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Abstract

In this paper, existence and uniqueness are proved for path-dependent McKean-
Vlasov type SDEs with integrability conditions. Gradient estimates and the Har-
nack type inequalities are derived in the case that the drifts are Dini continuous in
the space variable. These generalize the corresponding results derived for classical
functional SDEs with singular coefficients.
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1 Introduction

The distribution dependent SDEs can be used to characterize nonlinear Fokker-Planck
equations, see [3, 4, 14, 17| and references within for McKean-Vlasov type SDEs, and
12, 5, 6] and references therein for Landau type equations. One can also refer to [8] for
the path-distribution dependent SDEs with regular conditions.

Recently, [10] studied the existence and uniqueness of distribution dependent SDEs
with singular coefficients. The Harnack inequalities, shift Harnack inequalities and gradi-
ent estimates are also investigated in [10]. [16] also obtains the existence and uniqueness,
estimate of heat kernel for singular distribution dependent SDEs. For more results on
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distribution independent SDEs with singular coefficients, one can see [7, 13, 25, 21| and
references therein, where Zvonkin’s transform in [26] plays an important role.

The purpose of this paper is to extend results in [10] to path-distribution dependent
SDEs with singular drift. Firstly, due to the distribution dependence, Girsanov’s trans-
form, which is a useful tool to prove the existence of weak solution for the classical SDEs
is unavailable, especially in the case with distribution dependent diffusion coefficients.
Thus, compared to the classical SDEs with singular drift, we will pay more attention to
the proof of existence of weak solution. More precisely, we will apply an approximation
technique similar to that in [10, 16] to obtain existence of weak solution. However, the
path-distribution dependent drift will generate new difficulty, see the proof of Theorem
2.1(1) below. Next, by Lemma 3.3, the weak existence together with the strong uniqueness
of the de-coupled SDEs implies the strong existence for SDE (1.1). To prove the strong
uniqueness, we will use the technique in [10, Section 4.2], i.e. we first identify the distri-
butions of two given solutions from the same initial value, so that these solutions solve
the common reduced classical SDE, and thus, the strong uniqueness follows from existing
argument developed for the classical SDEs. The essential difficulty lies in identifying the
distributions of two solutions of (1.1). Finally, gradient estimates and the Harnack type
inequalities can be proved by Zvonkin’s transform combined with the existing result in
8].

Let d > 1 and fix a constant 7 > 0. Define C([—r, 0]; R?)(C([—r, 00); RY)) as the set of
Re-valued continuous functions on [—r,0]([—r,00)). Let € = C([—r,0];R?) be equipped
with the uniform norm [|[l¢ =: supci_,q [£(s)],€ € €. For any f € C([—r,00);RY),
t >0, define f; € € as fi(s) = f(t+ s),s € [-r, 0], which is called the segment process.

Let (%) be the Borelian o-field on ¢ and & be the set of all probability measures
on (¢, A(€)) equipped with the weak topology. Consider the following path-distribution
dependent SDE on R%:

(1.1)  dX(t) = B(t, X, Zx,)dt + b(t, X (1), Ly, )dt + ot X (1), Ly, )AW (),

where W (t) is a d-dimensional Brownian motion on a complete filtration probability space
(Q,{F}1>0,P), ZLx, is the law of X;, and

bR xRIx P 5RY B:RoxEx P =R 0:R, xRIx 2 - R @R?

are measurable.

Throughout the paper, we use | - ||« to denote the uniform norm, and .%;|P to denote
the law of a random variable & under the probability P. Let %, (%€)(%,(%))denote the
set of all bounded and non-negative(bounded) measurable functions on €. We will use
the letter C' or ¢ to denote a positive constant, and C(«) or ¢(«) stands for a constant
depending on a.. The values of the constants may change from one appearance to another.

The remainder of the paper is organized as follows. In Section 2, we summarize the
main results of the paper. To prove these results, some preparations are addressed in



Section 3, including a new Krylov’s estimate, one lemma on convergence of stochastic
processes, and a result on the relationship between existence of strong solutions and
weak ones for path-distribution dependent SDEs. Finally, the main results are proved in
Sections 4 and 5.

2 Main Results

Let 6 € [1,00). We will consider the SDE (1.1) with initial distributions in the class

Pyi={pe?:u(]- %) <}

According to [18, Theorem 6.18], & is a Polish space under the Wasserstein distance

%
)=t ([ e altatagan)’s wve 2

Te€C(p,v)

where C(u,v) is the set of all couplings of ;1 and v. Moreover, the topology induced by
Wy coincides with the weak topology on &y, see [18, Definition 6.8, Theorem 6.9] for
more details, where we can find that the weak convergence in & is equivalent to that in
Z together with uniform integrability.

In the following three subsections, we state our main results on the existence, unique-
ness and Harnack type inequalities respectively for the path-distribution dependent SDE
(1.1).

2.1 Existence and Uniqueness

Fix a constant 7' > 0, and we will only consider solutions of (1.1) up to time 7. For a
measurable function f defined on [0, 7] x R?, let

t % %
1 fllzas) = (/ (/d |f(v,:v)|pdx) dv) ., p,g>1,0<s<t<T.
s R

When s = 0, we simply denote || f||2s0.4) = [|fll£2()- A key step in the study of SDEs with
integrable drift is to establish the Krylov type estimate (see for instance [10, 13, 25]). For
later use we introduce the following class of number pairs (p, q):

H = {(p,q) € (1,00) x (1,00) : g+§ <2}.

To construct a weak solution of (1.1) by using approximation argument as in [7, 10, 14, 16],
we need the following conditions.



(H?) The following assumptions hold for some 6 > 1.

(1) For any t € [0,T],2 € R, £ € €, b(t,x,-), B(t,&,-) and o(t,z,-) are continuous in
P, There exists a constant L > 0 such that

(2.1) lo(t,z, ) — otz v)|| + [b(E, 2, p) = b(t, x,v)| < LW (p, v),
and
(22) |B(t7£7:u> _B<t7£7V)‘ < LW@(:“’? V)

hold for all pu,v € Py and (t,z) € [0,T] x R%, £ € €.

