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Abstract

The goal of this paper is to approximate two kinds of McKean-Vlasov SDEs with irregular
coefficients via weakly interacting particle systems. More precisely, propagation of chaos
and convergence rate of Euler-Maruyama scheme associated with the consequent weakly
interacting particle systems are investigated for McKean-Vlasov SDEs, where (i) the diffusion
terms are Holder continuous by taking advantage of Yamada-Watanabe’s approximation
approach and (ii) the drifts are Holder continuous by freezing distributions followed by
invoking Zvonkin’s transformation trick.
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1 Introduction and main results

The pioneer work on McKean-Vlasov SDEs whose coefficients depend on state components and
their laws is initiated in [28]. In terminology, McKean-Vlasov SDEs are also referred to as
distribution-dependent SDEs or mean-field SDEs, which are derived as limits of interacting dif-
fusions. Since McKean’s work, McKean-Vlasov SDEs have been applied extensively in stochastic
control, queue systems, mathematical finance, multi-factor stochastic volatility and hybrid mod-
els, to name a few; see, for example, [4, 7]. So far, McKean-Vlasov SDEs have been investigated
considerably on wellposedness [7, 16, 36], ergodicity [18, 33], Feyman-Kac Formulae [5, 14, 33|,
and Harnack inequalities [21, 38] among others.

In general, McKean-Vlasov SDEs cannot be solved explicitly so it is desirable to devise im-
plementable numerical algorithms so that they can be simulated. With contrast to the standard
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SDEs, the primary challenge to simulate McKean-Vlasov SDEs lies in approximating distribu-
tions at each step. At present, there exist a few of results on numerical approximations for
McKean-Vlasov SDEs; see e.g. [6, 26]. In particular, [17] is concerned with strong convergence
of the tamed Euler-Maruyama (EM for short) scheme for McKean-Vlasov SDEs, where the drift
terms involved are of superlinear growth w.r.t. the spatial variables. Subsequently, [17] is ex-
tended to the higher-order numerical schemes (e.g., the tamed Milstein scheme and the adaptive
EM scheme); see e.g. [8, 12, 24]. It is worthy to emphasize that the strong convergence of nu-
merical algorithms in [8, 12, 17, 24] is analyzed under the smooth condition (e.g., the drift terms
are locally Lipschitz and of polynomial growth w.r.t. the state variables). In the meantime, the
weak convergence analysis of numerical algorithms concerning McKean-Vlasov SDEs has been
treated; see e.g. [1, 11, 37], where the algorithm in [1] is based on new particle representations
and [37] is concerned with the (antithetic) multilevel Monte-Carlo algorithms. Finally, we refer
to [15] for importance sampling Monte Carlo methods for McKean-Vlasov SDEs with smooth
drifts.

The literature [39] initiates the strong convergence analysis of EM numerical scheme for
McKean-Vlasov SDEs with irregular coefficients, whereas the distribution involved is not simu-
lated and the convergence rate is not revealed. Compared with the strong convergence analysis
of numerical approximations for classical SDEs with irregular coefficients (see e.g. [2, 19, 31]),
the counterpart for McKean-Vlasov SDEs with irregular coefficients is rather scarce. Neverthe-
less, in the present work, for two kinds of McKean-Vlasov SDEs with irregular coefficients (e.g.,
Holder continuous drifts or diffusions), we aim to investigate the overall strong convergence rate
of EM schemes based on stochastic interacting particle systems.

Next we start with some notation. Let (RY, (-,-),|-|) be the d-dimensional Euclidean space
and R? ® R? the set of all d x d-matrices. C'(R?%;R? @ RY) stands for the family of all Fréchet
differentiable functions f : R — RI@R?. 2 (R?) means the collection of all probability measures
on RY. For p > 0, if p € Z(R?) has a finite p-th moment, i.e., (| [P) := [pa [z[Pp(dz) < oo, we
then formulate p € Z,(RY). For u,v € Z,(R%), the W,-Wasserstein distance between y and v
is defined by

1
W — inf — y|Pr(dz, dy) ) "
o1, v) ot (/Rded |z — y|P7(de, y)) ,

where C(u,v) stands for the set of all couplings of p and v, that is, 7 € C(u,v) if and only if
7(-,RY) = pu(-) and 7(R%, -) = v(-). Let 6, be Dirac’s delta measure centered at the point 2 € RY,
For a random variable &, its law is written by Z¢. For any t > 0, let C([0, t]; R?) be the set of all
continuous functions f : [0,¢] — R? endowed with the uniform norm || f||eo.s := Supg<s<; |£(5)]-
|a]| stipulates the integer part of the real number a > 0. o

Let (Q,.#,P) be a complete probability space endowed with the filtration (.%#;);>0, which
satisfies the usual conditions (i.e., %y contains all P-null sets and % = %4 = limg) NFs,
t > 0), and is rich enough such that, for any u € Z(R), there exists an R-valued random
variable { on (£, %,P) such that £ = p. Let W = (W;)i>0 be a standard 1-dimensional
Brownian motion on (€, .#, (%;):>0, P), which implies that W is adapted to (.%;)i>0 and Wy —Wj
is independent of .Z, for any t > s > 0.

The classical Cox-Ingersoll-Ross (CIR) model (see e.g. [13])

dX; = (@ — 6X3)dt + | X¢/"dWy, a,6 >0, h>

N | =



deals basically with the development of interest rates. Nowadays, the CIR model has been ex-
tended considerably in different manners to characterize stochastic volatility. On the other hand,
in applications, the distribution of a stochastic process can be regarded as a macro property.
On account of the points above, in this paper we consider the following McKean-Vlasov SDE

(11) dXt = b(Xt, ,U,t)dt + O'(Xt)th, t> O, XO = 5,

where p; := L, is the law of X at time t, b:=b; + b, b; : Rx Z(R) - R, i=1,2, 0 : R — R.
Throughout the paper, we assume that the initial value £ is .%y-measurable which implies that
¢ is independent of W.

Now we introduce the definition of strong solutions to (1.1), which is standard in literature;
see e.g. [38, Definition 1.1].

Definition 1.1. A continuous adapted process (X¢)i>0 on R is called a (strong) solution of
(1.1), if

t
/ E{|b(Xs, ps)| + |0(Xs) 2 }ds < 00, >0,
0
and P-a.s.

¢ ¢
X =Xo+ / b(Xs, ps)ds + / o(Xs)dWs, t>0.
0 0

Remark 1.1. By Burkhold-Davis-Gundy’s inequality, Definition 1.1 yields E|| X |locs < 00 if
E|X0| < 00.

