y, Q) = H(Y,T}) and H'(Y,KPY) = H (Y,K} ) (3.2)

forany ! € Z.

Now we come to the key of the proof of Proposition For two pairs (Y, 2)
and (X, E), based on the short exact sequence (2.2) and that analogous to (2.2) for
(X, E), we have two short exact sequences of complexes:

OHK;’Z—YH‘;/L—*V]T'Z—)O
and
OHK}’EHT;{LTEHO.

Based on the blow-up diagram (2.3), the pullback of differential forms induces a
commutative diagram of short exact sequences of complexes

L*

0—K§ ; — Ty, — Ty —0
f*l f*l J“’*
0— Kk g —T% L)T;;—)O.

After taking the cohomologies of the above commutative diagram, the isomorphisms
in (3:2) for the pairs (Y, Z) and (X, E) offer along commutative ladder of cohomology
groups

o H(Y YY) — B, 00) — HY(Z,08™) - B (Y KPY) — -

/| /| .| /|

= HOGKE) — H (X, o)) —» HU(B, 05 - B (K8 — -
(3.3)
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It is worthy of noticing that for every differential form a on Y, f, f*a = « ; see for
example the proof of [5, Theorem 12.9]. Therefore, by the Dolbeault resolution, the
induced morphism by the pullback of differential forms

fH (v oy — (X, ol2)

is injective for | € Z. According to the below Lemma using the standard
diagram-chasing in the commutative ladder (3.3), we obtain that the cokernel of f* :

H (Y, Q[f,"q}) — H(X, Q[)};"ﬂ) is isomorphic to the cokernel of g* : H'(Z, Q%"Q]) —
H'(E, Q%’q]). Consequently, the below Lemma [3.4] concludes the Proposition

In the following, we prove the two necessary lemmas (Lemma [3.3/and Lemma 3.4):
Lemma 3.3. The pullback of differential forms induces an isomorphism
FroEN YRR S H (xRt
Joranyp,q € Z andp < q.

Proof. We consider the [p, g]-truncated double complexes K3:% and K%°5, of Kg?'zq} and
IC[)ZZI%} respectively. Denote by Z E2>* and “ E®® the associated spectral sequences of
K3:% and K%°; respectively. Especially, at F;-page, we have ?E}" = H'(Z,KS$, ;)
and PEP? = HY(E,K% ). Note that the pullback of differential forms induces
a morphism of double complexes fr: K;/’:Z — K;('E Therefore, it induces a
morphism of spectral sequences:

frZE — Epee. (3.4)

To show the lemma, by the standard theory of spectral sequence, it suffices to show
that the morphism (3.4) is an isomorphism at E;-page. In fact, by Lemma we
have

FABY = B2 ) — H'(ZRE. K ) = HY(E.K ) = "B}
is isomorphic and then the lemma follows. O

Lemma 3.4. The pullback of differential forms induces an isomorphism

c—1 c—1
ST hingt () @HTH(z 0 S H (B, QR )
=0 1=0

foranyp < q andl € 7, where h = ¢1(Op(1)) € H*(E,Z) and Og(1) is the

relative tautological line bundle. In particular, there is an isomorphism HLL(E,Z) =
c—1
P HE (2, 2).
i=0
Proof. Consider the [p, g]-truncated double complexes T%* and T%* of Z and E re-
spectively. For 0 < i < ¢— 1, we denote by T3, "*"* the [p — i, ¢ — i|-truncated double
complex of Z and Tot(']I"Zi’kl) its associated total complex. Considering the [-th
cohomology of Tot(T% “*™"), we have
c—1 c—1 c—1
H'(@D Tot(T% ) [-2i]) = @ H'=% (Tot(Ty ** ) = P H' "% (2,057
i=0 i=0 i=0
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Next we consider the morphism of the above double complexes which is induced by
pullback of differential forms:

c—1 c—1
> hingt @ Ty 2] — T,
=0 =0

where [—2i] means shifting —i for both degrees. Denote by zE®* and pE>* the
associated spectral sequences of the above two bounded double complexes. Then
there is a natural morphism g} : zE»* — gE>° of spectral sequences induced by
g*. Note that p < s < ¢, we have

c—1

By =@ H' T (2,95") and pEy' = H'(E, Q).

i=0

According to Dolbeault projective bundle formula (cf. Lemma [3.5), we obtain that

c—1
g = Zh ANg*(=): zEYY — gED!
i=0
is an isomorphism. Therefore, g is isomorphic for any » > 1, and hence the propo-

sition follows by the spectral sequence theory. g

In the above lemma, we have used the projective bundle formula of Dolbeault
cohomology. For convenience, we give a proof in terms of sheaf complexes:

Lemma 3.5 (cf. [8], |2, Remark 9]). There is a natural quasi-isomorphism of sheaf com-
plexes

c—1 c—1
S hiagt (=) P AL i S gl AL (3.5)
i=0 =0
which is induced by pullback of differential forms. In particular, there exists an isomorphism
c—1 ) c—1 . )
S hingt (=) @G HTZ,9 ) S5 HI(E, Q).
i=0 i=0

Proof Consider the morphism of the cohomology sheaves of sheaf complexes in (3.5):
c—1 c—1
H(D W Ag (=) : D H (A (i) — H(g. AR")
i=0 i=0
for j € Z. As a matter of fact, since the sheaf complex A7 “* is exact except in
degree 0, so the above morphism is an isomorphism by following isomorphism
g* O =5 Rig Qb (3.6)

for 0 < j < ¢ — 1. Note that the isomorphism (3.6) is local in Z, so we may assume
that E = U x P°~! for a polydisk U. Then, by Kiinneth formula, we have

p
HY(E,QY) = H'(UxP P )
=0

p 7
PP a U)o (P Q)

§=0 s=0

I
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P
~ (PHUQ,) @ H P QT)
j=0
=~ HU,Q) @ H' (P, Q)
= HU95 )
for any 0 <4 < c—1. Note that h' is the generator of Hi(Pe 1, pr,c_l ). Consequently,
the isomorphism (3.5) follows directly from the local description of the higher direct
images. |

As a by-product, the following Leray spectral sequence degenerates under the blow-
up morphisms.

Corollary 3.6. Consider the Leray spectral sequence for Q5 associated to the blow-up mor-
phism f : X — Y. Then the Leray spectral sequence

EY = H'(Y, R [.Q%) = H"(X,0%)
degenerates at Es.

Proof Note that the Leray spectral sequence degenerates at Fsy if and only if the
following equation holds

q
> dim HT(Y, R £.0% ) = dim HY(X, Q).
§=0
for any ¢ > 0. By Proposition (i), one has HI(Y, Q%) = HI(Y,Q}). For
1 <i < ¢ — 1, by Proposition [2.3] (iii) and the isomorphism (3.6), we have
HII(Y, R Q%) =2 HI7I (Y, 1, R\ g. Qb)) = HII (Y, 0,00 ") = HII(Z,007).
Hence, the Leray spectral sequence degenerates at 5 if and only if
c—1
dim (HY(Y, Q%) & @ H™'(Z,Q47")) = dim HY(X, 0% ).
i=1
In fact, this is a consequence of the blow-up formula of Dolbeault cohomology in
[8]. O

Remark 3.7. In [2, Question 10], we proposed a question on the blow-up formula
(e.g., Proposition of the hypercohomology of truncated (twisted) holomorphic
de Rham complex, so the current work may be viewed as a sequel to [2]. Recently, in
[7] Meng confirmed our question by a different approach; see [7] for a different proof
of Proposition Note that the proof of Proposition [3.2) we give here is our original
idea proposed in [2, Remark 11]. Moreover, by using the Dolbeault blow-up formula
in [8], Wu [15, Proposition 13] obtained a “partial blow-up formula" for the integral
Bott-Chern cohomology. It is worthy of noticing that combining Lemma with [15)
Proposition 13], one can also obtain a proof of Theorem

Remark 3.8. For p > 0, one can consider blow-up formula of the hypercohomology
of sheaf complex DR” on a complex manifold Y
0—Cy — Oy -5 0L 2. .St 0,
and DR;" := Cy. Based on Proposition the blow-up formula follows from the
[=p].

fact that DR5? is quasi-isomorphic to Qg’,""
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We conclude this section by giving some interesting questions. Analogous to Propo-
sition one may consider the smooth Deligne cohomology of complex manifolds.
Let Y be a complex manifold. Recall that the smooth Deligne complex R(p)% is the
sheaf complex

0— 2mi)PR— A — Ay — - — AT — 0,

where A3, is the sheaf of complex differential sforms on Y. The ¢-th hypercohomol-
ogy HY(Y,R(p)¥) of the smooth Deligne complex R(p)% is called the g-th smooth
Deligne cohomology of Y , and denote by H}, (Y, R(p)*°) (cf. [4} Definition 1.5.1]). More-
over, note that the blow-up formulae have been obtained for Bott-Chern cohomology
and integral Bott-Chern cohomology. Naturally, one may also consider the real Bott-

Chern cohomology. The real Bott-Chern complex 9337 is the sheaf complex

0%(277@')1’1@4_%’%@@3/%9; NI o N D o AN § R

Then the (p, q)-th real Bott-Chern cohomology of Y, denote by HRZ (Y, R5:7) == HITP (Y, Ry:7),
is given by the ¢-th hypercohomology of the real Bott-Chern complex %}:?. Finally,
we propose the following interesting question:

Question 3.9. Can one obtain the blow-up formulae of smooth Deligne cohomology
and real Bott-Chern cohomology for compact complex manifolds?
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