(2) o(t,x,p) is uniformly continuous in z € R? uniformly with respect to (¢,u) €
[0,T] x . There exist K > 1, (p,q) € # and nonnegative F' € LI(T') such that

b(t,z, ) < Ft,z) + K, K'I<(o0")(t,z,pn) < KI
for all (t,z,p) € [0,T] x R? x 2.
(3) B is bounded. Moreover, there exists a constant Ly > 0 such that

(23) |B<t7£7:u> - B(tvgnu’” < L0||€ _EH(K: te [O,T],§,€€ (gnu S 329'

Recall that a continuous function f on R? is called weakly differentiable, if there exists
(hence unique) h € L} (R?) such that

loc

[ (20w = = [ 1.Va@ar. ge @,

In this case, we write h = V f and call it the weak gradient of f.
The main result in this part is the following theorem.

Theorem 2.1. Assume (HY) for some constant § > 1. Then the following assertions
hold.

(1) For any po € Py, the SDE (1.1) has a weak solution (X,W) on some complete
filtration probability space {Q, {Fi}icjon, P} with initial distribution pgy satisfying
Zx [P € C([0,T]; Z).

(2) Let Xy be an Fy-measurable € -valued random variable with Lx, € Py. If in
addition, for any p(-) € C([0,T); P) and (t,z) € [0,T] x R?, b (¢, x) := b(t, x, ;)
and ot (t,x) := o(t,x, ) satisfy |b*]> + [|[Vo*|* € LUT) for some (p,q) € X,
where V is the weak gradient in the space variable x € RY, then the SDE (1.1) has
a unique strong solution with initial value Xq satisfying Lx. € C([0,T]; Py).

When B, b and ¢ do not depend on the distribution, Theorem 2.1 reduces back to the
corresponding results derived for classical functional SDEs with singular coefficients and
bounded B, see for instance [1] and references within.
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2.2 Harnack Inequality

In this subsection, we investigate the dimension-free Harnack inequality introduced in [15]
for SDE (1.1), see [20] and references within for general results on these type Harnack
inequalities and applications. We establish Harnack inequalities using coupling by change
of measures (see for instance [20, §1.1]).

To characterize the singularity of b(t, z, 1) with respect to x, we introduce

1
9 = {qb : [0,00) — [0, 00) is increasing, ¢? is concave,/ @ds < oo}.
0

Remark 2.2. The condition fol @ds < 00 18 known as the Dini condition. Obuviously,

9 contains ¢(s) = s* for any a € (0, %) Moreover, it also contains ¢(s) := m

for constants § > 0 and large enough ¢ > 0 such that ¢* is concave.

Let || - |[ms denote the usual Hilbert-Schmidt norm of a matrix. We will need the
following assumption.

(H) For any t € [0,T],x € R%, £ € €, b(t,x,-), B(t,§,-) and o(t,x,-) are continuous in
Z. ||b]l + || Bllo < o0 and there exist a constant K > 1 and ¢ € Z such that

K <(o0*)(t,o,p) < KI, te[0,T],z e R pc 2,
and for any t € [0,7], z,y € RY, and p,v € Py, £,£ €€,

ot z, 1) = olt,y,)Hs < Kz —yl* + Wa(u,v)?),
’b(tamau) - b(taya V)‘ < ¢(‘x - y‘) + KW?(M? V)?

|B(t. &, 1) — B(t,§,v)| < K(|I€ = Elle + Walp,v)).

According to Lemma 5.1 below, (1.1) is well-posed under (H). Let X;(p) solve (1.1) with
Lx, = o, and P; 1y be the distribution of X;(u). Define

(Pf) (o) = Lfd(ﬂ*uo) =Ef(Xi(o)), f€PB(€),t€0,T], 0 € Ps.

Theorem 2.3. Assume (H) and that o(t,x, i) does not depend on p. Then the following
assertions hold.



(1) There exists a constant C > 0 such that

(P log f)(v) < log(Pf)(po) + Wa (1o, v0)?

(t—r)Al
for any t € (r,T), po,vo € Pa, f € B, (€) with f > 1. Consequently, for any
different po, vy € P, t € (r,T), and any f € By(€), it holds

[(Pof)(110) — (Pof) (o) ? 20 2y 2,
W (0, 0)2 5 <t—r>AlyeBmf&?mm){(Bf )(v) — (Pf)*(v)},

where B(uo, Wa (o, 10)) := {v € P, Wo(po,v) < Wa(po,v0)}-

(2) There exist constants py > 1, such that for any p > po, t € (r,T), f € B, (€) and
o, Vo € 927

(2:4) (P.f) (o) < (Pof?) (o) (Ee’ﬁ(pvt) (14+ XX OF 11, v)2 ) )p

holds for Hs : (po,00) x (r,T] — (0,00) and Fy-measurable € -valued random vari-
ables X, Yy satisfying Lx, = o, Ly, = o -

The proof of Theorem 2.3 is given in Section 5.1.

2.3 Shift Harnack Inequality

In this section, we establish the shift Harnack inequality introduced in [19] for P;. To this
end, we assume that o(t,z, ) does not depend on x. So SDE (1.1) becomes

(2.5) dX(t) = B(t, Xy, Lx,)dt + b(t, X (t), Lx,)dt + o(t, Lx,)dW (t), t € [0,T].

Theorem 2.4. Assume (H) and that o(t,z, ) does not depend on x. Then for any
p>1,t€ (r,T), uo € Pa,n € CY[—r,0,,R?) and f € B (€), it holds

(P (o) <(PufP(n + ) (p10)  exp [ BT,

p
2(p—1)

where
B(T = C—’ ( T)|2 +C ’ ! 2d +CT(252 C +CT 2
( ,77,T> T _r |77 (S)l S ( ||77||€5) ||77||<€7

and C' > 0 is a constant. Moreover, for any f € B, (¢) with f > 1,

(Prlog f)(po) < log(Ff(n+-))(po) + B(T.n,m)
holds.
The proof of Theorem 2.4 will be given in Section 5.2.
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3 Preparations

We first recall Krylov’s estimate of SDEs.