With regard to the drift term b and the diffusion term ¢ in (1.1), we assume

(Hy) For fixed p € Z(R), R 3 z + bi(x, ) is continuous and non-increasing, and there exist
constants Ky > 0 and S € (0,1] such that, for z,y € R and p,v € Z21(R),

(1.2) b1 (2, p) — b (2, v)| < KaWi(p,v), [bi(z, 1) — bi(y, )| < Kilz — y|°,

(1.3) [ba(, 1) — ba(y, v)| < EKn{|z =yl + Wi(p,v)}.

(Hj) There exist constants K > 0 and a € [4, 1] such that [o(z) — o (y)| < Ko|z —y|*, 2,y € R.
The theorem below addresses the strong wellposedness of (1.1).

Theorem 1.2. Assume (H;) and (Hg). Then, for any XS=¢e LP(Q — R; %, P), p > 2,
(1.1) has a unique strong solution (Xf)tzo with the initial value X§ = € such that

(1.4) E|X;|% 7 < Cpr(1+E[¢P)

for some constant C, 7 > 0 dependent on the parameters p and T.



The strong wellposedness of McKean-Vlasov SDEs with regular coefficients has been in-
vestigated considerably; see [7, 36, 38] among others. Meanwhile, the strong wellposedness of
McKean-Vlasov SDEs with irregular coefficients has also received much attention. In particular,
[3] treats (1.1) with an additive noise and b has the decomposable form b(z, 1) = b(x, p)+b(x, 1),
where b is merely measurable and bounded and b is Lipschitz continuous w.r.t. the spatial vari-
ables; [10] investigates the following non-degenerate McKean-Vlasov SDE

A%, = (X, )t + o (Xepa(P))AWe,gua(n) = [ (@)l

in which o is Lipschitz continuous w.r.t. the first component; [34] handles the following mean-
filed SDE

(15) ax, = /R (X )ueldy)it + /R o (X, )l dy) AW,

with a singular distribution dependent drift and a constant matrix o; [21] investigates non-
degenerate McKean-Vlasov SDEs under integrability condition, which whereas excludes the
setup that the drift is of linear growth. Under the pathwise uniqueness, the unique strong
solutions is constructed in [29] by the Euler polygonal approximation rather than using the
famous Yamada-Watanabe theorem. As for the weak wellposedness of McKean-Vlasov SDEs,
we refer to e.g. [20] under measure-dependent Lyapunov type conditions (see (3.3) therein),
[27, 30] for the framework (1.5), and [25] (resp. [3]) for nondegenerate McKean-Vlasov SDEs
with bounded (resp. unbounded) measurable drifts. Whereas Theorem 1.2 above shows that
the McKean-Vlasov SDE we are interested in is strongly wellposed although the drift term and
the diffusion term are Hélder continuous (so that they are irregular in a certain sense).

Since (1.1) is distribution-dependent, we exploit stochastic interacting particle systems to
approximate it. Let N > 1 be an integer and (X§, W})1<;<n be i.i.d. copies of (X, W;). Consider
the following stochastic non-interacting particle systems

(1.6) dX} = b(X}, pb)dt + o(X)H)dW), t>0, ieSy:={l,---,N},
where pt := .ZX;'. By the weak uniqueness due to Theorem 1.2, we have y; = pt,i € Sy. Let
[L,{V be the empirical distribution associated with X}/, - - - ,XtN ,i.e.,
N
(1.7) Y = ~ detj.
j=1

Furthermore, we need to consider the so-called stochastic N-interacting particle systems:
(1.8) AxPN = b(xPN aNydt 4+ o(XPN)awg, >0, XN = X¢, i€ Sy,

where /1Y means the empirical distribution corresponding to th ’N, e ,XtN ’N, namely,

1 N
,Ut : NZ;éX]N



We remark that particles (X?);cs, are mutually independent whereas particles (X*V);cs, are
not independent but identically distributed. Under (H;) and (Hz), the stochastic N-interacting
particle systems (1.8) are strongly wellposed; see Lemma 3.1 below for more details.

To discretize (1.8) in time, we introduce the continuous time EM scheme defined as below:
for any § € (0,e™1),

(1.9) ax) N =o(x0N, ppMydt + o (XN awy, e >0, XgtN = XY,
where t5 := |t/d] and

N

sN 1 Z

/.Lk(S = N 5X£5j'N’ k 2 0.
j=1

The following result states that the continuous time EM scheme corresponding to stochastic
interacting particle systems converges strongly to the non-interacting particle systems whenever
the particle number goes to infinity and the stepsize approaches to zero. Most importantly, the
corresponding overall convergence rate is provided.

Theorem 1.3. Assume (H1) and (Hz) and suppose further Xo € LP(Q2 — R;.%y,P) for some
p > 4. Then, for any T > 0, there exists a constant Cp > 0, independent of § and N, such that

L 1/2
. . N™s + (L) 7 a=1
(1’10) 'Sup E HXz B Xé’LNHOO’T < CT 2a—1 " %(2 -1)? B(2a—1) ;
€SN N5 46 2 +6 2 , OZE(%,”
and
N=7 + ln%’ o= %
(1.11) sup BJ|X = X020 < Or d v 4 ae ()
(2
o N~ + 465, a=1.

The assumption on Xy € LP(Q2 — R; %y, P) for some p > 4 is set to ensure that the
Glivenko-Cantelli convergence under the Wasserstein distance (see e.g. [7, Theorem 5.8]) is
available. According to Theorem 1.3, it is preferable to measure the convergence between the
non-interacting particle systems and the continuous time EM schemes of the corresponding
stochastic interacting particle systems in a lower order moment. Moreover, Theorem 1.3 extends
[2, 19] to McKean-Vlasov SDEs with Holder continuous diffusions.

In the preceding section, we focused mainly on McKean-Vlasov SDEs, where, in particular,
the diffusion term is Holder continuous. We now move forward to consider McKean-Vlasov SDEs,
in which the drift coefficients are Holder continuous w.r.t. the spatial variables, the diffusion
terms are assumed to be non-degenerate, and both of them are Lipschitz in law under the Ws-
distance (i.e., Wy-Lipschitz). In the sequel, for d > 1, we work on the following McKean-Vlasov
SDE

(112) dXt == b(Xt, /Lt)dt + O'(Xt, /J“t)th’ t Z 07 XO == f,



where b : R9x 2(R%) — R?, o : RIx 2(R?) — RIQR?, (W;);>0 is a d-dimensional Brownian mo-
tion on some complete filtration probability space (€2,.%, (:%)t>0,P), and £ is an .#p-measurable
random variable.

Concerning (1.12), we assume

(A1) For each p € P5(RY), o(-,u) € CHRELERY @ RY), RY > v o(x, ) is invertible for all
p € Po(RY), and

(1.13) [blloo + llolloo + [IVolloo + llo™ oo < o0,

where V denotes the gradient operator w.r.t. the space variable and || - || means the
uniform norm over the space variables and the measure variables.