Definition 3.1 (Krylov’s Estimate). An Z;-adapted process {X (s)}o<s<r is said to sat-
isfy Krylov’s estimate, if for any (p,q) € A, there exist constants 6 € (0,1) and C > 0
such that for any non-negative measurable function f on [0,T] x R,

(3.1) E(/:f(r,X(r))dr

We note that (3.1) implies the following Khasminskii type estimate, see for instance
[24, Lemma 3.5] and its proof: there exists a constant ¢ > 0 such that for any n > 1,

(3.2) ((/ Fr, X(r ) ‘f) <enl(t — )| f By, 0<s<t<T,

and for any A > 0 there exists a constant A = A(\, d,¢) > 0 such that

f) <COt—=s) I flleser), 0<s<t<T.

(33) E(eAfOTf(T’X(T))dT‘fS) < eA<1+”f“Lg(T>), s e [O,T]

We first present a new result on Krylov’s estimate, then recall one lemma from [12]
for the construction of weak solution, and finally introduce another lemma on the relation
between existence of strong and weak solutions.

3.1 Krylov’s Estimate
Consider the following SDE on R¢:
(3.4) dX (t) = B(t, Xy)dt + b(t, X (t))dt + o(t, X (t))dW (t), t € [0,T].

Lemma 3.1. Let T > 0 and p,q € (1, 00) with %—1—% < 1. Assume that o(t, x) is uniformly

continuous in x € R uniformly with respect to t € [0,T], and that for a constant K > 1
and some non-negative function F' € LI(T) such that

K < (o0*)(t,n) < KI, (t,x)€[0,T] xR,

b(t,2)| < K + F(t,2), (t,2) € [0,T] x R
[B(t, )< K, (t,§) €[0,T]x .
Then for any (o, B8) € ', there exist constants C = C(6, K, a, B, || F|pyr)) > 0 and
d =0(a, B) € (0,1), such that for any so € [0,T), F,,-measurable and € -valued random

variable X, and any solution (X (so;t))ic(so,r) 0f (3.4) with initial value Xy, and initial
time sg, it holds

] [ 15100 X

| < =Wy o< s <e<T S € LD



Proof. Let {X,(s0)}se[so,r) be the segment process of X(so;s) and
W()=W() +/ B(v, X,(s0))dv.
S0

Since B is bounded, by Girsanov’s theorem, W is a d-dimensional Brownian motion on
[0,7] under Q = R(T)P, where

T 1 (7
R(T) = exp [—/ (B(v, X,(s0)),dW (v)) — 5/ |B(v, X, (s0))[*dv].

S0 S0

Moreover, the boundedness of B implies ER(T)~! < oo. Thus, under probability measure

Q, ({X(50; ) vepso,r), W) is a weak solution to the SDE
dX(t) =b(t, X (t))dt + o(t, X (t))dW (¢).
By [10, Lemma 3.1], there exist constants C' = C(9, K, a, B, [|F|zg¢)) > 0 and ¢ =
d(a, B) € (0,1) such that
t
]EQ[/ \f|(v,X(so;v))dv‘3fs} <C(t— 3)5HfHL§(T), so<s<t<T, feLlT).

This together with (3.2) and Hélder’s inequality implies
t 2 t 2
(2| [ 10 xuona] 2] ) =Ry <z ([ 110 xiow) [2]
S . ) S
< CE? { (/ \f|(v,X(sO;v))dv) \y}

< C’(t—s)25||f||i§m, so<s<t<T,, feL’T).

Then the proof is finished. ]

3.2 Convergence of Stochastic Processes
To prove Theorem 2.1(1), we will use the following lemma due to [12, Theorem 4.3].

Lemma 3.2. Let {{{}}icjor1}n>1 be a sequence of d-dimensional continuous processes
on (2, F,P). Assume that there exist constants «, 5 > 0 such that

(3.5) sup sup E[¢]* < oo,
n>1t€[0,7T)

and there exists a constant Mz > 0 such that

(3.6) sup B|yr — ™| < My|t — s|'™P, t,s €[0,T].

n>1



Then there exist a subsequence {ny}r>1, a probability space (2, j,]f”) and d-dimensional
continuous processes { X, }epor), {{XF e 1, such that Lyn|P = Lxi|P, and P-a.s.
X* converges to X as k — oo.

Proof. By [12, Theorem 4.2, Theorem 4.3], (3.5) and (3.6) imply that {¢"},>1 is tight.
Then there exists a subsequence {m;};>1 such that {¢"},>; is weakly convergent. For
{"™}>1, by [12, Theorem 4.3], there exists a subsequence {n}r>1 of {m;};>1, a prob-
ability space (€, .%,P) and stochastic processes {X;}iep.r {{XF }ep1}rs1, such that
Ly |P = .,?Xk\]f”, and P-a.s. X* converges to X as k — oo. The proof is completed. [

3.3 Relation between Existence of Strong and Weak Solutions

We present a result on the existence of strong solutions deduced from weak solutions.
Consider the following SDE

(3.7) AX (t) = B(t, X, Zx,) dt + 2(t, Xy, Lx,)dW(t), 0<t<T,
where B:[0,T] X € x 2 — R% and £ : [0,T] x € x 2 — R¢® R? are measurable.

Lemma 3.3. Let (Q, %, (X;, W(1)),P) be a weak solution to (3.7) with p; := ZLx,|P. If
the SDE

(38) dX(t) = B(t, Xy, p) dt + (¢, Xy, py) AW (1), 0<t<T

has a unique strong solution X; up to life time with £Lx, = po, then (3.7) has a strong
solution with initial value Xg.

Proof. Since p; = %%, |P, X, is a weak solution to (3.8). By Yamada-Watanabe principle,
the strong uniqueness of (3.8) implies the weak uniqueness, so that X, is nonexplosive
with ZLx, = u,t > 0. Therefore, X is a strong solution to (3.7). O

With the above preparations in hand, we are now in the position to prove Theorem
2.1.