(A3) There exist constants K > 0,a € (0, 1] such that for any z,y € R? and p,v € P5(RY),
(1.14) bz, 1) — by, )| < K {Jo — | + W, )},

(1.15) lo(x, 1) —o(z,v)] < KWa(p,v).

Theorem 1.4. Assume (A1) and (A3). Then, for any Xo € L*(Q — RY; %y, P), (1.12) has a
unique strong solution (Xt)¢>o such that for some constant Cp > 0,

(1.16) E| X||7,00 < O7(1 +E|Xo[).

The proof of Theorem 1.4 is deferred into the Appendix A. One can also refer to [3, Theorems
2.3 & 2.7] or [25, Theorem 3.2] for the weak wellposedness when o is not dependent on the
measure variable.

Consider the stochastic non-interacting particle systems associated with (1.12)

(1.17) dX! = (X}, pd)dt + o(X], p)dWE,  t>0, i€ Sy,

where (X}, W%)1<i<y are i.i.d copies of (Xo,W). The stochastic interacting particle systems
corresponding to (1.12) solve

(1.18) Ax N = o(xPN aNydt 4+ o(XPN N yawd, >0, i€ Sy.
To discretize (1.18), we further need to consider the following continuous time EM scheme

(1.19) dx) N = b(X)PN, Nyt + o (XY, @ Nawg, >0, xPHY = xgN.

ts

By following the same line of the proof for Lemma 3.1 below, (1.18) has a weak solution. On
the other hand, employing Zvonkin’s transformation, we infer that (1.18) is pathwise unique.
Henceforth, the Yamada-Watanabe theorem (see e.g. [32, Theorem E.1.8]) yields that (1.18) is
strongly wellposed under (A1) and (As).

Another contribution in the present paper is concerned with strong convergence analysis
between non-interacting particle systems and continuous time EM schemes of stochastic inter-
acting particle systems corresponding to the McKean-Vlasov SDE (1.12), where the drift is
Holder continuous w.r.t. the spatial variables and the diffusion is Lipschitz continuous under
the Wy-Wasserstein distance.



Theorem 1.5. Assume (A1) and (As) and suppose further Xo € LP(Q2 — R%;. %y, P) for some
p > 4. Then, for any T > 0, there exists a constant Cp > 0, independent of N and 9§, such that

N~% + 5, d < 4

(1.20) sup E||X? — X%V|2 < Op{ N~z2logN +46%,  d=4
€S

reoN N—@ + 59, d> 4.

Remark 1.6. For the standard SDEs, the boundedness on the drifts can be dropped via a stopping
time technique (e.g., a localization approach); see e.qg. [2]. However, concerning the McKean-
Viasov SDEs, as stated in [17, Remark 3.4], the localization approach does not work any more
since applying a stopping time to a single particle does not allow us to fully bound the coefficients
and moreover destroys the result of all particles being identically distributed. By a close inspection
of the proof of Theorem 1.5, the assertion in Theorem 1.5 can indeed be extended to the case
b = by + by, where by satisfies (A1) and (Az) and by is Lipschitz continuous with respect to both
space and measure variables which allows by to be unbounded.

The remainder of this paper is structured as follows: In Section 2, the strong wellposedness
of (1.1) is addressed by Yamada-Watanabe’s approximation; Section 3 is devoted to completing
the proof of Theorem 1.3 via Yamada-Watanabe’s approach; Section 4 aims to finish the proof
of Theorem 1.5 by employing Zvonkin’s transformation; In the Appendix section, we show that
(1.12) is strongly wellposed.

2 Proof of Theorem 1.2

To complete the proofs of Theorems 1.2 and 1.3, we shall adopt the Yamada-Watanabe ap-
proximation approach (see e.g. [19, 23]), where the essential ingredient is to approximate the
function R 5 = +— |z| in an appropriate manner. For v > 1 and ¢ € (0,1), one trivially has
f;/v %d$ = In~ so that there exists a continuous function ¢, . : Ry — Ry with the support
[e/7, €] such that

2 €
0<Yye(z) < , x>0, Py e(r)dr = 1.
ela) < [ el)
By a direct calculation, the following mapping
[zl ry
(2.1) Roz— Vi (z) = / / Yy e (2)dzdy
0o Jo

is twice differentiable (in this sense, we write V, . € C?) and satisfies
(2.2) 2| —e < V(o) < z], sgn(x)V] (z) €[0,1], z€R,
where sgn(-) means the sign function, and

2

2‘ < 1 < =
(2.3 0 VL) S

1[6/’)/,6](|x‘)7 z €R.
Herein, VJ _ (resp. V./.) denotes the first(resp. second) order derivative of V, ..

7



To obtain existence of solutions to (1.1), for £ > 1, we consider the distribution-iterated SDE
(2.4) ax® =p(x® pFNdt + o(xFawy, x©0 = x = xo, te 0,17,

where ,ugk) = ‘ZX(’”‘ For each fixed k > 1, according to [23, Theorem 3.2, p.168], (2.4) has a
t

unique solution (Xt(k))tzo. The lemma below shows that the second order moment is uniformly
bounded in a finite time interval.

Lemma 2.1. Assume (H;) and (Hy). Then, for each k > 1 and X, € L?(Q — R%.%y,P),
there exists a mondecreasing positive function T — Cr independent of k such that

(2.5) E | X®)2 - < Cr(1+E|Xo|?).

Proof. The proof of Lemma 2.1 is based on an inductive argument. From (H;) and (Hy), it is
easy to see that for any z € R and p € Z1(R),

(2.6) bz, )| < 2K (Je] + Wi, 60)) +er, o(@)]? < 2K3(z]* + e,

where ¢; := K + [b(0,00)| and 02 : 2(Ky + |0(0)])2. For each integer N > 1, define the
stopping time 7y = inf {t > 0 : |X | > N}. Below, we set t € [0,T]. By Holder’s inequality
and Burkhold-Davis-Gundy’s inequality, it follows from (2.6) that

=

(1) 2 TN 1) (0)y2 TN (12
BN ey < 3{EIXOP +E [ X0 )Pas 4B [ o(xX(D)Pas)
§01(1+t){1+E\X0\2+E/ {1XDP2 + W,y (1, 5) }ds}
t
<+t m+ [CEX P+ [ W0 as)
< o1+ 12(1+ E|Xo) + Col1 + ) / EIX (D, ds

for some constants C,Co > 0. This, together with Gronwall’s inequality, implies

E[|X M) 2 < Oo(1 + )21 L E|Xo[?).