4 Proof of Theorem 2.1

4.1 Proof of Theorem 2.1(1)

Set a(t,z,p) := (o0*)(t,z,u) for t € [0,T]. Define b(t,x,u) := 0, a(t,z,u) := I and
F(t,z) :==0fort € R\[0,7]. Let 0 < p € C°(R x R?) with support contained in {(s, ) :
|(s,2)| < 1} such that [, o, p(s,2)dsdz = 1. For any n > 1, let p,(s, z) = n*™*p(ns, nx)
and define

a™(t,x, pu) = / a(s, 2, w)pn(t — s, 2 — 2')dsda’,
RxR?
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(4.1) b (t,x, 1) = / b(s, 2, u)pn(t — s, — z')dsda’,
RxR4

F"(t,z) = / F(s,2)pn(t — s,x — a')dsda’, (t,7,14) € R x RY x 2.
RxR4

Let 6" = \/a™ and 6 = y/a. Consider the following SDE:
(4.2) dX (t) = b(t, X (t), Lx,)dt + B(t, Xy, Lx,)dt + 6(t, X (t), Lx,)dW (1).

According to [8, Proof of Theorem 2.1-2.3], if (4.2) has a weak solution (X;, W (t)) on a
probability space (Q,.%,P), then p, == %% t|lP’ is a martingale solution to Fokker—Planck
equation

Ouult) = (L7 ,,)" 1,

where p(t) is the marginal distribution of u; at v = 0; i.e.

{n(®)}(d2) == m({§ € ¢ : £(0) € da}),
and for any f € C5°(RY),

(L3,)" 0 / Z 513, £(0), 1) (950 ) (€(0) e (lE)

[ S0+ Bl € s ONEO )

Noting that oo* = 66*, p, is also a martingale solution to

Orpalt) = (L7 )" e

This together with [8, Proof of Theorem 2.1-2.3] implies that (1.1) has a weak solution.
Thus, in order to prove that (1.1) has a weak solution, it is sufficient to prove the same
claim for SDE (4.2), which will be completed according to the following procedure.

As in [7, Proof of Theorem 2.1], there exist subsequence {n};>1 and G € L(T') such
that

(4.3) P < K+ G, k>1.

In fact, for any k£ > 1, we can choose n; > 1 such that

1

[ E = F™ || o) < o
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Taking G = Y 2 |[F' — F™| + F, we have ||G||pg¢r) < 1+ ||F|[19¢r)- Moreover, Jensen’s
inequality, (H?)(2) and (4.1) imply that

|bnk|2(t7 xz, N) < / b2(S; xl, M)pnk (t — S8, — l’/)deZE,

RxR4
<K+ F"™(t,x,n) <K+ G(t,x,p), k>1.

Below, we use the subsequence b™ replacing b”. For simplicity, we still denote 0™ by
b". Moreover, it follows from (H?)(2) and (4.1) that 6" (¢, x, ) is uniformly continuous in
r € R? uniformly with respect to (¢, u) € [0,T] x & and

(4.4) K ' <6™(6™)* < KI, (t,o,n) €[0,T] xR x 2.

According to (4.1), (2.1) and (H?)(2), for any n > 1 there exists a constant ¢, > 0
such that

\b"(t,x,u) o bn(‘S?x/? V)| + "&n(tvxvu) - a-n<37x/7 V)H
<t —s|+ |z —2'|) + (KL + L) Wo(p,v)

holds for all s, € R, z,2' € R? and i, v € &. This combined with (2.2) and (2.3) implies
that the SDE

(45)  dAX"(t) = B(t, X7, Lyp)dt + B(t, X" (t), L)t + 6™(t, X" (t), Lip)AW (£)

with X = X, has a unique strong solution (X7 )icjo,rj- In fact, this is standard by
repeating the proof of [8, Theorem 3.1(1)], where # = 2 is considered. Applying Lemma
3.1 for X™, we derive that for any (o, 5) € %,

(4.6) E (/ |f](v, X" (v))dv ﬁs) < C(t— S)6||f||L§(T), 0< fell(T),n>1

holds for some constants C' > 0 and ¢ € (0, 1).

We first show that Lemma 3.2 holds for (X™, W) replacing 9", for which it suffices to
verify conditions (3.5) and (3.6) with ¢ := X". By (4.3), (4.4), (H%)(3) and (3.2) for
X" replacing X implied by (4.6), there exist constants c1, ¢y > 0 such that

E|X"(t)]? < cl{E|X(O)\9 + E(/OT " (t, X" (t), Lxp)| dt)e

0
)

T
+E (/ o™ (t, X" (t), Lxr)
0

T
+ E(/ |B(t, X', Lxr)
0

) )
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< <E|X(0)|9 + T+ TGy + T%> <0, n>1tel0,T].

Thus, (3.5) holds for Y= X"

Next, let §p = 1 v by the same reason, there exists a constant c3 > 0 such that for
any 0 <s<t< T

E[X"(t) — X"(s)|"

{IE / " (v, X" (v), zxn)\dv>5 +E (/ |B(v X]},,?Xg)\dv)
+IE(/ 16" (0, X™(0), Lo dv)éo}

%
< es((t— ) + (£ — ) G2y + (£ ) F).

do

Hence, (3.6) holds for /" = X". According to Lemma 3.2, there exists a subsequence of
(X" W)n>1, denoted again by (X", W),>1, stochastic processes (X", W™)p>1 and (X, W)
on a complete probability space (Q,E,P) such that Z{xn ) |P = L % girmy IP for any
n > 1, and P-a.s. lim, (X", W) = (X,W). As in [7, Proof of Theorem 2.2], letting
F and %, be the completions of the o- algebra generated by {X"(s),W"(s) : s < t}
and {X(s),W(s) : s < t} respectively, ){"( ) is Z-adapted and continuous (since

X™ is continuous and Ly [P = X"’NP) W™ is a d-dimensional Brownian motion on
(L AF beepo: P), and due to (4.5), (X" (t), W™(t))sejo,r] solves the SDE

dX"(t) = b (t, X"(1), L5, |P) dt

4.7 - - - - .
47) + B(t, X7, Ly |P) dt + 67 (8, X7(1), L, [B) AW (1)

with L5, |P = Zx,[P. Simply denote Zg, [P = L5, and Ly, |P = Z%, and let E be the
expectation under P.
For any n > 1 and s € [0, 7], we have