0O, tATN

Thus, (2.5) holds with £ = 1 by making use of Fatou’s lemma. Next, we aim to show that (2.5)
still holds true for £ = n+1 once (2.5) is valid for some k& = n. Indeed, this can be handled in the
same manner by using the triple (XD X () in lieu of (XM, X 1(0)). We therefore
complete the proof. O

With the approximate function V,, ., introduced in (2.1), and Lemma 2.1 at hand, we are in
a position to complete

Proof of Theorem 1.2. Below, we shall fix the time terminal 7" > 0. For notation brevity, we
set Zt(k) = Xt(k) —Xt(k_l) and Ve :=V 1 . (e, v= e in (2.1)). By Ité’s formula, for any A > 0,



it follows that

—)\tV ( k‘+1) / —)\SV k’+1))ds
n _ASV/( k+1 {b k+1) ())_b(ng)’Mgk—l))}ds
(2.7) / MV (ZED) (X FD) - o(X )} ds

+ —ASV/(Z(IC+1 {O' k‘—i—l)) (Xék))}dWs
0

= It + I3 (t) + I3.(t) + I3 . ().

By virtue of (2.2), one obviously has
t
(2.8) () < Xet — A / e |z ds.
0
By recalling b = by + b, we deduce that

t
B0 < [ e VAZE (D, 1) (X0, ) s

t
b [ e V) 0k, ) — b (X0, D) s
0

t
b [ e VD) a0, ) — (XD, D) s
(2.9) -
< [ VA (X8 ) — by (X0 )

0

t
[ VZE (XD ) oK ) s
t
<oy [ (28] 4w ) as
0

Herein, the second inequality holds since

Vi —y) >0, bi(z,-) = bi(y,")

< T > y;
V(e —1y) <0, bi(z,")—bi(y,-)>

0,
0, =<y,

where we used the fact that  — by (z, ) is non-increasing thanks to (H;) and sgn(x)V/(x) € [0, 1]
due to (2.2), and the third inequality is true by taking advantage of (1.2), (1.3) as well as (2.2).

Next, by utilizing (Hz) and (2.3) with v = et and using a € [1/2, 1], we infer

K2 t
(2.10) I§‘7£(t) < 226/ —)\S|Z(k+1)|2a 11 : (|Z (k+1) |)ds < chthe
0



where ¢y := {111,y + %1{)&0}}. So, taking advantage of (2.2), (2.9) and (2.10) leads to

t

e*At’Zt(kJrl)‘ < (T+A+enK3/2)t)e — (A — 2[(1)/ e8| (kD) | g5

(2.11) t 0

+2K; / e ME|ZM|ds + I3 (1)
0

By (2.2) and (2.5), we have Elg\vs(t) = 0. Whence, choosing A = 0, approaching ¢ | 0, and
employing Gronwall’s inequality gives

t
(2.12) E|Z*Y| < 2K162K1t/ E|Z®)|ds.
0

For notation simplicity, set

1295, = |l EIZP| 1128 |x s = Elle 12| t>0.

oo,t’ oo,t’

In the sequel, we take A\ > 2K;e!T251T and let ¢ € [0, 7). In terms of (2.12), it follows from an
inductive trick that

1Z0+D]],, < 2K, sup (e—()\—2K1)s/ eAr(e—ArElzﬁk)‘)dr>
0

0<s<t
(2.13) <2y sup (02020, [ evar)
0<s<t 0

2K
< 2280200, < 20 < e H 2O

where the third inequality holds since s — |[Z*)]| A,s 18 non-decreasing and the last two inequality
is due to A > 2K;e! 2517 Subsequently, by invoking Burkhold-Davis-Gundy’s inequality,
Jensen’s inequality and (2.2) and taking (Hs2) into account followed by approaching € | 0, we
deduce from (2.11) and « € [1/2, 1] that

t t 1
120 < 280 [ (120 auds + VB ([ 120 ads) 1,y
0 0

1 ! -
+ (G2 e+ 1683 [ 120 s ey
This, in addition to (2.13), implies that there exists a constant Cr > 0 such that

1
125Dl < Crexp (= (311 + 20 = Dlaeqg )K):

As a result, there exists an (%;).c(o,rj-adapted continuous stochastic process (X)sejo,7) With
Xo = ¢ and iy = Zx, such that

(2.14) lim sup Wy (u

) < lim B X® — X[, = 0.
k—o00 te[0,T] k—oo

10



From (H;), we infer that

/|b B, uE=D) = b(Xq, s \ds</ 51X, 1a) — by (X, )| ds
+2my [ 1K~ ]+ P, ) s
0

By (1.2), and the continuity of b (-, 1) for any p € &1 (R), we can apply (2.14) and the dominated
convergence theorem to obtain

T
(2.15) im | E[p™, ") — b(Xe, )|t = 0.

k—o0 0

Again, from (2.14) we find

) =o.

since, by (Hsg), Burkhold-Davis-Gundy’s inequality, Young’s inequality and Jensen’s inequality,

(2.16) lim B( sup ‘/ ~0(X,))

k—o0 0<t<T

we have

sup ’/ o(x® ) —o(Xs))

0<t<T

s ) < 4V2K, IE(/T XM thzadty
0

T 1
§4\@K2</ E/x® —Xt\dt)21{a:%}

0

T
+ {E||X<k> — X |oo, + 16K22/0 (E)x* - Xt|)20_1dt}1{a€(%’1]}.

Now with (2.15) and (2.16) at hand, by taking k¥ — oo in the following SDE
t
=t [t [o(xams, k21,0 0.7
0 0

we derive (by extracting a suitable subsequence) P-a.s.
dXt = b(Xt, Mt)dt + O'(Xt)th, te [O, T],

so that the existence of strong solutions to (1.1) is now available.

In the sequel, we prove the uniqueness of (1.1). To this end, we assume that (X, ’g)t>0 and
(X7*);>0 are solutions to (1.1) with the same initial value £. For Ty := X;* — X%, by following
the argument used in deriving (2.12), one has

t
E|Ty| < 2K1e2K1t/ E|T|ds,
0

which, by invoking Gronwall’s inequality and Remark 1.1, yields the uniqueness.

11



Finally, we intend to show that the p-th moment of the solution process is uniformly bounded
in a finite time interval. For any n > 1, define the stopping time 7, = inf{t > 0 : |X{| > n}.
Then, applying Holder’s inequality and Burkhold-Davis-Gundy’s inequality and utilizing (2.6)
yield

tATh

tATh /2
IEHXHQWAT" < 3p—1{E‘§|p+tp—lE/ ]b(Xs,us)|pds+cpE(/ \U(XS)|2ds)p }
0 0

t t
< SEIX e, + o [ EIX [y, ds + G (14 BIEP) + G [ (BIX,[)Pas
0 0

N | —

for some positive increasing function ¢ — C;. Thus, Gronwall’s inequality and Remark 1.1 yield

(2.17) E[| X8 < Cr(1+E[P)

00, T AT,

for some constant C'r > 0. The estimate above implies
CT(l + ]E\ﬂp) > E|X7prn, [P > E(’va)l{rngT}) =nPP(r, <T).

Whence, one has
1
P(ra <T) < —Cr(L+BlEP), p22,

which yields that the series Y 2 | P(7,, < T) is convergent so that, by the Borel-Cantelli lemma,
we conclude that lim, .o 7, =: Too > T a.s. Due to the arbitrariness of T, we have 7o, = oo,
a.s. So, (1.4) holds by taking n 1 oo in (2.17) and using Fatou’s lemma. O

3 Proof of Theorem 1.3

In this section, we intend to finish the proof of Theorem 1.3. Before we start, we prepare
some auxiliary materials. The lemma below addresses the well-posedness of the stochastic V-
interacting particle systems (1.8).

Lemma 3.1. Assume (Hy) and (Hs). Then, for each N > 1 and any X} € L*(Q — R%; %, P),

(1.8) admits a strong solution (XZ’N)QO and there exists a nondecreasing positive function T —

Cr independent of i, such that

(3.1) sup E[| X N5, 7 < Cr(1 + E[X[).
1ESN '
Proof. For x := (x1,---,xn)* € RN, 2; € R, set

N
~ ]- 2 ~ ~ *
N.]rv :NZ(SZ‘“ b(.’lf): (b(xh/j’]xv)a 7b(xN7M£:V)) )
i=1
6(z) := diag(o(z1), - ,o(zN)), W;:= (Wi, W™
Obviously, (W;);>0 is an N-dimensional Brownian motion. Then, (1.8) can be reformulated as

(3.2) dX; = b(X,)dt + 6(X)dWy, t>0.

12



By the Yamada-Watanabe theorem (see e.g. [32, Theorem E.1.8]), to show that (3.2) has a
unique strong solution, it is sufficient to verify that (3.2) possesses a weak solution and that it
is pathwise unique. By (1.2), (1.3) and (H3), a straightforward calculation yields

3 N
(3:3)  |b(x)| + ||6(x)||us < (Z]b i, i) ) (Zmz ) <On(1+z|), zeRV
i=1

for some constant C'y > 0, that is, b and & are at most of linear growth in RY. Observe that
(3.4) Z (0z; X dy;) € c(iy s fy M, zj,y; €R,
so that we have
N
(35) WG ) < 3 fes il
j=1

This, together with (1.2) and (1.3), besides (Hy), implies that for any z, 2’ € RV,
(36)  |b(z) = b(z")| < Cn{lz — /| + |z — 2"}, [|6(2) — 6(2')||ns < Onlz —a'|

for some constant Ciy > 0 so that b and & are continuous . Consequently, (3.3) and (3.6) yield
that (3.2) has a weak solution; see, for instance, [35, Theorem 175, p.147]. Moreover, by carrying
out a similar argument to derive (2.12), we can infer that (1.8) is pathwise unique. As a result,
we reach a conclusion that (1.8) has a unique strong solution (Xz’N)tZO. Finally, with (3.3)
at hand, (3.1) can be available via Holder’s inequality, Burkhold-Davis-Gundy’s inequality and
Gronwall’s inequality. O

The following lemma reveals the phenomenon of propagation of chaos and provides the
corresponding convergence rate.

Lemma 3.2. Under the assumptions of Theorem 1.3, for any T > 0, there exists a constant
Cr > 0, which is independent of N, such that

3.7 E||Xx* — x5V < COp{N~s1 +
(3.7) sup I o < Cr{N"* 11y L)
and
(3.8) sup E[| X7 — X*N|2 < OpNTi.
1€SN ’

Proof. In what follows, let 7 € Sy and set Zti’N = X} — Xti N First of all, we are going to prove
that there exists a constant Cp > 0, independent of IV, such that

(3.9) E|ZN| < CrN™1, te0,T).
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Applying It6’s formula to V. := Ve 1, and taking X} = Xy LN ,1 € Sy, into consideration yield

. t . . . . .
V.(ZiN) = /0 V/(ZN) (by (X7, ) — by (XN, i) ds

/ V(ZEV) (br (XY, ) — by (XY, ) ) ds

(3.10) / VA(ZEN) (b 1) = bo(XEN, ) ds
b5 [ V@00 — o) as + Y
0
=t (1) + (1) + h o (8) + i () + M,
where

M = [VHZ) (00D = o (W

Recall that x + bi(z,-) is non-increasing. This, together with sgn(x)V/(z) € [0,1] owing to
(2.2), leads to

(3.11) VI(x—y)(bi(z,-) —bi(y,-)) <0, z,yeR

so that we infer T4 _(¢) < 0. On the other hand, using (1.2), (1.3) and (Hz) and taking advantage
of (2.2) and (2.3), we derive that

4 t t
S0 < 281 [ {125V WG i) ys K [ e 125V DIZEV P s
t
< @0V ED) [ {120+ WG i) + s,
0
We henceforth obtain from (2.2) and (3.10) that

. t . .
(3.12) 20 < e+ O [ {128+ W (k) 2 s 2
0

for some constant C7; > 0. So, by taking expectations on both sides, approaching ¢ | 0, and
utilizing the triangle inequality for Wy, one obtains

- t . .
Bz <0 /0 (E1Z0N| + EW, (i, i) + EW, (i, ) }ds,

where i’V was introduced in (1.7). By the Glivenko-Cantelli theorem (see e.g. [7, Theorem 5.8]),
there exists a constant Cy > 0 such that

(3.13) EW; (4, i) < CoN 14,

14



As a consequence, exploiting (3.5) and (3.13), we derive that

. t , 1 N . .
E|ZN| < Cl/ {1[«:|2;7N\ + > E[X] - XIN|+ CgN’l/A‘}ds
0 -
7j=1
t
< 03/ {E|1ZEN| + N~V/1}ds

0
for some constant C5 > 0, where in the last display we used the fact that (Z7V),<;<y are
identically distributed. Subsequently, by employing Gronwall’s inequality, (3.9) is available.

Next, by Burkhold-Davis-Gundy’s inequality, Young’s inequality as well as Jensen’s inequal-
ity, we derive from (1.2) and (1.3) that there exist constants Cy4, Cs > 0 such that

. t . to 1/2
E( sup yz;vN|) < 04/ {E]Zg’N|+N1/4}ds+C4E</ |Z§’N|2ads) /
0<s<t 0 0

! i, N 1/4 N )
< C4/ {E’Z;’ |+N_ / }dS—I—C4</ ]E|Z;’ |d8) 1{a:1/2}
0 0
1 b gas
+ {GEIZ N a4 G5 [ (®1Z5)* s L aerjony-
0
As a result, (3.7) follows from (3.9).