/B(t,Xf,.,%X?)dt—/ B(t,f(t,f;(t)dt‘ < I(s) + Iy(s),
0 0

where

0 0
/ B(t,X;, % / B(t X, Z %, dt‘
0 0

Below we estimate I;(s),7 = 1,2 respectively.
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Firstly, for any € > 0, by Markov’s inequality, we arrive at

1~ (T . -
P( sup I(s) > ) < —]E/ ‘B(t,Xf,XX?)—B(t,Xt,XXf) dt.
0

s€[0,T] €

Since P-a.s. th converges to X, by (2.3) and the boundedness of B, we may apply the
dominated convergence theorem to derive

N 1. (T - -
limsupP( sup I;(s) >¢) < —E/ lim Lo||X] — X¢||¢dt = 0.
£ 0 n—o00

n—00 s€[0,T7]

Furthermore, since for any ¢ € [0,7],¢& € €, B(t,&,-) is continuous in & due to (H?)(1),
and X " converges to X; weakly in 2, it is not difficult to see from Markov’s inequality
and the dominated convergence theorem that

limsupp< sup Ir(s) > 5)

n—00 s€[0,T]

17 . g
Slimsup—/ E‘B(t,Xt,,fX?)—B(t,Xt,gXt)‘ dt = 0.
0

n—oo €

Thus, for any £ > 0, we have

lim P | sup /B(t,f({‘,f;{n)dt—/ B(t,f(,g,gxt)dt‘zet =0.
n—oo SE[O,T] 0 t 0

Similarly to the proof of [10, (4.5)-(4.6)], (H%)(1)-(2) imply

lim P ( sup / " (8, X" (t), Lgn) = b(t, X (t), L5,)| dt > 5) =0,
n—00 s€[0,T7]
and
lim P ( sup / M (t, X (E), Lo )W (1) —/ &(t,X(t),th)dW(t)‘ > g> 0.
n—00 sefo0,7] |Jo k 0

Then (X (£), W (t))sejo,r] is a weak solution to (4.2) by taking limit in (4.7). Thus, (1.1) has
a weak solution, and for simplicity, we still denote it by (X (t), W (t)) on (Q /t, P). Let
p. = L5 |P. According to (H’) and Lemma 3.1, (4.6) and (3.2) hold for (X, E) replacing
(X", ]E) and (X, E) respectively. Combining thls with (H?)(2), we get

0

(4.8) IE:(/OT |b(t,)~((t),$)~(t)|dt> <ec <T9 +T§9HFH§Z(T))
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for some ¢ > 0 and § € (0,1). This together with (H%)(2)-(3) and the Burkerholder-
Davis-Gundy inequality leads to

T 0
B sup [X(s+ o)l < BIKl + B( [ bt X0, 251 at)
0

ve[—7,0]
) T . 3 T . ¢
+cE(/ |B(t,Xt,.$)~Q)\dt) L\ R (/ Ha(t,X(t),.i”;(t)Hth)
0 0

0
< cuolll - 1) + e(T° + T Fllfyry +T%), s € [0,7]

0

for some ¢ > 0 and 6 € (0,1). Thus, us € Pp,s € [0,7]. In the following, we will prove
p. € C([0,T], Z). Noting that WQ(MS/ 1s)? <E| Xy — X,||%, s, s € [0,T), it is sufficient
to prove limy_,, E| Xy — X,||% = 0,s € [0,T]. Fix s € [0,T]. For any s’ € [0,7] with
|s" — s| < r, we arrive at

E sup |X(s' +v)— X(s+v)[°

ve[—7,0]
<E sup [X(|s—s|+0v)=XW)|°+cE sup |X(|]s —s|+v)—X(0)]°
vE[0,5As'] ve[—|s’—s]|,0]
+cE osup | X(0) = X))+ cE  sup  |X(]s —s|+v) — X(v)[°
ve[—|s'—s],0] ve[—r,—|s'—s]

:2J1+J2+J3+J4.

In what follows, we will prove limy_,¢.J; = 0, ¢ = 1,2, 3,4 respectively. Firstly, it is not
difficult to see that

B |s'—s|+v 5 6
hth<al sup ( / \b(t,X@),thndt)

vE[0,5As]

5 |s'—s|4v B 0
+cE sup (/ ]B(t,Xt,.,?Xt)\dt)

v€E[0,sAs’]
0

5 |s'—s|4+v B B
+cE  sup / o(t, X(t), Z%,)dW(t)
v€E[0,5A8']

+ ¢k sup | X(v) — X(0)°

ve0,|s’—s]]

0
< E sup 2| dt)
0<v<v’' <T v —v<|s’—s|

(fr
+ R sup < B(t,X,, & )|dt>€
[ e

0<v<v' <T W' —v<|s’—s|
0

= Ji + Ji2 + Jis.

+ sup Z5.) dW (t)

0<v<v' <T W' —v<|s'—s|

14



Since B is bounded, we obtain limy_,, J; = 0. Noting that P-a.s. NG X(1), Z%.) dW (t)
is continuous and hence uniformly continuous on [0, 7|, we derive P-a.s.

/

lim sup / o(t, X (1), Z5,) AW (1)) = 0.

s'—5=0 0<v<v' <Tw' —v<|s' —s|

It follows from the Burkerholder-Davis-Gundy inequality and (H%)(2) that

/

/ ot X (1), L) AW ()

E sup

0<v<v/ <T v —v<|s' —s]

/

< 2R sup / o(t, X (1), L) AW (1)
0

0<v<v'<T W' —v<|s’—s|

PR sup | ot Xz aiv
0<v<v/' <Tw' —v<l|s’—s| [JO
v’ 0
<P sup / o(t, X (2), Z5,) AW (1)
0<ov’<T 0

0
T 2 0
<& ([ ot X, 201 ar) < ot
0

for some constant ¢ > 0. So the dominated convergence theorem implies that limy_,, Ji3 =
0. Moreover, (4.8) yields that P-a.s. J, I6(t, X(1), Z%,)| dt is continuous and thus uniformly
continuous on [0,7]. This together with the dominated convergence theorem implies
limy s J13 = 0. Consequently, it holds limy_,s(J; + J2) = 0. In addition, it is clear that

Js+ Jy < E sup X () — X (v)|°.