Again, by applying Hélder’s inequality and Burkhold-Davis-Gundy’s inequality, it follows
from (Hz) and (3.12) that there exists a constant Cs > 0 such that

t t
B( sup |Z0) < Gt [ {BIZIVP -+ BWA ik, PYds + Co [ BIZEV o,
0<s<t 0 0

Owing to (3.4), we have
Teh ., 1gh, 2 1
j=1 j=1 j=1
Whence, it follows that
| X
N2 i\N
(3.15) EWa (i fit')* < Z 12PN =Bz

from the fact that (Z7-");<;<y are identically distributed into consideration. Moreover, accord-
ing to the Glivenko-Cantelli theorem (see e.g. [7, Theorem 5.8]), there exists a constant C7 > 0
such that

(3.16) EW,(u, p¥)? < CcoN~Y2,
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Thus, combining (3.15) with (3.16) and employing Young’s inequality, we infer that
t t
B2V < Cst [ {BIZEVP + BVl i + EWai i) }ds + Co [ BJZYPods

0 0

t t
< C’gt/ {E|ZEN? +N1/2}d3+06/ E|ZiN[ds1, 1y
0 0 2
t . .
+Co [ {200- @)B|ZIN| + (20 - DEIZE P Hdslgacq oy

0

for some constants Cg, Cy > 0. Finally, (3.8) holds true from (3.9). O

The lemma below shows that the p-th order moment of the continuous time EM scheme,
defined by (1.9), is bounded in a finite time horizontal.

Lemma 3.3. Assume (H;) and (Hz2) and suppose Xo € LP(2 — R;.%y,P) for some p > 0.
Then, there exists a constant C, 7, dependent on p and T but independent of N and d, such that

(3.17) EJ[X%N|2 1 < Cpr(1+ | Xol?).

Proof. Below, without loss of generality, we set p > 2 since the lower order moment estimate can
be achieved by Holder’s inequality. By (2.6), in addition to Burkhold-Davis-Gundy’s inequality,
it follows that

B[l XN, , < SPJ{E\X&N!” e / EJp(X5;", fi")IPds

)

< Ci(1+EIXGYP) +Cy / E(IX5N] + Wi (agY, 60))"ds

sup ‘/ X‘S’l’N dw?!
0<s<t

p/
+01E( sup. | X80 |X5”N)|ds)
0<s<

N
<G (1+EIXGNP) + Cg/ (E|X§;7N|p Z XS >
0

t
+ E( sup | X0 \p) + Oy / E| XN Pds, te[0,T]
0<s<t

for some constants C1 = C1(p,T'),Ca = Co(p,T) > 0, where in the last display we also used the
fact that XS’N shares the same law with that of Xy. Since

Sup, XN < NXO5N o,
<s<

and (X ° ’i’N)Z-egN are identically distributed, we thus derive that

t
E[X%:N|E, < C3(1 4+ E|XofP) + C3/ E| X%N|2, ds
0
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for some constant C5 = C3(p,T'). Consequently, Gronwall’s inequality yields the desired asser-
tion (3.17). O

The following lemma demonstrates the convergence rate of the continuous time EM scheme
associated with (1.8).

Lemma 3.4. Under the assumptions of Lemma 3.1, for any T > 0, there exists a constant
Cr > 0, independent of N and 6, such that

1 \2 (20—1)2 B(2a—1)
i 0,1, 2
(3.18) sup E[ X — X NHooT<CT{1{a_1}<1 5> +1{ae(%,1]}<5 T 46 )}

1€ESN
and
i Z 1 2c0—1 B
(319)  supE[X* N — XN T<CT{1{Q—7} T+ Liaez (02 +52)+1{a:1}55}'
IESN ns

Proof. For i € Sy, let Z)"N = XN — XN and APYY = xPPN — X)PN. Below, we set
t € [0,T]. By using Hoélder’s inequality and Burkhold-Davis-Gundy’s inequality, for any ¢ > 0,
we obtain from (3.17) that there exists Cr, > 0 such that

(3.20) EANT < Cr 072, te[0,T).
Below, by Ito’s formula, it follows that

5, ,N 5, ,N PN - 5i,N ~8N
AV, (Z)07) = {V] (275 (b(X0 1Y) = b(Xe ™))

s Mt s
61 N Z7N 67iaN 2 9 Z,N
+ 2V'Y//€( )(o(X™) - o (X, )" hdt + dM

where

AV =V (20N (o (X)) = o (x5 dw.
Observe from (3.11) that
V4,5<Zf’i’N>(b1<XZ’N,ﬂiV> by (X5 i)
= V(2P (o0 (XY 1Y) = ba (X5 )
VL2 (0 Y ) = ba (Y )
+V’ (ZézN) (Xd,i,]\/) AN) b1<X61N ﬂ?(SN))
<V A2 (b (XN, ) = ba (XN, )
+ VL2 (0 (Y ) = b (XY ™))
< Ko (Wi, i) + |A5Y10),

b
b1
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where the last display is due to (1.2) and (2.2). Then, combining this with (1.3) and taking
advantage of (2.2), (2.3) as well as (3.20) gives

BIZP < et ar [ E{1Z00 4 105 4 A i )

1 , . ,
+ s L (ZE N D (12257 P+ [ASYP) }ds
|Zs" [Iny
200—1 o 1 3 t )
<G T{é‘ + + 6% 462 462 +/ E|Z§”’N|ds}
’ In~y eln~y 0

for some constants ¢, Cy 7 > 0, where we also utilized
N ~8N 8,i,N 8,i,N
EW1 (fig ) Mg ) SE‘AtZ H’E‘th ‘

and the fact that (Zl,fS ’i’N)lgiS ~ are identically distributed. Thus, Gronwall’s inequality yields

2a—1

(3.21) E|Z0N| < CQ,T{E + TRy L 5§}

In~ eln~y
for some constant Cy v > 0. Furthermore, by virtue of Burkhold-Davis-Gundy’s inequality and
Jensen’s inequality, we deduce from (Hy), (Hs), (2.2), and (2.3) that

2a—1

IE||ZWV||WgczT{e+6 + 1 5a+5%+5§}
' ’ In~y eln~y

! 8,0,N 8.0,N 1/2
(322) + Cl(/o (]E‘Z; ’ ‘ + E|AS’ ) |)d8> 1{(1:1/2}

1 , ¢ A t A 2
+ {§E||Z5’Z’N||oo,t + 02/0 (B|Z25N )2 ds + ¢ </O E\Ag’Z’N|2ad3> }l{ae(l/z,ﬂ}

and that
) 2a—1 2
E| 2N < Cor{e+ ST—+ -0+ 65 1 6%}
' ' In~y eln~y
t
(3.23) + ¢3 / (EZ25N] + E[AY™N[)ds1qmi /2y
0

t t
der{ [(@ZEN] 4Bz s+ [ BV Ps H aeryn
0 0

for some constants cg,c3,cq,Cor,C37 > 0. Consequently, the desired assertions (3.18) and
1
2

(3.19) follows from (3.22) and (3.23) and by taking ¢ = 1% and v = (1/5)% for a =
ng

e =+/6 and vy = 2 for a € (1/2,1], respectively. O

and

Proof of Theorem 1.3. With the help of Lemmas 3.2 and 3.4, we complete directly the proof
of Theorem 1.3. O
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4 Proof of Theorem 1.5

The proof of Theorem 1.5 is based on two lemmas below, where the first one is concerned with
propagation of chaos for non-degenerate McKean-Vlasov SDEs with Holder continuous drifts
and Ws-Lipschitz continuous diffusions.