’va/e[frvo}»h)/*vlS‘slfs‘

This together with Esupve[_no} X (v)]” < oo due to XXO\I@ = g € Py, the fact that
any component in % is uniformly continuous on [—r, 0] and the dominated convergence
theorem leads to limy_,s(J3 + J4) = 0. Therefore, we conclude that . € C([0,T]; Py).

4.2 Proof of Theorem 2.1(2)

According to [1, Theorem 1.4], the SDE (3.8) for B = B+b and & = ¢ has a unique strong
solution under the conditions in Theorem 2.1(2). So, Theorem 2.1(1) and Lemma 3.3 for
B=B+bandY =0¢ imply that for any .%#y-measurable ¢-valued random variable X, with
ZLx, € Py, SDE (1.1) has a strong solution {X; }icjo 1) satisfying Lx. € C([0,T]; Py). As
a result, to prove Theorem 2.1(2), it suffices to prove the uniqueness of strong solutions
of (1.1), which will be finished in Lemma 4.2 below by Zvonkin’s transform.
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Consider the maximal operator:

1
M h(x ::sup—/ h(y)dy, he€ L. (R?), xR
( ) v>0 |B([L’,’U)| B(z,v) ( ) : ( )

where B(z,v) := {y : |y — x| < v}. The next result comes from [3, Appendix A].

Lemma 4.1. There exists a constant C' > 0 such that for any continuous and weak
differentiable function f,

(4.9) [f(2) = fW) < Cla = yl(A |V f|(z) + AV fI(y), ae x,yeR
Moreover, for any p > 1, there exists a constant C, > 0 such that
(4.10) 1 fllee < Coll fllee, f € LP(RY).

The following lemma gives the uniqueness of strong solutions of (1.1).

Lemma 4.2. Assume the conditions in Theorem 2.1(2) hold. Let X andY be two strong
solutions to (1.1) with Xo =Yy and Lx, € Py. Then P-a.s. X =Y.

Proof. Set puy = Lx,, vy = Ly,,t € [0,T]. Let
Wit x) =b(t,z, 1), o"(t,x)=o(t,z, 1), (t,z)e[0,T] xR,
and define 0", 0¥ in the same way using 14, replacing ;. Then it is clear that

AX (t) = b(t, X (t)) dt + B(t, Xy, je) dt + o™ (t, X (t)) AW (1),

(4.11) dY (£) = b (¢, Y () dt + B(t, Yy, 1) dt 4 0" (£, Y (£)) AW (¢)

For any A > 0, consider the following partial differential equation for u : [0, 7] x R? — R%:

Pl ) Lo (o VR ) + (Tt (8, ) + V(8 ) = Malt, ), (T, ) =0,

4.12
( ) ot 2

here (Vyeu) stands for the direction derivative of u along b* defined as

(Vpetr) (£, 2) o= lim 2 V(7)) — ult, @)

, te[0,T],rz € R
e—0 g

By [25, Theorem 5.1] and [23, Theorem 3.1, (2.5), (3.2)], when X is large enough, (4.12)
has a unique solution uM* satisfying

1
(4.13) [VuM|| o < =
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and
(4.14) VA 20 oy < 0.

Let 0 (t,x) = x + uM(t,z). By (4.11), (4.12), and using the It6 formula and an
approximation technique (s [25, Lemma 4.3] for more details), we derive

dOM (¢, X (1)) = Au™(t, X (t))dt + VO (t, X (t))B(t, Xy, pu)dt

(4.15) i
+ (VoY) (t, X (1)) dW (1),
and
Ao (t, Y (1)) = AuM (¢, Y (£)dt + (VO o) (t, Y (1)) dW (1)
+ VO (t, Y (1) B(t, Yy, v)dt
(4.16) + (VOB — b)) (L, Y (1))

F ST (") — 0% (o) YU (1, Y (1)

Let & = 0M(t, X (1)) — 0M(t, Y (t)),t € [0,T]. It follows from (4.13) that
(4.17) X() - V()] < 2, te0.7)
By (4.15), (4.16) and It6’s formula, we obtain
d|&* =2 (&, uM (¢, X (1)) — uM (L, Y (t))) dt
+2(&, VO (t, X (8))B(t, Xy, te) — VOO (£, Y (1)) B(t, Yz, 1) ) dt
+2(&, [(VOMa) (&, X (1) — (VOMa”) (8, Y (1))]dW (¢))
+[[(V8 o) (2, X (1)) — (VO0") (8, Y (D) ||
—2(&, VOB — b)](L, Y (1)) dt
— (&, Tr[(0"(0")" = o"(o"))VZuM](1, Y (1)) dt.
So, for any m > 1, it holds
&P = 2mAl& P (& M, X () — uM(E, Y (1)) di
+2m& Y (&, VOM(E X (1) B(t, Xy, i) — VOMH(1 Y (1)) B(t, Y, v4)) dt
+2m& Y (&, [(VOM o) (&, X (1) — (VOMa¥)(1, Y (1)]AW (1))
+m|& PV |[(VOMa) (£ X () — (VO ) (£ Y (1))} dt
+2m(m — 1)[& 2D | (VoM o) (¢, X( )) = (VOMa") (8, Y (1)]°6|” dt
— 2m|& 2D (&, VO (B — b)) (¢, Y (1)) dt
— m|&* Y (&, Tr[(0” (") —0“(0") >V2 MY (1)) dt.
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Firstly, applying (4.9), (4.13), (H?)(3), (2 2) (4.17) and Young’s inequality aPb! P <
pa+ (1 —p)b,a,b>0,p € (0,1) with p = a constant ¢ > 0 such that
&P (&, VOt X (t ))B(t,Xt,ut)—V@A’“(t,Y(t))B(t,Yt,ut»
< & (A PO (8 X (1) + A VPO (2, Y (1))
(4.18) + & THIXy = Yille + cl&™ " Wo(p, 1)
< & (A NNPOM (8 X (1)) + A VPO (2, Y (1))