Lemma 4.1. Under the assumptions of Theorem 1.5, for any T > 0, there exists a constant
Cr > 0, independent of N, such that

N3, d<4
(4.1) sup || X' — X*V|2 < Op{ N=3log N, d=14
ieSn N4, d>4.

Proof. Below we set t € [0,T]. For i € Sy and = € R, let
i . AN ~ i . -N .

b (x) = bz, ), b = bz, i), of (¢) = o(z, 1), of (x) = oz, 47)).

Then, (1.17) and (1.18) can be rewritten respectively as
AXi = o (X))t + o (XDawy,  dxN = o (XNt + o (XN )aw
For A > 0, consider the following PDE for u*" : [0, T] x RY — R%:
(4.2) Aeu M + §Tr(af (o) V2u ) + A\ Mt B =t upt =0,
t

where V2 is the second order gradient operator in space. By recurring to [2, Lemma 2.1], for
A > 0 large enough, (4.2) has a unique solution u*" such that

(4.3) IV [|og + (| V20 | oo < 1/2,
Using Ito’s formula to H?M (x) :==a+ ui"”i (z), © € R? yields
Ao (X7) = X (X)dt + (VO ol ) (X])AW],
(a4) Ao (XPN) = P (XN + Vo ) — b (XN Jat + (VO o) (XN )awd
(o (o) — ot (o)) P ) (.

Hence, for Ai‘ AN Qt)‘ o (X)) — 9;\ ! (XZ’N), we derive from Hoélder’s inequality and Burkhold-
Davis-Gundy’s inequality that

N
E[AMYZ,,

t S i
S Cl{/ ]E"LL;V,U‘Z(X;) —u?"u (X;:N)‘st
0
t . ; ) ) ) . ; i . 2
4 / E{}(VG?# B = B ) (XN 4 [Tl () = o (o)) VR (X)) }d}
0
t
i AN i i i ]2
+/0 E[[(VO+ ok ") (X0N) = (VO 0l ) (XD g
=: O {I1,i(t) + Io;(t)} + I3,(t)
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for some constant C; > 0. Set ZZ’N = X] — XZ’N for convenience. By means of (4.3), one has
t
(4.5) I 4(t) < Cy / E|Z0N 2ds.
0

for some constant Cy > 0. Next, via (A;)-(Az) and (4.3), in addition to (3.15), it follows from
the triangle inequality that

t .
L(t) < Cs / [EW (AN, i) + EW, (3, )2 ) ds
0
(4.6) . |
<0y / [E|ZiN 2 4 EW, (i, 1d)? ) ds
0

for some constant C3 > 0. Furthermore, owing to (1.13) and (4.3), we obtain that for some
constants Cy, C5 > 0,

N

t o . ~ . ~ .
L(t) <3 / E[| Vo (XPN) (o8 (XEN) — of™ (X1))||54ds
0

+3 / B[V (XY () — ot () gl
(4.7) +3 /0 t E[[(VOMH (XEN) — VoM (X1))ok (X1 |5 gds
< (4 </OtE|Z;,N‘2d3 + /Ot {EWQ(/}?,Q‘JSV)Z + EWQ(gf,M§)2}ds>
< G [ {BZ P + BV ).
Thus, with the aid of (4.5), (4.6) and (4.7), we find that for some constant Cg > 0,
(4.8) IE( sup |Aiﬂ"N|2) < Cs /0 t {B|ZEV [P+ BW, (i), pul)? }ds.

0<s<t

From (4.3), it follows that
7N Av aN )‘7 )‘7 7N Av 7N 7N
|27 < AT Jup™ (XE) — e (Xe )L < AP+ 51207
so that |2V < 2|A;\’i’N|. This, besides (4.8), gives

t
B( sup |Z0%P) < Cr [ {BIZINP + EWa(rY i)} s
0<s<t 0

for some constant C7 > 0. Hence, the desired assertion (4.1) follows from Gronwall’s inequality
and the fact that

N —%, d<4
(4.9) sup EWy (i, 1i)> < Cs{ N2 logN, d=4
0<t<T 2
N™d, d>4
for some constant Cg > 0; see, for instance, [7, Theorem 5.8]. O
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Lemma 4.2. Under the assumptions of Theorem 1.5, for any T > 0, there exists a constant
Cr > 0, independent of N and 6, such that

5% + N—l d<4
(4.10) sup E| XY — X0NV|2 1 < Cp S 6%+ N2 log N, d=4
S 5+ N1, d> 4.

Proof. In the sequel, let t € [0,T]. For x € R%, set
6, N A(571\] A0, N A5N
bl}i(s (z) = b(m’/ik(s ), U}l:(s (z) :=o(, His )
so that (1.19) can be reformulated as
dea’LyN — bf;:’N (X6’17N)dt _|_ O.té ( 6717N)th

Applying 1t6’s formula to 05"‘” () =z + ug\’“i (z) and taking the fact that u™* solves (4.2) into
consideration gives that

A, 4,1, , 4,1, A, 0,1, 0,1, g 4,1,
ag;"" (XN = {Aumx M)+ VO PN 0 (e = bl (X))

8,i,N g T\ 8,i,N A ub 30,0, N
(4.11) Z< ol " (ol NN = of (o )XY, ) Ve, Ve (X0 fat
k,j=1
A0, N . .
+ VoM (XMt (XN ) aw
Set

5,i,N . gl ut/i,N Mt /50,1, N 5i,N . ~i,N 8,i,N
et T et (Xt ) - et (Xt )7 Zt T Xt - Xt .