+c Sl[lp} &P+ W1, 12)*™ + || Xo — Yol 2"
s€(0,t

The other terms can be treated as in [10, (4.19)-(4.22)]. For reader’s convenience, we give
them one by one. It follows from (4.13) and (4.17) that

6 (6w X(0) — WY (0)) < Gl

Furthermore, applying (2.1), (H?)(2), (4.13), (4.14), (4.17) and Young’s inequality, we
arrive at

m|& PV [(VOM ) (8, X (1) — (VOM*o) (Y (1)) ||}, 6
+ 2m(m — V|62 [[(VOM0")(t, X (1) — (VOo*) (¢, Y (1)) 6]
<GP W, ) + cl&" (AP (1 X (1)) + A | VO (1, (1))
+ Gl (A VoIt X (1)) + A | Vo (1Y (1))
< Wi (pu, )" + ™ + cl&uP" (AN |(E X (1) + 4| V20| (2, Y (1))
+ eGP (AN |t X (1) + |Vt (Y (1)),
Similarly, (2.1), (H?)(2), (4.13), (4.14), ;22 < 2 and Young’s inequality imply that

&P (&, VO — (Y (1)) < cl&Pm T W, ) < el&P™ 4+ Wi (e, )™,
&2 (&, Tr[(0 (0¥)" = a¥(a")) VPuM (¢, Y (1))
< cl& VML Y (1)) W1, )
< eGP VRN Y (0)] 7T 4 W (e, )
< &P (1 + VALY (1)) + cWo(pe, 1) ™"
Thus, it holds
(4.19) d[&*™ < ¢ sup [E[*dt + cl&*™dA; + (W (e, v0)*™ + || Xo — YollZ™)dt + dM,

s€[0,t]

for some constant ¢ > 0, a local martingale M, defined by

M, = / 2l 2D (6, [(VE o)1, X (1) — (V00" (1, Y ()W (1)),
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and

Apc= / t {1 V202 (5, X (5)) + A V20]|(5,Y (5)) + [ V20 (5, Y (5)
+ (A2 (5, X (5)) + A V20| (5, (5)))
+ (A" (5, X (5)) + |V l| (s, Y (5)))” }d.
By It6’s formula and Xy = Y}, we have

de™|&)*™ < ce™ sup |&|*™dt 4 ce” Wy (g, v)?™dt + e~ Hd M,
s€[0,t]

When 2m > 0, we can take p € (0, 1) such that 2mp > 6. By Hélder’s inequality, (4.17)
and the stochastic Gronwall lemma [1, Lemma A.5], we arrive at

2m
A
We(/ﬁt,Vt)Qm <c (E sup ‘55’9>
s€[0,t]
2m
7] [’] ¢
ool )
s€[0,t]
1
(4.20) SRS ) AW
< c(Eem% t) E [ sup (e_%AS §s|9>
s€[0,¢]

2mp—6 p %
op P —
() (2 g ) )
s€[0,t]

2m

&At pI;—G t 2m
<c (Eemro ) Wo (s, vs)"ds, t€[0,T]
0

for some constants ¢ > 0. By Lemma 3.1, (4.10), (4.14) and the Khasminskii’s type
estimate (3.3), see for instance [24, Lemma 3.5], we have

6p AT

Ee2mpr=0"" < 00,

so that by the Gronwall lemma we prove

W@(/,Lt, Vt) = 0, t e [O,T]
Combining this with (4.20), we conclude P-a.s. & = 0,t € [0,7]. This again together
with (4.17) implies P-a.s. X(t) =Y (¢),t € [0,T]. O
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5 Proofs of Theorem 2.3 and Theorem 2.4

Before giving the proofs of Theorem 2.3 and Theorem 2.4, we present a result on the
existence and uniqueness of strong solution to (1.1) under (H).

Lemma 5.1. Assume (H). Then for any %y-measurable € -valued random variable X
with Lx, € P, (1.1) has a unique strong solution with initial value X.

Proof. By [11, Theorem 1.1] with H = R* and (H), SDE (3.8) for B=B+band ¥ =0
has a unique strong solution X; up to life time. Combining this with Theorem 2.1(1)
and Lemma 3.3, we conclude that the SDE (1.1) has a strong solution under (H). In the
following, we prove the uniqueness of strong solution. Under (H), repeating the proof of
Lemma 4.2 and using [|[V*uM|| < £ from [10, (5.6)] in place of (4.14), we arrive at

dA, < Cdt
for some constant C' > 0. Taking § = 2 and m = 1 in (4.18) and (4.19), it follows from
Burkerholder-Davis-Gundy’s inequality, (H) and Wy(Zx,, %,)? < E||X; — Y;||2 that

t
E sup |6,]° < O(T) / E sup |6.[2dv + C(T)E|Xo — Yoll%, ¢ € [0, 7]
0

ve[0,t] s€[0,v]

for some constant C(7') > 0. Thus, Gronwall’s lemma and (4.17) imply there exists a
constant I'(7") > 0 such that

25
Wa(Lx,, £,)* < EIX: - Yillz < E sup [&[* + 2E[[Xo — Yol
(5.1) 8 vl

<T(T)E[Xo — Yollz, t<[0,7].

Thus, we complete the proof. O

5.1 Proof of Theorem 2.3
When o(t, z, ) does not depend on g, (1.1) reduces to

(5.2) dX(t) =b(t, X(t), Lx,)dt + B(t, Xy, ZLx,)dt + o(t, X (t))dW (¢).
Proof of Theorem 2.3. For u, :== P}y and v, := P}y, we may rewrite (5.2) as
AX(t) = B(t, X (0)dt + B(t, X)dt + olt, X)W (1), Lx, = po

where

b(t,z) = b(t,z,v;), B(t,&) = B(t,& ), dW(t) :=dW(t) +7(t)dt,
3(t) = [0 (o0") 7 (t, X () [D(t, X (t), ) — b(t, X (t),24) + Bt Xo pe) — B(t, Xo, 1)),
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Then by (5.1) and (H), we have
(5:3) 7(t)] < CWa(pe,11)* < C(T)E|Xo — Yollz, ¢ €[0,7].

Let
(5.4) R, = exp{—/ot@(s),dvv(s)) - %/Ot |7(s)|2d3}, t € [0,7).

By Girsanov’s theorem, {W (¢) }4c(o,7] is a d-dimensional Brownian motion under the prob-
ability measure Pr := RrP.

According to the proof of [9, Lemma 3.2], we can construct an adapted process 7(t)
on R such that

Romew{= [G.amey - [[Reras). e

is a martingale under the probability measure Pr. Thus, under probability measure

]P)T = RT]PT = RTRT]P,

W(t) :=W(t) + /0 F(s)ds = W(t) + /0 (7(3) + 7(3))ds, te€[0,T]

is a d-dimensional Brownian motion. Moreover, there exists C'(7") > 0 such that

[ X(0) - Y(0)]?
T—r

(55) e, [ 1e)as < e 1% = %oll).

Meanwhile, we can construct a family of homeomorphism {ét}te[O,T] on ¢ and an % -valued
continuous stochastic process {ﬁ}tE[O,T] such that .,%t—l(% )\]fDT =uy,t €[0,7] and Pr-as.
Xr =07 (Yr). Let Yy = 0.1 (Yr).

Thus, we obtain

(Prf)(v) =Es, f(Yr) = Ep f(X7) = E[RrRr f(X7)], f € B (%).
Letting Ry = Ry Ry, by Young’s inequality and Holder’s inequality respectively, we obtain
(5.6)  (Prlog f)(v) < E[Rrlog Rr] +log Ef(Xr) = E[Rrlog Rr| + log(Prf)(10),

and

(57)  (Prf(w)) < (BRE VP Ef7(Xy) = (BRE Y~ Prf?(uo), p> 1.
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By (5.3) and (5.5),

1 T N
E[Rrlog Rr] < §E@T/ 157(s) + 7(s)[ds
0

T T
<Es / 5(s)[2ds + s, / 7(s) ds

T T
< ]E@T/ |’y(s)\2ds+/ C ()W (g, v)*dt
0 0

[ X(0) = Y(0)?
T—r

< (e ( HXo-Yalls), T
holds for some H; € C(R,;R,). Combining this with (5.6) we obtain the log-Harnack
inequality.

Finally, according to the proof of [8, Theorem 4.1], there exists py > 1 and Hy €
C([po, ) x (r,00), Ry ) such that for any p > py,

~ P p1 IX(0-Y(0)|? _vop2
(EPTR,;fl) > S ]EeHo(p,T)(l+ T—r +1Xo Y0||<g)’ T > r.

By applying this estimate for p; := %(p + po) and combining with Ry = RrRy, (5.3) and
(5.4), we arrive at

(ER;’“)T _ (E@T (R;f’lR;fl))T - (EIP’TR;TII)IQ;II (EPTRﬁl)p”_”T
< Eeloor D) (XL %, vo ) (ER;’;I) o
< EeHz(P,T)(1+%+||X07Y0H%), Ty
for some Hy € C([pg, 00) x (r,00), R,). Therefore, (2.4) follows from (5.7). O

5.2 Proof of Theorem 2.4

Proof of Theorem 2.4. By the semigroup property for P; and Jensen’s inequality, we only
need to consider 7' — r € (0, 1]. Define

o zf;n(—r), if s e [-r,T—r],
s) = {n(s -7,  ifse(T—nT)

Next, we construct coupling by change of measure. For fixed g € P, let X (t) solve
(2.5) with Zx, = po, and let p; = Lx,. Assume that X () solves

(5.8) dX (1) = {b(t, X (1), pte) + B(t, Xe, pre) Yt + o (t, 1) AW (t) + ' (t)dt
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with Xy, = X,. Then it is not difficult to see that
X(s) =X(s)+(s), se[-rT].

In particular, it holds that X; = X7 + 1. By the definition of ~y, there exists a constant
C > 0 such that for any s € [0, 7],

/ - /
(@)1 < Clirn@) B s 1yl (s - 7))
4(5)] < Cln(=n)] + Clinlle < Cllalle Tl < Clale.

(5.9)

Let

O(s) = (0" (00™) )(s, ps) [b(s, X (5), 1) — b(s, X (s), )
+ B(s, X, ) — B(s, X5, 1) +7'(s)], s €[0,T].

From (H) and (5.9), we obtain
/ 1B(s)Pds < C / G () + sl + 1 ()])? ds
(5.10) 0 0 Y

n(
<
<O

0
+C/ [1'(s)*ds + CT¢* (Clinllw) + CTnll

for some constant C > 0. Set

Rls) =exp | - [ t@t,aww) - 5 [ 8P,

and

Girsanov’s theorem implies that W is a Brownian motion on [0, 7] under Qr = R(T)P.
Then (5.8) reduces to

dX () = {b(t, X (t), ps) + B(t, Xy, pe) Yt + o (t, p ) dW (2).

Thus, the distribution of X, under Q coincides with that of X under P.
Furthermore, by Young’s inequality and Holder’s inequality, we get

Prlog f(po) = Eg, log f(Xr)
= Eg, log f(X7r +1n)
< log Prf(- +n)(po) + E (R(T) log R(T))
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and
PTf(MO) = EQTﬂXT)
1 = _p_p-1
= B, f(Xr + 1) < (Prf?(- + 1) (R {ER(T) 77} 7
Since W is a Brownian motion under Qr, by the definition of R(T), it is easy to see that
_ _ _ 1 T _
E (R(T)log R(T)) = Eq, log R(T) = ;Bq, [ 8(u)['du < A(T..1),
0

and

1 p2 T 3 ) 1 p T 3 )

T
p 3 2

< esssupexpy ———— O(w)l“du .

N Qp p{2<p_1)2/0 ) }

Combining this with (5.10), the shift Harnack inequality holds. O
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