Then, from (4.11) and the second SDE in (4.4), we deduce from Holder’s inequality and
Burkhold-Davis-Gundy’s inequality that

t y . i .
EH@M’N”EOJ < C{/D E‘u;\»w(X;,N) _ u?’“ (Xg,z,N)‘ZdS

b [T 0 b)) (6 (X — 0 (03)) P

0
t - N i i i . 2
+ E( Tl (01" = ot (ot Y 7| )|
0
3 o YO (o ) K o Do (285t
k,j=1

T / (V82 o™ Y (XEN) — Vo (XBN )l (20N |2 s
0

= C{J1i(t) + Joi(t) + J3:(t) + Jui(t)}
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for some constant C' > 0. In what follows, we intend to estimate Jj, ;(t), k = 1,2, 3,4, one-by-one.
Owing to (4.3), there exists a constant ¢; > 0 such that

t
(4.12) Ji(t) < 01/ E|Z%N|2ds.
0

Next, thanks to (1.14) and (4.3), it follows from (3.14) that

t
Jai(t) < e / {EW (g, i5")? + BIXGEY = XOMN P+ EW) (s, o) s
(4.13) 0
<3 /0 {6% + EWo(uil, 1))? + EWa (2, 10)? + EWa (i3, 42N )* }ds
for some constants ca, c3 > 0, where we have used, for some constant ¢, > 0,
(4.14) E[X)N — XPN0 < g 6?2, g >0, te0,T]

which can be obtained in a standard way under (1.13). Set ZZ’N =X} - XZ"N,Z' € Sy. On the
other hand, by virtue of (3.14) and (4.14), we have for some constant ¢4 > 0,

N . . .

S {EIZPV P+ EIX] - X0V

j=1

< 46 + E|ZN? + 2R | 200N 2,

1
EW, (Y, i )2 + EWo (2, p0V)? < —
(4.15) (t t) (t té) N

where in the last display we used the fact that (Z9V);cs, (resp. (Z2%9V);cs,) are identically
distributed. Then, plugging (4.15) back into (4.13) gives that

t
(4.16) J2,i(t) < Cs/ {0% + EWa (i, 1)) + E[Z0N P + E[ 20N P 1ds
0

for some constant ¢5 > 0. Similarly to Jy;(t) and (4.7) for I3;(t), taking (A1)-(A2), (4.3), and
(4.14) into account, we find that there exists a constant c¢g > 0 such that

t
(4.17) Jsi(t) + Jui(t) < cﬁ/ {6% + EWo(ul, i) + E|ZEN 2 + E| 225N |2 ds.
0
Now, combining (4.12), (4.16) with (4.17), we arrive at
t
B0 N, < e [ {57+ EWa(ub, i) + BIXE - XEVP 4 BIZEY s
0

)

for some constant ¢; > 0. This, together with |Zf’i’N|2 < 4|@t’i’N|2 due to (4.3), yields

t
B2V, < s [ (5% + EWa(uh i) + B — XIVP + B|Z5V s
0

for some constant cg > 0. Consequently, the desired assertion (4.10) holds true by applying
Gronwall’s inequality and employing (4.1) and (4.9). O

Proof of Theorem 1.5. On the basis of Lemmas 4.1 and 4.2, the proof of Theorem 1.5 can
be complete. 0

22



A Appendix

In the appendix section, we aim to complete

Proof of Theorem 1.4. Below, we follow the line of [22] to complete the proof of Theorem
1.4. For p. € C([0,T); Z2(R%)) and = € R, let b} (z) = b(w, ;) and o' (z) = o(x, py). Consider
the following time-dependent SDE

(A1) AXF = B(XYdE + o (XIYAW,, ¢ e [0,T].
In terms of [9, Theorem 1.1], (A.1) is strongly wellposed. For any u. € C([0,T]; Z2(R%)), let

®4(p) = Lxp, where (X{') solves (A.1) with X§ = Xo, the initial value of (1.12). For any A > 0,
consider the following PDE for u™* : [0,T] x R% — R¢:

8ut o
ot

According to [2, Lemma 2.1], under (A;) and (Ag), for A > 0 sufficiently large, (A.2) has a
unique solution uM* satisfying

(A.2) + Tr(ot (0})* V?u /\’”) + Vg M b= N, u%’“ =0.

1
(A.3) [ loo + [Vt ]loo < 5, [V2u]|os < 00

In the sequel, we set ¢ € [0,T]. For O, (z) := x 4+ u}*(z),z € R%, (A.2) and the Ito formula
yield

A0} (X) = X (X )t + (VO o) (X[ AWy,
dONH (XY) = M (X[ )dt + (VO o) (X)) W

+{(TOM 0 — ) (XF) + 5 Te((0F ()" = o (o) )T (X)
Whence, we have
(O (X)) — O (XY)) = A ™ (X[') — ™ (X)) dt
+ (Voo )(XE) — (VO oy ) (X{) AW,
—{(VON B — ) (X) + S T(0¥ (07 — oot )X et
=: Ay (t)dt + Ao (t)dW; + Az (t)dt.
By (A.3), there exists a constant ¢; > 0 such that
(A4) AL (0)] < col X[ — X7 .
Moreover, it follows from (A;), (A2) and (A.3) that for some constant ca > 0
[A3(t)] < caWa(pu, 1),
|A2(t)lfis < 3I(VOR ol )(Xf) — VORH (X[)ot' (X{)llfis
(A.5) + 3|V (X[l (X)) — VO (X))ot (X)) s
+ 3| VOX (X oy (XY) — (VO ) (XY Ifis
< Oy (Wg(ut, v)? + | X — XY )
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Combining (A.4) with (A.5) and
v A, v A, v
X} — Xy <2107 (XY) — 677(XY)

due to (A.3), we find that there exists a constant ¢z > 0 such that
t t
E| X! — X/ < 03/ E|X# — XY 2dt + 03/ Wo (p1s, vs)2ds.
0 0
Thus, Gronwall’s inequality implies
t
E| X! — X/ < 03ec3t/ Wo (s, vs)?ds.
0
This further yields
t
2 v
(A.6) Wo (®4(p), ®i(v))” < E|X} — X[ < C3ec3t/ Wy (s, vs)*ds.
0

For ty > 0 (which indeed is independent of the initial value) such that cgetdtoty < %, set
Eyy = {p. € C([0,to]; Po(RY)) : po = Lx, }
equipped with the uniform metric

p(p,v) = sup Wa(put, ).
0<t<to

Hence, from (A.6), we have
- 1.
(1), ®(v)) < 5p(pv)

so that @ is strictly contractive in Et0~ Consequently, the Banach fixed point theorem, together
with the definition of ® implies that there exists a unique pu € Ey, such that

i) = = Ly, e [0to].

Therefore, (1.12) is strongly wellposed in the time interval [0, ¢]. Next, by repeating the previous
procedure with initial time ity and initial value X;;, for ¢ > 1, in finite many steps we may derive
the strong well-posedness up to time 7. O
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